B Ty M. 4
Moaynb 1. EneMeHTM NiHiNHOI Ta BEKTOPHOI anrebpwu...... 7
TeMa 1. BUSHAUHMKM . .....iiiiiiinteeeeeeeenns 9
TeMa 2., MaTPULI ...oooeieiiie e e eeens 25
Tema 3. Cuctemu niHinHMX anre6paiyHuX PiBHAHB.............. 49
TeMa 4. BEKTOPM ...ttt eeeaeaeees 78
Tema 5. CKanApHU [OGYTOK ABOX BEKTOPIB ................... 101
Tema 6. BeKTOpHUIA Ta MilLaHUM AOBYTKU ..........cevveennnn... 109
Moaynb 2. EnemMeHTH aHaniTU4YHOI reoMeTpii.................. 125
Tema 1. JIIHITHA MAOWMHI . .. .o e, 127
Tema 2. MnowmHa i NPAMa Y NPOCTOPI ...oevveeeeeeiinnnnnnsn. 148
Tema 3. KpUBi APYroro MOPAAKY . ..... ceveeeeeeeinnnnnneeeeeeannn. 173
Tema 4. MoBepPXHi APYroro MOPAAKY.........uuueerrrneeeerneennenns 189
Moaynb 3. Bctyn oo matemaTU4YHOro aHarniay.
AundepeHuianbHe YncneHHA pyHKUil
OAHIET BMIHHONT . ...cooivnieeieee e 207
Tema 1. MHOXUHN.PYHKUIT. MOCNIAOBHOCTI..........c.uunnnnn 209
Tema 2. FpaHnusA PYHKLIT. ..o 238
Tema 3. HenepepBHICTb PYHKLT. ......cooiiiiiiiiiiiiiiiiiannnn, 264
Tema 4. MoxigHa PYHKLIT..........oooviiiii e, 276
Tema 5. AudbepeHuian PYHKLT. ......oooiiiiiiiiiiiiiiiiieeeeens. 301
Tema 6. 3acTocyBaHHA NOXiAHOI A0 AOCHIAXKEHHA
PYHKLIM. ... e, 322
Moaynb 4. AudepeHuianbHe YncreHHA pyHKLUIT
AeKinbkox 3MmiHHMX. KomnnekcHi yucna......... 354
Tema 1. PyHKUIA AEKiNbKOX 3MiHHMUX. [paHuuA Ta
HEeNepPepPBHICTb (PYHKLLT. .........vvvveiiiieieeeeennns 356
Tema 2. NoxigHi i andepeHuiann dyHKUIT AeKiNnbKOX
e Y T 1 1 369
Tema 3. [lesiki 3acToCyBaHHAl YaCTUHHUX NOXIOHUX............ 390
TeMa 4. KOMONEKCHI YMCHIA. .....cvvviiiiiiiiiiiie e eiee i, 414
PekomMeHOOBaHa NIiTEPATYPA.......ccvvviiniieiiiiiieeeieenes 429



Marepian, 1m0 MICTUTBCA Y HaBUaJIbHOMY TOCIOHUKY «Buwa
Mamemamuka Onisi MalUbymHix iH)XeHepie» CTBOPIOE CYTTEBUU
dbyHAAMEHT y MATOTOBII CTYJAEHTIB 1HXCHEPHUX CHEIiadIbHOCTEN 10
iXx MaitOyTHBOI TTPOECIMHOI TISITBHOCTI.

[lin d4ac mepmoro ceMecTpy HaB4aHHS Kypc Buwor
MamemMamuKu TIOJISE€THCS Ha MOJTYITI:

1. EnemenTy J1HIMHOT Ta BEKTOPHOI alireOpH.

2. EneMeHTH aHATITUIHOI T€OMETPIi.

3. Berym pgo wmarematmdHoro anamizy. JudepeHmianpHe
qucaeHHs PYHKIT OHIET 3MIHHOI.

4. NudepenuianbHe yuciaeHHd GYHKIT IEKIIBKOX 3MIHHHX.
KommiekcHi uunca.

Po3risi; OCHOBHUX TMOJ0KE€Hh KOXKHOTO MOJYJISI TTIOUMHAETHCS 3
dbopMystOBaHHS TEM pO3JUTY, CXEeMH IHTerpaiii Ta BHMOT 0
MPaKTUYHUX YMIHb. Ha SKUX 0a3yeThbCs BUBUCHHS MOJIYJS; SKi
dbopMyIOThCA TiJ Yac BUBYEHHS MOJYJIS; 10 HAaOyBa€ CTYACHT IS
BUBYCHHS 1HXKEHEepHUX jguciuiuiid. lle Bkadye Ha croerudiky
TUCIUTUIIHM, SKa TOJISATaE B TOMY, IO 3 OJHOTO OOKY Ha MOAAHOMY
Marepiaiii 06a3yeTbCcsi 3MICT 1HIIUX MOAYJIB, (yHIaMEHTAJIbHUX Ta
3arajlbHOIH)KCHEPHUX JAUCIHUILUIIH, a 3 1HIIOTO — BPAaXOBYETHCS 3MICT
CieliaIbHUX TUCIUILTIH.,

Ilepen pobGoOTOIO 3 MOCIOHUKOM  CTYIEGHTY HEOOXI1THO
CKOMIIOBAaTH BMICT KOMIAKT-IUCKYy (HaA ¢op3all MMOCIOHMKY) Ha
KOPCTKUN JTUCK CBOTO KOMIT FOTEPY Ta BCTAaHOBHUTH BCl I€IarorivHi
nporpamHi 3acoou (MM13) Ta cucTeMu KOMIT IOTEPHOT alnreOpu 3 METOIO



OTpUMaHHS BMIHb POOOTH 13 PI3HHMH IMPOTpaMaMu, MOPIBHSHHA iX
MOXJIMBOCTEH Ta OOpaHHA HEOOXIMHUX Uil BUKOPHUCTAHHS B
MaOyTH1M npodeciiHIN TiSTbHOCTI.

3 Meror0 MoOTHBaIli TpodeciiHOro MUCICHHA Tiepes
BUKJIQJaHHSAM  TEOPETUYHOI YACTMHU KOXXKHOI TEMH  MOJIYJIS
MIPOTIOHYETHCS NpodeciiiHe 3aBIaHHs, 110 HaJae 1HPOPMAIIio TIPO Te,
ae 1 SAK 3YCTpIHaeThCsd ab0 BUKOPHCTOBYETHCS TMOHSATTS, IO
BUBYAETHCS HAJAJI B KypCl BUIIIOI MATEMAaTUKH.

Temu MOIYJTIB MICTATD.

> TeopemuyHui Mamepiarn, BUKJIQJIAHHS SIKOT'O
MOYMHAETHCA 3 GOpMyTtOBaHHS Heo6xiOHi 3HaHHSI. ...

[lin 4Yac mnomaHHS TEOPETHYHOrO MaTepiany 3yCTPidaeThCs
CKOpOYEHHs MTO3HA4YaHHA OCHOBHUX BHU3HaueHb (Pef) it 3ayBaKeHb
(N.Z). IHIIl CKOpOYEHHS TEPMIiHIB PO3MHUEGPOBYIOTHCS TIiJI dac
BUKJIQJaHHS TEKCTy. TeopeTMUYHHM MaTepiajoM IMOCIOHHKAa MaroTh
MOJIMBICTh CKOPHUCTAaTUCh SK CTYASHTH IIiJ Yac CaMOCTIHHO1
MIJITOTOBKMA TaK 1 BHKJIaJadl IiJl 4Yac MIArOTYBaHHsS PI3HOTO THITY
IIpe3eHTAIIli JEKIIHHOro MaTepiay.

> lMpakmu4yHul mMamepian, NOJAHHS SIKOTO IMOYHMHAETHCA 3
dbopmyroBaHHS Byumocs... .

MaremaTuuni 3amadl  MPAKTUYHOI  YACTHMHH MOXYTh OyTH
3aCTOCOBaH1 BHWKJIaJadaMy Mij 4yac MPOBEACHHS NMPAKTUUYHUX 3aHSTh
Ta TPOIMOHYIOTHCS 13 JOKJIAJHUM PO3B’SI3aHHSAM, 10 HaJae
MOKJIMBICTh CAMOCTIHHOTO OTIPAITIOBAHHS iX CTY/ICHTaMHU.

»  Jlesxi meopemudyHri nonoxerHHs 10-12 xiaciB  HeoOXigH1
JUIS TIOBTOPEHHS Martepially, 10 y3arajJbHIOETHCS B Kypcl Buujoi
Mamemamuku, TIOJaHHS SKUX TIOYMHAETHCA 3 (POPMYITIOBAHHS
32adaemo... . Ilig 4yac 3aHATH BUKIATa4 Ma€ MOXJIMBICTh 3BEPHYTU
yBary CTy[CHTIB Ha MaTepiaj, SKUi BUMarae moBTOPCHHS.

»  [lpodgpeciliHo-opieHmoeaHi 3ae0aHHA, TIOJAHHSI SKHX
IIOYHMHAETRCA 3 (hopMyIroBaHHSI O64ucmoemo... abo Bydyemo...
TOIIIO.

IIpodeciiino-opieHTOBaHI 3aBJAaHHS HAJAIOTHCS 3 TMOKPOKOBUM
pPO3B’SI3aHHSIM Ta MOXYTh OYTH 3aCTOCOBaHI BHUKJIaJadyaMu IS



MOSICHEHHS 3aCTOCYBaHHS OCHOBHHUX MOHSATH, POpMYII, TEOpEM, O3HAK
Kypcy 3 MeTow (opMyBaHHS BMiHb, II0 HaOyBa€ CTYIEHT s
BUBYEHHS 1H)XKEHEepHUX AUCIUILTIH. HagaHe po3B’s3aHHS MOXKe OyTH
3alPOINOHOBAHE CTYJAEHTaM JJig CaMOCTIHHOTO OIpallfoBaHHI. Y
pO3B’sSI3aHHI BKa3ye€TbCs TaKOX, Ha SKOMY 3 KPOKIB MOJMKIIMBE
3aCTOCYBaHHSI 3ac001B 1H(POpMAIIHHO-KOMYHIKAIIMHUX TEXHOJIOTIMH,
[0 CKOPOYYE Yac Ha PO3B’sI3yBaHHS TEXHIYHUX (PYTHHHUX) 3a]1a4.

»  [lpakmu4Hy 4YacMUuHY 3acTOCYBaHHS CHCTEM AaBTOMATH3allii
MaTeMaTUYHUX O0YMCIEHh — TICAATOTIYHMX IMPOrpaMOBaHUX 3acO0IB:
GRAN1, GRAN2, GRAN3D, DG, MATHCAD, DERIVE, MAPLE,
MATHEMATICA Ta 1iporpaM KJlaCy €BPUCTUKO-IUIAKTUYHUX
KOHCTPYKIIM, TOJaHHSA SIKUX TOYMHAETHCS 3  (OPMYITIOBAHHS
«Haeyaemo» ceili komm’romep.... llpouenypu OOYHCICHHS,
noOymoBM  ab0  JOCHIDKEHHS  3aMIHIOIOTBCS  MPOIEAypaMu
3actocyBanHs [II13 13 HamaHHSAM I1HCTPYKIIM, $KI JTOMTOMOXXYTb
HAaBYUTHUCh CTYJICHTY CaMOCTIMHO a00 3a JOMOMOTOI0 BHKJIajaya
HUMH KOpUCTYyBaTHCh. HaB4anbpH1 mporpamMu y BUTTISIAL €BPUCTHIHUX
TPEHaXXEpiB  JOMOMOXKYTh CTYJAEHTaM CaMOCTIHHO  OBOJIOHITH
BMIHHSIMH, 1110 (POPMYIOTHCS il YaC BUBYEHHS MOTYJIA.

»  [lMpakmu4Hi 3aedaHHs Ons camocmiliHoi po6omu Ha
Martepiaial  mpodeciiiHO-OpIEHTOBAHMX  3a7ay, MOJaHHSA  SKHX
MOYMHAETHCA 3 hopMytoBaHHs Modesroemo...

[lin gac po3B’si3yBaHHS NPOQeCciiHO-OPIEHTOBAHUX 3aBJaHb Ha
MPaKTUUYHUX 3aHATTAX abo BJOMa CTYJIEHTH MalOThb MOKJIUBICTh
CKOPUCTATUCh EBPUCTUYHUMHU TiJKa3KaMu W  1HGOpMAIIHHUMU
MIATPUMKAMHU Ta BIAMOBIASMH JI0 3aj]a4, SIK1 HAAAIOTHCS 3 ITO3HAYKOIO
Help.

BpaxoBytouu pi3Hy KiJIbKICTh TOJIMH, BIIBEICHUX 3a IJIAHOM JIJIS
BUBYCHHS BHIINOI MAaTEMAaTHKU CTYJCHTaM pI3HUX 1HXKEHEPHUX
CHeliaIbHOCTEeH, MPOBIAHUN BHUKIaAa4 (JICKTOP) MOXKE KOpEryBaTH
BMICT MOYJ1B, MPOMOHYIOUM SKUMCh Marepiall Ha CaMOCTiilHE
OTIpaIfOBaHHS.
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BMIHHA, HA AKUX BA3YETbCHA
BUBYEHHA MOAYNA

BuxonyBatn ycHi I nmHMCbMOBI 00YHMCJIEHHSI; PO3B’SI3yBaTH
JiHiIMHI apudMeTnyHi pIBHAHHA; PO3B’A3YBaTH 3aJavi 3a
AONOMOroI0 JIiHIMHMX PpIBHAHb; PO3B’A3yBaTH JIiHilHI
PIBHAHHA 3 JABOMAa 3MiHHMMH; PO3B’SI3yBATH CHCTEMH
JiHIiHUX PIBHSIHb 3 ABOMAa 3MiHHUMH CIOCO0OM MiICTAHOBKH
i croco0oM NogaBaHHS; PO3B’A3YBATH 3aJadi 32 JONOMOIOI0
CHCTeM JIiHIHHUX PiBHAHBL; O0YMC/IIOBATH BiICTaHb MIiX
ABOMA TOYKAMH, KOOPAUHATH CepeJIUHH Bilpi3Ka; 3HAXOAUTH
KOOPAMHATH BEKTOpPa, [JOBKHHY BEKTOpPa, KYT MK
BEKTOpPaMH; 3HAXOJMTH CyYMYy, PI3HHII0 BeKTOpiB, ix
CKANAPHUH  M00YyTOK, MHOKHMTH BEKTOp Ha 4HCJO;
BH3HAYaTH  KOJiHeapHIi MW  KOMIUIaHAPHI  BEKTOpH;
PO3B’A3yBaTH 3a/4advi 32 J0IOMOI0K) KOOPAMHAT il BEKTOPiB;
3aCTOCOBYBATH CIIIBBiIHOIICHHSI MIK CTOPOHAMH H KyTaMH B
NPSIMOKYTHOMY TPHKYTHHKY, ¢opmyan miaom ¢iryp Ta
00’€MiB reoMeTPpUYHHUX TiJL.

BMIHHA, AKI @OPMYIOTbCA Nig YAC
BUBYEHHA MOAYNA

OO0uncaoBaTH BU3HAYHUKHM 2-10, 3-r0 I CTapmmx NOPSAJKIB;
YMITH PpO3KJaJaTH BH3HAYHHUK 34 eJIeMEHTaMH J0BiJIbHOIO
PSAKA YM CTOBNYMKA; 3HAXOAMTH CYMY, Pi3HHLIO, 100yTOK
MATPHIb, MHOKCHHS MAaTPHIb HAa YHCJI0; 3HAXOAUTH PAHT
MATpHLi; 3HaX0AUTH o0epHeHY MaTpuuio; po3s'ssyBatu CJIAP
metogom Kpamepa, udepe3 o0epHeHy MAaTpPHIIO; PO3B'SI3yBaTH
poBinbHi CJIAP metogom [I'aycca; aHadizyBaTm CyMicHicTHL
CJIAP 3a Teopemorwo Kponexkepa - Kanmemni; 3HaxoauTH
KOOPAMHATH BEKTOPA, I0BKUHY BEKTOPa, OPT BEKTOPAa, KYT Mixk
BEKTOPaMM; 3HAXOAUTH CyMY, Pi3HHLI0 BEKTOPiB, IX CKAJISIPHUH
Ta BEKTOPHHMI J00yTOK; 004YHMC/JIIOBATH ILIOIIY TPHKYTHHKA,
00’eM mipamiaM; yMIiTH PpO3KJIaJaTH BeKTOp 3a 0a3MCHUMH
BEeKTOPaMH; 3aCTOCOBYBATH YMOBY IepPHEHAUKYJISIPHOCTI ABOX
BEKTOPIB; 3HAXOAMTH BJIACHI YMCJIA TA BJACHI BEKTOPH MaTpPHILi;
3acrocoByBatu I1II3 Mathcad, Derive, Gran 3D, DG aJs podorn
3 BU3HAYHUKamMu, maTpuusamu, CJIAP, Bekropamu.

BMIHHA, LLO HABYBAE CTYAEHT AnAd BUBYEHHA IHHKEHEPHUX AUCLUUNNIH

Busznayatu Ta 004YHMCIIOBATH MOMEHT Ta POOOTY CHJIM BITHOCHO TOYKH, JIHIHHY IIBHIKICTH TOYKH TBEPAOro Tijla, 0 00epTaeThes, 3a
JAOIIOMOI0I0 BEKTOPHOI0 J100YTKY; PO3paxoBYBaTH CKJIAJAHI eJeKTPU4HI jJaHumioru 3a npasuiaamu Kipxroga 3a nonmomororw CJIAP;
BH3HAYATH IMOJIO)KEHHSI TAa NepeMilllecHHs JIAHOK MeXaHi3My aHAJTITHYHUM MeToAoM 3a aonoMorow CJIAP; BcraHoBIOBaTH
3aJIesKHICTh MiK AedopManisiMi i HANPYKEHHSIMH NPH IVIOCKOMY Ta 00’€MHOMY HANIPY’KEHHMX CTAHAX 3a y3araJbHeHMM 3aKoHOM ['yka
3a gonomorow CJIAP; 3acTocoByaTn MeTo] KiHIIeBHX €JeMEHTIB VI PO3PAXYHKIB 32 J0NOMOI0I0 MAaTPHIlb; PO3B’SI3yBATH CTATHYHO
HeBH3HaYeHi 3ama4i 3a gomomorow CJIAP; cTBoproBaTH MaTeMaTHM4Hi Ta CTATHCTHYHI MoJeJi MJIsl iHKEHEPHHUX PO3paxyHKIB 3a
ponomororw CJIAP; BU3HAYaTH WBHAKICTH i NPHCKOPEHHSI JAHOK MEXaHHM3MiB MeTOJOM ILUIAHIB, peakuiil y KiHeMaTHYHUX Napax

MeToaoM J[‘amaMoOepa 3a JOIMOMOIr 00 BEKTOPHHUX PiBHAHD.




Tema 1. BUSBHAYHUKU

Homorpamoro Ha3uBa€ThCs KpPECHECHHS, M0 € OCOOJMBUM
300pakeHHsAM (DYHKIIOHAIBHOI 3ajeKHOCTI. Homorpamu mmpoko
3aCTOCOBYIOTBCA B 1H)XXKEHEPHUX pO3paxyHKax g OJHOTUITHUX
obuncienb. OCHOBOIWO IS TOOYJOBHM HOMOIpaMHU  CIIy»XaTb
(GYHKIIIOHAIBHI MIKAJH, [0 BUPAKAIOTh 3JICKHICTh MiXK (PYHKIIEIO i
aprymeHToM. Jlo iXHBOro uwMcia BIAHOCATHCS HOMOTpaMU 3
BUPIBHSIHUMH TOoukaMu. BoHU mpocTi # jerko uutarothes (puc. 1.1).
Homorpamu 3 BUpIBHSIHHUMH TOYKaMHU 300paXytOTh PIBHSIHHS THITY:

’ x »n 1
X, y 1=0
x5 o1 ’
_:j e (x,0), (%5,0,) , (x3,03) TpI:I
¥ TOYKH, IO JICKAThb Ha OJJHIN
IPSAMIH.

VY niBii 4YacTUHI PIBHSHHS MH
O0aunMo BHpa3, mo 0hOPMIICHO Y
BUTJISIT BU3HAYHUKA 3-ro

MOPSAKY.

Puc. 1.1. Homorpama 3
BUPIBHIHAMH TOYKAMHU

HeobxiOHi 3HaHHS1 NPO 8U3HaYHUKU
2-20, 3-20 nopsiokie

ay Ay
=da;1 Ayy, =4y, Ay

Def. 3HaUEHHS BUpa3y Tu G (1.1)
Ha3UBAIOTh BUZHAYHUKOM (OeMEePMIHAHMOM) OPY2020 NOPSIOK).

Taki BH3HAYHWKK BHUHHUKAIOTh, HAMPHKIAJ, MPH PO3B’SI3aHHI
JIHIAHAX CHCTEM BHTIIIY



all xl +a12 x2 :bl’
a, x,+a,,x,=b,.

X

[[lo6 3HaiiTm HeBigoMe *i, BHKOHaeMO Taki mii. IloMHOXHMO

. . a .
0OMIBI YACTUHU MEPIIOrO PIBHAHHA HA *2, @ APYroro piBHSHHS — Ha

—a . e . .
12 MICJISL 4OTO, CKJIABIIH JIIB1 1 PAaBl YaCTUHU OAECPKAHUX PIBHSHbD,

J1CTAaHEMO PIBHICTb:

a,, (all X, +a, xz)_alz(azl X, +a,, xz): a,, bl —da, bz
bJ

sIKa MICJIS CIIPOIIICHb HaO0yBa€ BUTJISTY
(azz a, —a;a, )xl =dy, bl —ap, bz )

a,,a, —a,a,* 0

VY pa3i BUKOHAaHHS YMOBHU , IICTAEMO
bl alZ
a,, bl —4a, bz bz a,,
xl = =
a,, a, —a,a, |4, a,
aZl aZZ
AHAJIOTr14HO, BUKIIOYMBIIN 3MIHHY ™1, JICTAHEMO

b
b

a,

a
a,,a,, —a,,a, a, 4a,

a

1

anbz - a21b1 21 2

X, =

21 aZZ

Omke, pO3B'A3KM JAHOI CHUCTEMH BHPaXarOTbCS  4epe3
BU3HAYHUKH JIPYTOTO MOPSIIKY.
Def. 3HaueHHs BUPA3Y

T a3 4y, Ay — 4y Ay3 A3y — Ay Ay Ay (12)

HA3UBAIOTh BU3HAYHUKOM MPEmb020 NOPSOKY.

[Topsimoxk BU3HAYHUKA JAOPIBHIOE YHCIY HOTO PSAAKIB (YHCIIO
CTOBIIILIIB CITIBMAJA€ 3 YKCIOM PSIKIB).

a. .

CumBonMM '/ Ha3WBAIOTh €JIEMEHTAMU BU3HAYHUKA, MPUUOMY
MePINnil iHAEKC | BKasye HOMEp psjKa, a Ipyruil inmekc / — HoMep
CTOBIIIIS, HAa IEPETUHI SIKMX CTOITh JAHUM €JIEMEHT.
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: a. . .
Skmo BCl €neMeHTH '/ € 4YHuCIaMH, TO 3pO3yMijo, IO
pe3yJIbTaTOM OOYHMCIICHHSI BUBHAYHUKA TAKOXK € YHUCJIO.

E a, a, - 4, 4y, a4
JICMCHTHU ) y BI/IBHaIIHI/IKy I[pYI‘OI‘O HOp}II[Ky 1 ) )

Yy BHU3HAQYHHUKY TPETHOrO MOPSAAKY CKIANAIOTh 20I08HY OIiA2OHANb

a a a a a . .
BU3HAYHHUKA, a €JIEMEHTH 2, ' Ta ", 22, 7' — nobiyHy OiacoHalb.

JInst oOuucCneHHsl BUBHAYHUKA JIPYroro MOpsiiKy HEOOX1AHO Bij
NOOYTKY €JIEMEHTIB T'OJIOBHOI JlIarOHaJIl BIAHATHA JOOYTOK €JIEMEHTIB
MoOIYHOT iaroHal.

Bu3HauHUK TPETHOTO MOPSAIKY MOKHA OOYHCIUTH 33 NPAGUIOM
mpuxymuuxa. Ilepuii Tpu H0maHKHU, SKI OEpyTh 31 3HAKOM MIIOC, €
no0yTKaMH €JIEMEHTIB, IO CTOSTh Ha TOJIOBHIM jiaroHaii i1 B
BEpIIMHAX JBOX TPHUKYTHHUKIB, y SKHX OJlHa CTOpOHA TNapajeiibHa
TOJIOBHIN JliIaroHami.

Hactynui Tpu nomaHku, sKi OepyTh 31 3HAKOM MiHYC, €
no0OyTKaMHu €JIEMEHTIB, IO CTOSATh Ha MOOIYHIM [iaroHaiai Ta y
BEpIIIMHAX JBOX TPUKYTHHUKIB, y SKHUX OJIHA CTOpPOHA IapajeibHa
MOOIYHIN AlaroHalI.

Jlns 3amamM’siTOBYBaHHS 1€l GOpMYIH 3pYydHO KOPUCTYBATHUCS
CXEMOI0, 300pakeHo0r0 Ha puc. 1.2.

e

Puc 1.2. Cxema o6uncIieHHs 3a TPABWJIOM TPUKYTHHKA

N.5B. Tlpu oOuncaeHH1 BUBHAYHHUKIB BUKOPUCTOBYIOTH (POPMYITY

a a a

1 12 13
A=|0 a,, Qa,|=4a,a,,0d;

0 0 oa,

11



Byumocs ob4yucnroeamu
8U3Ha4YHUKU 2-20, 3-20 nopsiokie

1.1. O0uucCITh BUSHAYHUKMU:

0 -2 sina  cosa log,3 1g100
a) 8 7; 6) sin 8 cosﬁ; B) log, 8 log32.
Poss'sizanns. 3a hopmymnoro (1.1) maemo:

0 -2
=0-7-8-(-2)=16
a) 187 ;

sina cosa

6) sinf8 cospf
log, 3 lglOO‘:

B) log,8 log,?2

1.2. O6uHCITh BUBHAYHHK 32 MMPABUJIOM TPUKYTHHKA

3 2 -4

3 -1 1

I 1 3

=sin¢ cos f — sinﬂcosa:sin(a — ﬂ)

>

log, 3 2
=log,3-log,2-2-3=1-6=-5

3 log,2

Poss's13anmnn. 3a mpaBUIIOM TPUKYTHHUKIB MAEMO:
3 2 -4

A=13 -1 1[=3-(-1)-3+2-1-1+(-4)-3-1-(1-(=1)-(-4)+
1 1 3
+2-3-3+3-1-1)=-9+2-12— (4 +18+3)=-19 - 25 =44

Bigmnosiae: -44.

Heob6xidHi 3HaHHS1 NPO eslacmusocmi
8U3Ha4YHUKie 2-20, 3-20 nopsiokKie

ChopmymroeMO HaMBaXKIIMBIIII BJIACTHBOCTI BH3HAYHHKIB Ha
MPUKIAQAl BU3HAYHUKIB TPEThOro TMOPSAKY. I[IpaBuiapHICTE 1IHX
BJIACTMBOCTEM MOXXKHA BCTAHOBUTH, HANpPHKIAL, O€3MoCcepeaHbOI0
mepeBipkoro. Bcl BIacTHBOCTI BUKOHYIOTHCS TaKOX JUISI BU3HAYHHKIB
JTOBUIBHOTO TTOPSIKY.
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1. BusHauHUK HE 3MIHHTBCS, SKIIO HOTO PSAKA 3aMIHUTH
BIIIIOBITHUMM CTOBITLSIMMU:

all alZ a13 a a

1 a4y
a, a,, da,|=1a,, a,, da,,
a,, d;, Qs a,; d,; Qs

[{s1 BIAcTUBICTh yKa3ye Ha PIBHOMPABHICTH PSJKIB 1 CTOBIIIIB
BU3HAYHUKA.

2. BusHauHMK 3MIHMTH 3HAaK Ha IPOTHICKHUM,  SKIIO
IIepeCTaBUTH MICIISIMHU JiBa psAKU (1Ba cToBidi). Hampukman,

all alz a13 a a

31 30 Qs
a, a,, a,;|=—|a, d,, a4y
a, a4, Qs a, 4a, d4a

13

3. SIK1o BC1 €eMEeHTH pssika (CTOBIIS) JOPIBHIOIOTH HYIIO, TO
BU3HAYHUK JOPIBHIOE HYJIIO.

4. Bu3HauHUK 3 JIBOMa OJHAKOBUMH psJIKaMU (CTOBIIISIMHU)
JOPIBHIOE HYIIIO.

5. CUJIbHUM MHOXKHHUK YCIX €JI€MEHTIB psjika (CTOBIIIS) MOXKHA
BUHECTH 3a 3HaK BU3HAaUYHUKA. Hampukian,

a, kalz a; a, 4, 4a;
a,, kazz a,;| = k a, a,, da,;
a, kasz as, a, a4, Qs

6. BusHayHUK, KU MICTUTH JIBa TIPOIMOPIIIHHI PAAKH (CTOBIIIIL),
nopiBHIO€e Hym0. Hampukiman,

all alZ a13 all alZ

a
ﬂ’an ﬂ’alz ﬂ’an:ﬂ“an a, a13:0
a

a31 a32 a33 a31 a32

7. SIKIIO €NeMEHTH JIeIKOro psika (CTOBIIIS) € CYMOK JBOX

J0/IaHKIB, TO BH3HAYHUK JOPIBHIOE CyMl JBOX BH3HAYHHKIB.

Hanpukian,
a,+a, a,+a, a,+aj| la, a, aj| |a, a, aj
aZI aZZ a23 = aZl aZZ a23 + aZl aZZ a23
a31 a32 a33 a31 a32 a33 aBl a32 a33

13



8. S0 10 eneMeHTiB OyIb-sIKOTO Psi/iKa (CTOBIIS) BU3HAYHUKA
J0/1aTH BIJMIOBIIHI €JIEMEHTHU 1HIIIOTO PsAJiKa (CTOBIMIIS), TOMHOXKEH] Ha
OIHE W TE€ caMe 4YHCI0, TO 3HAYEHHS BH3HAYHHUKA HE 3MIHUTHCS.
Hanpukman,

a, 4, d4aj; a, +ka21 a12+ka22 a; +ka23
a, a,, da,|= a,, a,, a,,
a,, 4y, Qs a a, as,

Heob6xiOHi 3HaHHS1 NPO pO3KnadaHHs
6U3Ha4YHUKa 3a efleMeHmamu 008isiIbHo20
psiOka Yyu cmoenusi

3a1aM0O BU3HAYHUK TPETHOTO MOPAIKY

a a a

11 12 13
A=la, a,, a,;
aBl a32 a33 .

Def. Minopom M. enemenma ' BusHAMHWMKA HA3MBAIOTH
BU3HAYHHUK, YTBOPEHHUU 13 JAHOTO BU3HAYHHMKA BHUKPECICHHSM i-TO

psaKa Ta j-TO CTOBIILIS.

. M. o -
OTxe, MOpSIAOK MIHOPY ~ / HA OJIMHUIIK0 MEHIIUK Bl TOPSIAKY
JTAHOTO BU3HAYHHKA.
a
M. =

23
. a a
Hamnpukian, MIHOpOM €JIEMEHTa 2* € BU3HAYHUK 3

a

11 12

a32

.. A, a,.
Def. Ancebpaiunum 00nosHeHHAM ~ ' eieMeHma ~/ Ha3UBAIOTh

H0ro MiHOp M nommoxermii ra (1)
’ .
A :(_ 1)i+_/ M

ij ij

Teopema 1.1 (Jlannaca). BusHauHUK JOPIBHIOE CyMi JOOYTKiB
€JIEMEHTIB JOBIIBHOTO psAaka (CTOBMIS) Ha ix anredpaiddi
JIOTIOBHEHHSI.

Hanpuknan, nis BU3HAUYHHMKA TPETHOTO TMOPSIKY BHUKOHYIOTHCS Taki
PIBHOCTI:

A=a, A, +a,A,+a, A
nen R e TR (po3KiIa]] 32 eIeMEHTAMU MEPIIOTo PsIKa);

A=a, A, +a,, A, +a,, A
127 T2 2 TR 2 (po3KITa 3a €JIEeMEHTAMU JIPYToro CTOBIIIIA).

14



I[OBCI[CMO nepmy (bOpMy.TIy POSKpI/IBaIO‘-H/I BHU3HAYHUK 34
dbopmynoro (1.2), mictanemo
A =4, a,,d,;+ta,a,,;a, +d,;a, a;, —a,;4d,,d;,, —a,,a,;d;, —a,,a, d;; =

=a, (azz ay; — Ay, asz)_an (a21 ay; — Ay, a31)+ a, (aZI a;, —4a,, a31):
=a,M,-a .M, 6 +a, M =a, A, +a,A,+a,A,..

Teopema 1.2. Cyma n0OyTKIB €JIEMEHTIB JOBUIBHOTO psJiKa
(cToBmIl) HA aureOpaiyHi JIOMOBHEHHS IHIIOTO psjaka (CTOBMIIS)
TOPIBHIOE HYIIIO.

Hampukinan, mjis BH3HAYHUKA TPETHOT'O MOPSAKY BUKOHYIOTBCS TaKi
PIBHOCTI:
a, A, +a,4,,+a,4,,=0 a,A4;+a,,4,,+a,,4,,=0 .

5

N.PB. Teopemn 1.1 1 1.2 MaroTh MicIie IJIs BU3HAYHHUKIB Oy/Ib-
SIKOT'O TIOPSIAKY.

Byumocst po3knadamu 8u3Ha4YHUK 3a
esleMeHmMamu 008ifIlbHO20 psiOKa 4yu
cmoenus

1.3. O6uucHiTh BUBHAYHHUK, BUKOPUCTOBYIOUH MOTO BIACTUBOCTI
3 2 -4
3 -1 1
I 1 3

Po3ss'sazanns.
BukopuctoByrour BIaCTUBOCTI BUSHAYHUKA, JICTAEMO
3 2 -4 |lpadok—2 psaook = |0 3 -5
A=[3 -1 1|=|2padox+(-3)-3paodox=|=|0 -4 -8=
I 1 3 I 1 3

PO3KAA0EMO BUBHAYHUK 3 -5
3a enemenmamu 1 cmosnys -4 -8
Tnwu cnocib obuucnienns 6usHayHuKa. PO3KH3,I[€MO BHU3HAYHUK

3a TIEPIIAM PSAIKOM:

=ay 4y, =1-(-1)" M, =‘ =-24-20=-44

15



Biamosins: -44.

HeobxiOHi 3HaHHS1 NPO 8U3HaYHUKU
n-20 rnopsioKy

Po3rnsHemMo BU3HAYHMK 72-TO IMOPAAKY

a, 4, a,
a, a4y a,,
a, 4, .. 4,

3a teopemoro 1.1 1eil BU3HAYHUK AOPIBHIOE CyMi JOOYTKIB
€JIEMEHTIB JOBIIBHOTO psAaka (CTOBMIS) HaA ix anredpaiddi
nomnoBHeHHs. Hampukman, po3kiaj BHU3HAUHMKA 33 €JIEMEHTaMU
MIEPIIOTO PAIKA TAKHUM:

a a

11 12

A_CZZI a,, .. CZZn_ 4 4 4
- _all 11+a12 12 +"'+aln 1n

a a a

nl n2 °ee nn

VY pesynbTati 3acToCyBaHHS I11€1 POPMYIIH 3aMICTh OOYHMCICHHS
OJIHOTO BH3HAYHUKA #-TO TOPSAIKY TMOTPIOHO OOYUCIUTH 7
BU3HAYHUKIB TOPAAKY ”—1. Ajie Takui croci0 OOYHMCICHHS 3aHaJTO
rpoMi3akuil. Ha mpakTuiil 3pydHO, KOJM YacTHHA €JIEMEHTIB PsJIKa
(cToBIIIIS) AOPIBHIOE HYIIO (1 YUM OUIBINE HYJIHOBUX €JIEMEHTIB, TUM
MEHIIe 00uYmMciaeHb). ToMy JOMNBHO CHOYAaTKy BHU3HAYHUK
MIEPETBOPUTH TaK, 100 YC1 €IEMEHTH JESKOTO psfika (CTOBMI), KpPiM
OJIHOTO, JIOPIBHIOBAJIM HYJIIO, 3a3BWYail BUKOPHUCTOBYIOUM JUISI IIBOTO
BJIACTUBOCTI BU3HAYHHUKIB (OCHOBHY pojib mym 8i0iepae 81acmusicms
8). Toxi po3kiag BUBHAYHHUKA 32 €JIEMEHTaMH IOTO psJiKa (CTOBIMIIS)
MICTHUTh JIUIIIE OJUH JO/IaHOK.
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JHlamo Tenep gpopmanvre 03HaAUEHH BUSHAYHUKA N-20 NOPSOK).
Def. Buznaunuxom n-2o nopsoky

a, a4, .. 4.
a,, ad,, .. 4a,,
a, 4, .. 4,

HA3MBaIOTh aIreOpaiyHy CyMy BCIX MOXKJIUBHX JOOYTKIB, SIKI MICTSTh
0 OJHOMY €JIEMEHTY 3 KOXKHOTO psJKa 1 KOKHOTO CTOBMIII. 3HAK

t
KO)KHOTO JIoAaHKa JIOPIBHIOE (-1) , ¢ ! — 4HuCo 1HBEpCIH y ApyTrux

. a. .
1HJIEKCaX 3a YMOBHM, IO €JIeMEHTH (MHOXHHUKA /) JOJaHKa
PO3MIIIEH]I B IOPSAKY 3pOCTaHHS MepIInX 1HIeKCIB. OTKe,

a a, a,
a a .. a T .
21 22 2| inv(ji s j2sem i)
—Z(_ 1) A ajy ey,
. j
a, a, .. a,

Yceworo Takux nomankiB n! [lonoBuHy 3 HUX OEpyTh 31 3HAKOM
TUTIOC, & 1HITY MOJIOBUHY — 31 3HAKOM MiHYC.

N.%B. BU3HAUHUK #-TO TIOPSAKY, y SKOTO TiJI TOJIOBHOIO
TlaroHaJIl0 BCl €IEMEHTH HYJIBOBI, JOPIBHIOE JOOYTKY €JIEMEHTIB
TOJIOBHOI AlaroHaii, ToOOTO

all alZ In
0 a, .. a,

=a, a,,..da,,
0 O a,

17



Byumocs ob64yucrnroeamu eusHa4YyHUKU
n-20 ropsioKy

1.4. O04ncCIITh BUBHAYHUK:
I 0 -1 2
I 2 -2 0
-1 3 0 2
2 1 -1 3
Po3s’azanna. Y BU3HAUHHMKY € KUIbKAa HYJIBOBUX EJIEMEHTIB,
MIPOTE 3PYYHO, KOJU HYJIbOB1 €IEMEHTU MICTATHCS B OTHOMY PSIKY YU
CTOBIIII. 3p0oOMMO, HANPHUKIIAJ], HYJbOBUMU BCl €JIEMEHTU TMEPIIOTO
pslKa, KpiM meprioro enemeHta. st 11boro g0mamo 10 TPEThOTO
CTOBIIIS TEPIIUN, TICAS YOrO0 IOMHOXHMO €JIEMEHTH TIEpPIIOro
CTOBIIS HA —2 1 AOJAMO iX JO0 BIATMOBIIHUX €JIEMEHTIB YE€TBEPTOIO
croBmIs. JlictaHeMo
1 0 -1 2y (1 0 —-I+1 2=-2 |1 0 O O
1 2 -2 0 |1 2 =241 0-2} |1 2 -1 =2
-1 3 0 2 |-1 3 0-1 242 |-1 3 -1 4
2 1 -1 3 2 1 —-1+42 3-4 2 1 1 -1

A=

Tenep PO3KIaACMO BU3HAYHHUK 3ad CJIICMCHTAMMU IICPIIOIO pAAKaA:
2 -1 -2

=13 -1 4
11 -1

A =a, A11 =1- (_ I)IHM

11

3a JOMOMOIOI0 TMEPETBOPEHb OTPUMAEMO HYJIl Yy JpPyromy
cToBIIII. {71 IbOTO A0 MEPIIOTo 1 APYroro psAKIB MO 4ep3l 0AaMo
TpeTi psagok. Tomi
-3
3

3
A=|4
1 -1

- o O

Po3knanemMo yTBOPEHMN BU3HAYHHMK 34 €JIIEMEHTAMH JIPYTOro
CTOBIIIS:
3 -3

A:‘132‘432:1'(_1)3+2]\432:_‘4 3

‘ =—9(15+12)=-21

Binmosins: — 21,

18



]]); O64ucmoemo susHayHuKu 3a donomozoro
r1ri3 Derive, Mathcad

lMpouyedypa ob4ucsieHHs1 eu3Ha4YHUKa 3a GOMOMOR20H0
eidnoesiOHuUX npasurn.

1.5. O6uuncnITh BUBHAYHHK 32 JIOMIOMOTOIO MPaBujia TPUKYTHHUKA.

ik
2 0 -1
-4 1 3
Po3ze'sizanns.
CKOpHUCTAEMOCH MPABUIIOM TPUKYTHHKA
ik
2 0 -l=
-4 1 3

=i-0:3+j-(-D)-(-4+k-2:1-k-0-(4)—-i-(-)-1-j-2-3=
=0+4-j+2-k-0+i-6-k=i+4-j-4-k

Binnopigp: (t4J—4k

lMpouyedypa ob4ucsieHHs1 eu3Ha4YHUKa 3a GOMOMO20H0
eidnoegidHux npaesusn Moxe 6ymu 3amiHeHa npoyedyporo
3acmocyeaHHs 113 Derive.

R

«Haesyaemo» ceili Kommn’romep o064uUc/IeHHIO
eU3Ha4yHuKie 3a donomoezoro [1113 Derive.

OOuncaiTh BU3HAYHUK 13 3aBaaHHsa 1.5 3a gomomororo 1113
Derive.
1. Bigkputu Bikao I1I13 Derive.
2. 3a monomororo onuii Autor-Matrix BBECTH BU3HAYHHUK:
— po3Mip Bu3HauHUKa (puc. 1.3);

19



Lot —~ —
MAatrix SStup. -- 25.1

Fatric dimen=iors
Fiowe= |E =

Calumn= |Z

Puc. 1.3. Bikno I1I13 Derive: BBeeHHSI pO3Mipy BUSHAUHHUKA

— YKCJIOBI 3HAUEHHSI €JIEMEHTIB PSAJKIB 1 cTOBMIIB (puc.1.4);

n
]
=1
-
(=

oe | Sinpity | Cancel |

JJJ=;z§x|

”_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I |JJ T T T e T e = S Tl |
_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I_I lIiI;ILI_I =) ll_lllil_l_l

PI/IC 1.4. BlKHO I1I13 Der1ve BBEJICHHS YNCJIOBUX 3HAUCHD
€JIEMEHTIB PS/IKIB 1 CTOBMIIIB

— HOMEp BHpa3y, MiJ IKUM 3alKiCcaHo BU3HAUYHUK (puc. 1.5).

20



E] Derive 6 - [Alpebra
[E]Ele Edt Insert futhor Simplfy Solve Calculus Options ‘Window Help |

DEEE $BBX Bl =2 &% lna J I +X &

#1:

Puc. 1.5. Bikno III13 Derive: BBeieHHSI HOMEpPY BUpa3y,
1T SKUM 3alTUCaHO BU3HAYHUK

3. 3a momomororo omiii Autor-Expression OOYUCIUTH BU3HAYHUK

HAaTHCHYBILIH KHONIKY - (puc. 1.6).

[FEeie Ed Author) Simplify  Solve Caleulus  Options  window  Hell
Deme [EEesan. > B | rawmms £ x0 &S
[ YEChor..,
[3] Mariz...
variable Walue... ChrAlE+Y
wariable Domain, .. Chrl+alt+D
Function Definition...  Ctrl+Alt+F
19— 2-C3 — k2

Press F1 for Help

= ce—

”ﬂﬂﬂﬁﬂﬂﬂﬂﬂﬂﬂﬂﬂﬁﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ JJ s e e et e S A = e 3 e e A 9
= I Y T e T T JET | il I o e I lE
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1.6. 3HaiiniTh 3HaueHHA KoedillieHTa kK pIBHSIHHS HOMOTPaMH.
-2-k 2 0
2 4-k 6 |=0
1 2 3-k
Pos3s'azanns. Po3kinaneMo BU3HAYHUK 32 €IEMEHTaAMU IEPIIOTO
psIKa:
-2-k 2 0
2 4-k 6 :(—2—k)‘
1 2 3-k
——2+k)(4-Kk)B-k)—12)-2(6 -2k —6)=—(2 + k)(k*> — Tk )+ 4k =
= —(k* +2k% = Tk* —14k)+ 4k =—k> + 5k* +18k.
OTxe, BUX1JIHE PIBHSIHHS PIBHOCUIIbHE PIBHSIHHIO
—k* +5k* +18k =0

+0=

4-k 6 22 6
3-k 1 3-k

Jlam maemo
—k(k* =5k —18)=0. k=0 k> —5k—-18=0

X 1 abo , 3BIICH
5+£4/97
2,3 2

5+4/97
Bimmosime: k=0; 2 |
lMpouyedypa ob4ucnieHHs1 eu3Ha4YHUKa 3a GOMOMO20H0
eidnoegidHux npaesusn Moxe 6ymu 3amiHeHa npoyedyporo
3acmocyeaHHs M3 Mathcad.

«Has4yaemo» ceil KoMmn’romep
064UCJIeHHI0 GU3HaYHUKie 3a
donomozoro N3 Mathcad.

1. Bigkputu Bikao I1113 Mathcad.

2. 3a pomomororo omiii /lobasumb-Mampuyy BBECTH BH3HAYHUK
(puc.1.7):

— PO3MIip BU3HAYHUKA;

— YHCJIOBI 3HAYCHHS €JIEMEHTIB PSIJIKIB 1 CTOBMIIIB.
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CT ook

-
Bcraexa Lot e U] ] ,E 1

a |
CTonguos: | 3 |

LCon |

[ FAo0aerTE ]

[ ¥AanTe ]

[ CDTMEHA ]

T 1hoayn

&= An

Puc. 1

3. 3a Jg0omoMororw ol

&= fporp.

0o0uYMCIUTH BU3HAYHUK (puc.1.8).

4. Otpumatu pe3ynbtart (puc. 1.9).

7. Bikno I1I13 Mathcad: yBeaenns

nnnnnnnnnnnn

BHU3HAYHHUKA

Cumeonuxka—Mampuyvi—Onpedenumens

23

B4l ®afin Mpapra Bra  [AobapHTb  opMaT  MHETPyMSH o2 =3

D-R SRy &BE oo o e bl @

[ s - =

o
| |[mon carr
[]
=
[aa]
]

Puc. 1.8. Bikuo III13 Mathcad: o0uucienus

BU3

a

Ha4YHHUKa




Tl ©in Opaska Bra  AoSasWTe  hopmat MHCTPyMeHTol Chmsomn<a  OkHo  Crpaska =
|D-2m 8y Y@E oo T mw = e | & @
|[constants [+] Times tew Rom. oelie [v] B £ o == = i = = x|
|| [ caer ~| eeo |
]
&

Modernroemo npodgpeciliHy OisinibHicMb
. _ iH)XxeHepa

1.7. 3HaiiaiTe 3HAaUEHHS! OPAMHATH OJHIEI 3 TOYOK HOMOTPaMU 3
BUPIBHSIHUMHU TOUYKAMH

2 3 1
S y 1|=0
5 7 1

\;1\" llepepopmynroiime ymosy Ha mamemamuury. Jlns
" o0uucnenns  GUBHAYHUKA MA  3HAXOOJICEHHS  V
> CKOpUCMAUmMecb MONCIUBOCMAMU  NPOSPAMOBAHUX
& 3acobis.

BignoBigs: ¥ = -7,
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1.8. 3Hali1iTh pIBHSAHHSI HOMOTPaMH 3 BUPIBHAHUMHU TOUKAMHU:

1 3 1
x y 1|=0
5 7 1

s Tlepegpopmynoiime ymogy na mamemamuduy. s
- 0buucnennus BUZHAYUHUKA cKopucmaumecs
MONCTUBOCMAMU NPOCPAMOBAHUX 3ACODIB.

e

\P

Binmosins:

=x+2

Tema 2. MATPULI

JIBa 3ami300€TOHHHMX 3aBOAW BHUITyCKaloTh Bupoom M, N, P
BUIIO1, Tepiioi W apyroi karteropii sikocTi. KiTbKICTh BUIYIIEHUX
KOXHUM  3aBOJIOM BHUPOOIB 1O KOXHIA  KaTeropii  sSKOCTi
XapaKTePU3YEThCS HACTYIMHO Tabymiero 1.1:

Tabnuuys 1.1.
KinbkicTb BUNYLEHNX KOXXHUM 3aBOAOM BMpPOGIB No
KOXHiN KaTeropil SIKOCTi

['oToB1 BUpoOU
Kareropis sxocTi TEPIINI 3aBOJ IPYTHii 3aBOJ
M N P M N P
Buma 150 | 240 320 280 300 450
ITepma 100 | 130 175 120 150 170
Jipyra 25 | 15 | 20 30 | 20 18

Axuit 3araabHUM BUITYCK BUPOOIB MO 3a3HAYEHUX KaTEropisx
SKOCTI ?
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KinpkicTh BHpOOIB, 110 BUIYIICHI TMEPITUM 3aBOJOM, MOXKHA
po3MNISIAATH K €JIeMEHTH Tabmuil A, a JIpyrdM 3aBOJOM — K
€JIEMEHTH Ta0uIll B:

150 240 320 280 300 450
A=|100 130 175, B=|120 150 170 |
25 15 20 30 20 18

Tabnui, K1 3ajaHO B TAKOMY BUTJISA/I1, HA3UBAIOTh MATPHUIISIMHU.
Han matpuiisimu Mo>kHa BUKOHYBATH Pi3HI Jii.

Ckragarouy BiMOBIIHI €JIEMEHTH 3aJaHUX MaTPHUIlb, OJIEPKUMO
Matpuito C, sika BU3HAYA€ 3arajibHE YMCJIO BUPOOIB MO 3a3HAYEHUX
KaTeropisix SKOCTI:

150+280 240+300 320+450 430 540 770
C =|100+120 130+150 175+170 |=|220 280 345]|
25430 15+20 20+18 55 35 38

Heob6xiOHi 3HaHHS1 NPO Mampuuyi

a;; A4y a,,
a a a
g =| 2 2n ’
aml amZ amn
y a,(i=1,2, .,n; j=1,2,..,m)
10 CKIIAOA€ThCA 3 mMXxXn YUCCIT ¥ , HA3NBAIOTb

mampuyero, a unciaa Y - eremenmamu W€l MATpHI, I€ [ BKa3ye
HOMEp pAaKa, a j — HoMep cToBHI. J[0OyTOK KIJTBKOCTI PSJAKIB Ha
KUIBKICTh CTOBIYHUKIB %7 HAa3UBAIOTh pPO3MIpOM MATPHIIL.
KopoTko Matpuiiro no3Hadarorh Tak:
A:(alj), I[e i:l’n’ j:l’m.

Martpuio 4 po3Mipy ™x7 [O3HAYAIOTh ‘.

Def. Martpuiito, y SKOi 4YHUCIO PSAKIB JIOPIBHIOE YHCITY
CTOBIILIB, HA3UBAIOTh Keadpamuow. B IHIIOMY BHUMAAKy MaTPHIIO
HA3UBAIOTh NPAMOKYMHOI.
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Def. Sxmo BCl €IEMEHTH MAaTpULl JOPIBHIOIOTH HYJIO, TO

MaTpULIO HA3UBAKOTh HY/1b0O6OI0.

Ayps Ay s oo

Enementn *4m yTBOPIOIOTH 2OJIOBHY O0ia2onans

KBaJIpaTHOI MaTpUIli, a eneMeHT ‘> 2109 — pnoGiyny oiazonans.

Def. KpagpaTHy MaTpULIIO HA3UBAKOTh MPUKYMHOIO, SIKIIO BCl
€JIEMEHTH, IO PpO3TamoBaHl miJ (HAa) TOJIOBHOI JlarOHAJIIIO,
JOPIBHIOIOTh HYIIIO, @ CEPE TUX, IO 3aMIIIIIKNCS, € HEHYJIhOBI.

Def. KpagpaTHy MaTpULIO, BCl €JIEMEHTH SKOI, KpIM
JiaroHaJIbHUX, IOPIBHIOIOTH HYIIO, HA3UBAIOTh QlA2OHANbHOI.

Def. KpagpaTHy MaTpHIItO, BC1 €JIEMEHTH T'OJIOBHOI J1aroHal
SIKOi JOPIBHIOIOTH OJHWHHIN, a BCl IHINI — HYyIKO, HAa3WBAIOTh
0OUHUYHOIO 1 TIO3HAYAIOTH

1
(10 |0
2x2 T 0 1’ ] mxn

0 0 .. 1

Def. Martpuiio 4’ HA3UBAIOTH MPAHCNOHOBAHOIO IO MATPUII 4,
AKIO PAJKA MaTpulli 4 € CTOBIISAMH MaTpMIli 4, a CTOBII —
psAIKaMy MaTpuIll 4.

Def. Marpuito, ika MICTUTb OJIUH CTOBIIELb, YU OAMH PSIOK,
Ha3WUBAIOTb BEKMOP-CMOBNYeM YU BeKMOpP-psaOKOM  BIIIOBIITHO.
Hanpukian,

a;; dp a,,
A= ay A4y a,
anl anz a’m

a;; A4y a,,

ay A4y a,
det(4)= !

anl anZ ann
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Def. KpanpaTHy MaTpull0 4, BU3HAUYHUK SIKOi HE JOPIBHIOE
HYJII0, Ha3UBAIOTh HEBUPOOIHCEHOIO.

Skuto 9e4)=0 1o matpuw0 4 Ha3MBAIOTH 6idpOdNCEHOTO.

N.P. [IpsiMmokyTHa wMaTpullsi, sika HE € KBaJpPaTHOIO,
BU3HAYHUKA HE MaE.

HeobxiOHi 3HaHHS Npo niHiliHi onepauii Had
MampuuysiMmu ma rpo MHOXXeHHs1 Mampuub

Hexait 4 1 B - MmaTpHIll OTHAKOBOTO PO3MIpY.

1. Cymor matpuuib 4 1 Be Matpuins 4+B TOro X CaMmoro
pO3MIpy, KOXKEH €JIEMEHT SKOI € CYMOIO BIJMOBITHHUX €JIEMCHTIB
MaTpuilb 4 1 B, TOOTO AKIIO

a;;  dap a, by by by,
a, a4y a, by, by b,
A — 1 n , B — 1 n ,
a ml a m2 a mn bml me bmn
TO
a,+b, a,+b, .. a,+b,
a, +b,, a,+b, .. a, +b,
A+B= " "
a,+b,, a,+b, .. a, +b

2. Jlobymkom IIACHOTO YWClia 4 HA MaTPULIO € MaTpHI,
KOXKEH eJIEMEHT SKOi € JO00yTKOM IIhOrO 4YHCJIa Ha BIAMNOBIIHI

€JIEMEHTH MaTpHIli, TOOTO
Aa,,  Aa, ... Aa,,

A = Aa, —Aa,, ... Aa,,
Aa, Aa,, .. Aa,,
3.  PizHuIto matpuilb 4- B BU3HAYAIOTH K CyMy MaTpuill 4 1
MaTpHuIll B, TOMHOXKEHOT Ha —1:
A-B=A4+(-1)-B.
Omepalliss MHOXKEHHSI MAaTpHUIlb ICHY€E JIMINE JJISI y3TOJKEHHUX
MaTpHIIb.

28



Def. Marpuui 4 1 B (TyTr 4- nepwa marpuns, B - opyea
MAaTpHIlI) Ha3UBAIOTh )3200JCeHUMU, SKIIO KIUTBKICTh CTOBMIIIB
MaTpHulll 4 AOPIBHIOE KITBKOCTI PSAIKIB MaTpHIll B .

Hexaii 4 1 B- y3ro/pKeHI MaTpHIl, PO3MIpIB mxn 1 nxk

BIAMOBIAHO. /[loOymKkom  MaTpuili 4 Ha MaTPHUII0 B Ha3UBaIOThH

matpuiro C =48 posmipy m*k |y aKoi ereMeHT “ € cyMor0 JOOYTKIB

CJIEeMEHTIB {-TO psjKa MaTpulll 4 Ha BIAMNOBIAHI €JIEMEHTH /-TO
CTOBIIIIS MAaTPHIIl B :

ij in ~nj

c;=a,b,+a,b, +..+a,b =Zaik b _ _
= , e i=L2,...,n j=L2,..,k
N.B. 'V 3araneHOMy Bunaaky 48754,
BrnactuBocTi A HaT MAaTPHUISIMHU
A+B=B+4 ne A1 B — MarpuIli 0HAKOBOTO PO3MIpY.
(a+B)A=ad + BA.
o (BA)=(ap)A.
(4+B)C=CA+BC
(47) =4.

A+(B+C)=(4+B}+C e C — matpuus TOro % posmipy, mo A i B.
a(4+B)=ad +aB

, 1e A 1 B — Marpuili 0JJHaKOBOTO PO3MIpY.
(d)B :A(“B), ne A 1 B — y3roJKeH1 MaTpHIIi.

. (MB)C=A(BC) ne 4 BiC— y3romKeH1 MaTPHII].

, 1e C — maTpuid y3rojxena 3 A 1 B.

N I e

10. (4+B)' =4"+B" ne 4{ B — MaTpuIli 0AHAKOBOTO PO3MIDY.

11. (4-B) =B"-4" 16 41 B— y3romkeni MaTpHiii.
12 Amxn .men :Amxn’
A, B, C

Tyt - MaTpui, % # — noBineHi crai

Byumocsi 3Haxolumu cymy, pi3HUUHO,
do6ymok Mmampuub

1.9. 3HaiiaiTe TOOYTOK MaTPHIh 4B, SIKIIO

-2 0 1
1 3 2
A= , B=5 1 -1}
4 1 3
4 3 2
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Posé’szannsa.  OCKIIbKM  KIIBKICTH  CTOBIIIIB ~ MaTpuil 4
CIIBIAAA€E 3 KUIBKICTIO PAJIKIB MATpUIll B, TO MaTpHUIll y3TOJKEHI Ta
T00yTOK 4B OOYHCIIFOEMO TaK:

AB:(I-(—2)+3-5+2-4 1.0+3-1+2-3 1-1+3-(—1)+2-2j:(21 9 2}

4-(=2)+1-5+3-4 4-0+1-1+3-3 4-1+1-(-1)+3-2) (9 10 9/
A= (2 _3} f()c)z()c2 —3xx3x+ 2)

1.10. 3uaiimite / (A), SIKIITO 4 53

Po3z6’s3annsn. HeoOXiaHO 3HAWTH 3HAYCHHS BUPA3y

f(4)=(4*>=34)-(34+2E)

Maemo

e 2 —32_ 2 -3) (2 -3) (4-12 -6-15) (-8 -21)
14 5) 4 5)l4 5)(8+20 —12+25) |28 13/
) -8 -21 2 -3} (=8 =21\ (6 -9\ (=14 -12
A*—34= -3 = - = :
28 13 4 5 28 13 12 15 16 -2
2 -3 10 6 —-9) (2 0 8 -9
3A+2E=3 +2 = + = :
4 5 0 1 12 15) (o 2) (12 17
£(4)= -14 -12)(8 -9)_
l16e —2)l12 17)

_(—14-8—12-12 —14-(—9)—12-17]_(—256 78]

16-8-2-12  16-(-9)-2-17 104 —178
~256 78
- - f(A):( 104 —178}
BianoBip:

_ n n—1 .
NP Sxmo f(x)—aox tax o taxta, gy nesKa

_ n n—1
KBaJpaTHa MAaTpHIs, TO S(4)=a,d" +a,4 tadral e Fo_

OJIMHUYHA MATPHIIS TOTO K PO3MIpPY, 110 ¥ MaTpHIIS A.

HeobxiOHi 3HaHHS1 NPo 06epHeHy Mmampuuro

JUin koxkHOi Heupomkenoi Mmatpumi A (et4)#0) jepye
obepHeHa MaTpuis 4 .

Def.  Marpuiio 4 HaA3UBAOTh 00EPHEHOIO N0 MATPHI 4,
SIKIIO BUKOHYIOTBCSL piBHocti 4 A=4-47 =E
MaTpHIIsl, TOTO K PO3MIpY, IO U A..

OOepHEeHY MaTPHITIO 3HAXOIATH 3a (HOPMYIIOO

, ¢ E - ogWHHUYHA
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A71 — 1 AIZ AZZ AnZ

det(A) -

A A v A

1n 2n nm , (1.3)
All A21 nl
A, Ay, ... A4,
A, A, . A
I (S " " /- — TPAHCIIOHOBAHA MATpUIlA, IO CKIAAAECTHCA 3

anreOpaidyHUX JOTIOBHCHD 4; 10 BiamosimHux eneMenTiB ‘i MaTpui A.

[IpoBenemMo moBeAeHHS Uil BHUOAAKY MATPUIIl TPETHOTO
nopaaky. Hexan

A=|a, a, a, | det(4)=0.
as; 4z dj
3uaiineMo 106yToK 4-4" (Marpumi A i 4 MarOTh OJHAKOBI

PO3MipH), BUKOPHCTOBYIOUH TPH IIbOMY TBEpKEHHS Teopem 1.1 Ta
1.2. Maemo

—_

_ 1
A'Al=m a, dy,, dy |* A

N
N
Il

a3 4y dg A4; Ay

J€
cp=ay 4, +a, A, +a; A, :det(A)’
Cypy =y Ay +ay Ay, a5, Ay :det(A)a
Cy3 =0y Ay +ay Ay +ay; A :det(A)’
cp=ay Ay +a, Ay +a; Ay =0,  cy=ay 4y +ay, Ay, +ay; 4, =0,

Cy =0y A +ay 4, +a, A;=0, Cpy =0y Ay +ay Ay, +ay, 453 =0,

Cy=ay A, +ay 4, +ay, 4,;,=0, Cyy =0y Ay +ay, Ay + a4y =0.
OTtxe,
| det(4) 0 0 1 00
A'=———| 0 det(4) 0 |=|0 1 0|=E.
det(4)
det(4)) (0 0 1
=F

. -1
AHaJIOriyHO MOKHA TIOKa3aTy, mo 4 4
Otxe, dopmyna (1.3) mpaBuibHa.
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BiactuBocTi 00epHEHOT MaTpHuiii.

det(d™ = tl(A)' 3. B) =847 nediB-
1. © KBaJ[PaTHI MaTPHIIi OTHAKOBOTO
pO3MIpY.

4 (4)' =4

Byumocs 3Haxo0umu o6epHeHy
Mampuuro

1.11. 3HaiigiTe 00EpHEHY MATPUILIIO 4 SKIIO
1 2 -1
A=-1 3 1
2 -1 0
Po3z6’sa3annsn. Hacammepen o0uncIr0eEMO BU3HAYHUK MATPHIT 4
1 2 -1 1 2 -1
det(4)=|-1 3 1|=0 5 0|=10=0
2 -1 0] 2 -1 0

Ockimbku 4 - HE BHUPO/KEHA MATpHISg, TO OOepHEHA MaTpPHILI
icHye. 3HaXOAMMO aJareOpaiddi JOIMOBHEHHS JI0 €JIEMEHTIB MaTPHIT A:

413 1 a2 -1 a2 -1
Allz(_l)ll_l 0‘:1; A21:(_1)21_1 0 =1 A31=(_1)313 1

) :_‘—1 1‘:2. ) :‘1 -1
12 2 0 ’ 22 2 0
-1 3 1 2

2 -1 B

Otxe, oOepHEHa MaTPUIIS MA€ BUTJIS]

1 1 5) (01 01 05

at=dl 2 2 o= 02 02 0|

“l=s s 5) |—05 05 05

ITepeBipka. 3HalimemMo 100yToK 4-4~ . Maemo
PEBIP Yy

13

‘:_ > o3 T T
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1 2 -1 1 15
A-A":i -1 3 112 2 0|=
10 2 -1 0){(-5 55
1+4+5 1+4-5 5+40-5 I 00
:i -1+6-5 —-14+6+5 —-54+0+5(=0 1 0|
10 2-2+0 2-2+0 10+0+0 0 0 1

001 01 05
A'= 02 02 0
-0,5 05 05

Biamosigs:

Heob6xiOHi 3HaHHST NPO MamMpPUYHI
PiGHSIHHS

[ToTpiOHO 3HANTH MATPUINIO X, IO 3aJ0BOJIBHSIE MaTPUUYHE
piBHsHHA X 4=8 e 4 - He BUpOIKEHA MATPHILS.

[ToMHOXUBIIIK ClipaBa OOMIBI YaCTHMHU PIBHSHHS Ha OOCpHEHY
MaTpuIio 4, JicTaHeMo:

(X4)- 4" =Ba",  x(447"')=B4", XE=BA", .5,
X=BA"".
Po3p’a30k  marpumudoro pieHsHHa 4X=8  spaxomate 3a
dbopmynoro
X=4"'B

N.B. Y marpuunomy piBHsuni X 4=8

OyTH KBaJIpaTHUMHU 1 IPSIMOKYTHUMHU.

Matpuill X 1 B MOXYTb

B4yumocs po3se’sssyeamu
Mampu9JHi pi8HSIHHS

1.12. PO3B’skiTh MaTPUYHE IBHAHHS X 4-B=C_  gKm1o
2

A:@ fJ,B:(_; _47}0:(1 —2).

Po3zé’sa3annsa. O6unciImmo . Ile o3nauvae, moB - He
BUpPOKEHA MATpHIs Ui Hei icHye obepHeHa B'. JIOMHOKHMO
crpaBa Ha B~ 0OHBI YaCTHHU PiBHSAHHS X - 4-B=C MaeMO

|B|=-1#0
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X-A-B-B'=C-B"', X-A-E=C-B"', X-A=C-B"

OGuucmamo 141=75%0. Ile o3Hawae, MoO4 - HE BHUPOJKEHA

MaTpuIs Uis Hel icHye oOeprHeHa 4. JIOMHOKHMO copaBa Ha 4
00MIB1 YacTHUHH piBHAHHA X -4=C-B"' MaeMo

X-A-A'=C-B"'- 4", X-E=C-B'- 4", X=C-B"- 47"
3HaxoaquMo 00epHeHi MaTpuLi 4~ Ta B :

2 2
det(4) = 3 A0 A= Ay =2, Ay =3, A =2,

Tomi

X=CB'4A"=(1 —2)-(7 4]-
2

(1-7-2-2 1-4—2-1)-(_13 _2]=%-(3 2)-[_13 z]:

(3-1+2-(-3) 3-(-2)+2-2)

3 1
(5 3)
3p00KMMO MEPEBIPKY, IMiACTABUMO 4 2) y piBHSHHA

L e
M%MOG %Mi ?JG —47J:(3 2)'(_21 —47J:(1 -2)
(31

BinamoBis: (4 ZJ :
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Heob6xiOHi 3HaHHSs1 NPO paH2 Mampuui

3agaMo MaTpuio 4 po3Mmipy mxn, BumiamMo B MaTpuill A4
OyIb-gK1 # PSIAKIB 1 CTUIBKH 5K CTOBIIIIB, JI¢ YUCIIO ¥ HEe OLIbIIIe YHCEN
mTan,

Def. BuzHauHUK TOPAAKY *, CKIAQACHUH 3 €JIEMEHTIB, IO
CTOSITh Ha TMEPEeTUHI BUIAUICHUX PAIKIB 1 CTOBMIB, HA3UBAIOThH
MIHOpoM k -20 psaoky mampuyi A.

Def. Panecom mampuyi AHA3UBAIOTh HANOUIBIIMNA TOPSIOK
BIJIMIHHOTO BiJ] HyJIsI MIHOpa ITi€l MaTpHIIl 1 MO3HAYAIOTh (4).

PaHr MaTpuli MicTUTBCS y Mekax 0=’ (4)<min(m,n)

N.P. PaHT HynTHOBOI MAaTPHIl JOPIBHIOE HYIIIO.

Def. MiHop, TOpSANOK SKOTO BH3HAYAa€ paHr MAaTPHIIL,
HA3UBAOTh OaszucHum. Y MaTpulll Moxke OyTH Kijgbka Oa3uCHUX
MIHODIB.

Panr matpuili Mo)kHa 3HAXOJIUTH Tak. SIKIO B MAaTPHUIll BKa3aHO
BIIMIHHUN BiJ HyJsS MIHOp #-ro TOpSAKY, TO paHT MaTpHUIll He
MeHmu 4. ITlpu mpomy, SKII0 BCl MIHOPH (k+1)_ro MOPSIKY
JOPIBHIOIOTh HYJIIO, TO PaHT MAaTpHIll JOPIBHIOE k. SIKITO 3yCTpiBCS
HEHYJIbOBUI MIHOD (k+1)_ro TOPSAIKY, TO TIEPEXOIATH 0 JOCTIIKESHHS
MIHOPIB MOPAJIKY & +2, TOOTO Iporieaypa mpo0BKY€EThCS.

Ha nmpakTutil 115 BiIITyKaHHS PaHTy MaTPHUIlb BEIUKUX PO3MIPIB
3py4YHIIlle BUKOPUCTOBYBATH I1HIIWA METOJ, SIKUH TPYHTYEThCS Ha
TaKOMY TBEPJI>KECHHI:

Panr wmatpuili HE 3MIHHTBCSA, SKIO HAJ HEIO BHKOHATH
e/leMeHmMapHi nepemeopeHrHtsl, a caMe:

1) mepecTaBUTH MICIIIMH JIBa PSAKH (CTOBMIT);

2) IOMHOXXKUTU KOXHHI  €JIEeMEHT psAnka (CTOBHI) Ha

HEHYJILOBUM MHOKHUK;

3) nomaTu A0 €JEMEHTIB psaKa (CTOBIIS) €JIEMEHTH 1HIIOTO

psiaka (CTOBMIIS), TOMHOKEHI Ha OJTHE 1 T€ CaMe YUCIIO.

4) BUKPECIUTHU HYJIbOBUU PSJIOK.

CKOpUCTaBIINCh €JIEMEHTAPHUMU TIEPETBOPEHHSMH, MATPUIIO
MOKHA 3BECTU JI0 BUTJIANY, KOJU BCl ii €IEMEHTH, KpIM €JIEMEHTIB
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1> Aays sy e 1S TOIN (m”), JOPIBHIOIOTH HYJ0. TOJI paHT MaTpwHIIi

TOPIBHIOE 7 .

Byumocsi 3Haxo0umu paH2 mampuui

1.13. 3Hala1Th paHT MaTPHIT
1 -2 0 4
A=|-1 3 -1 2|
0 1 -16
Po36’a3anna. Buainumo y matpuii
1 -2 0 4
A=|-1 3 ‘—1 2
0 1 -16

yo |t

‘ ‘=1¢0.
-1

MIHOD JIPyTOTr0 HOPSIAKY
Minopamu (k+1)_ro MOPSAIKY JJI1 HBOTO € MIHOPH TPETHOTO TOPSIAKY :
1 -2 o] |1 -2 4
-1 3 -1 |-1 3 2

0 1 —1’0 1 6ﬁTMHQ

VYci MIHOpH TPETHOTO MOPSAJKY PiBHI HYJIO, a MIHOP JAPYTrOro
MOPSJIKY BIAMIHHUM B1J HYJISI, OTXKE, (4)=2.

Binmogine: "4)=2

1.14. 352l 1T, paHT MaTPHII

2 -2 1 -1 3
—4 -4 2 -4 -2
A=

30 0 2 3

-2 -6 3 -5 1
Po36’sa3annsa. BukoHaBIm eneMeHTapH1 IEpeTBOPEHHS

JIICTAHEMO
2“2 1 -1 3 2 01 -1 3) (10 3 -1 3
4 —4 2 —4 2| |—4 02 -4 —2| |20 -2 -4 -2
30 0 2 3|13 00 2 3/ 100 3 2 3|
2 -6 3 -5 2.0 3 -5 30 1 -5 1
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1 -1 3 00 I -1 3 00
2 -4 -2 00 0 -2 -8 0 0
0 2 3 0O 0 2 3 0O
3 -5 1 00 0 -2 -8 0 O
I -1 3 00
I -1 3
0 -2 -8 0 0
~ ~10 -2 -8|
0 2 3 00
0 2 3
0 0 0 00

OO0uncIMMO BU3HAYHUK TPETHOrO TMOPSAJAKY, CKJIAJCHUA 3
€JIEMEHTIB, 110 CTOATh HA MEPETHHI MEPIINX TPHOX PSAKIB 1 CTOBIIIIB
OCTaHHBLOI MaTPHIIl

I -1 3
0 -2 —-8=-6+16=10=0
0 2 3

Orxe, r(A) =3.

Bigmosias: ” (4)=3.

BukoHyemo onepauii Ha0 MampuusiMu 3a
donomoezoro I3 Derive, Mathcad

lMpouyedypa eukoHaHHs1 Qili Had MampuusMu 3a
dornomo2oro 8idnoeioHUX npaesuJl.

1.15. IligmpueMcTBO BHPOOISE€ MPOIYKIIO TPHOX BH/IIB
PP P g BUKOPHUCTOBYE CUPOBUHY TPHOX THUITIB S, 5,8, Hopmu
BUTPAT CUPOBUHH HA OJMHUIIO MPOIYKIlIi KOKHOTO TUITY (B1AMIOBITHO
0 PSKaM 1 CTOBMIISIM) 3a/I1aH1 MaTPHIICIO:

3 25
A=2 4 4|
I 5 6
BapticTe onMHMIII CUPOBUHU KOXHOTO THITY 55, 5 sanama
MATPHIIEIO B=(25 20 10)
ki 3aranpHi BUTpATH MianpueMcTBa Ha BupoOHuiTeo 200, 300
Ta 350 OAMHUIIE IPOAYKITIT BUIY P.P. P ginmosinmo?
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Po3zs'azanns.

Kpox 1. BusHauyuMo BapTICTh CHUPOBUHHU IS BHPOOHHUIITBA
ONMHMIN TPOAYKIIi KOXHOTO THUMy. JlIs [mbhoro mMOMHOXHMO
MaTPHUIIIO-CTPOKY B BapTOCT1 OJIUHUIII CHPOBHUHU HA MATPUIIO 4 HOPM
BUTPAT CUPOBUHH:

(O, I SN )
AN B~ W
Il

3
B-4=(25 20 10)-|2
1

=[25-3+20-2+10-1 25-2+20-4+10-5 25-5+20-4+10-6]=
=(125 180 265)=C.
Kpoxk 2. Cxnagemo MaTpuiro 00’ €MiB BUPOOHHIITBA MPOTYKITIi
0 =(200 300 350)
Kpoxk 3. BuzHaunmo 3aranbHi BUTpATH MiANPpUeEMCTBa. J{is

1IbOTO MMOMHOKHUMO MaTpuiIro C Ha MaTtpuliro Q:
200

D=(125 180 265)-|300 |=
350
=125-200 +180-300 + 265350 = 25000 + 54 000 + 92750 = 171750.

Bimmosias: 171750.

1.16. 3anana tabmuig 1.2. «Butpatu-Bumyck HKM3».

[ToTpiOHO BW3HAUWUTH, SKI MOBUHHI OyTH TPYIOBI pecypcu Ta
PiBHI BUIYCKIB MPOAYKIlI B KOXHOMY BUpOOHUYOMY cektopi ([-111),
SKIIO TPHUITYCKAETHCA B HACTYIMHOMY TEPMIiHI CHOXutu 50 muc. m
OpOMYyKIli MeTaneBoro mnexy, /0 muc. MamuH Ta BUWHATH 60
POOITHHKIB.

Tabnuus 1.2.
HaHi npo BUKOHaHHA 6anaHcy 3a 3BiTHUM nepion,
CrnioxkuBarouuii cexrop 7
Jlepxasuuii | Banosuit
BupoOuuunit CeKTOp BHITYCK
CCKTOP )i ik III (KiHLIeBUU X,
MPOJIYKT)
Yj

1 8 6 4 12 30
17 10 2 4 24 40
17 6 4 4 46 60
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Po3ze’azanus.

Kpox 1. YBenemo no3HauyaHHs Yi _ panoBuii 06’eM IPOYKITI, Vi
- KIHIIeBUH TIpoAyKT. Bu3nadaemo eneMeHTH MaTpuill A KoedilieHTIiB
NpsSMUX MaTepiaJbHUX BHUTPAT, SIKI XapaKTEPU3YIOTh KIIBKICTh
MPOAYKTY I, IKE BHKOPUCTOBYETHCS I Yac BUPOOHHUIITBA OJMHMII
npoaykiii  j. JIIs  IbOrO  BHUKOPHCTAEMO  IPOIO3HIIEI0  IIPO
MIPOTOPIINHY 3aJI€KHICTh MK BUTpaTaMu Ta 00’eMaMu BUPOOHMIITBA

Y T %4%Y e i~ 06°em MPOAYKIIIi i-TO1 rairy3i, IO CIIOKHUBAETHCS j—
b b

TOIO y TIPOIIeCi BUPOOHUIITBA.

Tomi
g g 8 4 M0 1 6 16 3 2 1
T N30T T30 3% T30 5 T a0 200 a0 20
4 4 1 4 1 41
“T30710 “Te0 15 P60 15 P60 15
Cxiragaemo MaTpuiro A:
4 3 1
15 20 15
4oL L 1
3 20 15
11 1
5 10 15

Kpok 2. TlepeBipsieMO IPOAYKTUBHICTh MaTpuIll A:

a —_ ; a :—<, a :_<1
1. 11 15 22 20 33 1
2.

a.. - a il—i<1 a. - d —i.i—i<1- a -a —L.L—L<1

o003 20 P15 13 075 2721510 150
3.

a, +a,+a ——+i+i—§<1' a, +a, +a —l+i+i—i ;
TR B s 20 15 60 dOTROTE 3090 15 20
a,, +ay, +a —l+i+i—£<1

TR 510 15 30
) A:‘|A|‘=max{§;i;£}=§<l
4. Hopma matpuiti 60°20°30) 60

3Ha4YUTh, MATPUIl A TPOAYKTHBHA 1 JUIsi OYIb-SKOT MaTpPHIl
KiHIIEBOrO TPOAYKTy Y icHye MaTpulld BaJlOBHX BHUIIYyCKiB X, fKa
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3a7I0BOJIbHSE MATPUYHOMY PpIBHAHHIO X =4X+Y. Jle piBHIHHA
sanumemo y Buraani (£ - DX =7.

Kpox 3. Jns Toro, mo0 po3B’s3aTH OCTAaHHE PIBHSIHHS,
3HAUJIEMO MATPHUIO £ —4:

4 3 1y 31

10 0y |15 20 15| [15 20 15
E-4=l0o 1 o|-|L L Lj_ L 1B 1]
320 15/ | 3 20 15

Cob 1 114

5 10 15) L5 10 15

Kpox 4. O6uncinroeMo BUBHAYHUK MaTpuIlil £ —4:
11 3 1

15 20 15
119 1| 111914 3 11

320 15| 15 20 15 20 15 5
1 1 14

_______________________ — =="""%0,582.
15310 1520 5 15510 20 3 15 4500

Kpox 5. Ockinbku |E _A|¢0, po3B'sa30k piBHAHHA (E-AX=Y
o o AV )
MOHa 3HalTH 3a Qopmynoro X =(E-A"-Y.Jlng nobynosn marpuwi

(E-A)" oGuncmoemo anrebpaiuni momosrenss Matpuri (£ ~4):
19 1

300 150 300

~ 1 14172015 L 10)\ 15
10 15
LN
142 1) 14 | 1 14 1 73
o] At
5 15
19
A, =D 320 :(_lj.(_Lj_(_lj.E:i+£:ﬂz0’223;
11 3 10 5)20 30 100 300
5 10
3 1
Azlz(—l)z“_z_lo _1¥:_((_ij'ﬁ_(_ij'(_ijj: 2, L2 o7
1A 20) 15 10 15 300 150 300
10 15
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11 3

A :(—1)2+31_5 _?():_E.(_ij_(_ij.(_lj = 11 _ 3 - 31 ~0.103
» 111510 20/ 5)) 150 100 300 =~

5 10
3 1
A =1 2015 :(_ij,(_ij_(_ijg: 31922 0.
191 20) 15 15) 20 300 300 300
20 15
111
s 11 1 1 1 11 1 16 .
= AR (s () ms oo
3 15
11 3
A, =(-1)*" 15 20 ZE.B_(_i).(_l)zz_w_i :ﬁ ~0,647.
11910 1520 \ 20) 0 3) 300 60 300
320

Kpox 6. Cxmagaemo matpumio C 3 anrebpaidHuX JOIOBHEHb ¥, IPH

qoMy aiureOpaiyHi OMOBHEHHS PSAKIB 3alHCYyeEMO B CTOBITYUKHU
(TpaHCTIOHYBaHHSI MaTPHIII):

A11 A21 A31 0,88 0,147 0,073
C= A12 A22 A32 =10,324 0,671 0,071 |

A13 A23 A33 0,233 0,103 0,647

-1,
Kpox 7. 3naxoaumo Matpuigo (E-4) -
1
E_A - :—C =
T
1,153 0252 0,126
=/ 0,558 0,154 0,122 |

0384 0178 1,112
Kpox 8. OOumcmoemo 00’eMH  BajoBOi  MPOAYKIl X,
nomuoxyroun Marpumio F-4" Ha MaTpuiIO HOBOrO KiHIEBOTO
npoaykry ! :
1153 0,252 0,126) (50) (100,84
X=(E-A)"-Y=]0,558 0,154 0,122 |70 |=|115,966
0,384 0178 1,112)(60) {98319

41



BignoBigs: ayis  3aJ0BOJIEHHS HOBHUX TOKa3HHUKIB TIOMUTY
HEe0oOX11HO Oyzae BupoouTu aecb /01 muc. m. IPOAYKIIi METAIEBOTO
1exy, /16 muc. MalivuH Ta HAMHATH 98 POOITHUKIB.

lMpouedypa ob64YucnieHHss Oob6ymKy Mampuub 3a
dornomMo20r0 8i0noe8iOHUX npaeusi Moxe 6ymu 3aMiHeHa
npouedypom 3acmocyeaHHs 1113 Derive.

«Hasuyaemo» ceili komm’romep 064UC/IEHHIO
dobymky mampuub 3a OJonomozoro [I13
Derive.

1.17. BianoBigHO 10 TpOTpaMu 3alyCKy JTOMEHHUX IIEXiB
YCTaHOBIIEHO, 1110 OY/e CIOPYIXKEHO:

a) Ha KOTEJIbHO-MEXaHIYHOMY 3aBOji (Xl) Oyne 3amymieno 10
OUHUIL 00’ €KTiB Ty /1 15 omunuis tumy /1,

0) Ha cTapoKpaMaTOPCHKOMY 3aBOi (XZ) Oyne 3amymeHo 20
OMHUIL 00’ €KTiB TUMy /11

B) Ha HOBOKPaMaTOPCHKOMY 3aBOJI1 (XS) oyne 3amymieno 100
OJUHUIB 00’ €KTiB THIY V.

Busznauutu BUTpaTH MartepialiB BUIIB p 1 ¢ Ha KOXKXHOMY
3aBOJI, SKIIO HOPMH BUTpATH MartepiaiB (y BIAMOBITHUX OAWMHHUIIIX
BUMIpPY) HaBeACHI B HaCcTymHI1M Tabmuii 1.3:

Tabnuuys 1.3.
Hopmu Butpart martepianis

Tum o6’ exra Hopmu BuTpatu MaTepiaiis
p 9
1 2 15
11 10 20
1 10 100
14 5 50

VYBenemo marpuii: M — matpuis o0’€KTiB Mo 3aBogax, 4 —
MaTpHIIsl HOPM BUTPATH MaTepialliB MO 00’ €KTax:

2 15
1015 0 0 10 20

M=o 0 20 o] 7|10 100f
0 0 0 100 5 50

3HalIeMO TOOYTOK IIUX MATPHUILb.
1. Bigkputu Bikao I1I13 Derive.
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2. 3a moromororo omii Autor-Matrix BBectu Matpuill (puc.1.10) :
— PO3MIp MaTpHIIi;

— YUCJIOB] 3HAYCHHS €JIEMEHTIB PSIKIB 1 CTOBIIIIIB;

— HOMEp BUpa3zy, MiJ SKUM 3alHCaHO MATPHITIO.
s

lve Celculus Options window Help — =] x|
2

s AR e J DT A&
[ 1O 1= L] Lo
HEL L] L] = [}
L] L] L] IR L]
= 1=
13 =0
#EZ
il ) i ]
L b= S0
S-mp(User) (o]
x|B|y|5l=lg|n|6] || ulviEloln|p|o|r|s]e]x|w]al L] sl=l<|=|v]=|Mu] |:=leln|=]a|Z|r|z|x]
Alg|ralelz|Hle|z]k]ajmINIZlojn|ep|z|T]Y]2]x]¥]|a] Azl ==l al o] elola]el il vl =] T w]x] -]
3 = B Derive & - [ ~Mathes

“d MYCK S A

3. 3a monomororo omiii Autor-Expression BBeCTH T00yTOK IMEPIIOi Ta
JIpyroi MaTpHIlh Ha MaHen cuMBoiB (puc.1.11).

BBl /e el ol ] lel Jelellele
8 ol e e sl ol fz[ el v

Puc. 1.11. Bikno I1I13 Derive: BBeneHHs 100yTKY MepIioi Ta Apyroi
MaTpHIlh

-
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4. O6uncIuTH 100yTOK HATUCHYBIITM KHOIIKY - (puc. 1.12).

ODFEHES & BEX |FfTeiE == &% lna F TIT + X &

10 15 o] L8]
H1 ja 0 20

15
10 20

w2
18 100

170 450
~00 000
500 5000

BingmoBigp: BuTpaTH Matepially p Ha 3aBoAax Xy, Xy, X,

BIANOBIMHO ckiamaioTe 170, 200, 500 omuHmmb, a marepiany ¢
BinoBiAHO 450, 2000, 5000 o nuHUIb.

lMpouedypa 3HaxoO)eHHs1 obepHeHOI Mampuuyi 3a
dornomozoro 8idnoeiGHUX npaeusi Moxe 6ymu 3amiHeHa
npouedypom 3acmocyeaHHs 1MN3 Mathcad.

«Hae4yaemo» ceili Kommn’romep 3HaxO0O0XXEHHIo
obepHeHOi Mampuuyi 3a 0donomozor [113
Mathcad.

Jo 3amaui 1.16 ©Ha Kpomi 5 pO3rITHEMO IIPOIEAYPY

3HAXOJIKCHHSA (E-4) 1.

1. Bigkputu Bikao I1113 Mathcad.

2. 3a pomomororo omiii /[obasums - Mampuyy BBECTH MaTPHITIO
(puc.1.13):

— PO3MIp MaTpHIIi;

— YHCJIOBI 3HAYEHHS €JIEMEHTIB PSIJIKIB 1 CTOBMIIIB.
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1] ®ain Opasca Bua [ DOPMAT  MHETPYMEHTE! CuMBONMIa  ORHO Crpaska - F x
p— B © 0| [ e EJ\
Gi
| r——— Chrll §E |
Chrl+T {g
Pazpble CTRaHHUE! e
MaTeMaTHYSCKY s 0BnacTe  Chrl+-Shift+a
TercToeyH oBnacTe "
.
a .
» .
o
et |
B nimemcresny.. . B::Talma P T P HLLET 1

CTEoK: = | | oy |
CTonfyoe: |3 | AoDaenTE |

¥ A AMATE

CTrM2HA

CO3A8TE, HEMEHHTL METEHLY HAH B2KTOR AsTo MUM CTpaHHua 1

Mathcad - [Besei

PI/IC 1 13 BIKHO HH3 MathcadBBez[eHH;I Mamu

3. 3a momomororo omilii Cumeonruxa-Mampuywvi-Obpamums 3HANTH
o6epHeHy Matpuiio (puc. 1.14).

,G] @afin Mpaska Bra  A0BaBnTo  POpMaT  MHCTPYRS Ortio Cnpaska =
D-EzRm shv ;sanm--- B bl @
¥y N
=== Times Now Roman 10 ol - =
H VB Ko
o =
&

T rrABA 1hi

PI/IC 114 BlKHO HHBMathcad 3HAXOKEHHS 06epeH1 ManI/Iul
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5. BuOKpeMuUTH OTpUMaHy MATPUII0 Ta 3a JOMOMOIOI OIIIii
Buiuuciums — C naasaroweti 3anamoti 3HaAWTH TPUOTU3HI 3HAYEHHS
enemMeHTiB MaTpui (puc.1.15).

"
u]
R
W

e

Toaym = Nocob T

uc. 1.15. Bixno I1I13 Mathcad: 3HaxomkeHHS TPUOITU3HUX
3HA4YeHb €JIEMEHTIB MaTPHII1

Mathcad - AL - Paint

6. Matpuris (E=4D" yae BurLsiy (puc. 1.16).

T “Mathi =)
foll on Mpaews Bra doeeuTe  dopwar  VicTpymerTel Cumeamks Owmne  Crp = x
D-=2ld Sy B = m e = ~| @
NNNNN | | Arial ~ ~ B 7 o [E
Mok caiiT
-
11 —= —1 =
1= =0 1=
s arx L
= =0 15
—1 —1 1<
= =] 1=
120 =0 15

119 117 11%
hrac-u ] 1510 1a50
1309 1309 1309
1005 AdF 1435
Z61E  Iale 1300

151250504201 88057227 Q2521008402361 2445272 01250504201 6206722620
0.35FETTE16501 14501301 1.1535532200320123522  OL1ZZIZ0T1 046600452265 .
0 SE3SS082505725564553 QLT7FG16501145212010852  1.1115355233002291526

Inz] n I FHABA 1 Miifna an. . * ~ Mathcad - [Besema. . RU (S
Puc. 1.16. Bikno 1113 Mathcad: otpumanuii pe3yiabTat
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- 1‘( Modentroemo npogpecitiHy JdisinbHicMb

—— iH)XXeHepa

1.18. Jlns 3amycky 1exiB Av 4y yeobximni BY3JIH B, B,
CTaHKU G, G, G Y KUTBKOCTI, IO HaBEJICHO y TAOIHIIAIX:
KinpkicTs By37iB KinpkicTh cTaHKIB
Lexu B, B, Byzon Cl C2 C3
A 2 3 B, 2 1 0
A, 1 4 B, 1 0 3

3HAWITh KUIBKICTh CTaHKIB, HEOOXITHHUX IS 3ayCKy KOXHOTO 3
LIEXIB.

s Po3pobimb nepsuniy mooenv 3aoaui. Cxiadimo niam
- NOKPOKOB020 8NPOBAONCEHHS D038 SI3aHHS 3a0ayl 8

ocumms. 3anuwmims O0aumi mabiuyb Yy MAmpudHinl
i %

“ Qopmi:
G- a )

4

o
Cwl

¢,
= . ﬂ]lﬂ 3HAXOONCEHHS 3HAYEHb

(4. V
mampuyi ( 2/ 1l 0OuUCNIeHHsT 000YMKY Mampuyb CKOPUCMAUMeCH
MONCTUBOCMAMU NPOSPAMOBAHUX 3ACODIE.

Binnoiae: mnd 3amycky uexy ‘i meobximHo 7 cramkis ¢, 2
crankn €2 i 9 crankiB ©; mud 3amycky nexy “4: HeoOXinHO 6 CTAaHKIB

G, 1 cranok €2 1 12 crankis .
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1.19. TexHONOriYHI 3aIeXKHOCTI MiK meramamu 7 X2r X3 X4

BY3JIAMU Yo V2o V. 3, IO CKJIAQJaloThCs 3 IMX JeTajeH, i rOTOBUMH
Bupobamu A, B, C ipeacTaBiieH1 Ta0IHIIEIO;

KinekicTe nerameit KinpkicTh By3iB

X X X3 Xy Y Y Y,

A 2 2 0 0 3 0 0

Bupobu| B 0 0 1 0 0 1 2
C 0 0 0 0 0 0 3

32 1 2 0 0 0 0 0

Byzmm V, 3 1 2 5 0 0 0
Vs 0 4 0 1 0 0 0

Busnaute KUIBKICTH JeTajiell KOXKHOTO BHIY, HEOOXIAHY s
BI/IpO6HI/IHTBa BI/IpO61B A,B,C.

" = Pospobime nepsunny moodensv 3adaui. Ckiadims niau
NOKPOKOBO2O BNPOBADIICEHHS PO38 S3AHHS 3a40ayi 8

orcumms. Ilpueaoatime po3e’sazanus cxodicoi 3adaui
o X 1.18 (cxooici 3a 3micmom).

3anuwims  Oawi  mabauyv Yy mampuuuiu  Gopmi.  [ns

22 00

A X,
0 01 0f

B X,
0 0 0O

C X,

3HAXOOIHCEHHS 3HAYEHb MAMPUYi U 0OYUCTIeHHS]
000ymMKY BIONOGIOHUX MAMPUYb CKOPUCMAUMECL MONCIUBOCMAMU
npocpamosanux 3acodie. Bcmanosimv nedoniku ma O0ocmoincmea
00 ’exmis.

BiamoBigp: KinpkicTs neraneit
X1 X 2 X 3 X 4
A 5 8 0 0
Bupo6u B 3 9 3 7
C 0 12 0 3
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Tema 3. CUCTEMU NMHIMHNX
AJICEBPAIYHUX PIBHAHDb

IBa enementu 3 E/[C 1,6 1 1,3 B Ta BHYTpPIIIHIMHA ONOpaMu
BignoBigHo 1,0 1 0,5 Om 3’e€nHaHi, SK MOKa3aHO Ha PUCYHKY 1.17.
Omip R = 0,6 Om. BuzHauuTu CTpyMH y BCIX BiTKax mpoBojiB. Omip
CIIOJIyYHHUX MPOBO/IIB HE BpaXOBYBATH.

Eqri, Kopucrytounch 3akonamu Kipxroda i 3 ormsmay
L Ha YMOBHO OOpaHl HampsMKdA CTpymiB (I; —
R CTpyM Yy TIEpIIOMYy €JEMEHTi, CIPSIMOBaHUMN

miBopy4d; I, — CTpyM y JpYyroMy e€JIEeMEHTI,
CIPSIMOBAaHHM JIBOPYY; I3 — CTpyM Ha JUISHIN 3

| | omopoM R,  CHOpsAMOBaHMN  IIPaBOpyY),
E.r)l OJIEPKYEMO CUCTEMY JIIHIMHUX PIBHAHB:
Puc. 1.17. Cxema I +1, =1,
70 3a/1a4i Ir—Lr,=E —E,
In+L,R=E,

Cuctemu NiHIMHUX aireOpaidHUX PIBHSIHH MOXKYTh OIMCYBaTH
pi3HI IIPOLIECH.

Heob6xiOHi 3HaHHs1 PO cucmemu JiHIUHUX
anzebpaiyHux pieHsIHb

Def. Cuctemy m pIBHSHb 3 N HEBIJOMUMHU BUIIISILY
ax,+a,x,+...+a,x =b

1n""n 1°
<aﬂxl +a,x,+...+a,x =b,,

.......................................

a x +a . x,+...4+a x =b

m2 mn”¥n m* (14)
HA3UBaIOTh CUCTEMOIO JIiHINHUX anreOpaiunux piBHAHBL (CJIAP). Tyt
X7, X2, ..., X, — HEBIIOMI; a;; — 3a1aHi koedimientu (i=1, 2, ..., m, j=1,
2,...,n); b,by, ..., b,— BiNbHI YJICHU CHCTEMH.
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Po3s’s3atn cuctemy (1.4) — 3HAUWTh 3HAWTH TaKl 3HAYCHHS
HeBimomux %1 =% =X, ey =X, OpH  MIACTAHOBII SKHX Y
cuctemy (1.4) yci ii piBHSIHHS 00€pTaIOTHCS Y TOTOXKHICTb.

Def. CIIAP (1.4) Ha3uBaIOTh 00HOPIOHO0, SIKIIO BCl BUIBHI
YJICHW PIBHI HYIIO, 1 HEOOHOPIOHOW, SIKIIO XOY OJUH 3 HUX He
nopiBHIOE HyI0. OIHOpIIHA CHCTeMa 3aBXAW Ma€ HYJIbOBUU
(mpusianenuti) po3s’s30K 1 =% =---=%, =0

Def. CucteMmy piBHSIHb Ha3UBAIOTh CYMICHOIO, SIKIIO BOHA MAa€
xoua O OJIMH PO3B’S30K, 1 HeCyMicHO0, SIKIIO BOHA HE MA€ YKOJIHOTO
PO3B’SI3KY.

Def. CyMiCHY CUCTEMY HA3HMBAIOTh BUZHAYEHOIO, SIKIIO BOHA

0 0 0
MAa€ OJMH-€AUHUM po3B’ 30K (F1>%20- %) 1 nesusnauenoro, K10 BoHA
Mae OLIIBIIIEe OJTHOTO PO3B’S3KY.

Def. Matpuni
a

11 alz aln all alz aln b]
A= Ay, Ay .o @y, B= Ay Gy e Gy, | b,
aml amZ s amn . aml amz aml’l bm

HA3UBAIOTh 20J06HOI0 Ta posuiuperoro MaTpuisamu cuctemu (1.4)
BI/IIIOB1/THO.

HeobxiOHi 3HaHHSs1 Npo Memoodu
po38’siI3aHHs1 cucmem JliHiuHUX
aneebpaiyHux pieHsIHb

MeTtoa Kpamepa
3aJ1aM0 CUCTEMY BUTJISITY
a,x, +a,x,+...+a, x =b,

<aﬂx1 +a,x,+...+a, x, =b,,

---------------------------------------

a x +a, x,+...+a, x =b . (1.5)

['omoBHa Martpuns cuctemu (1.5) kBagpatHa. BuszHauHuk 1i€i
MaTpHIl
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)

21

a

nl

)

12

aZZ

anZ

a

nm

HA3MBAIOTh BU3HAYHMKOM cucTeMu. SIkmo A#0, 1o cucremy (1.5)
Ha3UBAIOTh HEBUPOIHCOEHOIO.
Hexait A# 0, Toxi cuctemy (1.5) MOXHA 3BECTU 10 BULJISLY

(A-x, =A,,
A-x,=A,,
A-xnzAn, (1.6)
Ac
bl 12 In 11 12 bl
Al — bZ aZZ aZn A” — aZl aZZ te bZ
b a, .. a, a, a, ... b

) ey :
Hanpukman, mo0 pgictatu meprie piBHSIHHSA cuctemu (1.6),
BUKOHAEMO Taki Jii: MOMHOXKHUMO Tiepiiie piBHSAHHS cuctemu (1.5) Ha

A A

anreOpaiuHe JOMMOBHEHHS ‘! TOJOBHOI MaTpHIN, Apyre — Ha ‘2, ...,

ocTaHHE — Ha ‘i, micns wBHOTO YTBOPEHI PIBHSIHHSA CKJIAIeMO 1

3TPYIYEMO JOJAHKU BIMOBITHAM YHHOM, TOOTO
A (a,x, +a,x,+...+a,x)+A4,(a,x +a,,x,+...+a, x )+...+

+A4 (a,x +a,x,+...+a, x)=Ab +A,b,+...+4 b,

abo
(4,a,+A4,a, +...4,a )x +(A,a,+A4,a,+...4.a,)x, +...+

+(4,a,, +4,a, +...4,a )x, =Ab +A4,b,+...+A4 b,

3a Teopemoro 1.1 Bupas Awa, +4ya, +...4,a,

BU3HAYHHWKA OCHOBHOI MaTpHIll 3a €JIeMEHTaMu
Allall + A21a21 +.. 'Anlanl

€ PO3KJIagoM
MEPIIOTO CTOBIIIIA,
=A C.

. YCl 1411 CyMU
A“alj + Azlaz_/ +.. .Anlanj = O (I- — 1’

TOMY BHUKOHYETHCSI PIBHICTD

3a TeopemMoio 1.2 TOpIBHIOIOTH HYIIIO:

2, ..., n). [IpaBy yactuny A+ Ayb, +..+ A,b, MOJKHa pO3riissgaTu sIK

BU3HAYHUK MaTpulll 4, y $KOI TEpIINH CTOBMEIh 3aMiHEHUW Ha
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A-

CTOBIENb BiUTpHUX wieHiB. Omxe, 2 % =41, THmi PIBHOCTI JOBOJSITHCS

AHAJIOTIYHO.

[Ipoanam3yemo cuctemy (1.6).

dxkmo A=0, a npumaliMHi OWH i3 BU3HAYHHKIB A, io, TO

cuctema (1.5) HecymicHa.

AiAsss A, nopiBHIOIOTH HYIIO,

dxmo A=0 i Bci BU3HAYHUKHU
TO cuctema (1.5) mae 6e37119 po3B’SA3KIB.

SAxmo A# 0, 1o CJIAP (1.5) Mae eounuii po3B’ 30K, AKMH MOKHA
3HAWUTH 3a hopmyramu Kpamepa:

X, =— x2:—2 X = L

A A A

’ ’ ceey

Byumocsi 3acmocosyeamu memod
Kpamepa

1.20. Po3B’s1KITh cucTeMy piBHSHB 3a (popmynamu Kpamepa:
2x,+x,-3x, =3,
X, +x,+2x, =2,
-x,+x,+x,=0
BukopucTtoByroun BJIACTUBOCTI BHU3HAYHUKIB, OOYHCIIOEMO
BU3HAYHUK OCHOBHOI MaTpHIIi:
2 1 =3 (2 3 -1 (0 3 -1
AA)=|1 1 2|=l1 2 3[=l0 2 3|=
-1 1 1 -1 0 0} |-1 O
=0-9+0-(2+0+0)=-11%0.

3 1 -3 2 3 -3
A =2 1 2|=-11, A,=1 2 2|=-11,
01 1 -1 0 1
2 13
A3: 1 1 2:0, Al Az A3
_1 1 0 xlzle, x2:X:19 x}:X:()
Bi oo x =1, x,=1 x;,=0.
1AIIOB1/b:
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N.B Bmnauaux 2

3Haouu 1 Ta *

MOKHA HE OOYHCIIOBAaTH, OCKIJIBKH,

X

2, HEBIJOME ** MOXXHA BU3HAUUTH 3 OYJIb-SIKOTO

PIBHSIHHS CHCTEMH ITiCJIA MiACTAHOBKH B HHOT'O 3HAYEHb ™1 Ta 2,
MaTtpuuHun metopn,

BukopuctoByroun mNOHSTTS AO0O0YTKY MaTpHUIll Ha MAaTpHIIIO,
cuctemy (1.4) Mo)kHA 3amucaTH y BUTJISAII

AX =B,
all alz tee aln xl bl
a, a a X b
21 22 2 2 2
A= ! X = B=
aml amz amn xn b

SIxmo B CJIAP 7 =m | BUBHAYHHUK CUCTEMHU A(A) 0 TO €I[[/]HP][/]U
9
pOBB’H?;OK CHUCTEMH MO>KHa 3HAWTH 3a (bOpMy.HOIO

X=4"B, (1.7)

Byumocst 3acmocosyeamu Mampu4yHutl
mMemoo

1.21. Po3B’s1KiTh cHUCTEMY PIBHSIHb MATPUYHUM METOJIOM:
2x,+x,-3x, =3,
X, +x,+2x, =2,
-x,+x,+x,=0
BukopuctoByroun BIaCTHUBOCTI
BU3HAYHUK OCHOBHOI MaTpuii: A =-11.

BU3HAYHHUKIB, OOYHUCIIIOEMO

OcK1bKH A(A)¢0, TO OOEpHEHAa MaTpHIld ICHYE. 3HAXOAUMO
anreOpaiyHi JOTOBHECHHS:

P ) :_‘1 —3‘:_4 1 _3‘_5

11 1 > 21 1 1 > A'51 1 2 —J
I L ) :‘2 —3‘:_1 L —3‘:_7
12 _1 1 > 22 _1 1 > 32 1 2 >
) Lo, :_‘2 1‘:_3 ) :‘2 1‘:1

R U | R R S O |
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OOepHEHa MaTpHIIsl Ma€ BUTJISA

-1 -4 5
A1=I—11 ~3 -1 -7
2 -3 1

Toni 3a hopmymoro (1.6) nmicraemo

X, NN E (13424500

X, |=——|-3 -1 -7||2|=-—|-3-3-1.2-7-0|=
11 11

X, 2 -3 1){0 2-3-3:2+1-0

—-11

X =

:x:lx:

Bignmosige: 1 =% T ATV,
MeTtopn Naycca

Ileit metom 3acTocOBYIOTH 111 po3B’s3anHs CJIAP moBimbHOTO
Burisiay. [Iporiec po3B’si3aHHs 3a MeTOJ0M ['ayca CKIagaeThes 3 JBOX
etamiB. [lepmmii eran (npsamuil xi0) TPYHTYEThCA Ha €JIEMEHTAPHUX
MIEPETBOPEHHAX psAO0KI6 CUCTEMH, a caMe, CHCTeMa 3aJIUIIAEThCS
PIBHOCHJIBHOIO TIOYATKOBINA CUCTEMI, SIKIIIO

1) mepecTaBUTH MICIISIMH JIBa PIBHSHHS;

2) TOMHOXUTH OOHWBI YAaCTUHU PIBHSHHS Ha HEHYJIbOBUU

MHOXHUK;

3) mogaTu MOWICHHO 10 PIBHAHHS €JIEMEHTH IHIIOTO PIBHSHHS,

MIOMHOEH1 Ha OJ[HE 1 T€ caMe YHUCJIO.

3a JOMOMOroK Takux NepeTBOpeHb cuctemy (1.4) 3BoAsATH 10
Tpaneuienoi0Horo (a0 TPUKYTHOTO) BUTIISTY

anx, + anx, +... +anx, =b,
anx, +... +dwX, sz,
asnx, +... +asx, =bs,
a,sx_ + +a..x =b,,
O—br+l,
O:bn. (18)
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Ha apyromy ertami (36opommiti Xxi0) TIOCIIIOBHO BH3HAYAIOTH
HEBIJIOMI CHCTEMH, pyXalO4yuCh BiJI OCTAaHHBOTO PIBHSHHS 10
TIEePIIIOTO.

[Ipoanam3yemo cuctemy (1.8), B sKiii » — paHT OCHOBHOI
Matpwi A.

Axmo r=n, mzn_Toni cucreMa (1.8) Habupae TPUKYTHOIO
BUTJISITY

p

anx, +cnx, +... +aunx, =b,
anx, +... +azx, =b,
AnnX, =b,

Onepxana cucrema, oTke, 1 modarkoBa cucrtema (1.4), mae
€IMHUN PO3B’SA30K, KUMKW BU3HAUYMMO Tak. CHo4yaTKy 3 OCTaHHBOTO

pIBHSHHS 3HaAiieM0 *+, MmiCIS LBOrO 3 IOMEPEIHLOTO PIBHSHHS

3HafeMo *r-1; MiJHIMAIOYUCh MO CHUCTEMI BiJl OCTAHHBOTO PiBHSHHS
710 TIEPIIIOTO, 3HAMAEMO 1HIII HEBIIOMI.
SKio 7 <n, T0 MOXE 6yTH ABa BUIAJIKU!

1) xoua 6 omHe 3 4YHCEN bra,...bn ye nopiBHioe Hymro. Toi
cuctema (1.4) He Mae po3B’s3KiB, TOOTO HECYMICHA.

2) yci yucna bra,....bn piBHI Hymo. Toxai cucrema (1.4) mae
0e371149 po3B’A3KiB, TOOTO HEBH3HAYECHA.

N.B. Ockineku CJIAP B3aeMHO OJHO3HAYHO BIJMOBIIAE
po3IIMpEeHa MaTpHulld, TO €JIEMEHTapHI TEPETBOPEHHS pPIBHSIHBb
CHUCTEMH PIBHOCWJIbHI MEPETBOPEHHIO PSIIKIB PO3MIUPEHOT MATPHII.
Tomy Hanmam nipu po3s’s3yBanHi CJIAP 3a metonmom [Mayca Oymemo
MPaIlOBaTH TIJILKH 3 PO3IIUPEHOI0 MaTPHUIICIO.

Byumocsi 3acmocosyeamu memod
layca

1.22. Po3B’s1KITh CHUCTEMY PIBHSHB
X, +2x,+3x, =12,
2x, +x, +2x,=9,
—3x, +x, +4x, =4,
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BUKOPUCTOBYIOYHU MeTO ["ayca.
Po36’a3anns. 3anucyeMo po3MMpPEHy MaTPHUIIO CUCTEMU

1 2 3|12
B=2 1 2|9

3 1 4|-4

Ipsamuu xio.
BukoHnyemo eigemMeHTapHI NEPETBOPEHHS HaJ PsAKaMU MaTPHIlL
Ta 3BEIEMO 1i 10 TPUKYTHOrO BUIIIAAY. [pyra marpunsd oTpuMaHa
eJIEMEHTAPHUMHU TIEPETBOPEHHSAMH y TIEPIITA MATPUIll: TIEPIIHA PSIIOK
3aNMINMBCSA O3 3MiH, JIO JpYroro psjaKa JOAalNd IEpLIHid,
IIOMHOXEHMH Ha (-2), W 3amucaiud y JAPYruid psJioK; J0 TPEThOro
psAaKa AoJaiy TIepIIui, TIOMHOXEHUNW Ha (3), ¥ 3amucaid y TpeTii
psanok. Tpets MaTpuilsi OTpUMaHa €JIE€MEHTAPHUMHU [IEPETBOPEHHSIMU Y
JAPYTid MaTPHIl: MEPIIUNA 1 APYTUN PAIKHU 3aJUMAIUCA 0€3 3MiH; 10
TPETHOTO PsAJIKA JI0JaIu JIPYTruii, IOMHOKEHUHN Ha (3), 11 3anmucaliv y
TpeTid psjaok. YerBepra Martpulsg OTpUMaHa €JIIEMEHTApHUMU
MIEPETBOPEHHSAMH Y TPETIH MaTpHIll: MEPIIMNA PAJOK 3aJIMIIUBCS Oe3
3MIH, TpETId PAOOK 3amucaid Ha MICIl APYroro; a0 OTPHUMAHO
TPETHOrO PsJIKa JI0Jalu JIPYruil, IOMHOKEHUN Ha (3), 11 3anucaliv y
TPETIN PATOK.
I 2 3|12 I 2 3|12 I 2 312
2 1 2/9|~[0 =3 —4/-15|~|0 -3 —4|-15|~
-3 1 4|10 0 7 13|46 0 1 5]16

1 2 3]12 1 2 312
~0 1 5|16 [~]0 1 5|16|
0 -3 —4|-15 0 0 1133

3eopommuiil Xio.

OcTtanHIN pSAAOK BIAMOBIIAE PIBHIHHIO 1-x, = 33, 3BimKHM Y3 T 3.

Jlami 3anmucyeMo piBHSIHHS, 110 BIATIOBIIAE APYTOMY PSIAKY:

x, +5x, :16’ 3Bincu *2 =16-5x, :16—15:1’ X, :1;
X, +2x, +3x, :12’ 3Bincu X =12-2x,-3x,=12-2-9=1

Bignopime: &1 =1, . =1 x,=3
Eepucmu4yHuli mpeHaxep «Gauss» Oornomoxe
080J100imu 8MiHHSIM M0 3acmocyeaHHI0 Mmemoody layca.

1. 3amycTiTh nporpamy it podotu (puc. 1.18).
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DaFn MNpaeka Bria KsBpaHHoE  CepEHc Cnpaeka ,ﬁ

@Hasaa - -J L@; pl‘lomcK rEi‘_ Mankm v

I CHiDocuments and SettingsikotikiPatioumE cTomMporpartel Ao MaTeMaTHEEMporpaMsl N0 BoICLUER HaTeHaTHKEYSaUSS Vl Mepexoa

Jamaud gana Garnos W NanoK =

Iﬂ MepevMeHoEaTE thaidin
@ MepemecTHTE dann ety
[} ®onMpoBaTe dakin B N063aBHTE B ApxHE..
g OnyBNMEoEaTE dakFn B sebe B o06aEHTE B apxHE
] OOAEHMTE B apxHE b Py
(2 OTnpaEnTe 3TOT dafin no B4 P N e Hazaa - (_J [%3 p Mokck: FE'* Mankk v
INEKTPOHHOA NoYTE B A0638HTE B apxHE —
¥ AanHTE dakn !
w ova L SaKkpennTe B MeHe ' oo

wafin Mpaeka EBra  MsSpaHHos CEpEHE Cnpaska

CTNPaBHTE = E Mpo nporpamy
Jamaud qAnA GarHnos W Do
~

Apyrye MecTa BelpesaTe
KonvposaTe

Iim MepermeHoEaTE hain

IC3) MPorpare: no seicwen
MaTEMaTHKE

MoK ACKyYHEHTE
£ AokyMeHTel

@ Mof koMneroTep

& NepemecTHTe darin
[ KonMpoeaTe dakin
@ OnyBnHMkoEaTE haiin &

CoxAaTe ApNEIK
¥AannTe
MNeperMEHOEaTE

(51 OThpaBnTe 3TOT darin
INEKTPOHHOMA NoYTE

P ¥aammTe dafin

= CEOHCTEa
!Q CeTeB0E DKpYHEHHE

MoapobHo
Apyrve mecrta
Gauss

MprnoxeEHHs

1.2y Mporpars no Esicwed

MsMeHeH: 7 HOABpA 2005 r., 22:20 maTenaThke
E j MoM AOKYMEHTBI
Pazmep: 24,9 MB
P IC5) AokyMeHTel

T T I,

Puc. 1.18. 3amyck eBpHCTI/Iqufo TpeHaxepy «Gauss»

2. OtpuMaiiTe BIKHO 13 3aBJaHHSIM II0 PO3B’S3YBAHHIO CHCTEMH.
OO6wupaiite B 3a1€KHOCTI BiJl OCOOMCTOI Opi€HTAIl Y HACTYIHUX MiSIX

pomno3ullii «aai» ado «monomora» (puc. 1.19).
- Gauss
[

ErkoHaHHA [po nporpamy

) e e e e e
Fozs MIAN CHOERY {3x+ 2y +4dz =1 ko don Tayvoa.
Zx+ o5y +10=z =1

ITepe UL & Y08V MG Mepexodsine  Oair.

Gauss

ErikoHaHHA [po nporpasy

ITodyvaaiirme  Ma  cApoOyiime poie S3aiiii  3adauy  CaMOCHIIRHO . STl
PO28 RGN CaMOCHIITRC He MOCEenie, 8epHIMsCR 00 QONROMOIH | STHIC
NMOHCEE, POIE HHCINE CaMOCHIIRRG 8 FOLLMI ma Hepexodiime  ONLTEL

Puc. 1.19. BikHo 13 3aBJaHHSM 110 pO3B’A3yBaHHIO CUCTEMU

3. BukoHylTe mNEPETBOPEHHS, M0 JOTOMOXYTh 3aKIHUUTH
po3B’s13yBaHHs cucteMu (puc. 1.20).
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EHEOHaHHA

Opo Nporpay

Cepims RepemsopenHs, axe, Biu  8eamcderne, ROMpiOHo 2pofurmii ma
Repeiidims 00 I0NOsI OHO2O FPHIIY !

- POETR HYIF 6 T-30 CRILOGTET;

- POTF HYIT ¢ 2-MY CIROGHNT, (4 HOINEM DoiTre nepectilaiocry CtHoeniie,

- PORTEY HYTE 6 3-3Y CIRIOGRIT, 1 ROTEM PO ReEPecitaiosky CIRoeniic;

ErkoHaHHA

Opo nporpay

71 25
Ao Bl OFIP LGl AR pLEgro” [—11 0 011] abic mi, Mo Hepecmasus
0 o o7

fi ik el
MICHANMU CHIOSRYT, OMPUMIE] [D o —11L11 ] Mo Repexcodsie  AE | & IHILOoAY
00 0F7

Pz — zeepHimeca oo OONOMOITL.

Puc. 1.20. IleperBopeHHs, 110 JOMOMOXKYTh 3aKIHUUTU PO3B’SI3yBaHHS
CUCTEMH

4. PesynpTaTd TpaBWIbHUX a00 TMOMIJIKOBUX TI€PETBOpEeHbL (Ha

MOMHUJIKM BKa3ye mporpama) JOTIOMOXYTh 3aKIHUUTH PO3B’SI3yBaHHS
CHUCTEMU.

Heob6xiOHi 3HaHHS1 NPO Kpumepiu
cymicHocmi CJIAP

Hexaut 3agano cucremy BUTIISI LY
(a,x, +a,x,+...+a, x =b,

1n""n
2n""n

<6121)c1+6122x2 +...4+a,x, =b,

a x +a . x,+...+a x =b .

Ck1azieMO OCHOBHY 1 pO3IIMPEHY MATPUIII 111€1 CUCTEMU

a, a, ... 4, ay @, ... 4, Db,
A= Ay, Ay .o @y, B= ay Gy .o Gy, | D,
aml am2 e amn aml amz i amn bm
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Teopema 1.3 (Kponekepa - Kanenni). Ins toro, mo6 CJIAP
Oyna CyMICHOIO, HEOOXIJHO 1 JIOCTaTHHO, 0O paHr Matpuill #(A)
OCHOBHO1 MaTpHuIli A JOPIBHIOBAB paHTy 7(B) posmupeHoi MaTpuiil 5.

SKII0 paHT OCHOBHOI MaTPHIN JIOPIBHIOE PAHTY PO3LIUPEHOT
MAaTpHIll 1 JOPIBHIOE KUIBKOCTI HEBIIOMHX, TO CHCTEMa Ma€ €IUHHM
PO3B’SI30K.

SKIIO0 paHT OCHOBHOI MaTPHIN JIOPIBHIOE PAHTY PO3MIUPEHOT
MaTpHIll, aje MCHIIWKA BIJ KIIbKOCTI HEBIJIOMHX, TO CHCTEMa Ma€
0e37114 PO3B’A3KIB.

Sxmio ” (B)>r (A), TO CHCTEMa HECYMICHA.

Buyumocsi 3acmocoeysamu kpumepiu
cymicHocmi CJIAP

1.23. locmiaiTh CUCTEMY PIBHSHb

(x,+2x,+3x, —x, =1,
3x, +2x,+x,—x, =1,
2x, +3x, +x,+x, =1,

2x, +2x,+2x,—x, =1
Ha CYMICHICTb 1 B pa3i CyMICHOCTI 3HAMAITH 11 pO3B’SI30K..
Po36’a3annsa. BunucyeMo po3mmpeny MaTpHUII0 CUCTEMU

12 3 —11
32 1 -1)1
2031 11
2 2 2 11

3HaXOMMO paHT Il€i MaTpulll BUKOHYIOYH €JIEMEHTApHI
MIEPETBOPEHHS 3 PSJKAMU:

12 3 -1y (1 2 3 1|1 12 3 -1
3 2 1 11| |0 -4 -8 2|-2| |0 —2 -4 1 |-1
2 3 1 1|1 o =1 =5 3|-1| o -1 -5 3|-1|
2 2 2 —1f1) lo =1 1 =—2|0 0 -1 1 -2]0

12 3 —1]1 12 3 —1]1
0 0 6 -5|1 0 -1 -5 3]|-1
“lo -1 -5 3|-1] jo o 6 -5|1
0 0 6 -5|1 0O 0 0 00
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3 BUTJISAY OCTaHHLOI MATPHIll JOXOJUMO BHUCHOBKY, IIIO PaHT
MaTpulll JopiBHIOE 3. PaHr po3mmpeHoi MaTpuIll TaKOX JOPIBHIOE 3,
OCKUIBKH PaHT PO3IIMPEHOI MATpUIll HE MEHIIWNA 3a paHT OCHOBHOI
MaTpHuIli, a OCTAHHIN PSAJOK, 110 MICTUTH JIMIIIE HYJIbOB1 €JIEMEHTH, HE
30UTbIIyE paHTy (BCl MIHOPHM YETBEPTOrO MOPSAJKY JOPIBHIOIOTH
HYJIIO).

Bucnosok. 3anana cuctema Mae 0e3mid po3B’s3kiB. L1 po3B’sa3ku
3HAXOJUMO TakK. 3a BUTJISIOM OCTAaHHBOT MaTPHIll 3aITUCYEMO CUCTEMY

X, +2x,+3x,—x, =1,
-x,=5x,+3x,=-1,
6x,-5x, =1,
sKa €KBIBAJICHTHA BUX1JHINA CUCTEMI.

[TounHaouM 3 OCTAaHHLOTO PIBHSHHS, MOCHIJIOBHO 3HAXOJIUMO

HEB1JOMi:

1+5 1+5 1-7
X, = 6x4; xz=—5x3+3x4+1=—5-—x4+3x4+1:Tx4;
1-7 1 1
X, =1-2x, ~3x, +x,=1-2.—'% 3 +65x4+x4=%.
1+5¢ 1-7t¢ 1+5¢
. . X = Xy =7 X = _
Bianosinp: 6 | 6 | 6  NT! neteR,

HeobxiOHi 3HaHHST NPO OGHOPIOHY
cucmemy niHitlHUX anzebpaiyHuUX pieHsIHb

PosrisiHeMo oHOPIIHY CUCTEMY BUTJISATY
a,x, +a,x,+...+a, x =0,

) a,x, +a,x,+...+a, x =0,

---------------------------------------

a, x +a x,+...+a x =0. (1.9)

ml”71 mn”"n

OCKIbKH pO3IIUpEeHa MaTpHIld B OJHOPIIHOI CHCTEeMH HE Mae
J0JIaTKOBUX BIAMIHHUX BiJ HYJISA MiHOPIB (MIOPIBHSIHO 3 MaTpHIIEIO 4),
o Hd)=r (B), oTxe, 3a Teopemoro Kponekepa — Kamemm omHOpigHa

CUCTeMa 3aBXIM CyMiCHa, BOHAa Ma€ HYJIbOBHUU PO3B’ 530K
x,=x,=...=x,=0
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BuHnkae nmuTaHHsA: 3a SKUX YMOB CHCTEMa OTHOPIAHUX PIBHSIHD
MAa€ HEHYJIbOBHUM PO3B’SI30K?

Teopema 1.4. Jlns Toro, mo0 cucremMa OJHOPITHUX PIBHSIHB
(1.9) mama HeHyIbOB1 PO3B’SI3KH, HEOOXI1THO 1 IOCTATHHO, 00 paHT ii
TOJIOBHOI MaTpuill OyB MEHIIMH 3a KIJIbKICTh HEBIJIOMHX, TOOTO
r(A4)<n

Hexait omaopinaa cuctema (1.9) mae Burisig
a,x, +a,x,+...+a, x =0,

a,x, +a,x,+...+a, x =0,

<

---------------------------------------

a.,x +a.,x,+...+a, x =0, (1.10)

TOOTO KIJIBKICTh PIBHSHB CHCTEMH JIOPIBHIOE KIJTBKOCTI HEBIJOMUX.

ko © (4)=n a0o, 110 Te X caMe, A(4)# 0 10 cucrema (1.10)
Mae €QMHWH TPHBIANBHMH po3e’ssox N1 =% ==X, =0 ¢ youmy
HEBAXXKO TEPEKOHATHUCh, 3aCTOCYBABIIM 1O CHUCTEMH, HAIPUKIA],
npaBwio Kpamepa. SIKio paHr rojlioBHOI MaTpHIll JOpIBHIOE k Ta
MEHIIMH 3a KUIBKICTh HEBIIOMHX,” (A):k<”, TOOTO A(A)ZO, TO
omHopigHa cuctema (1.10) mae Ge3mdu po3B’sI3KiB, SKI 3HAXOIATH,
HAIpUKJIad, 3a MetoaoMm ["ayca.

N.B. YHiBepcadbHUM METOAOM PO3B’sI3aHHS CUCTEM JIIHIHHUX
anreOpaiyHUX pIBHSAHb, SK BH3HAUEHHWX, TaK 1 HEBH3HAYCHHX,

OJHOPIAHUX Ta HEOTHOPIAHUX, € MeToA I 'ayca.

Byumocsi po3e’sizyeamu OOHOPIOHI
cucmemu JiHiUHUX anzebpaidHux
Pi8HSIHb

1.24. 3HaiiaiTh yC1 PO3B’I3KH OJJHOPIIHOI CHCTEMU
3x,+2x, —x, =0,
2x,—x,+3x, =0,

x, +3x,—4x,=0.
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Po36’sa3anus. Buniucyemo po3immpeHy MaTPUIIO JaHOI CUCTEMU

3 2 -1/0
B=|2 -1 3|0}
1 3 -4|0

3HaXOIMMO paHr I[l€i MaTpuili, BUKOHYIOYHM eJeMEHTapHI
MepeTBOPEHHS 3 psAakamu. Jpyra MaTpullsd OTpuMaHa eJIeMeHTapHUMU
MEePETBOPEHHSAMH Yy TIepUIiA MaTpulll: TPETid 1 Nepmui psaKu
MIHSEMO MicIsiMU. JJIsT OTpUMaHHS TPEThOI MATPHIll BUKOHAIU
eJIeMEHTapH1 MePEeTBOPEHHS 3 €JIEMEHTAMH PSAKIB APYTOi MaTPHIL: 110
JIPYroro psjika J0Jadu OTpUMaHWI NEpIIui, TIOMHOXKEHUN Ha (-2), i
3alUCAIM Yy JAPYTUM PAAOK; A0 TPEThOTO pPsAKa IOJAJIU TEPIINH,
MOMHOXEHUN Ha (-3), ¥ 3amucanu y TpeTikd psagok. OTpumanu piBHI
€JIEMEHTH Yy JIPYTOMY Ta TPEThOMY PSAJKAaX TPEThOi MATPHIll, MICISA
4OTro BIIKUHYJIU TPETIHA PAJIOK.

3 2 -1|0 I 3 -4(0 I 3 -40
1 3 -4|0
2 -1 3(0{~2 -1 3|0(~|0 =7 11|0]|~ .
0 -7 11]|0
I 3 —-4(0 3 2 -1|0 0 -7 11]0

OCKIIbKM TOJIOBHUWA MIHOp JPYyroro MOPSIAKY OCTaHHBOI
MaTpuili, W0 OTPUMAHO TMICIAS EJIEMEHTAPHUX TEPETBOPEHb,

1 3
=-T7#0
0o -7

(2)

, TO paHr matpuili (I OJHOYACHO — TOJOBHOI

MaTpHuIii) JOPIBHIOE 2 (2<3), Otxe, cucteMa Mae 6e3J114 po3B’sI3KiB.
3a OCTaHHBOIO MATPHUIICIO 3AMUCYEMO PIBHOCUIILHY CUCTEMY

{xl +3x,—4x,=0,

-7x,+11x, =0.
Smavenns ©=7!, %L =1 1o teR  sanoponmsmsioTs gpyre
PIBHSTHHS.
Tenep 13 MEepIIOTo PIBHSHHS JICTaEMO

x, =4x,-3x, =28¢t-33¢t=-5t.

Binnosigs: 1 =21, % =111 x, =7t jereR.
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Heob6xiOHi 3HaHHs1 NIpPO enlacHi Yucna ma
eJslacHi sekmopu Mmampuuyi

Def. Yeskuii HE HYJIBOBUUA BEKTOP-CTOBHENL X, IO

3aJI0BOJILHSE YMOBY
AX =X = AX - X=0=> X(A—lE)zO’

e 4- AIACHE YHMCIIO HA3UBAIOTh GIACHUM GeKmopom MaTpuill A, a
YUCIOA- GIACHUM Yucjiom MaTpulll A, 1m0 BiAmoBigae BekTopy X.
Bektop X BU3HAYa€ThCSI HEOAHO3HAYHO (3 TOYHICTIO 10 HEHYJIBOBOTO
CKaJISIPHOTO MHOKHUKA).

BnacHi umcna matpuili 4 € KOPEHAMH i1 XapaKTEPUCTUIHOTO
PIBHSHHS A(A_AE):O, AK€ B PO3TOPHYTOMY BHUIJISAAl (Ha TPHUKIAII

X

MaTpPHUIlb ) Ma€ BUTJIAA

a,, a,, — A a,, |= 0

)

31 a, a,; — A

Po3B’s1xeMo 11€ piBHSIHHS BIJTHOCHO 4.

X

X=|x,
BiacHuii BeKTOp %3/, M0 BiANOBiZa€ BIACHOMY 4HCIy 7,
BU3HAYAIOTh 13 CHCTEMH PIBHSHD

(a11 —l)xl +a,x,+a,x, =0,

a, x, + (a22 — ﬂy)x2 +a,x, =0,

a,x, +a,x, + (a33 — ﬂ,)x3 =0.

Komu A- KkpaTHMI KOpDiHb XapaKTEPUCTUYHOTO PIBHSHHS,

CHCTEeMa MOYK€ BU3HAYATH KUJIbKa BIIACHUX BEKTOPIB.

63



B4yumocs 3HaxoQumu enacHi 4Yucsia ma
eslacHi sekmopu Mmampuuyi

1.25. 3Halia1Th BJIACHI YKCIIa 1 BIACHI BEKTOPU MaTPHII
3 -1 1
A=|-1 5 -1\
I -1 3
Posé’azannsn.  CkilaieMo ¥ pPO3B SDKEMO  XApPAKTEPUCTUUHE
PIBHSIHHS MaTpHUIll A4:

3-4 -1 1
1 5-1 -1|=0,
1 -1 3-2

B-A)5-1)3-2A)+1+1-5+A-3+1-3+1=0,
(2-3)(2-2)(2-6)=0 A =2 A,=3 A ,=6
Otxe, matpuinsi 4 Mae TpPU BJIAacHI yucia. 3HAWAEMO Terep
BIIACHI BEKTOPH, MIJACTABJIAIOYM IO 4Yep3l 3HAYCHHS BiIIMOBIIHHX

€JIEMEHTIB MaTPHIll Ta BIACHUX YHCEI Ay Ay 4, y CUCTEMY
(au _}’)xl +a,X, +apx; =0, (3—1))61 -x,+x, =0,
a, X, + (azz - ﬂ*)xz +ay;x; =0, —x, + (5 — ﬂ,))c2 -x,=0,

a3 X) T azpX, +(a33 _l)’% =0, — X — X, +(3 —l)x3 =0.

PosrisiHemMo OuIbIl JieTalibHE PO3B’sI3aHHS IS BIIACHOTO YHCIIa

A =2 X

, IKOMY BIJIMIOBIJa€ BJIACHUM BEKTOp * !, KOOPJAMHATH SKOTO
3aJI0BOJILHSIOTH CHUCTEMY
(3—2)x1—x2+x3=0, X, —x,+x, =0,
—x1+(5—2)x2—x3=0, -x, +3x,—x, =0,

X, — X, +(3—2)x3 =0,
, =0,

— x, —x,+x, =0.

X
. xl = —_X‘}, . IS .
3B1ACH TOJ1 BJIACHUM BEKTOp X; 3alMUCYIOTh TakK:
1

X,=C| 0
-1

AHaJIOT1YHO OTPUMAaHI BJIaCHI BEKTOPH IS A, =3 A4,=6

5
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Bignosigs: ™1 T <, 272, TP
1

X, =C|-2
1

, e C;, C,, C; — BIAMIHHI B1J1 HYJIS JIIMCHI YKCIIA.

Po3e’sizyemo
CJIAP 3a donomoezoro 113 Derive, Mathcad

lMpouyedypa pose’sizyeaHHsi CJIAP 3a donomoz2or

eidnoesiOHuUXx npasurnl.

1.26. VY kypcoBOMy MPOEKTI JOMEHHOTO IEXYy IMPOCKTYETHCS
BOJOTIHHA MeEpeXka, IO CKIAJaeThCcsA 13 TphoX Kurernb. IloTpibHO
BUKOHATH BHYTPIIIHE BB’S3yBaHHA Il€1 Mepexi, TOOTO 3IIHCHUTH
TaKui TEPEepo3NOJIT BUTPAT BOJAW MO JIIsSHKax Mmepexi (puc. 1.21),
IICJIA SKOTo ajredpaiyHa cyma BUTpaT BOIU Y By3Jlax

Q1 /Q'z &0
&G\,i_; -:}1111-31 '@%. %-E; @

4 54
T I I
fz-32 -
— iz g
Qe A a5 A qrs7  —.
8| I bz l\ﬁ&‘ h7 4
q10-310 s
o
hio IT g
hg

27 -y —
H?)—{ﬁl—h Cs

hg
Puc. 1.21. [IpoekT BogoriHHOT MEpexi
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Mepexki TOBHHHA OyTH
piBHOI HymI0 (TIepUIni
3akoH  Kipxroda), a
anreOpaiuyHa cyma BTpaT
Hafopy B OyAb-SKOMY
KUIBIII  MEpexi  3a
a0COIIOTHOIO

BEITUYUHOIO HE
nepesBuiyBaia 6 0,5 m.
Buximgai JTaHl TUTS
pO3paxyHKy TOJaHI B
tabmui 1.4.



Po3zs'azanns.

Kpox 1. BBeneMo no3HaveHHs.

Bysmu mepesxi mo3HadeH1 nudpamu B KpyKeukax (TOUKH
B1J100pY BOJIM 3 MEpEeki a0 MICIIS BIATATYKEHHS IMOTOKIB, 1X Ha
pucyHnky 1.21 Bicim).

9 — purpara Boau Ha i-Tik minsHm, ! = L0

O — By3noBi Bigbopu Boau, k=18

0 :ZQk

k=1

S

— 110a4a BOAY Bl BOIOIATATENS,
i — TApaBIYHUMN OIIp i-TOi TUISHKH;

" _ prpara nanopy Ha i-Till AimSHI;

Ah

/ — HeB sI3Ka y BTpaTax HaIopy 1o j-my Kinsito, j= 1, I, I

Ag; _ IIOIIPaBOYHA BUTpaTa BOJM Ha 1-Tii JIJISHIT;

Ay IIOIIPaBOYHA BUTPaATa BOJM JJIS -TO KiIBIIA.
Tabnuus 1.4.
BuxigHi paHi
[Mopapox | I'iapaBmiynmii onip Burpara sozu : Byszosi
BY3MB 7, k | j-TOi JiJsHKH S Ha Bin0OpH BoZK
’ I-TiH aurstHg 4 O,
1 0.000059 238.9 214
2 0.000564 93.5 40.2
3 0.000397 96.4 69.9
4 0.000041 240.1 139.9
5 0.000348 105.2 49.1
6 0.001580 353 127.6
7 0.000351 104.6 23.8
8 0.000516 36.2 28.5
9 0.000421 91.4 -
10 0.000151 115.2 -
Q=500

Kpox 2. BtpaToro Hamopy Ha JIaHii AUISHII Mepekl Ha3UBAETHCS
BTpaTa €Heprii pyxXy BOJW Ha N JUISHIN 3a PaxXyHOK CHJIM TEpTS.
BTtpatu wHamopy Ha [iIsHKaxX 3a HAOpsSIMKOM pPyXy BOAM 3a
TOJIMHHUKOBOIO CTPIJIKOI0 YMOBHO MPHUHMAIOTh 31 3HAKOM «ILTIOCY, a
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Ha JUISHKAaX 32 HAPSIMKOM PYXy BOJM MPOTH TOJWHHUKOBOI CTPLIKU
— 31 3HAKOM «MIHYCY.

IIpy BuOOpPI MOYATKOBOIO IMOTOKOPO3MOAUTY MPAKTHIHO
HEMOJKJIMBO 3a0e3MeunTH BHUKOHAHHSA Jpyroro 3akoHy Kipxroda,
BIJIMOBITHO JI0 SKOTO ajre0paiuHa cymMa BTpaT HAmmopy B Oyb-SKOMY

KUTBIIl Mepexi Oyae OpiBHIOBATH  HYIIO (Zhi =0 ). Tomy

(th):Ah:'tO Ah; b . .
J 70, pe 7/ — HeB’sA3Ka y BTpaTax HAIopy Mo j-MYy KUIBLIO.

[TomiTUMO, 110 HEB’S3KOI0 Y KUIbIl BOJOTIHHOI MEpeXi Ha3WBAETHCS
anreOpaiyHa cyma BTpaT HAIllopy Ha WOTO JTUISHKAX.

3a 3HAKOM HEB’SI3KM MOKHA CYJAWTH MPO T€, Kl TUITHKUA KUIBIISA
nepeBaHTakeH1 a00 HEIOBAHTAXKEHI.

Hexait y mepexxy Hagxoauts Q si/c BOaW, HaMHA OOpaHi BY3JI0BI
BiIOOpH BOIU Qk, HOIEPENHLO PO3NOJineHi Burpath Bogu 71 1o
NiNAHKAX Mepexi, miaiopani giamerpu Tpy6 i obumciIeHi onopy S Ha
TITISTHKAaX MEPEeKi.

3aBoaHHA BHYTPIIIHBOTO BB’SI3YBaHHSA KUIBLIEBOI MeEpexi
CKIIQJA€ThCA B TAKOMYy II€PEPO3MOJALI BHTpAT BOAW IO IUISHKAX
Mepexi, MICAS SKOr0 BUKOHYBaJIWCA O TEpIIMA 1 APYruid 3aKOHU
Kipxroda.

Ile 3aBmaHHA 3BOJMTHCS OO PO3B’SI3YBaHHS CHCTEMH TPbOX
NiHIfHAX PIBHAHB OO NONPABOYHKMX BHTpaT Bomu “4r> Adu> Ady
BIAIIOB1MHO i Kutens 1, 11, 111:

2-Aq, 'Z(S‘I)I -2-8,:9,"Aq; —2-85-q5 - Aqy, =Ah1,
-2-8,-9,"Aq, +2-Aq, 'Z(SQ)H = Ah[[,
_2'S3'%'A‘h"‘z'A‘hH'Z(SCI)m:Ahm (111)
(4UCIIO PIBHSHB JOPIBHIOE YUCITY KIICIh MEPEXKi).

Kpox 3. Hem’a3ku Ahpy Ahy, Ahy, y BTpaTax Hamopy IIo
kinesx 1, 11, 111 nopiBHIOIOTH aiareOpaivfiii cyMmi TO0OyTKIB OTIOPIB 110
TISTHKaX KUIbI Ha KBaJIpaTH BIAMOBIIHUX BUTPAT, TOOTO

Ah, =S, q] +8,°q; = S;q5 =S, 45,
Ahy =S;-q5+85-90 =S, 47 =S, 45, (1.12)
Ahy, =8, qi+Sgqs —So-qe =S, 1y

BusnauuBmm misixom po3B’sizaHHs cucteMu (1.11) mompaBouHi

BUTPATU B KUIBIMX, MOKHA 3HAWUTH MOMPABOYHI BUTPATH Ag; NUITHOK

Mepexi, a MOTIM OJIepKaTH 1 HOB1 BUTpaTH ¢ Ha NUISHKAX MEPEXI I
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dopmymi 4 4 g, (1.13). ITonpaBouHi BUTpaTH Ag; Ha AUISHKAX,
[0 3a3HayYeHl Ha PHCYHKY MeEpeKi BHPa)KarOThCS depe3 IOIMpPaBOYHI
BUTPATH B KUIBIAX IO (popMynax
Aq, =-Aq,, Aq, =-Aq, +Aq,, AQy;=Aq, —Aqy,
Aq,=A4q,, Aqs =-Aq,, Aqg=-Aq,, (1.14)
Aq; =Aqy, Aqy=-Aqy, Aqy=Aq,, Aqy =Aqy
3a BiZOMHMH MOIPABOYHMME BHTpaTaMu % 0GUHCIIFOEMO HOBI

BIIMIHHI BiJ HYJS 3HAY€HHS KIUJIBIIEBUX HEB’SI30K Ad; (Zhi ) J’
Axkmo xoya O omHa 3 HHMX 1O aOCOMIOTHIM BeMWYMHI OlyIbliie
MIPUITYCTUMOTO 3HAYEHHS, TO MPOILEAYPY BHU3HAYEHHS MOMPABOYHUX
BUTpAT y KuIbHAX 13 cuctemu (1.12) Tpeba MOBTOpUTH ISl 3HOB
OTpUMaHUX BUTPAT Ha JUITHKAX MEPEXi ¥ HEB’S30K y KuUIblgX. Ha
MpaKTUIll JJI KUICIb JOMYCKA€ThCS HEB'sI3Ka, I10 aOCOFOTHIM
BEJIMYMHI HE nepeBuiytoya 0,5 m.

Kpok 4. KopucTyrounch BUXITHUMH JaHUMHU, TIPEICTaBICHUMHU B
tabmuil 1.4, obumcmoeMo KoedIIEHTH MPU HEBIAOMHX U BUIbHI
yieHu cuctemu (1.11), mo HEoOXiIHO PO3B’sI3aTU 1 3aMUCYEMO BCE
e B Tadmuio 1.5.

Kpok 5. IliacTaBnstoun 3HaWIeH1 3HAaYEHHS KOS(IIlI€HTIB 1
BUIBHUX 4JieHIB y cuctemy (1.11), ogepxxumo

2-0.1149Aq, —2-0.0527Aq,, —2-0.0383Aq,, = 2.25.
~2-0.0527Aq, +2-0.1818Aq, = —2.95,
—2-0.0383Aq, +0.2258Aq,, = —1.15.
3B1OKHA
0.2298A¢, —0.1054Aq,, — 0.0766Aq , = 2.25.
—0.1054Aq, +0.3636Aq, =—2.95,
—0.0766Aq, +0.2258Aq,, =—1.15.
3HaX0IMMO BU3HAYHUK ITI€] CUCTEMH:
0.2298 —0.1054 -0.0766
A=[-0.1054 0.3636 0 =0.01423.
—-0.0766 0 0.2258

BusznauHuK cucTeMu BIAMIHHUM B1J HYJIS, CHCTEMa Ma€ €IUHUM
p03B’s130K. OOUNCITIFOEMO JOTIOMIKHI BU3HAYHUKHU:
225 —=0.1054 -0.0766
A =295 0.3636 0 =0.08249,
-1.15 0 0.2258
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0.2298  2.25 -0.0766
A, =-0.1054 -2.95 0 =-0.09150,
-0.0766 —1.15 0.2258

0.2298 -0.1054 2.25
A, =|-0.1054 03636 —2.95=-0,04446
—-0,0766 0 -LI5

Kpokx 6. BukopucroByroun ¢dopmynu Kpamepa, BHU3HAYAEMO
KUTBIIEB1 TTONPABOYHI BUTPATH:

A, A

A
Aq, =Xz5.80, Aqy :Xzz—6.43, Aq, :fz—3.12.
Tabnuuys 1.5.
[aHi 3 nepepo3noainy Boau no AinsgHKax Mmepexi
:f * *
é 4 g S; qi Siq; hi:SiC["z Aq, ql* h; =S.q;
7
1| 0.000059 | 238.9 | 0.0141 3.37 -5.80 233.10 | 3.21
[ 12]0.000564 | 93.5 | 0.0527 | 4.93 -12.23 81.27 | 3.72
3] 0.000397 | 96.4 | 0.0383 | -3.69 8.92 105.32 | -4.40
41 0.000041 | 240.1 | 0.0098 | -2.36 5.80 24590 | -2.48
Ah, =2.25 = -3, Ah; _
S o149 | MM Agy =-3.31 1=
=0.05
51 0.000348 | 105.2 | 0.0366 | 3.85 6.43 111.63 437
6| 0.001580 | 35.3 | 0.0558 1.97 6.43 41.73 2.75
I1'17770.000351 | 104.6 | 0.0367 | -3.84 -6.43 98.17 | -3.38
2 | 0.000564 | 93.5 | 0.0527 | -4.93 -12.23 81.27 | -3.72
> ] 0.1818 Ahﬂ:_2°9AqH=—5.80 Ahy
=-0.01
31 0.000397 | 96.4 | 0.0383 | 3.69 8.92 10532 | 4.40
. 8| 0.000516 | 36.2 | 0.0187 | 0.68 3.12 39.32 | 0.80
9| 0.000421 | 91.4 | 0.0385 | -3.52 3,12 88,28 | -3,28
10/ 0,000151 | 1152 | 0,0174 | -2,00 3,12 112,08 | -1,90
Z 0,1 129 Ahm _1.15Aq111 = 580 Ah]]] =
=0,02
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Ag;

Kpox 7. Tlo ¢opmymax (1.14) 3HaXoammo Ha IUISHKax
MONIPaBOYHI BUTPATHU ¥ 3aMMCyeMO iXHI 3Ha4YeHHs B Tabsmiro 1.5. 3a

*

dopmynoro (1.13) obumcar0eMO HOB1 BUTPATH 9} Takok 3aHOCHMO

*

B TaOmumiro 1.5. /{71 HOBUX BUTpAT 3HAXOAUMO BTpAaTH HAIOPY h 151
AR

HOBI HEB’SI3KH 7/ y KUJIBIAX.

AR} <0.5,

BinmoBigs: OCKUIBKH BCI TO HeoOXIgHA TOYHICTH

JOCSATHYTAa W TOJAJBIINN TEPEPO3NOALT BUTPAT BOAU MO AUISTHKAX
Mepexi MPOBOJUTH HE Tpeoda.
N

«Haeyaemo» ceil koMmm’romep pPo3e8’si3y8aHHIO
CJIAP 3a donomoezotro I3 Derive.

JIxepena CTpyMy 3
eneKTpopymiiaumMu cuiamu E; 1 E,

BKJIFOUEHI Y JIAHIIOT, SK TOKa3aHO Ha
R pucyHky 1.22. 3HaiiTu cuiny CTpyMy Ha
Bl Rs BCIX AUISTHKAX JIaHIIora, akio £; = 2,1
B, EZZ ],9B, R] =45 O.M, RZZ 10 OM,
R; = 10 Om. BHyTpimHIM OIOpOM

R €JIEMEHTIB 3HEBAXKHUTH.

Puc. 1.22. Cxema 10 3amaui
1.27
CkrnazemMo cucTteMy JIHIMHUX PIBHSHB 32 JOTIOMOT'OH 3aKOHIB
Kipxroda (mo3Haunmo cuily CTpyMy Ha BIANOBIIHUX JUISTHKAX
naniora 3aX> V- Z);
X+Y-Z=0,
45-X +10-Y =21,
45-X-10-Z=19.
lpouedypa pose’sszyeaHHss CJIAP moxe 6ymu
3aMiHeHa npouyedyporo 3acmocyeaHHsi 1113 Derive.
1. Bigkputu Bikao I1I13 Derive.
2. 3a pomomororo ormiii Solve-System BBECTH CHUCTEMY JHIHHHUX
anreOpaiyHUX PIBHAHB:
— nops 0K cuctemu " =3 (puc.1.23);
— PIBHSIHHS CUCTEMH;
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— TUN 3MIHHOI, HATUCHYBIIM MPaBOI0 KJABIIICIO MHIIKKA Ha BIKHI

Solution Variables (puc.1.24).

indow  Help

plifyCSolve DCalculus Options Wi
el

i

[E=]

Eile Edit Insert Author Sim

[y = =

Solve System Setup...

Carucel

Hurnber:

E quatiorns and Inequalitiss

(

Ok

Solve system of equations

- AR

Puc. 1.23. Bikuo [1I13 Derive: BBeIeHHSI CUCTEMU JIITHITHUX

anreOpaiuHuX pPiBHSHb

=0

|

|45 =71 0=r=2.0

|45 =F—10~Z=1 .9

1

2

3

“
L
5
.0

E
>

=

g
3

=4
(i}

Cancel

Solve

0K

i

Sl
Il

Puc. 1.24. Bikuo I1I13 Derive: BBeeHHSI CUCTEMU JITHIUHIUX

anreOpaiuHuX pPiBHSHb
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3. 3a pomomororo omiii Symplify-Basic po3B’si3aTu 3a7laHy CUCTEMY
(puc. 1.25).
g T e o

g | lim 8 F = IT = % £

cccccc
cccccc
rrrrrr
cccccc

#1:  SOLVE([% + v - 2=0, 45x + 10w = 2.1, 45.% - 10.2 = 1.9], [%, v, 2]}

#2:

lpouedypa po3e’szyeaHHo CJIAP Moxe 6ymu
3amiHeHa npouyedyporo 3acmocyeaHHs 113 Mathcad.

N

«Hasyaemo» ceili komn’romep po3e6’si3y8aHHIO
CJIAP 3a donomozoro 113 Mathcad.

Jo 3amaui 1.26 po3B’spKEMO CHCTEMY 3 KPOKY 5 3a JOMOMOTOIO
II13.

2-0.1149Aq, —2-0.0527Aq, —2-0.0383Aq,, = 2.25.
—2.0.0527Aq, +2-0.1818Aq,, = —2.95,
—2.0.0383Aq, +0.2258Ag,, = —1.15.

1. Bigkputu Bikao I1113 Mathcad.
2. 3a pgomomMororw ciaoBa Given, 10 BKUBAETHLCSA SIK MaTeMaTHYHUM
TEpPMiH, BBECTH CUCTEMY JIIHIMHUX anreOpaiuHux piBHSIHB (puc. 1.26).

72



Mathcad - [Mat]

gl ain Opaska Bra  Ao6aenTn  DopmaT MMCTRyWeRTEl CHMEORM<a OfHo  Chpaska HNEES
D-rEEd SBY 0B oo T omw = 2O \mu% u @\ H[;;;] 3 s Ikl G T HT men 03 B 3 G

[v]1o [~] B 7 u |=|

J0.1149Ag, —2-0.0527Ag,; —2-0.0383g,; = 2.25.
4 —2.0.0527Aq; +2-0.1818\q, = —2.95,
—2.0.0383qg, + 0.2258 ¢y = —1.15.

| cnocit pose'asaHHA
Mo3HaUMMO: Ag, = x, Ag, = y. Ag, = z

2:0.1149-x — 200527y — 2:0.0383-z= 2.25

—2-0.0527-x+ 2-0.1818y = —2.95

—2-0.0383-x + 0.2258-z = —1.15

Puc. 1.26. Bixno 1113 Mathcad: YBeI[eHH}ICI/ICTeMI/I JTHIAHUX
anreOpaiuHuX piBHSHb

3. 3a nonomororo omitii [Jobasums — @yuxkyuu — Bce — Find BUKoHATH
po3B’s3yBanHs CJIAP (puc. 1.27).

Mathead - [Mat]

DT MHCTRYMEHTB! CHMBOMHKS Okno  Cnpaska

'F = & 20O e v @‘ H B %, ' x| f6h 6O KT men 77 A Bu [
Ctri+ I:H = = |
EAHHHUY HSMERSHHA, .. e

KapTHHcy T E

Ofinacte

Paspeis cTpannus b+

MaremaTiieckyra ofnacte  Ckrl+Shift-+a -BC'IEHIIE yHRLn ¢
TexcTosyo obnacTe "

3 Komporent HaTeropua dyHa e e T
Aarroe 3
¥npaBneHe » 5
eccena
SQWKT'" BEKTODL! KM MaTOMLb
eeiney MnE R0 Y ke
B Manepccbiniy. . Chrl+K AacTyn & hany
VIHTERNONAUMA W MpeACkasaHiie
{2- 0.1149Aq, —2-0.0527Ag; — 2- 0.0383Aq,, = 2.25 KOMANEKEHEE YHACna [:]
Va2 i e oo e
1 —2-0.0527Aq,; +2-0.1818\g,; =-2.95, | R, T, ] ‘
—2.0.0383g, +0.2258qy, =—1.15 =
1 s BbIaaET 3Ha4eHMA warl, var2..., KOTOPbLIE PELSHT CUCTEMY WPaBHEHIR B
Pewanwer Enoke. BelgasST ckanap, ecnv ecTe TONBKD O8MH MNapameTp,
| cnoci6 pO3B'$|3aHH$| WHAYE BEIA3ET BEKTOP OTBETOR.

MNosHauumo: Ag, =x. Ag, =y. Ag, =z

. @ | | ox | | asfamure | [ ormena
2:0.1149-x — 2:0.0527y — 2:0.0383-z = 2.25
—2:0.0527-x + 2-0.1818y = —2.95
<l —2-0.0383-x + 0.2258-z= —1.15 Iil[:l
) x
T 5. CLUMILHA < S| i 1642

Puc. 1 27. Bikuo I1113 Mathcad 3B BYBaHHH CJIAP
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D-=2Ed &Y B e = PO 1w v [EH I K T, Y S M SR o B~

@ A+ [ x= J& <Z 31 op m

| 2.0.1149Ag, —2-0.0527Ag,, —2-0.0383Ag,, = 2.25.
{ —2.0.0527Aq; +2-0.1818\g, = —2.95,
|‘ —2.0.0383A¢, + 0.225%q,; =—1.15.

| cnoci® pose'aszaHHA
MosHauMMo: Az —x, Ag, =y, Ag, = =

Given

2-0.1149.x — 2-0.0527-y — 2-0.0383.-z = 2.25
—2.0.0527-x + 2-0.1818y = —2.95
—2-0.0383-x + 0.2258-z = —1.15

(5799 7

Fmd(x.y.z)g)‘ —6.432 ‘
. —3.126 )

T R S i ST < 2 | R 1635

Puc. 1.28. Bikno 1113 Mathcad: otpumanHs pe3yabTaty
AbGo...

1. 3a momomoroto omitii Bud — Ilanenu uncmpymenmos — Mampuuvt Ta

Buo — Ilanenu uncmpymenmos — BwviuucieHue BUHECTH Ha IaHEb

. . F] %, s Il fph o7 M7 omen §e7 S Eu
IHCTPYMECHTIB  BKJIQJKU Ta

= = — == fx xf xfy xfj.f

2. 3a3HauuTH MaTpuIlto 4 Ta B (IOPSI0K BBEICHHS BXKE B1JIOMUN).
3. 3a MaTpUYHUM METOJOM BBECTH MATPHIIIO HEBIJOMHUX 13 CUMBOJIOM

X-1

— i1 106yTOK MaTpHili, 0GepHEHOI 10 A, 3a JOMOMOrOI0 CHMBOIY
Ta MaTpull B.

4. Tlicns HACTYITHOTO BBEJCHHS MaTPHIll HEBIJOMHUX Ta 3a3HAYCHHS
CUMBOJY «=» OTpUMaTH pe3ynbtar (puc. 1.29).
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f “'Mathead' - [Mat] = ‘
=

fl Dan Opasca Bra  A0BaBHTE  DOPHAT  MHCTRYMEHTS! CHMBOMMICE

Normal (s ] avial vl [v] B 7 v === ==

‘ 2.0.1149Ag, — 2-0.0527 Agy — 2-0.0383Aq,, = 2.25. El
—2-0.0527Ag, + 2+ 0.1818Ag,, =—2.95,
‘\ —2-0.0383A¢g; + 0.2258Aqgr = —1.15.

. Il cnoci® po3e'AzaHHA

MosHauumo: A% =x. Ag; =y, Agy =2z

(2:0.1149 -2-0.0527 -2-0.0383 )

A _‘ —2.0.0527 2-01818 0
| —2-0.0383 0 0.2258
(225

B _‘ -2.95
\—1.15 (xY (5799 )
Fx y |=|—-6432
v —a LB vz 3126
NE

Puc. 1.29. Bikno I1I13 Mathcad: otpumanHs pe3yabTaty

AOo...

1. 3a3HaunT MaTpuIo 4 Ta B (IOpsAIOK BBEJCHHS BXKe BiIOMUA). JIJis

MIPUCBOIOBAHHS 1M’ 51 3aCTOCYBATH CUMBOJI
2. 3a pomomorow omuii /obasume — Dyuxkyuu — Bce — Lsolve
BUKOHATU po3B’si3yBaHHs CJIAP, mpucBororoun 3miHHIA XL (yHKITIIO
Lsolve(A,B).

3. Ilicna HactymHOro BBENEHHS 3MiHHOI XL Ta 3a3HAa4€HHS CUMBOJY
«=» oTpumaru pe3ysbTat (puc. 1.30).
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* : o E

‘ 2-0.1149Ag, — 2-0.0527 Ag,; — 2-0.0383Ag,,, = 2.25.
—2-0.0527Aqg; + 2-0.1818Ag,, =—2.95,
“ —2-0.0383Aqg; + 0.2258Ag;; =—1.15.
III cnoci® posp'asaHHA

{2.0.1149 —2.0.0527 —2-0.0383 "
A= ‘ —2-0.0527 2-0.1818 O
\—2-0.0383 0 0.2258
(225
B:= ‘ —2.95 ‘ xl := Isolve(A . B)
—1.15

(5799
—6.432

—3.126 ) [~
g | [2]

=RE SN =

Puc. 1.30. Bikno I1I13 Mathcad: otpumanns pe3ynbTaTy

lNopieHsitime pi3Hi cnocobu no po3e’sasyeaHHsi CJIAP,
w0 posansidaromscs 3a donomozoro 13 Mathcad.

- 6 Modentoemo npogpecitiHy disnbHicmsb
"\‘ - iH)XeHepa

1.28. JIBa enementu 3 E/[C 1,6 B 1,3 B
E;r, Ta BHYTPIIITHIM OTIOPOM BIJIITOBITHO
1,0 11 0,5 Om 3’eqHaH1, IK IIOKa3aHO

R ] Ha pucyHky 1.31. Omip R = 0,6 Om.

3HaiiaiTh TOK B ycix BITBsX. Omip

I | 3’€IHYIOUUX MIPOBOJIIB HE
E>,rl BPaxOBYBaTH.

Puc. 1.31. Cxema mo 3amaui 1.28
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W5 O6epimo epexmuenuil 3pyunutl 3anUc NOOAHHS OAHUX.
~ IIpeocmasme Oani 3a0aui Ha cxemi, KOPUCTHVIOUUCD
3axoHamu Kipxeoga ii 6paxogyrouu Hanpsamu cmpymia,
wo 006paHi YMOBHO:

I; — cmym y nepwomy enemenmi, Hanpsamiero aigopyd, I, — cmym y
Opy2oMy eneMeHnmi, HanpamieHo npasopyu; I3 — cmym Ha Oinanyi 3
onopom R, umanpamneno npasopyu. Ompumaemo cucmemy JiHIUHUX

PIBHAND!
I, +1,=1,,
Iirn-1Lr,=E —E,.
In+L,R=E,

Jlnsa  po3e’sazyeamus  cucmemu  JTIHIUHUX
aneeopaidHux DIHAHD cKopucmatimecs MOHCTUBOCTAMU

NpocpaAmMoOBaHux 3acoois.
Bignosins: I; =0,7A; I, =0,8A; I;=1,5A.

1.29. EnemenTn 5aHOK, cXema SKHX

E I 300pakeHa Ha pucyHKy 1.32, mae

— F—‘%'T HACTYIHI 3HaYeHHsA: E; = 1,5 B,

<>—’ E,=1,6B, R;=10 Om, R, =20

< I OMm. Omip BomsT™MeTpa R, = 20

gl e B OM. 3HaiimiTh CcTpyM B YyCix

R BITKax. Ormip 3’€IHYIOUUX

Puc. 1.32. Cxema o 3agaui 1.29 nOpoBOIB Ta JKepes HANpyru HE
BpPaXOBYBATH.

LY O6epimo epexmuenuii 3pyunuti 3anuc NOOAHHS OAHUX.
-~ IIpeocmasme Oani 3a0aui Ha cxemi, KOPUCMYIOUUCH
3axoHamu Kipxeoga ii 6paxogyrouu Hanpsamu cmpymia,
- X wo 00pani YMOBHO OMPUMYEMO CUCMEM) JIHIUHUX

pl@HﬂHb
I, -1,+1=0,
Iin—IR, =E,

Lr,+IR, =E ) .
T =5 s pose’sasyeamnms  cucmemu  JUHIUHUX
aneeopaidHux PIiBHsAHb cKopucmatimecs MOHCTUBOCTAMU

npo2pamoB8aHux 3acoois.
Bigmosiae: 1;= 0,115 A; 1, =0,098 A; I3=-0,018 A.
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Tema 4. BEKTOPMU

[lin 4yac mpoekTyBaHHA MeXaHI3My MOro JaHKH, 3a3BHYaM,
M03HAYAIOTh BEKTOPAMH. IXHA CyMa BH3HAYa€ yMOBY 3aMKHEHOCTI
MexaHi3My. MOHTaXHa MIOTJIa € HAWMPOCTIIIAM MEXaHI3MOM ISl
MIJHOMYy BaHTaXiB Ta BHTOTOBIAEThCA 3 Meramy. Ilormy
BCTaHOBIIOIOTh HA ONOpHiM mofymmi. [i cTifikicT JocATaeThCs
HATSTOM CTaJIeBOT'O TPOCY.

Bexktopu JIOIOMAararoTh
3amucaTd YMOBY 3aMKHEHOCTI
— J0 CXeMH BKa3aHOrO Ha
pucynky 1.33  migiioMHOTO
MeXaH13My B
HEHaBaHTa)XeHOMY cTaHi. [l
I T 300paKEHH MOHTAXKHOI I[OTJIH

Puc. 1.33. 300pakeHHs cCXeMHU MH MMO3HAYaEMO JIAHKH
MOHTA’KHOI IIIOTJIA BCKTOpaMHu.

o)

HeobXxiOHi 3HaHHS1 NPO 8eKMop

CkansipHOIO HA3MBaIOTh BEIWYWHY, SIKa 3aJa€ThCS YUCETHLHUM
3HaYeHHsIM. BekTopHa BeIm4mHa Ha BIAMIHY B1Jl CKAISIPHOT 3aJa€ETHCS
HE JIMIIE CBOIM YHCEILHHM 3HAUCHHSIM, a W HanmpsAMoM (IIBHAKICTH,
MIPUCKOPEHHSI, CUJIa ¥ TOIIIO).

Def. T'eoMeTpUYHO BEKTOp L€ HanpsamaeHuu 6i0pizok (puc.

1.34, a) 1 mo3HayaeTbes @, abo 4B, e Touka 4 - MOYATOK BEKTOpa, a
B- jioro KiHENb (IJi1 MO3HAYaHHSA MOXYTh OyTH 3aCTOCOBaH1 1HIII
OyKBH).

Def. Bigcranp MiX IMOYaTKOM BEKTOpa 1 HMOro KiHIIEM

—

a

Ha3UBaIOTh JIOBXKUHOIO (200 MOyJIeM) BEKTOpa 1 T03HAYAIOTh
|45

, a00
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Def. Bexropu, K1 J€XaTh HAa OJHINA NpsAMIN a00 apaebHUX
MPSMUX, HA3UBAIOTh Kotineapuumu (puc 1.34, 0, B)

Def. Bektopu ¢ 1 b piBHI, SKIIO BOHH KOJIHEApHi, MalOTh
OJIHAKOBI MOJTYJI1 1 0JTHaKOB1 HampsiMu (puc. 1.34, 1).
4 a B a _a :
b - * - 3
a) 0) B) r)

Puc. 1.34. 300paxeHHs BEKTOPIB

Def. ]JIBa BEKTOpPU HA3UBAIOTH NPOMUNEHCHUMU, SKIIO BOHU
KOJIIHEapHi, MalOTh OJHAKOBI MOAYJl 1 MPOTUJICKHI HampsMmu (puc.
1.35).

Def. Bekrtop, NOYATOK 1 KIHELb SIKOTO 301ratoThCs, HA3UBAIOTh
HYb-8exmopom. HarpsiMm 1oro He BU3HAYEHUM.

Def.  Bexrop, TOBKUHA SIKOTO IOPIBHIOE OJUHMUIIL, HA3UBAOTh
OOUHUYHUM BEKTOPOM.

Def.  ONUHUYHUI BEKTOp, HampsAM SKOro 30Iraerbcs 3

—

HampsMOM BeKTopa ¢, Ha3UBAIOTh OpmoM BeEKTopa ¢ 1 MO3HAYAIOTh
a,

Bektopn MOXHa BUIBHO MepeMillyBaTd Mo IulomuHl (y
npoctopi). ToMy B aHaMITUYHIN T€OMETPIi IX HA3UBAIOTD BLILHUMLU.

Def.  Kymom misxne 06oma eexkmopamu @ 1 b, 3BeIeHUMH 110
CHIJIBHOTO IMOYaTKy, HA3WBalOTh HAWMEHIIWN KyT, Ha SKHH Tpeba
MOBEPHYTU BEKTOP ¢ HABKOJIO CILJILHOrO IOYATKY, 100 HOro Hampsm

36iraBcst 3 HaIpsIMOM BekTopa > (puc. 1.36,a,6).

Puc. 1.35. a)
[TpoTunexHi Puc. 1.36. Kyt Mi>x BeKTOpamu
BEKTOpHU
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Tpu BekTOpH HA3UBAIOTH KOMNAAHAPHUMU, SKIIO BOHU JIEKATh B
OJHIM a00 TMmapajeIbHUX IUIONMHAX.

30KpeMa, TP BEKTOPH KOMIUIAHAPHI, SKIIO JABa 3 HUX abo0 BCI
TpH KOJiHeapH1, a00 xo4a O OJ1H 3 HUX — HYJIb-BEKTOD.

HeobxiOHi 3HaHHS1 NPO nNiHIlHIi onepauyii
Haod eekmopamu

Jlo nmiHiIiTHUX orepaliiil HaJ BEKTOpaMU HaJICKUTh:

1) nonaBanHs (BiIHIMAHHS) BEKTOPIB;

2) MHOKEHHSI BEKTOpa Ha YMCIIO (CKaJIsIp).

Def.  Cymoro BEKTOpIB ¢ 1 b Ha3WBAIOTH BEKTOD a+b , KU
3’€IHY€ TTOYATOK BEKTOPA @ 3 KiHIIEM BEKTOpa b 3a yMOBH, IO BEKTOD
bnpukiageHuil 0o KiHmS Bektopa @ (puc. 1.37, a) (npasuio
MPUKYMHUKQ).

CyMy JaBOX BEKTOpIB MOXKHa OyIyBaTh TaKOX 3a HPABUTIOM
napanenoepama (puc.1.37, 0).

Def. Piznuyero BEKTOPIB ¢ 1 b HA3MBAIOTH BEKTOP ‘7"5, KWW Y
CyMi 3 BEKTOPOM b cknanae BEKTOp ¢, a0o0, IHIIUMH CJIOBaMH, IIC
BEKTOD, IO 3’€THYE KiHEI[b BEKTOpa » 3 KiHIIeM BEKTOpa @ 3a YMOBH,
mo @ i b mpUKIazeHi 10 CHiNBHOrO modatky (puc 1.37, B).

Puc. 1.37. [IpaBuia nogaBaHHs ¥ BITHIMAHHS BEKTOPIB

Def. J[obOymrkom BEKTOpa ¢ Ha CKaJIsp 4 HA3MBaIOTh BEKTOP
[2a|=|]a
A>0

Ad  TaKWH, IO 1 HampsiM SKOTO 30iraeThCs 3 HAMPSIMOM
BEKTOpa 4, SKIIO , a0 BIH Ma€ HampsM MOPOTHICKHUH 10
HanpsiMy BekTopa @ , sakmo +<0. Tak, Ha puc. 1.38 300paxeHo
BekTOpH @ 44,24
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a 3a -2a

Puc. 1.38. JIoOyTOK BeKTOpa Ha YUCIIO

3 o3HaueHHsA A00YTKYy BEKTOpa Ha YHCJIO BHUIUIMBAE, M0 KOJIU

—

BEKTOPU KOJIIHEapHi, TO iCHYe €JUHE YUCIO 4 TaKe, IO b=2a :
ChopmymroeMo0  BIAaCTHBOCTI  JIHIMHMX — omepamiii  Haj
BEKTOPaMH:
1. a+ b=b+a.

N A B
Ql
+
/?
QU
I
=3}

Heob6xiOHi 3HaHHS1 NPO rMpPoeKyiro
eeKkmopa Ha 8icb

Def. Biccro Ha3UBalOTh HANpPSAMIIEHY NpsMy, Ha sKid BHOpaHO
MOYaTOK BIJJIIKY, TOAATHUIN HATIPSAM 1 OJUHUIIIO JTOBKUHH.

[Ipoekiiero TOYkM 4 Ha BIChH [ Ha3WBalOTh OCHOBY
nepnenukyaapa 44 (touxa ‘), omymeHoro 3 Touku 4 Ha Bich /.

Hexait 3amaHo Bich ! i Bektop 4B (puc. 1.39, a). ITo3Haunmo
yepes 4 1q B MPOEKIlli Ha Bich ! BIAMOBIAHO MOYATKy 4 1 KiHIA B

=48,

BEKTOpa 4B i PO3IIITHEMO BEKTOP
Def. Illpoekyicio eexkmopa ¢ na 6icb ! Ha3UBAaIOTh J10JATHE

AIBI

YHCJI0, SAKE JOPIBHIOC , aKmo Bick ! 1 BexTop 4B ommakoBo
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lBl

HanpsmiieHi (puc. 1.39, a) 1 Bix’eMHE YHUCTIO
B

, SIKIIIO BICh ! 1

BextTop 181 mporunexno nanpsmieni (puc. 1.39, 6).

IIpoekuicio BekTopa @ Ha Bick ! mosHauaroTs Tax: F'¢ (abo
51).

Def. Kymom midc eekmopom @ 1 BicClO ! HA3UBaIOTh MEHIIUH 3
KyTiB, Ha sSKui Tpeba MOBEpHYTH BEKTOp ¢ abo Bich !, mo0 BiH
30iraBcs 3a HAMpPSMOM 3 IPYrUM BeKTopoMm abo Biccro. Lleit kyT Mae
3Ha4YeHHsS y Mexkax Big 0 10 7.

IIpoekiriro BekTopa ¢ Ha Bich ! OOYHCIIOIOTH 3a (HOPMYIIOO

np;d =| “|C°S¢, e ¢ - KyT Mixk HanpsiMoM oci / 1 HarpsIMOM BEKTOpa d .

Cnpasni, skmo ¢ - rocrpuii Kyt, TO np, a=|4, B)|=|d|cos¢ (puc.
1.39,a);
ko ¢ _ TYHHﬁ KYT, TO ”lngl=—|A1Bl|=—|5|COS(7Z—¢)=|E|cos¢ (pI/IC
1.39,0).

[pu mpomy "7 4>0 gxmo kyt 2 roctpuit, "1 ¢<0 gxmo ¢ -
Tynun, P14 = 0 sxmo #=90°
2 B
= |
d I
|
A -
| a | |
A0 _
A, B, l B /
a)

Puc. 1.39. [Ipoekiist BeKTOpa Ha BiCh

BrnactuBOoCTI TipoeKIriii
1. Tlpoekriss cyMH KUIBKOX BEKTOpPIB Ha Ty caMy BICh
TOPIBHIOE CyMI iX MPOEKIIIM Ha ITf0 BICh, TOOTO
np, (671 +a,+...+a, )=np,c_z1 +np,a,+...+np,a,.
2. Ilpu MHOXEHHI BEKTOpa ¢ Ha YHUCIO # HOro MPOEKIIis

TaKOX TIOMHOKUTBCS Ha 1€ uucio; P (Aa)=Anpa.
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HeobxiOHi 3HaHHS NPO JiHIUHY 3aneXHicmb
i He3anexHicmb eekmopie ma 6a3uc

3acToCcOBYIOUM JIIHIMHI omepanii HaJa BEKTOpaMH, MOXKHA
3HAXOJUTH BHPA3U BUTIISAY
X, a1+x2a2+...+xnan’
K1 Ha3WUBAIOTh JIHIUHUMU KOMOIHayismu eexmopie % %%  ne

X5 Xyy ooy X

qyucia " - YUCIIOB1 KOS(DIIIEHTH.

Def. Bextopu %% HA3UBAIOTb JIHIUHO 3ANEICHUMU,

AKIO ICHYIOTh Taki umciia v ©° -~ %% He BCl piBHI HYJIO, IO JIiHIMHA
KOMO1HaITIs

ca +tc,a,+..+c, a, =0’

1 JiHIUHO He3anedCHUMU, SKIIO IS PIBHICTh BHKOHYETHCS JIHMIIE 3a

Cp5 Cy, o

MOBH, KOJIU BCl YUCJIA > % piBHI HVIIIO.
2

Def. CyKynHICTh JIIHINHO HE3aJEKHUX BEKTOpIB “° 92>

Ha3MBalOTh 0a3ucoM, SKIO JUIsI KOXKHOTO BEKTOpa ICHYIOTH Taki

X5 Xy, e

MIWCHI YrCIa > % 110 BUKOHYETHCS PIBHICTD

b=xa +x,a,+.+x, a, .

[{ro piBHICT, HA3WMBAIOTH PO3KIAJOM BeKTOpa » 3a 0a3ncom
@, @y, . @

n

Def. bazucom na npamii HA3UBAIOTh JOBUIBHUN HEHYJIbOBHI
BEKTOp Ha 11K IpsMiii.
Skmo BekTop @ - 0Ga3mc, TO ICHY€ €IWHHUN PO3Kiaj] BeKTOopa b :

b=24a ne 2 - koopounama BexTopa b 3a 6azHcOM 4.

Def. basucom nHa naowuni HA3UBAIOTh JOBUIbHY YIOPSJIKOBAHY
napy He KOJiHEapHUX BEKTOPIB.
Axmo Bektopu ¢ Ta b — OGasuc Ha

IJIOMIMHI 1 ¢ - JOBUIBHUN HEHYJIbOBUM
BEKTOP ITUIOIIMHM, TO ICHYIOTh CTall ¢ Ta

B raxki, mo ¢=2@+Bb (puc. 1.40).

KoedinienTn a, B HA3HWBAIOTh
73 2 KoopOuHamamy BEKTOpa ¢ B JAHOMY
2} .
Puc. 1.40. Basuc Ha basmuci . B
TIONITMHI c =aa+ b
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Def. bazucom y npocmopi Ha3UBaIOTh JOBUIbHY YIIOPSJIKOBAHY

b

TPiliKy HEe KOMILIAHAPHMX BeKTOpiB. ko Bekropu % ¥ i ¢ — Gasuc'y

mpocTopi i BekTop ¢ po3KIajneHHii 3a 6a3ucoM, To0To, ¢=2a+Bb+yc
T0 uncna % B 7 wasuBaoTe KoopOumamamu BekTOpa d B JIAHOMY
0asuci.

N.B. Taxkum ymHOM, 0a3UC y MPOCTOPl JAa€ 3MOTY KOKHOMY
BEKTOPY OJHO3HAYHO IIOCTABUTH Yy BIAMOBIIHICTh YIOPSAIKOBAHY
TPIAKY 4YHcen (KOOpAWMHATH IIHOTO BEKTOpa) 1, HABMaKW, KOXHIN
yIOpSAIKOBaHii Tpiiiui uncen «, A, 7 3a nomomororo 6a3ucy MoxkKHa
MMOCTAaBUTH Y BIAMOBIAHICTh €JUHUN BEKTOP

d=aa-pb+yc

«Hasyaemo» ceil kKommn’romep 306pa)keHHIo
eekmopie 3a donomoezoro 113 DG.

1. Bigkputu BikHO III13 DG Ta 3maittu onmii Dieypu-Ananrimuumo-
Bexmop (puc. 1.41).

2. 3a pomomororw omii Pieypu-Ananimuuno-Bekmop moOymyBaTH
(puc. 1.42):

— Bextop AC | mns nporo BigsHAUMTH TOUKY A — HAYANO BEKTOPA,
TouKy C — KiHEI[b BEKTOPA;

— komineapHi Bektopu DF 1a GH | 10 nexars Ha napajieIbHUX
npssmMux. J[Jig 11bOTO BiI3HAYUTH TOYKY DD — HA4ajuo BEKTOpa, TOUKY F

— kinenp BekTopa DF’ | motim 3a momomororo ommii @icypu-Ipsmi-
llapanenvua npsma noOymyBaTH TpsaMmy napanenbHy DF, Ha sKii

BII3HAYNTH HAYaI0 W KIHEIb BEKTOpa GH X

— KOJIIHEapHI BEKTOPH 1 1q KL | mo nexath HA OJHIN psMIH, TS
IIHOTO 3a JIOITOMOT010 omii Picypu-IIpami-IIpsma oOyayBaTH IPIMY

BII3HAYNTH TOYKY / — Ha4ajao BEKTOpa, TOUKY J — KiHEeIlb BEKTOpa I ,
ITOTIM Ha IT1H JKe TpsIMIM BII3HAYNUTH HAYaJIO 1 KIHEIb BEKTOpa KL .

— pIBHI BEKTOpPH MO a3 PR mo nexars Ha MApANCIbHUAX MPSIMHUX,
JUTSL IbOTO BIJI3HAYUTH TOYKY M — Haudajio BEKTOpa, TOUKy O — KiHEIlb
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BeKTopaM O | morim 3a JOIIOMOTO0 OIIIIii Dieypu-lIpami-Ilapanenvha
npsama noOyayBaTu mpsMmy mapanenbHy MO, Ha sKid BiI3HAYUTH

Hauano # KiHermps Bektopa IR 3a momomororo ommii  @ieypu-
Bumipsamu-Bumipsmu éiocmans.

J 0@ E]‘ ) f" Tk
s T

Kona

SN OANT 0 L ®

P e s

Mofiy g0

Touka

Mpawa
Kana

KpHea E

AKTHEHI K0Op AHRETH Mpam

CMHCok ToqoE. F3
Crwcok iryp  F4

Puc. 1.41. Bikno I[1I13 DG

s Bekmop AC BusHaudeHHA BekTopa |
AO/

KousineapHi SeKkmopu DF ma GH
-
-
H _ —
/(/ r T "BusHaueHHs KoniHeapHUX BEKTOPIB
& Y
i BekTopw, aKi niewaTs Ha oAkl npamid a6 n
7

Puc. 1.42. Bikno 1113 DG: monentoBaHHs1 300pa>KeHHSI BEKTOPIB
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3. 3a momomoroto omilli Dieypu-Aunanimuuno-Bexmop moOymyBaTu

BEKTOPH GI it /L 1a SU ji PR a notim noOyyBaT Ta BUMIPATH
KYTH MK ITUMH BEKTOPaMH (pHc 1 43):

JL Ta SUH PR PO3IJISIHYTH SIK KyTH
7\ MN Ta VX VW

— KYTH MK BEKTOpPaMHU Gl i
Mik Bekropamm MO
KOJiHEAPHUMM 3a1aHHM BEKTOpaM;

, 110 € BIJIOBIIHO

— KyTH MiX Bigmosizao komineapHumu Bekropamu MOy MN 1

VX' VYW BUMIPATH 3a JOMOMOTo0 ommii @icypu-Bumipamu-Kym,
B1/I3HaYar09Y1 KOXKEH pa3 MepITy TOUKY, BEPIIUHY KyTa, APYTy TOUKY.

b DG - beatfassn

®afin PeasrysaHHa Bua  Oirype Makpoon Omui Josiska

O & o oo faoeoal| @ M 7

hoe s S0 EQQ D XOA YR DS D

BU3HauYeHHA KyTa MiX BeKTOpaMu |

Puc. 1.43. Bikno 1113 DG: o64uciaeHHs KyTa Mk BEKTOpaMu

lMpouedypa po3e’sizyeaHHsi 3ada4 i3 3acCmMOCYy8aHHSIM
rri3 DG cripowlyemncsi  3ae0siKu MoXxnueocmi
npoeKmyeaHHﬂ moderni iHXeHepPHOI KOHCMPYKUT.

«Has4yaemo» ceili komn’romep MoOesIro8aHHIO
iH)XxeHepHOI KOHcmpykuii 3a donomozoro [113
DG.

1.30. [Inma cxeMHM MOHTaXHOI WIOINIM 3aIlluCaTH yMOBY
3aMKHEHOCT1 Yy HCHaBaHTa)KEHOMY CTaHI.
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Poszeé’azanna.

Kpox 1. 300pa3uMO MOHTa)XXHY IOTJy CXEMaTU4YyHO U
II03HAYMMO il JIJAHKA BEKTOPAMH Ha PUCYHKY, IO BUKOHaHO Yy IIII3
DG (puc. 1.44).

I8 DG bestiazen

dafin PeaarysadtA Bra  ®irypr Makpocn  Onuii Josiaka
O | o oo anc a8 M x|
k 2| / // \X M @ 3 MOHTE#HS Ma4Ta € MPOCTiLHK MExaHMoM

\:\l) ANA MAROMY BSHTaIE, MauTy BCTAHOENHKTE Ha
OMOpHIFA noAXy W, T CTIRKIC T ADCArAETECRA HATAKIHHAM

CTANRHOCO TO0C!

. . 3 MozHa-kmo:
IHCPOPMaQJUHa nidn y A - MauTa, AC - HATATHYTHIA TROE,
A - KYT, L0 CTEOPEHD HATATHY THM TROCOM
3 NoBEpXHER 3emMni, B- KyT, Wo cTEopeH

MEHTOR 3 BEPTHKAaNM

IHhopmayitiHa nidmpumka

1 POSrNAHEMO CxEMA 3 KOHTYpaMH DBAD Ta BCAB,
= SaMHLUENa YMOB Y S3MKHEHOCT] ' BRKTOPHIA dopHi

IHghopmayitiHa nidpunka 3 ‘

i CNPOKTYEND YHOEY 3aMKHEHOCTI Y BRKTOPHIA dhopri
\‘) Ha Bici KOOpAKHHET . (TPHMEEMD ¥MOBY 3 aMKHEHOCT

IHpopmayitina nidmpumka 4  CkanapHif chophi

F
¥
b

[

Puc. 1.44. Bixao I1I13 DG: 300paskeHHS MOAEIII MOHTa)KHOI IIIOTJIH

AB — morma; AB=7; O4 1a AC YTBOPIOKOTH HATSTHYTHM TPOC;

OA=r; CA=r,, OB=a; BC=ba __ gyr o CTBOPEHO HATATHYTUM
TPOCOM i3 TOBEPXHEI0 3eMTi; # — KyT, IO CTBOPEHO MIOTJIO i3
BEPTHUKAILITIO.

Kpox 2. OckinbKM BEKTOpHa CXe€Ma MOHTa)XHOI IIOTJIM €
o0’eHaHHAM ABOX cxeM 13 KoHTypamu OBAO ta BCAB, T0o ymoBa
3aMKHEHOCTI1 Ui TIOBHOI CXE€MHU IOTJIM 3alUIIEThCs y BUTIISAI CYMHU
YMOB 3aMKHEHOCTI JJIsl KOKHOT 13 YaCTUH OKpeMo. Y BEKTOpHIN popmi

LIEH 3aIIUC Ma€ BUTIIAL; (‘1_”_”1)+ (b+”2 +”):0-

Kpox 2. Ockuibku 3a MpPaBWIOM CyYMH  BEKTOPIB

— -

BC+CA =BA=-r o b+n+r=0, . o O3Hayae, M0 YMOBaA

5

3aMKHEHOCT1 BUPA3UTHCSI BEKTOPHUM PIBHSIHHSIM

— - — -

a-r—1r=0
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Kpox 3. TIpoexTyemo 11e pIBHSHHS Ha 0C1 KOOPJIMHAT, OJICPKUMO
YMOBY 3aMKHEHOCTI B CKaJIsIpHii (hopmi:

> > . — > —_
|a|+|r|sinfB—|n|cosa=0, |r|cosf—|n |sina=0.

Heob6XxiOHi 3HaHHSI PO NPSAMOKYMHY
dekapmoey cucmemMy KoopouHam

Def. Touky O 1 yNOpAIKOBaHY TpIHKY HE KOMIUIAHAPHUX
6a3MCHUX BEKTOpiB - &
KOOPJUHAT Y IIPOCTOPI.

Touka O — mMOYATOK KOOPJMHAT, a OCI, SKI MPOXOIATH Uepes
MOYaTOK KOOPAWHAT y HampsiMi 0a3UCHUX BEKTOPIB, HA3UBAIOTh OCSIMHU
KOOpAUHAT.

Def.  VYnopsaxkoBaHy  TpIAKYy  OAMHMYHHUX  IIOMApPHO

MepheH MKy IspHIX BekTopin =/ l7l=1.171=1 k‘:l)
MO OCSAX, HA3UBAIOTh OPIMHOPMOBAHUM OAZUCOM.

Def. IIpstMOKYTHOIO JAEKaApTOBOKD CHUCTEMOK) KOOpPIAMHAT
(ITICK) y mpocrtopi Ha3zuBaioTh JlekapTOBYy CHCTEMY KOOpJUHAT,
6asuc fAKoi OpTOHOPMOBAHMIA, i MO3HAYAKOTH ii yepes P¥Z (Ox- Bick
abeiuc, @ - Bich opuHAT, Oz - Bich alllikaT).

HAa3UBAOTb JACKAPTOBOKO CUCTCMOIO

, TII0 HaIpsSMIICHI

Heob6XxiOHi 3HaHHS1 PO KOopOuUHamu
MmoYKuU

JIOBUIBHIM ~ TOUIl MpPOCTOPY M  MOXHAa TIOCTaBUTH Yy

Bignosiguicts y IIJICK Bextop "=9M | ne O — no4aTox KOOpAMHAT Ta
SAKWW Ha3UBAIOTh padiyc-eekmopom TOoYku M. Toml 1CHye e€auHa

TpiliKa Yncen (x. » 2) Taka, 1110
F=xi+yj+zk

Def. Koopmuuatu * V> % panmiyc Bektopa OM Ha3UBAIOTH
KOOPJMHATaMK TOYKHA M i mumyts M (x. 3, 2)
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Ao BigOMI  KOOPJAWHATA TOYATKY Alx, y52) ta  kiHug
B(x,,y:.2,) pekropa 4B , TO HOro KOOD/MHATH 3HAXOIATH 3a
dbopmynoro

AB:(X2 X Vo T Vs 2y _Zl)°

Josorcuny eexmopa AB (abo BIACTaHh MK TOYKaMu 41 B)
D 2 2 2
‘AB‘=\/(x2 _xl) +(y2 _J’1) +(Zz _Zl)

3alUCYIOTh TaK:

«Hae4yaemo» ceili kKomm’romep 306paKeHHH
MOYKU Yy NPsIMOKYMHiUu dekapmoeili cucmemi
koopAuHam 3a donomoezoro 1MN3 Gran3D.

1. Bigkputu BikHO IIII3 Gran3D Tta 3maimite ommii 06 'ckm-
Cmeopumu-Touka (puc. 1.45).
2. 3a pgomomorow omili 06 ’ekm-Cmeopumu-Touka mn00OyayBaTH
TquyA(4 -3, 3) (pHc 1.46).

Q MncikHa
@ MHorory PaHHKE
2 MopepxHa

@) MpHnHATI ERKORaHHE DN payi  Esc @ MogepxHa ofepTanis

Puc. 1.45. Bikuo I1I13 Gran3D
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KinbkicTe BERWMH (By3nis)

Puc. 1.46. Bikno I1I13 Gran3D: nobyaoBa Touku
Heob6xiOHi 3HaHHS1 NPO pO3KnadaHHs
eekmopa 3a OpmMoHOpPMo8aHUM 6a3ucom

Hexaii @ — 1OBUIBHUH HEHYJbOBUM BEKTOp IPOCTOPY,
CyMICTUMO HMOTr0 TIOYAaTOK 3 TIOYaTKOM KOOpJMHAT, a KIHEIb

no3Hauumo 1. M: 4=OM (puc 1.47).
' E [TpoBegemo yepes TOYKY
M; M TITOIIVHY, napaJiesbHi
KOOPIUHATHUM IUTOLI[THAM.
Touku mepeTHHy LMX IUIOMIMH 3

— OCsAMH KOOpAHMHAT ITIO3HAYHUMO

uepes M, M. ta M5 Jlicranemo
OPSAMOKYTHUN  Tapajesernimnes,
OJIHIEI0 3 JiaroHajell SIKOTO €
M, BekTOp OM |
X Tomi

Puc. 1.47. 300paxenns HPOXEZHPOXO_MZ‘O_MI
HEHYJILOBOTO BEKTOpa MPOCTOPY

J M,

|

My

b

s NPy, 4= ‘OM2

np,, E=‘0M3‘.

HOSH&HHMO‘O—M‘:G“ ‘OMZ‘:ay’ ‘OM3‘=61

BEKTOPHI PIBHOCTI

“. BpaxoBytouu
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oM, =[ow,

di=a. i, 0M2210M2}-j:ay-j,

OM=|OM|-k=a. k.

a=0M =OM,+M M, +M,M=0M, +OM, +OM,
: a=a_-i+a. -j+a. k.
Jlictanemo x y ST (1.15)

st popmyia € OCHOBHOIO y BEKTOPHIM anreOpi 1 HA3UBAETHCS

PO3KJIaZ0M BEKTOpA @ 3a OPTHOPMOBAHUM  OaszucoM > /> & |

Bekropny piBHicTb (1.15) y cumBoiuHIM (opMi 111€ 3aTTUCYIOTh
TaK

a:(ax’ ay’ az)’ a60 C_l:{axb Cly, az}.

Byumocsi po3knadamu eekmop 3a
6asucom

1.31. Poskiamite  BEKTOP a=5i+4j

p=2i+3j, g=—i+2].

3a  0OasucoMm

Po3zé’szanns. TlepeayciM mepeKoHyeEMOCH, IO BeKTopu 7P 1 9
2 3

YIBODIOIOTb Gasuc: -1 2 3amucyemo poskimag @=%P+B7 e
HeoOXiHO 3HaiiTH KoeditienT @ Ta £ . Jlani maemo
5i+4j=a(2i+3j)+B(i+2))

abo
Si+4j=Qa-p)i+(B3a+2p)j
3BIJICH JICTAEMO CUCTEMY PIBHSIHB
200 - =5,
3a+2p=4,
po3B’s30K sikoi @ =% B=-1,
OTtxe, a=2p-q.

a=2p-7.

S|

Biamosigs:
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HeobxiOHi 3HaHHS1 NPO 00BXUHY 8eKmopa
ma HanpsiMHi KOCUHycU

JloBkHuHY (MOJIYNB) BEKTOpa ¢ OOYHCIIOIOTH 3a (POPMYII0I0
‘ 6_1‘24/61)3 +a§ +a22

s dopmyma Oe3mocepeHO BHIUIMBAE 3 TOro (DaKTy, IO
KBaJpaT JlarOHaJl MPSMOKYTHOTO MapaJielierinena JOpIBHIOE CyMi
KBaJIpaTiB iioro peodep.

Ock1IbKH KOOpJMHATA BEKTOpA ¢ — I1€ MPOEKIIii BEKTOpa ¢ Ha
KOOPJAMHATHI OC1, TO

a.=np, c_z:‘c_z‘ cosa,

a,=np, a :‘a‘cos B,

a.=np, 5:‘5‘ cosy,
ne % A7 - kyru, siKi BEKTOp @ yTBOPIOE 3 OCAMHU KoopauHar Ox, O
Oz BigmoBigHO (puc. 1.48).

9

, cosﬂz‘

X

\a

az
, COsy=—
a (1.16)
| _@e/ KOCI/IHYCH cosa cosﬁ’ cosy
KyTiB % B HA3UBAIOTHCH
HanpsamMHUMU KOCUHYCamu
BEKTOpA ¢; BOHM BHU3HAYAKOThH
HaIpsM BEKTopa @ B cucteMi 9972
1 3a2/I0BOJILHSIFOTh PIBHICTB

cos’ a+cos” B+cos’ y=1

CoSx =

a

- 3B1JICH BUILIMBAE, [0 OPT BEKTOpa
c_lz(ax, a,,a,

e
Puc. 1.48. Kytu BekTopa @ 3 & ={cosa, cos 3, cosy}
OCSAMH KOOpJHMHAT

Mae BUTJIAT

, JIe HaIpsIMHI
KOCHHYCH BHU3HAYAIOTh 3a
dbopmynoro (1.16).
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Byumocs 3Haxolumu HanpsiMHi
KOCUuHycu

1.32. 3aBnano Touku M (3;3-2), M,(0;1; 4)

KOCUHYCH Ta opT BekTopa MM
Posze’s3anusa:

MM, =(0-3;1-3; 4—(-2))=(~3; - 2; 6)

' ' — -2 6
‘MIMZ‘:\/9+4+36:7; cosa:73, cosﬁ:T, cosy:7.

. 3HAWUIITh HAIPSIMHI1

Bianosine: opt Bektopa MM ;
e={cosa, cos B, cosy}={-3/7,-2/7;6/7}

Buyumocsi 3Haxo0umu eeKmop rno
HanpsiIMHUX KOCUHycax

. ;A a :
1.33. 3HalAITh BEKTOP { X Z} , SIKIIIO BIH YTBOPIOE 3

. . lal=24/3.
OCSIMH KOOPJMHAT OJTHAKOBI KYTH 1 [al=2V3
Po3z6’sa3anna. BpaxoByroun piBHOCTI
a, :‘c_z‘ cosa, a, :‘c_z‘ cosf3, a. :‘c_z‘ cosy
. —fA_ . 2 2 2
i ymoBy “=F=7 sammcyeMo cHiBBigHOImIEHHs €O @+cos’a+cos a =1,

1 1 1
COSzOl:—, cosa=i—,ax=a =a, =2\/§,—=2
3 V3 g V3 a00

3BIIKM  JIICTAEMO
a,=a,=a,=-2.

Bianosims: 2=1% 2 2} ago a=t-2 -2 -2},

Heob6xiOHi 3HaHHS1 3 GUKOHAHHS
diu Had eekmopamu, 3a0aHUMu
KoopOuHamamu

Hexaii BekTopH 3a7aH1 CBOIMHU KOOpAUHATaAMU, TOOTO
a=(a,, a,,a.) b=(b,b,,b.)
TO1
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a+b=(a,+b,, a,+b,,a. +b,)

ralra,, ra,, Aa,)

[HmUME cioBaMm, MpHW J0JaBaHHI BEKTOPIB iXHI BIAMOBITHI
KOOPAWHATH JOJA0Th, MPH MHOXEHHI BEKTOpa Ha CKajsip
KOOPJIWHATH BEKTOpa MHOXATh Ha 1€l CKaJIsp.

Bektopu @ i b piBHI Tomi i TiNBKM TOmi, KONM DiBHI IXHi
BI/ITIOB1IHI KOOPIMHATH:

a =b

X x 2

a,=b,,a =b..
Heob6xiOHi 3HaHHS1 NPO ymMoey

KoJliHeapHOCMi eekmopie, 3a0aHux
KoopOuHamamu

3’s1cyeMO YMOBHU KOJIIHEAPHOCT1 BEKTOPIB @ 1 b, 3ajaHUX CBOIMHU
koopauHatamu. Hexait 210 toni 4=40  ne 4#0 — nesixe uncno. Toxi
a=a,-i+a,-j+a. k=1(b, -i+b,-j+b, k)

3Biacu
a,=Ab,, a,=1b, azzin,
TOOTO
ax :a_y:az
b b, b (1.17)

N.PB. OTxe, KOOPIAUHATU KOJIHEAPHUX BEKTOPIB MPOMOpIiitHi. |
HaBMaKW, SKIIO KOOPJAWHATH JIBOX BEKTOPIB MPOMOPIIHI, TO IIi
BEKTOPHU KOJIIHEAPHI.

Byumocsi sukoHyeamu 0ii Had
eekmopamu ma oocnidxxyeamu ix Ha
KosliHeapHicmb

c,=2a—-5b ; c,=a-2b

1.34. Yu xomiHeapHi BEKTOpHU 1

{1; -2; 3} i 5:{4; 2; —1}?

Po36 ’azannua. T1ocnigoBHO M1CTAEMO

, SIKIIIO

a
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-18 -14 11
_i_

[lepeBiprMO BUKOHAHHS YMOBH KOJiHEapHOCTI -7 -6 5,

OCKiIbKM KOOPJMHATH BEKTOpPiB € 1 ¢ He mpomopuiiiHi, To i
BEKTOpPHU HE KOJIIHEAPHI.

1.35. Bigomo, mo BekTopm @=@i+6j-8k g b=2i+3j+pk
KoJiHeapHi. 3HaWmiTE @ i A,

Posé’szanna.  3ammcyeMo yMOBY  KOJIHEAPHOCTI  3aJaHUX
BEKTODIB:

B 3Bigcm ¢=4 B=-4
a=4, p=—-4.

Biamosigs:

Buyumocsi 3Haxo0umu KoopOuHamu
eekmopa ma ob4ucsroeamu o020
00BXUHU

1.36. Jlano Touku M (3:3-2). M,(0:1:4) | 3yaiinits KOOpIMHATH,

Moy MM
Po3sé’azanns:
MM, =(0-31-3 4-(<2))=(=3; =2 6 [MMa|=V9+4+36=7.
BiamoBiaes: MM, =(=3;-2; 6) M M| =7.
1.37. Tlouatkom Bektopa 2=-23) ¢ Touka M (34 -2) 3uaiimiTs
KOOpPJAMHATH TOUKHU P, KA € KIHIIEM BEeKTOopa 4.
Pose’szanns. Bexropu ¢ 1 MP pipui Topi i Tinsku Tomi, Ko
piBHI 1XHI1 BIJIMTOB1IHI KOOPJMHATH. 3a I[I€I0 YMOBOIO JIICTAHEMO
c_z:MP:(xp —Xys Vp = VuysZp—Zy )’ 260
(,-2;3)=(x, -3, yp -4, z, +2)
=4, yp,=2,z,=1

Binnosims: © (4 2; 1).

3Bigcu X7 10670 P4 21) _ Kimemnp BEKTOpA @ .

95



HeobxiOHi 3HaHHS1 NPo OineHHs1 eidpi3ka y
3adaHOMYy 8iOHOWEeHHI

3anaHo Binpizok 4“4 Ttoukamm “ (v viz) § A (. v2.2) | Toni
KOOPJIMHATH TOYKH M (x’y’z), sKa JIIUTH Ied BIAPI30K Y BIJTHOIICHHI

Y AM|: M| =2
, TOOTO , 3HaXOIATh 3a (popMynaMu
X, +Ax, Vi +AY, z,+Az,
=, = N zZ=
1+4 1+4

1+4 (1.18)

30KpeMa, KOOPJANHATH TOUYKH, SIKa IUIUTH BIAPI30K HABITLI (’1:1),
TaKli:
X, X, WtV z,+z,
xX= ) y: ) z=

2 2 2

Jloseoenns. 3a ymosoro hM=4-M 4,

A, ¥y 2y Mx,y,z2) Az 3,5 2,)

3 pucyHky 1.49  BugHO,
A M=0M-04,,
o Md,=04,-0M.

101
OTXKe, BUKOHYIOTBCSI
) BEKTOPHI PIBHOCTI
Puc. 1.49. JlineHnHs BiApi3Ky y 3aJaHOMY
B1THOIIICHH]1
OM -04,=2-(04,-0M) (142)-OM =04, +1-04,,
o7 04, +2-04,
o 1+a

3BiacH
X i+y, j+z 1;+A-(x2 i+y,j+z, 1;)
1+

CKOpHCTaBIIUCh YMOBOIO PIBHOCTI BEKTOPIB, MICTaHEMO (popMymu
(1.17).

xi+yj+zk =
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Byumocsi 3Haxodumu po3noadin
eiopi3ka y 3a0aHOMYy 8iOHOWeHHi

1.38. Jlano touxu Mi(33-2), M, (0:14)  3yajinite: koopauHaTH
M\ M| :|MM,|=2 :3.

TOYKH M , sIKa JIIUTH BIAPI30K MM, y BITHOIIICHHI

Po3zé’azanna:
2

A=— )
3, Tom
2 2 2
) 3+—0_9 , _3+§-1_E . =—2+— 4=g
M > M s “M .
1+g > 1+§ > 1+g >

HeobxiOHi 3HaHHST NPO NOJIIPHY cucmemMmy
KoopOuHam

Haiinompeniniow micas NpSIMOKYTHOI CHUCTEMH KOOPAWHAT €
nonspua cucmema koopournam. BoHa 3amaeTbcs TOUYKOO O, SKy
HA3UBAIOThL nomiocoM, 1 npomeHeM 9P, SKkuil HA3UBAIOTL NOJAPHONO
giccro. [lo3HAUMMO BIZICTaHb BiJl TOUKH M 10 mojiroca O gyepe3 £, KyT
Mi’K TIOJISIPHOIO Biccio 1 BekTopoM OM —uepes ¢ (¢ — ne xyT, Ha AKuii
Tpeba MOBEPHYTHU TMOJSIPHY BICh MPOTH TOJWHHHUKOBOI CTPLIKH, 1100
cymicTuTH ii 3 BekTopoM OM). Uncna P 1 ¢ Ha3MBarOTH NOJSPHUMU
KOOpJAMHATAMU TOYKH M , BOHU OJIHO3HAYHO BU3HAYAIOTh MOJIOKCHHS
TOYKH Ha 1tomuH1 (puc. 1.50).

y . -
Yr————= Mix, y)
Jo, I
|
k 2 | P
P O X X

Puc. 1.50. 300paxenns nmonsipaoi  Puc. 1.51. CymiiieHHs noJaspHOi
CUCTEMHU KOOpAUHAT 1 IeKapTOBOI CUCTEM KOOPJUHAT
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BupaszumMo 1eKapToBi KoopauHaTH Touku M (x. ») gyepes MoJISIpHI
KOOpJAMHATH P i ¢. BBaxkaTUMeMO, 110 TI0YaTOK JEKAPTOBOI CUCTEMH
KOOPAWHAT 301raeThes 3 moitocoM O, a Bich aOCIKC — 3 MOJISIPHOIO
Biccro (puc. 1.51)

Tomi
X=pcosp, y=pcosq,
IS
p=+x>+y*>,0<p<oo, 0<p<27.
~ Modenroemo npodgpeciliHy distnibHicMb

—— iH)XXeHepa

1.39. MoHTaXHa ImIOrJIa € HAWNIPOCTIIIUM MEXaHI3MOM JIJIs
IT1TIOMYy BaHTa)KIB BUTOTOBJISIETHCS 3 METAITY.

t [Ilornmy BCTaHOBIIOIOTH HA

OTIOPHIM TTOAYIIIIII. fi

o CTIHKICTH JIOCSTACThCS

‘ ) HATSTOM CTajJieBOro TPOCY

(puc. 1.52).  3anumith

. YMOBY PIBHOBaru Cuj, IO

LS IIIOTh Y HaBAHTAXKEHIN

Puc. 1.52.306pa)KCHHSI MOHTAaKHO1 MOHTAKH1I HIOFJIi.

IOTIIN

2 ! Pozenanbme  3acmocy8amHs  HOB0I  KOHCMPYKYIL.
Pospobimv cxemy abo kpecnenns 06 ’exma, 015 K020
HeOOXIOHO 8pIBHOBAdICUMU CUMU,  3a OONOMO20H

- ( 6EKNIOp1e6.

Cuna P, wo npedocmasnse coborw eazy eanmasxicy, wo
NIOHIMAEMBCA U000, 34 NPABUIOM NAPAIEN0SPAMA PO3KAAOAEMbCSL

Bma P 2, Oe R _ CUNA, WO CMUCKAE W02y (3YCULIS 8

Ha 061 cuiu

woeani); B namse mpocy (3ycunns 6 mpoci). 3anuuime ymoey
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pIBHOBA2U  3A3HAYEHUX CUTN Y BUSTAO0l BEKMOPHO20  PIBHSAHHSL.
Cnpoexmyume 6eKmopHe pIBHAHHA HA OCI KOOpOuHam ma 3d
00NOMO20H0 MONCIUBOCMEU NPOSPAMOBAHUX 3AC00i6  ompumatime
YMOBY piBHOBAU 8 CKANIAPHIL hOopMi.

-_—

_ _ —|P|sin B+ Py cosﬂ+|?2>|sina—|P =0.
BianoBiap:

cosa =0, —‘Pl

1.40. Bimomi Benw4yuHA BaHTaXy, IO MIIIAMAETHCS IIOTJIOO

P (3amaua 1.39), kytH aybB
Va —_

3HalimiTe Bemmuuan 1 —
A —
o P2
~ 3YCHJLIS IIOTIN M —
s ﬁ: & sycuiist Tpocy (puc.1.53).
/| P P
| O6uucmutu |1 | u | 2 |
(84 N | -
@ a P b cx skmo |P| = 10 xH, %=
Puc. 1.53. Monenb morim, 300 B_ 100

10 TTIIAMAE BAHTAX

x
]

oo’ Poszensnbme  3acmocy8amHs  HOB0I KOHCMPYKUYLIL.

Pospobimv cxemy abo kpecnewns o06’exkma, 07
K020 HeoOXIOHO 3HaUumu CKIA008I pieHOBA2U CUJILU,
oA X 3a 00NOMO2010 BEKMOPISE.

AB — woena; AB=7: 04 ma AC VMBOPIOIOMb HAMASHY MU

tpoc; OA=r;CA=rn, OB=a BC=bio __ 4y o  cmeopeno

HAMASHYMUM MPOCOM i3 nogepxueio semni; P — xym, wo cmeopeno
woenor i3 eepmuxainto. Ckopucmatimecv CniGGIOHOULEHHAMU MIJC
CMOpoHamMu U Kymamu 6 NpAMOKYMHOMY MPUKYmHUKy. Bukonaume
pi3HO20 ~ 8UOY  OOHUCNIeHHS 3a  OONOMO20I0  MOJNCIUBOCMEU
npo2SPAMOBAHUX 3AC0018.

. F"-cosa ‘ﬁ‘-sinﬂ
‘ pl‘: ~2,26 kH

BiamoBins: cos(a+f)

~11,30 kH ‘E‘z
. cos(a+ )
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1.41. Iparuacra ¢epma — MeTajeBa KOHCTPYKIsS, IO
CKJIQJAE€ThCSA 3 OKPEMHUX CTPYDKHIB, 3'€THAHUX 3BapIOBAHHAIM, 00JITaMH
a00 IMBAXaMH, IO CIYKHUTh ISl TIEPEKPUTTS 3aBOJICHKUX OyIMHKIB.
[Ipu 1mboMy BOHA Ha3MBAETHCS KPOKBAHOWO (pepmoro. CtpxHi AE ¥
BE Ha3uBarOThCS CKaTaMH, BEPTUKAIbHI CTPUKHI — CTIMKAMHU, TTOXUJII
— po3kocamu. CTiKM ¥ po3KocH CTaHOBIATH rpatu depmu. 11106
YHUKHYTH MIKIJJIUBUX HAMPYT, 110 MOXYTh BUHUKHYTU Yy (pepmi mipu
KOJIMBaHHSAX TeMIIepaTypu, OJHA 3 il OMmop poOUTHCA BUIbHOIO (HA
KOB3aHKaXx).

[IpaBa omopa rpaTdacToi Gpepmu
3aKpiljieHa JKOPCTKO, a JiiBa
3po0sieHa Ha KOB3aHKax (puc.
1.54). Buznauutu peaxiii omop,
[0 BUMPOOOBYIOTHCS (PepMOro

g IIJ THCKOM BiTpy cuioro £ Ha

o 7
. i1 JJIBUM CcKaT, SIKIIO BEKTO
Puc. 1.54. Moaens rpaTyacroi AT, AR Op
CTaHOBUTH 13 JIIHIEID OOPIO KyT
bepmu .

L e B o . .
“\ v L Chopmynrotime exsisaieHmHy 3a0auy Ha OCHO8I 8dice
i - suseneHol eracmusocmi. BukoHnauime po3unieHy8aHHs

06 ’ekmie. Poskiadime cuny Pua 06i cknaodosi: cuny

—

o .‘J N cnpamosany no nopmani 0o nokpieni, i cuny S ,
napaneyibi)y NOKpIGil.

—_

Ha gpepmy 6y0e dismu minoku ckradosa N, momy wo nio 0i€io

-

cunu S simep 6yoe ckoszamu no nokpieni. lumeepyime 6ci ¢haxmu i
38°513KU, YCMAHOGIEHI HA NONEPEOHIX emanax Ha CXeMamuyHux
300paAdMdCeHHAX, WO BUKOHAHI 3 OONOMO20H  MONCIUBOCHEU
npoO2PAMOBAHUX 3AC0018.

BignoBiae: peakiii ¢pepmu B omopax A ¥ B OynyTh piBHI 3a
BEJIMYMHOIO 1 MPOTHUJIC)KHI 32 HAPSIMKOM ITUM CKJIaJ0BUM.
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1.42. 3a manuMu yMOBHM 3aBAaHHs |.57 BU3HAUYUTU BEIUYUHY
CHUJIM THUCKY BITPY Ha JIBUM cKaT (epMu, SKIIO KyT HAXWIy cKaTa

JOPIBHIOE P . O0UKCIUTH BEJIMYUHY CUJIM TUCKY MPHU Pl - 100 kH,

W' Cohopmyniotime exgisanrenmny 3a0aiy Ha OCHOBL BHce
- gusenenoi enacmusocmi. Inmeepyiime e6ci ¢haxmu 1
38 ’513KU, YCMAHOBNEHI HA NONEpeoHiX emanax Ha
CXeMamuyHux  300DAadiCeHHs X, W0 BUKOHAHI 3a
& .‘J 00NOMO20H0 MONCIUBOCHENU NPOSPAMOBAHUX 3ACODI8.

‘Xf" - ‘F‘- sin (@ + B) ~ 64,3kH

Biamosigs:

Tema 5. CKANAPHUN NOBYTOK
ABOX BEKTOPIB

JI1s XapakTepUCTHKH CUIX F, 110 i€ Ha T1J10, 3aCTOCOBYETHCS
BEJIMYMHA, SIKa HA3UBAETHCSA MEXaHIYHOIO poboToro. [Ipumyctumo mif
T€10 TIOCTINHOT CUIIM TUIO PYyXa€ThCS MPSAMOJIIHIMHO 3 TTOJIO0KEHHS [ Y
ITOJIOKEHHS 2 Ta MPOXOJAUTH BIACTaHb S.

3HalaiTh poOOOTYy CHUIM Ha
3aaHoMy nusxy (puc. 1.55).

______ F
¥ / [ToHATTS CKaIApHOTO JOOYTKY
|

S _ BEKTOPIB BHUHHMKAE TMiJ dYac
I_._._' i F’ 004nCIIeHHS Takoi poOOTH CHIIN,

1 S 2 0  JIOPIBHIOE  CKaJISIPHOMY
n0OyTKY BEKTOpa CHJIM Ha
BEKTOP MEPEMIIICHHS.

Puc. 1.55. Mopenbs-cxema
XapaKTEePUCTUKH i1 CUJIM Ha TLJIO,
110 PYXA€THCS MPSIMOJIIHINHO 3
MOJIOKEHHS [ Y TTOJOKEHHS 2
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__ Heob6xiOHi 3HaHHSs1 NPO CKassipHUU
- do6ymok 0eox eekmopie

Def. Cranapnum 006ymkom JTBOX BEKTOPiB @ i D Ha3MBaIOTH

ypcno 4-b (abo (“’ b )), 10 JIOPIBHIOE JOOYTKY JAOBXKHH ITUX BEKTOPIB

Ha KOCUHYC KyTa M)XK HUMU. _ _  _, __
a-b:‘aHb‘cosqo

Skmo xoua 6 oguH i3 BeKTOpiB 4 uu O wynpoBui, TO 3a
O3HAYEHHIM
a-b=0
OCK17IbKH BUKOHYIOTBCSI PIBHOCTI
‘E‘COS(pZI’lpZE ‘B‘cosgo:npag
; ;

TO
a-b=|b|-np,a=|al-np.b
[I'eomempuunuii 3micm CKaIsipHOTO AOOYTKY.

Ckamgapuuii ~ 100yTOK  JBOX
BEKTOPIB  JIOPIBHIOE  JTOOYTKY
JOBKUHU OJTHOTO BEKTOpa Ha
IIPOCKI[II0 HAa HBHOTO JPYIroro
P BekTopa (puc. 1.56). Tomi

—> _ .3

np, b a npbazm

b

Puc. 1.56. 'eomeTpuunumii 3micTt (1.19)

CKJIIPHOTO JOOYTKY

®opmyma (1.19) — poboua dopmyna ajs 0OYHUCICHHS MPOCSKITIi
BEKTOpa Ha BEKTOP (200 BICH).

%

Aneebpaiuni enacmusocmi cKaiapHo2o 000ymkKy:

HeobxidHi 3HaHHS1 NpPoO eslacmusocmi
CKasisipHo20 Ao6ymkKy
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1)a-b=b-a; 2) (AZ)-Ez/l(E-E);

3) @ (b+c)=a b+a- c

['eomempuuni eracmugocmi CKanapHo2o0 00OYMKY:

1) sxkmo @#0 Ta b#0, 1o a-b>0, gxmo kyr ? rocrpuii,
a-b<0, gxkmo kyr ? Tynmi;

2) cKaJsipHUM MOOYTOK JBOX HEHYJIBOBHUX BEKTOPIB JOPIBHIOE
HYJIIO TO1 1 TUIBKH TO/I1, KOJIM Il BEKTOPH MEPIIECHINKYISIPHI;

3) ckamspHUM KBajpar BCKTOpa I[OpiBHIO€ KBaJpaTy HOro

ClClCl—

JIOBKHHH, TOOTO

3BIJIKH ‘a‘: a-a. (1.20)
Ymoea nepnenouxynaprocmi 060x 6eKmopiae.
HenynboBi Bektopu ¢ i b nepreHauMKynspHi Toi i TiNBKK TOAI,
KOJIM iXHIW CKaJSIpHUIN JOOYTOK JTOPIBHIOE HYIIIO:
albsa-b=0 (1.21)
i-j=0 jk=0  f.i=0
B4yumocs 3acmocoseyeamu 8U3HaA4Y€eHHs
cKasnsipHo20 dobymky ma uo20
- esfnacmueocmeu
1.43. Bektopu @ i b yrBoprorots kyr ?=120" 3maroun, mo
Ja|=3 |5]=

OOYHCIITE: o
2y Ba=2b)a+20). g la=b|
Po3zeé’s3anns.

— =\ [~ - —2 - —= —2 —2 —= —2
a) A=Ba—2b)(a+2b)=3a" ~2ba+6ab—4b"=3a" +4ab—4b"
OO0YHCIUMO OKPEMO KOKHUM J0JaHOK
b’ =[p| =16

ab=|al|b|cos120" =3-4-(-0,5)=—6
Toni 4=3-9+4-(-6)-4-16=-61
0) ckopucTtaBmuch Gopmymoro (1.20), micTanemo

a—8]=A(a-b) =+Ja" ~2ab+b =9-2-(~6)+16 =37
BiagmoBige: a) -6l ; 0) V37
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HeobxiOHi 3HaHHSs1 NPO eupa3 CKasIsIPHO20
N do6ymky Yepe3 KoopOUHamu eeKmopie ma
npo ob64ucsieHHs1 Kyma Mi)X eeKkmopamu

Hexaii BekTopu ¢ i b 3amani cBOIMH KOOpAMHATAMU
a=(a.,a,a) b=(b,b,b)
9

Toni o
a-b=a.b +a,b +ab, (1.22)

Cnpasi,
E-Ez(ax-ﬁay -}'+az -%)-(bx -E+by -}'+bz-§):

:axbx-;2 +axby;-;’+axbzz-%+aybx;-;+ayby;’2+aybz;'-%+

+asz%-;+azby%-;+azbz-%2 =a,b.+a,b, +a.b,
i - 7 - - -2 =2 =2
ockimpku /=0, J k=0 f.i=0 qqi =] =k =1
BucnoBkwu 3 popmynu (1.22) Taki:
1) yMOBa MepHEHIUKYISPHOCTI BEKTOPIB ¢ 1 b:
ab +a b +ab =0,

) 5.‘a‘:\/ax2+ay2+azz_
) TOB’)KMHA BEKTOpa 4 : T ;
3) KOCUHYC KyTa M BeKTopamu 4 i b:

a.b axbx+ayby+azbz

COSP ==m=7= 2 2 2 2 2 2
‘aHb‘ \/% +a’ +a, \/bx +b +b

Buyumocsi o64yucnroeamu cKansipHul
dob6ymok yepe3 koopAuHamu ma
ob6yucsiroeamu Kym Mix eekmopamu

1.44. JTano nBa BekTopu 4~ 2 -2) § b=1{3 3 -4 3HAAIITh:

(4a+3b)(a—-2b).

5

a) CKansipHUM 1OOYTOK 0) KyT MIXK BEKTOpaMu

a+b g a-b

Pose sizanns.
a) 4a+3b= {4; 8 —8}+1{9; 9; —12}={13; 17; —20},
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a-2b={; 2; —2}-1{6; 6; —8}={-5; —4; 6}
(4a+3b)(a—2b)=13-(- )+17 (-4)=20-6=-253.
6)E=E+E={4; 5;—6}; d=a-b={-2; -1, 2} ’
c-d ( 2)+5-(-1)-6-2 _ =25
‘Hd‘ O 1574602+ 1P+ 37T

CosQ =

@ =7 —arccos
Binmosine: a) -253; 6) W77

145. Jlano  mextopu a=i-j+4k  b=6i+5j+4k

c=-2i-3j+ 4k 3HaUTH BEKTOP x , SIKUI 3aJ0BOJIbHSIE PIBHOCTSAM
x-a= 8, xb——3TaxC 13,

Posze¢’azanna. Hexait * ={xs X xz}, Togi ymoBa X-a=8

piBHOCHIBHA piBHAHHIO % ~ %2 + 4% =8 Aganoriuno xicraemo we nBa
Ox, +5x, +4x,==3 4 —2x -3x,+4x, =13 pysp’qzanmm

PIBHSHHS
CUCTEMY:
X, —x,+4x, =8,
6x +5x, +4x, =-3,
—2x,—3x, +4x,=13,
nicTaHeMo 3Hadenns: ¥ =1, % =-1 x =2

Binmosigs: x={-1; -1; 2}

1.46. Touxu A1 -2 4), B(-4; -2; O), C3:-2:1) BEPLINHH
TpukyTHHKa ABC. 3HalAiTh KyT y TPUKYTHUKY Npu BepmwuHi B 1
MIPOEKIIIF0 BEKTOpa AB wa BEKTOP1 BC.

Po3zs’s3annsn. 3HaiiieMo KOOpPAWHATH BEKTOPIB BA i %, 1110

30Irat0ThCsl 3 BIANOBIAHMMH CTOPOHAMH TPUKYTHHKA:
BA=1{3; 0; 4f BC={7;0; 1}

Kocunyc kyra ¢ MK BekTOpamu BA { BC s3paxomumo 3a
dhopmynoro

cosp BA- BC 3-7+40-0+4-1 25 1
\BAHBC\ N9+0+44/4940+1 25V2 2

>

3Bimkn =4 . Omxe, £B=45".
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IIpoexkiriro BeKTOpa AB wa BEKTOP BC 3HaIeMOo 3a (HOPMYIIOIO:
np 75~ ABBC =3:7+40+(-4):1 -25 52
e |BC| 50 V22
— 50

2
l’l}?Rv AB:_T

Binnosigs: £8=45"; .
1.47. Hexaii touxn Al 4), B(-2: 5), C(=3; “), D(3; -3)
MOCIAOBHI BEpIIMHU YOTUpUKYTHUKA ABCD. Ilpu sikoMy 3Ha4€HHI
JiaroHayi YOTUPUKYTHHUKA B3a€EMHO MEPIEHAUKYISPH1?

Po3é’a3annsa. Y TBOPUMO BEKTOPHU:

AC=(-4 a-4) BD=(5;-8)
JliaroHayli YOTUPUKYTHUKA OYyAyTh B3a€EMHO NEPHEHIUKYISPHI
TOM1, KOJIA CKaJIIPHUM TO00yTOK AC-BD=0 (popmyma (1.20)), ToO6TO
—4-5+(a—4)(—8):O’
3Binku micramemo ¢ =13
Bixmosias: 4=19,

3HaxoduMoO Kymu MiX eekmopamu 3a
donomoezoro N3 Gran3D

lMpouyedypa ob64YucrnieHHs1 Kyma MiX eeKmopamu 3a
dornomo2o+o 8idnoeioHUX npasuJl.

—

1.48. 3HalimiTh BeMuuuHy POOOTH PE3yIbTyIOUOi cHl b (3 2 -1

F, (-1 -3) F (4 1 3) pouxnanenoi no touxu 4@ % - pigmocno

touku 9“4 L 2) 13 Ha gkuil KyT NpUKIafeHe Pe3yNbTYIOUY CUIIY /0
BEKTOPY ILIAXY.

Posgé’szanns.

Kpox 1. 3HaiiieMO KOOpAWHATH BEKTOpPA PE3yIbTYHOUOl CHIJL.
Po6ota pe3ynbpTyro4oi CHUIIU TOPIBHIOE CyMi POOOT CKJIaJOBUX CHII:
F=F+F+F =F(2 -1

Kpok 2. 3HaNaEeMO KOOPJIMHATH BEKTOpA
04 (x, = X,0 ¥, = ,:2,-2,) = OA=(6 2 -3,

Kpok 3. 3HaiineMo po6oty pe3ynpTyrodoi cuau 4=4 - 04
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A=1-6+2-2+(-1)- (-3)=13
Kpox 4. 3nanemo
cos (£F, OA) = (O = = S
‘F‘ -‘OA‘ JP 22 (- e+ 27 (-3 6449

~ 0,7582

Z/(F; OA) ~ arccos0,7582 ~ 45°2/

lMpouedypa ob64uUCNIeHHsT Kyma 3a OOrnoMO20H
eidnoegidHux npaesusi Moxe 6ymu 3amiHeHa npouyedyporo
3acmocyeaHHs M3 Gran3D.

N

«Hasyaemo» ceili komm’romep 064YUCIIEHHIO
Kyma 3a donomoezoro 113 Gran3D.

1. Bigkputu Bikao I1113 Gran3D.

2. 3a pgomomoror omnili 06 ’ekm-Cmeopumu-Touka mn00OyayBaTH
TOUku A (6, 2; -3), F(1; 2; -1) (puc.1.57).

3. 3a gomomororw omiii Obuucrenns-Kym-3a mpvoma mouxamu
BBECTH TMOCHIAOBHO Touku A(6;, 2; -3), O, 0, 0), F(l, 2; -1)
AKTUBIZYIOUM I1X KOOpPJIWHATA KYpCOPOM IO KOMaHAl «BHOEPITh
...TOYKY». Y TMpaBOMYy HI)XHBOMY KYyTI 3BITY 3’SIBUTHCS 3HAYCHHS

kyta (puc. 1.58).
& GRANTSD = C:\Program Fles\GraniGran\NoName. g 3d
afi) KT 06| &t A nepauii  HanaroAssHHA onorora

& |5 5E 8 e e a
G

OBumcnentn KyTa (33 TpEOMa TouKaMM): BUGCRITE Nepuy Tou:

nerH roasenns  Jonoriora

@afin  OFekT  JoBpameHHA  OBHHCNSHH: epaui  Hanal
e @ | B EE s« B | - TS 28 B &8
Rl

A

Puc. 1.57. Bikno I1II13 Gran3D: noGyaoBa TO40K
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3oBpamera  OB-ucnerks  Onepaull Hanaroasmenrs  Jonomara
O B s e B [i2] (R - T OBVE | s 2Ty S &S

- F

{] | l)]
3bit.

0 755236 (45 0020 =

4 [( il d o

PI/IC 1.58. BlKHOHH3GI‘an3D 3HAYECHHS KyTa

Modenroemo npogpeciluHy disinbHicmb

‘é" - iH)XxeHepa
\@'

1.49. Koopaunatu cuiu, 1o Ji€ Ha TOYKY: Fo=3 H, F,=4H :

. = S = 1 M
Koopaunatu nepeMillieHHS TOYKH S, =17 M, y . O0uncnuTn

poGory cuim £, mio i€ Ha TOUKy # KyT ¢ Mixk BekTopoMm cmum £ i

BeKTopOM HepeMIIHeHH}I S
Bu003mzm0ume 3a0a4y 3 mMemor, wo il po38 s3aHHsA
HaseOe HA pPO036 S3aHHA BUXIOHOI 3a0auyi: 3HAUOIMb

xkym mioe eekmopamu T =34 ma S =1L pa
ckanapuuii. 000ymox yux eexmopie. [ 6UKOHAHHS
pisno2o  6udy  obuucienv U NepPemeopend
CKOpUCMAtimecs MOJICIUBOCHAMY — NPOSPAMOEAHUX
3acobis.

A= 25 JTwc. @ =45"

Biamosigs:
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Tema 6. BEKTOPHUN TA MILLAHUA

NOBYTKU

Ipunyctumo 10 Tima (touka A) mpukiageHa cury T =48 ta

3aJ1aHO TOUKy O — SIK JIeAKy TOUYKY nmpocTopy (puc. 1.59).
—_ 3HANIITH MOMEHT CUJIH

. . /B BimHOCHO TOuKH O.

- F =AB P [TOHATTST BEKTOPHOTO JOOYTKY
O~ - P BEKTOpPIB BHHHUKAE IIIJI Yac
S y OOYMCIIEHHS TAaKOTO MOMEHTY

\%E’ CHUIH, 1[0 JOPIBHIOE BEKTOPHOMY
noOyTKy BEKTOpa CHJIM Ha

Puc. 1.59. Mozenb-cxeMa MOMEHTY BEKTOD IIE€PEMIIEHHS.

F

cwi © BIMHOCHO TOouku O

HeobXxiOHi 3HaHHS1 PO 8eKMOPHUU
dobymok eekmopie

Def. Bexmopnum 006ymxom BEKTOpa ¢ Ha BEKTOp D Ha3MBaiOTh
BEKTOp €, SKUH 3aJI0BOJIbHSIE TAKMM TPhOM YMOBAaM:
1) Moxymb BeKTOpa € OOYHCITIOIOTH 3a (HOPMYJIOH0:
e[l i
;
ne KyT ¢ - KyT Mix BekTopamu 4 i b;
2) BEKTOp € MEPIEHIUKYISPHHUI 10 KOXKXHOI'O 3 BEKTOPIB 4 i b;
3) Bekropu @, b i ¢ yrBOpIOIOTH nMpasy
mpitiKy, TOOTO SKIIO TUBUTHUCS 3 KIHIIA

PE3YJIBTYHOYOrO BEKTOpa c, TO
HAWKOPOTIIIMH TIOBOPOT BiJ MEPIIOTO

BEeKTOpa 49 710 Jpyroro  Bektopa b
Puc. 1.60. TTpasa Tpitika 3MHCHIOETECS — TPOTH  FOAMHHHUKOBOT

BeKTOpiB 4, b i ¢ crpinku (puc. 1.60).
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[To3HayeHHs BEKTOPHOTO JHOOYTKY: @%b, l“’ b J
3 03HaYEHHS BEKTOPHOTO JNOOYTKY O€3MOCepeIHbO BUILTMBAIOThH

3HAYEHHS BEKTOPHUX N00YTKiB Mix opTamu i, 7/, k:
ixj=k Jxk=i kxi=j
9 9 *

Heobxi0Hi 3HaHHS1 NPoO eslacmusocmi
8€eKMOoOpPHO20 A06ymky

Posrnsmemo  anreOpaiuni  Ta  T€OMETPHUYHI  BJIACTHBOCTI
BEKTOPHOTO JIOOYTKY:

1) reomeTpUUHHU 3MICT BEKTOPHOTO JOOYTKY:
MOAYJb BEKTOPHOTO JOOYTKY
TOPIBHIOE TIJIOTII
napajejorpama, IMo0yJ0BaHOTO
Ha TPUKIAJACHUX JO CHIIBHOTO

. o4aTKy BekTopax ¢ i b (puc.
Puc. 1.61. I'eomeTrprunuii 3MiCT 1.61);

BEKTOPHOTO JIOOYTKY

2) aHTUKOMYTaTUBHICTbh MHOEHHS
axb=-bxa,
CnopaBai, 3 O3HaYeHHS BEKTOPHOTO AOOYTKY BHILIMBAE, IO
BEKTOpU @%b Ta bxa xomineapHi, MarOTh OJJHAKOBY JOBKHHY:
‘EXE‘ :‘aHg‘sin(p:‘EHE‘sin(p:‘Bx&‘

Ta [POTHIEKHO CHOPAMOBaHi, OCKiIbKM Bekropu ¢, b, —axb
YTBOPIOIOTH NpaBy TPiiiKy, a BekTopHu @, b bxa - jnipy Tpiliky;

3) (la)x b= l(a X b). ax (ﬂ,b)z l(a X b).

4) ax(b+c)=axb+axc.

5) nBa HeHyILOBI BekTOpH 4 1 b Komineapui Toai i TiIBLKK TOMI,
KOJM BEKTOPHUU JOOYTOK IMX BEKTOPIB JOPIBHIOE HYJIb-BEKTOPY,
TOOTO

3okpema, ixi=0, J*J/=0  kxk=0,

110



NP, Sxumo Bimomi KooOpaAWHATH BepIuH TpukyTHUKa ABC, TO

HOTO IUIONTY JOMUIBHO ITyKaTH 3a (POPMYII0I0
S, = %\ ABx AC|

(1.23)

B4umocs 3acmocoeyeamu
eJlacmueocmi 8 eKMopHo20 Ao6ymky

|a—28)x(a +20) 5]=4

1.50. OO4ucITH SIKIIIO ‘a‘ :3,
mb:¢:30.
Po3e’szannsa. OcKUIBKU
(3a-2b)x(a+2b)=3axa—2bxa+6axb—4bxb=
:6+25x5+65x5—6:85xa
TO
|(a—25)x(a+2b) =8 -[axt|=8|a||b]sin30" =8-3-4-0,5=48

Bigmosias: 48.

Heob6xiOHi 3HaHHS1 NPO 064UC/IeHHSs
N 8EeKmMopHo20 0obymkKy deox eekmopie,
3adaHux KoopOuHamamu
y a=la,a,a} b={p,b, b} N
Hexain BekTopu ¥ Tyr ) 2 Ty 72) 3anaHl CBOIMHM

koopauHatamu B IIJICK. Toxi BekTtopHuii J0OYyTOK 3HAXOMSITh 3a
dhopmynoro

~.1
|

axb=

z

: (1.20)

5

X

>

a
b,

J
a y
b,

abo

axB:(abe —azby);'—(axbz —asz)}+(axby —aybx)%
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Cnpasi,

axgz(ax;#ay}'+az%)x(bx;+by;’+bz%)=
=axbx(;'x;')+axby(;'x}')+axbz(;'x%)+aybx(}'x;')+
va, b,(ixj)va, b.(ixk)+a. b (kxi)ra. b, +(kxj)+a. b.(kxk)=
—0+a b, k+a b, (-j)+a, b, (k)+0+a, b ita b, j+a. b, (-)+0=

:(aybz—azby);'—(axbz—asz)}+(axby—aybx)%=
i j ok
=la, a,
bx by z

Byumocs ob64yucnroeamu eeKmopHuU
dobymok deox eekmopie, 3adaHux
KoopOuHamamu

1.51. 3uaiigite BexTOp (25—5)><(33+25)’ scmo 4= 1% 3 1},

Ez{—2; 4; 0}

Pozé’azanns. HQCJI_iILOBHo 3HaXOJIUMO
2a—-b=1{4; 6; 2} —{-2; 4; 0}=1{6; 2; 2}

>

3a+2b=16; 9; 3}+{-4: 8 0}={2;17; 3}
Tomi
ik
— o\ - - 2 2- 16 2= l6 2|-
(2a—b)><(3a+2b):6 2 2=‘ ‘z—‘ ‘]+‘ ‘:
17 3 2 37 [2 17
2 17 3
=28/ —14j + 98k.
Bigmosigs: 28 -14; 98}.

Byumocsi susHayamu MOMeHm cusu
GIOHOCHO MOYKU

1.52. Hexait y Touni 4 nmpukiajeHa cuia F=4B i Hexait O —
nesKa Touka npoctopy (puc. 1.59).
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3 ¢BUKH BIJIOMO, III0 MOMEHTOM CHJHM BIAHOCHO To4yku O
HA3UBaIOTh BEKTOP M , ikuit poxoauTh yepe3 Touky O 1 3a10BOJIbHSIE
TaKi TP YMOBH:

1) meprneHANKYISPHUHN TUIOMIKHI, 1[0 TPOXOAUTH Yepe3 Touku O,
A1B;

2) yncenbHO JOPIBHIOE JOOYTKY CHIIM Ha IUIieye:

|3 |=|F|-on=|F| || sinp=|F| |0d|-sin(F. 04,
9
4) yTBOpIOE IIpaBy Tpiiiky 3 Bekropamu OA4 i AB
Ore, W - OixF

Byumocs susHavamu siHiGHY
weudkicmb obepmaHHs

[IBuakicTe vV TOYKU M TBEpIIOTO
TiJIa, O 00EpPTAETHCSA 3 KYTOBOIO

MIBUIKICTIO ) HABKOJIO
HEPYXOMO1 OCi, BU3HAYAETHCS 3a
dopmynoro Einmepa V=@ X7, e
r=0M  ne O — nedka Hepyxoma
Puc. 1.62. Moaenb-cxema Touka oci (puc. 1.62).

IIBUIKOCTI V TOYKH M TBEpI0TO
T1JIa, [0 00EPTAETHCS 3 KYTOBOIO

IIBUIKICTIO @

O6yucriroeMo MOMeHmM cuJsiu 8iOHOCHO
mouyku 3a donomozoro N3 Mathcad

lMpouyedypa ob64ucsieHHs1 eeJIUMUHU MOMeHma cuJsiu 3a
dornomo2oro 8idnoeioHUX npaesuJl.

1.53. 3HAWITh BEIMYHMHY MOMEHTY pe3yJbTYIOUOi CHJI
RG22 E@-1-3) FE(453) poucnanenoi g0  Toukm
A 5 =D ignocno touku @ (3L D,
Pos3zs'sazanns.
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Kpox 1. 3HaiiieMO KOOpAWHATA BEKTOpPA PE3yIbTYHOUOl CHIL.
Po6ota pe3ynbpTyro4oi CHUIU TOPIBHIOE CyMi POOOT CKJIaJOBUX CHII:
F=F+F+F =>F 12 -1)

Kpok 2. 3HaiiieMo KoopaAuHaTH BEKTOPA
OA (x, =, ¥, = 7,32, ~2,) = OA(T; 4 -2)

M =F x OA

Kpox 3. 3natinemo poOOTy pe3yJIbTyIO401 CHUIIH , 1€
i j ok
FxOd=\xz y; 2z
Yoi Yoi Zoil.
Kpox 4. 3nanemo
i j k
M =1 2 —1l=—-4-i+4-k=7 j—14-k+4-i+2-j=—5-j—10-k
7 4 =2

. ﬁ‘= xi + vy +zh <
Kpox 5. 3HaI/II[CMO‘ Vi i+ 20 , e M =(0; -5 -10)

‘M—‘ =\/0 +(=5)> +(~10)* =4/125~ 11,1803

o ‘F‘zn,lgos
BianoBiab: )

lpouyedypa ob64ucnieHHs1 abcosmromMHOI eesluvYuUHU
6EKMOPHO20 0O06ymky 3a OOMNoMo20r0 8i0noeiOHUX
npaeu’s1 Moxe 6ymu 3amiHeHa npouyedyporo 3aCmocCy8aHHs
[1r13 Mathcad.

N «Hasyaemo» ceili kKommn’romep 064YUC/IEHHIO
e 15 abcosnromHoi eeJsIuYUHU 8€KMOpPHO20
_. do6ymky 3a donomoezoro 113 Mathcad.

1. Bigkputu Bikao I1113 Mathcad.
2. 3a momomororo onmii Buo — Ilanenu uncmpymenmos — Mampuyol
Tta Buo — Ilanenu uncmpymenmos — Bviuucienue BUHECTH Ha IMaHEIb

. . [] ®, w x| i Y M men #e% #xF Bu
lHCTPYMeHTlB BKIIaJIKHN Ta

= = = — =3 fx xf Xf}f:{fj,r

3. Beectu koopaunatu Bekropis £ ta OM (puc.1.63):
— BBECTH 1M’5l BEKTOPIB, 3HAK MPHUCBOIOBAHHS, KJIAITHYTH HA TAaHEI 10

CHUMBOJTY MaTPHIIL;
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— BKa3aTH y BIKHI BBOJY YMHCJO PSJKIB 1 CTOBHIIB Ta BBECTH Yy
MOMIYEHUX MO3UILIISIX KOOPJIMHATH BEKTOPIB.
4.  OOuuciutu aOCOJIOTHY BEJIWYUHY BEKTOPHOTO JIOOYTKY

‘M‘ - ‘F g OM‘ (puc. 1.64):

— KJIAI[HYTH Ha MaHelll MO0 CHUMBOJY aOCOJIIOTHA BEJIMYMHA, BBECTH
BEKTOpPHUM JOOYTOK, BBECTH Yy MO3UIIISIX IMEHA MHOXHUKIB,;

— HATUCHYBIIIM KJIaBIy Space BUOKPEMUTH BHPaA3 pAMKOIO i BBECTH 3

[ o < b @BY r mn wer mxr B0 o
- || =@y = = = = xf sy o |
S 70
EN —
Fe| 2 OM:=| 4
i
\71 / TS BCTaBHd MaTPH bl ==
Crooe: ! | | O |
CTonSuoe: ‘ 1 I I AobaErTh I
[nal
[E3)

<=\ 1001

Puc. 1.63. Bikno I1I13 Mathcad: yBeaeHHs1 KOOpIMHAT BEKTOPIB

Puc. 1.64. Bikno I1I13 Mathcad: o0uuciieHHss a0COIOTHOL
BEJIMYMHHU BEKTOPHOTO JTOOYTKY
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HeobxiOHi 3HaHHS PO MiwaHuli Ao6ymok
eekmopis

Def.  MimaHuMm (BEKTOPHO-CKAAPHUM) JTOOYTKOM TpPbOX

abc

BEKTOPIB ¢, b i ¢ HAa3MBAIOTH YHCIIO , PIBHE CKISIPHOMY JTOOYTKY

BEKTOpa @ xb pa BekTOp C:
abc = (a X b)- c
Po3rissHEMO BIIaCTUBOCTI MIIIAHOTO IOOYTKY.
1. SIxmio B MimIaHOMY JTOOYTKY MOMIHSTH MICISMU SIKi-HEOY/Ib
JIBa MHOXXHUKH, TO MIIIIAHUK JOOYTOK 3MIHUTh 3HAK, HAITPUKJIAI!

abc=—cba_

2. Ilpy 1UKIIYHOMY TEpPECTaBISHHI MHOXXHHMKIB MIIIaHUN

100YTOK HE 3MIHIOETHCS, TOOTO 42 ¢=bca=cab
3. ¥V Mimanomy [I00yTKY 3HAKM BEKTOPHOTO 1 CKaISIPHOTO
TO0OYTKIB MOXKHA MIHSATH MICIISIMHU:

(axb)-c=a-(bxc)=(bxc)a
4. T'eomMeTpUIHUHN 3MICT MIIIAHOTO JOOYTKY: MOJYJIb MIIIAHOTO

abc : :
TOOYTKY YHCEIbHO JIOPIBHIOE 00’€My mapajererimnena,
00YI0BaHOI0 Ha MPUKIAAEHUX 0 CIIILHOIO OYaTKy BeKTOpax @, b
1 ¢ (puc. 1.65), To0TO

V= abc‘

Puc. 1.65. 'eomeTpuuHMil 3MICT MIIIIAHOTO TO0YTKY
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Cnpasi,
(axB)-¢|=[axb|-|np., <

OCH

=S _h=V

NP O6’cm mipaminu, moOygosaHoi Ha Bekropax 4, b i ¢,
nopiBHIOE 1/6 yacTiHH 00’ €My Tapasesernineaa, To0To

=——ab4
6

nipamiou

abe>0

abec<0

5. Sxwmo , TO BEKTOpH 4, b i ¢ yrBOpIOIOTH nNpasy

mMpiuKy, a KO , TO J1i8l MPIUKY.
6. Ymosa komnnanaprocmi mpvox eexkmopis.

BexTopu ¢, b i ¢ komruaHapHi Togi i TiTbKM Togi, Komm 40¢=0.

Heob6xiOHi 3HaHHS1 NPO 064UC/IeHHS
MiwaHo20 A06ymKy mpbLOX eekmopie, u,o
3a0aHi KoopOuHamamu

Hexan BekTopu a=ta, @ az}, b=, b, by e=l. €y c.§

9
3agaHi cBoiMu koopauHaTamu B I1JICK. 3Haiigemo Mimanuii 0OyTOK
IIUX BEKTOPIB, BUKOPUCTOBYIOYH (HOPMYJIM CKAJISIPHOTO 1 BEKTOPHOTO
100yTKY BEKTOPIiB, 3aIaHUX KoOpAuHaTaMu. Maemo

ik
abc = (ExB)-E= a, a, a, .(cx{'+ c,j+ cj)=
b, b, b,
ay az B Clx Clz . ax ay 'l B . "
- i— + ‘kl\c.i+c, j+c. k)=
{by b o, b |7 (b, b, le.ive,jve.k)
Cly CZZ ax aZ Clx Cly
= c, - c, + c,.
b, b.| * |b, b| " b, b| "

Hictamu  po3kian BHU3HAYHWKA  TPETbOrO  TMOPSAIAKY 3@
€JEMEHTaMHU Iepuioro psaaka. OTxe,

a a da
X y z

abc=\b, b, b

X y z
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. . a= a ., a
N.B. KommianapHIiCTh HEHYJIHOBHUX BEKTOPIB {X’ »? Z},

Ez{b,b,b}-zz{c,c,c} )
SRR | ¥? 7y> 7z) BCTAHOBJIFOIOTH TaK: SKIIO BU3HAYHUK

a, a, a
y z

b, b, b|=0

z, z, z

X y z
9

TO BEKTOpH 4, b, ¢ - xoMIulaHapHi, SKIO BU3HAYHUK BiAMIHHHIA Bif
HYJIS, TO BEKTOPH HE KOMIIJIaHAPHI.

Buyumocsi o64yucnroeamu miwaHuu
do6ymok mpbox eekmopie, wo 3adaHi
KoopOuHamamu

1.54. JloBemiTh, IO BEKTOPHU a:{z’ L 3}, b={2, -3, 1} 1

c={1, 2, 1 YTBOPIOIOTb 0a3uc, i po3KIamiTh BekTop 7 :{0’ i, 3}
UM 0a3ucoM.

Po3ze’sazanna. Haragaemo, 1o 6asucom y npocmopi Ha3UBaIOTh
JOBIILHY YIOPSAJIKOBAaHY TPIMKYy HE KOMIUIAHAPHUX BEKTOPiB. Tomy
JaHl BEKTOPH YTBOPIOIOTH 0a3WC, SKIIO MiMaHWK JOOYTOK IHX
BEKTOPIB HE JOPIBHIOE HYIIO. [lepeBipuMo 1110 yMOBY:

2 1 3
abc=2 -3 1|=10%0
I 2 1

3a

Omxe, BexkTOpH 4, b i ¢ - Gasuc.

Bexkrop P posknagenuii 3a Gasucom 4, b i ¢, gxmo

p=aa+fb+yc a, B,V _ yeginomi uncna (koopauHath Bektopa Py
TaHOMY Oa3ucl).
3anuiemMo BEKTOPHE PIBHAHHS Y POSTOPHYTOMY BUTIISL
0-i+11j+3k=a(2i+j+3k)+pi-3j+k)+yi+27+k)
abo - ) ~ B
0-i+11j+3k=Qa+2B+y)i+(a-3B+2y)j+Ba+p+y)k
BpaxoBytoun yMOBY pIBHOCTI JBOX BEKTOpPiB, JICTaHEMO
CHUCTEMY PIBHSIHb
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0=2a+2B+y,

H=a-35+2y,
3=3a+pB+y.
3pigem: a=1, B=-2 7=2 Opge, P=a~2b+2c
Binnosie: 2=49~2b+2c

O6yucnroemo o06’em nipamidu 3a
donomoeoro N3 Mathcad

lNpouedypa ob64ucneHHsa 06°emy nipamidu 3a
dornomo2o+o 8i0noeioHUX npaesuJl.

1.55. OGuucautu momy rpadi ABC 1 00’ em mipaMiiy, BEPIIUHUA
A2 -1;1) B(5; 5 4) C(3;2 -1) D(41;3)

5 5

SIKOI MICTATBCSI B TOUKAX

Po3ze’az3anuA.

Kpox 1. 3naiinemo koopaunatu Bekropis 4B, AC i AD na

sxux Tobynosana mipamina: aas A8 (Xs = X5 Ve —VusZp —24) =

AB=1{3; 6,3} AC={;3; -2}  4D={2; 2; 2}

Kpox 2. Tlnomry rpani ABC BuszHaunmmo 3a (GOpMyJior
1

SAABCZE‘A_BXE‘
Maemo
i j ok
ABxAC=]3 6 3|=(-12-9)i-(-6-3)j+(9-6)k=
13 -2

=217 +97+3k=3(-7i+3 +k}

Swzé\ﬂaxﬂr\:%-&\/(—ﬂz +32 41 %5
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Vv

Kpok 3. O6’em mipamiau 4o nopiBHIOE 1/6 yacTUHH 00’emMy

napaeserninesa, mody1oBaHoro Ha Bekropax AB, AC i AD 1060

e 3],
Viseo =5 {1 3 =2 =g|(—18)|=3
22 2
S —EV59
Orxke, 9 KB. OJ1., Vsco =3 KyO. O11.

lNpouedypa ob64ucneHHss 06’emy nipamidu 3a
dornomMo20r0 8i0noeiOHUX npaeusl Moxe 6ymu 3aMiHeHa
npouedyporo 3acmocyeaHHsi I3 Mathcad.

N «Hasyaemo» ceil kKommn’romep o064UC/IEHHIO
&2 )% o6’emy nipamidu 3a donomozoro [IM13
Mathcad.

1. Bigkputu Bikao I1113 Mathcad.
2. 3a momomororo omitii Bum — || [ », s! ¢ @ 17 07 men 87 3 Su

ITanenun  HUHCTPYMEHTOB  — ’
= = = — == fx xf xfy xfj.f

Martpunusl Ta Bung — Ilanenmu Ta
HHCTPYMCHTOB — Brruncnenue
BUHECTH Ha MaHeb e Jﬂ ';E
IHCTPYMEHTIB BKJIQJIKH: ¢ L () @

™ ¥ 8 9 /7

1w 4 5 B =

- 1 2 3 +

= 8 g — =

3. Beectu koopaunatu Bexktopis 4B, AC i AD (puc. 1.66.):

— BBECTH iM’d BEKTOpiB & b, ¢

TIaHeJIl 10 CUMBOJTY MaTPHII;
— BKa3aTW y BIKHI BBOJY YHCJO PSAAKIB U CTOBIHIIIB Ta BBECTH Y
MOMIYEHHUX TTO3HUIIISX KOOPAUHATHA BEKTOPIB.

, 3HAK IIPHUCBOIXOBAHH:, KIIAITHYTH Ha
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1] ®ain Mpseca Bua AofissnTe GOPMAT MHCTRYMEHTE:  Chimes OkhHo -8

D-2ld Sy ;elhe-nn--; m@—g mxuw»@\ @xwuﬂ = |
7‘N armal [se] ariat i v] B 7 u (=== ==
(B[] x=| I <E B o = [ =(F)= = = #= xr st 5
£y — lé
ST ¢ 1 N [ 2 ' AnbKynaTop =
n =in tog tan In log
a .= 6 b — 3 Ngu - = o1 I Hr
L 72 ) et = )
3 -2/ N
AV N / no7 8 9 ¢
BeTana MaTpHib ‘] T 4 5 B X
- 1 2 3 +
cpoc |8 [ ] o | = 0 — =
CTONEu0E; |1—| Jnfae
Y aanTs

PI/IC 1 .66. BlKHOHH3Matad YBeI[eHHH KOOI[I/IHaT BeKTOplB

=—- abc‘

4. O6uucnutu 00’ €M mipamiau Vascp ‘ (puc. 1.67):
— BBECTH 3 KJIaBiaTypu V, 3HaK MPUCBOIOBAHHS, KIAITHYTH Ha TaHel
0 CHMBOJy a0COJIIOTHA BEJWYWHA, BBECTH BiJIHOIICHHS, BBECTH Y
YHCEJIbHUKY 3 KJaBiatypu a0o 3 naHeni Bcmaska ¢yHkyuu QyHKIIO
augment (a, b, c) ;

— BBECTH 3 KJIaBlaTypu V Ta 3HaK pIBHOCTI.
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[ : EoX
Tl o Mpsska Baa  AofiasdTe  ©opmaT  WHCTDYWeTEl Chusonkka OkHo  Crpaska EIES
JD FH SRY & m@B o o "'i@)@= 2 @ O [ [v] @] H[ssa]xnx{\x\)msw W 73 5 S0 |
| [Normal [] aviat Mo [v] 2 s u [E]== == ~ = |
(BB [ == S <E 51 ap - || == = = rxowr oy oy
=N 10 o
i
a:=|6 b:=| 3 &= ’;Y
3 L2 i
~||augment(a.b.¢)|| —
Vs
Sy L 6
V-3

[ aLgment(s, B, <, . )
BLIASET MACCHE, CChOEMUPOE SHHE)
Hanpaso

i pacmonoskeHmen A, B, C... cneea

Modenroemo npogpecitiHy disinbHicmMb
iH)XeHepa

1.56. Cuny f = & 4-1 MpUKIaAeHO 10 Touku A (-1;1;5).
BusHauntu BenTM4YuHYy Ta HampsiM MOMEHTY 1€l CUJIA BITHOCHO TOYKHU

0 (0 1:2).
\\\" Budowmmoume 3610611{)/ 3 mMemoro, uo A pose "A3aHH

L\ HaseOe HA pPO38’A3aHHA BUXIOHOI 3adauyi: 3HAUOIMb
F =15 4-1} g

eeKmOpHuu 000ymoK  8ekmopie
( 04 ={-1;2; 34

ﬂjz;z BUKOHAHHS PI3HO20 BUOY OOYUCIHEHb U MOOENHO8AHHS
czcopucmaﬁmecz; MOACTIUBOCMAMU NPOCPAMOBAHUX 3aco0is.

S ‘]\7‘= 428 ~20, 69 H
Biamosian:

122



1.57. Couom Fr =12 -3} g £ ={-5 -1 1 IPUKIIAJIEH] 10 TOYKH
A(1;2;3). BusHauuTu BeIMYMHY Ta HAIPSIM MOMEHTY PiBHOIIMHOT ITUX
CUJI BIAHOCHO Touku O(3,2;-1) .

Q. i_},"'.\"f‘- Buooszminwotume 3adauy 3 memoro, wo ii po38 sa3aHHs
A Hasede Ha po038’A3aHHA BUXIOHOI 3a0aui. 3HAUOIMb

gexmopnuti  dobymox  eexmopig £ =:-2 4 19

v L O4=(204

Jlna  euxkonamnus pi3HO20 6UOY O00YUCTIeHb U MOOe0BAHHS
CKOpUCMAaumecs MOMCIUBOCMAMU NPOCPAMOBAHUX 3ACODI8.

S ‘]\7‘: 224 ~14, 97 Hu
BianoBiab:

1.58. Cuny 7 =712 ppuxmageno o touxm A(3:4:-2).
Bu3HauWTH BENMYMHY Ta HAlpsM MOMEHTY M€l CHIHM BiZHOCHO
0YaTKy KOOP/IWHAT.

Q. i_},"'.\"f‘- Buooszminwotume 3adauy 3 memoro, wo ii po38 sa3aHHs
A Hasede Ha po038’A3aHHA BUXIOHOI 3a0aui. 3HAUOIMb

gexmopnuti  0obymox eexkmopie £ =1%-L2 19

,“J 04 =(3;4-2)

Jlna euxkonamnus pi3HO20 6UOY O00UUCTIeHb U MOOe0BAHHS
CKOpUCMAaumecs MOMCIUBOCMAMU NPOSPAMOBAHUX 3ACODI8.

. . W‘ =257 ~16, 03 Hu
BiamoBiab:

1.59. 3naiiTy JiHIMHY MIBUJIKICTE 00EpTaHHS TOYOK BOBYKA, ITIO
JeXaTh Ha KOJI BEJIMKOTrO jiaMerpa, piBHOTO 2(), SKIIO BEKTOP

o={-32 4 NPUKIaJAEHUHN Y IIEHTPi BEIMKOr0 KOJIA.
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'w»! Buodosminioume 3a0auy 3 memorn, wo ii po36 A3aHHA
. Haseede Ha pO038’A3aHHA BUXIOHOI 3a0auyi: 3HAUOIMb

5 = {—3; 2; 4}

| 6eKmMOpHUUL 000YMOK 6eKMOpi6
g-*“ r ={10-cosa; 10-cos;10-cosy)
Jlna  6uxoHamHs pi3HO20 BUOY OOUUCTEHb U MOOENB8AHHS
CKOpUCMAUmecsh MONCIUBOCMAMU NPOSPAMOBAHUX 3ACODI8.

BiamoBins:
v=10x[(2-cosy—4-cosf)-i+(3-cosy +4-cosa)- j— (3-cosff—2-cosax)- k]

Ta

1.60. /lano mipaminay 3 BepmuHamu B Toukax O (0; 0, 0),
A(5;2;0),B (2,5 0)1C (1, 2; 4). 3naiiTn 00’eM Tipamiy, TUIOLTY
rpafi ABC i BUCOTY TipaMiJiy, 110 OIYIIEHO Ha ITI0 TPaHb.

b

% . o coe y
‘:" Buoosminroume 36106111)/ 3 Memor, o 1l po36 A3AHHA
= 1

s Haseoe HA PO38 SA3aHHA BUXIOHOI 3adaui. 3HAUOimb ©

o (J Miwanoz2o 0obymky eexmopie 94 - 98 OC - suaiioime
1

2 qbcontromHuol eeuyuHU,
BEKMOPHO20 00OYMKY BeKMOPIE 4B, AC npoeooimb MIPKYBAHHA, ULO
OCHOBAHI HA pe3yIbmamax, YCMaHo8IeHUX Ha NonepeoHix emanax ma

niocmaeme ompumaui pesyromamu y opmyny o6’emy nipamiou

1
4 :g'SABC 'h.

73

= h =——o00.
Binnosins: V=14xy 606'; S :6*5“6-0@-; 3
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¥ Enemenmu aHanimu4Hoi
4 o ’( 2eomempir
w

g WﬂyﬂbZ

Tema 1. JIIHIT HA NNOWMHI.

Tema 2. TNowwnHa 1 npama y
npocTopi.

Tema2 KpuBi Apyroro nopapky.
Tema 4. ToBepxHi  gpyroro

nopsaaKy.

1’3: IHmezpansHe A Kpamhi

E)
;| ;i Mamemamuyrul
' aHanis

L. iHmeepanu
YUC/IeHHA "’ imeopia nonsa
TeopemuyHa F oK 1 feopin

HapucHa
\ 2eomMempia U i 9 R
iHXeHepHa MexaHi3mie i

MexXaHika R
gpachika L J MalWuH
Teopin Teopis
nnacmuyHoi hopMyeaHHA
dechopmauii eidnusok
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BMIHHA, HA AKUX BA3YETbCHA
BUBYEHHA MOAYNA

BuxonyBatn ycHi i mnHCbMOBI 00YMC/IeHHsI; BHKOHYBATH
reOMeTpPHYHi IepeTBOPeHHs: NapaJiesibHe IepeHeceHHs1, TOBOPOT,
nodynoBy ¢iryp cuMeTpHYHHX JaHUM; 3HAXOQMTH 34
KOOpAMHATAaMHM TO4YKYy Yy /JlexkapToBiii cucTeMi KOOpAMHAT Ha
IVIONIMHI; CKJIA1aTH PIBHAHHA NPSAMOI Ta KOJAa HA IUIOUIUHI;
BH3HAYaTH PO3MillleHHS NPAMOI BiIHOCHO CHCTEMHM KOOPAWHAT,
KYTOBHH Koe(iumieHT y PpiBHAHHI npsamoi; OyayBaTtH rpagiku
¢yHkuniii (y1iHiiHOI, 00epHeHOI NPONOPUiHHOCTI, KBaJgpPaTH4HOI),
3aCTOCOBYBATH IX BJIACTHBOCTI; 3HAXOAWTH 3a KOOpPAMHATAMHU
TOYKY y JlexapToBiii cucTreMi KOOpPAMHAT y NPOCTOPi; CKJIAIATH
PIBHAIHHA NPAMOI Yy NPOCTOPI; 3aCTOCOBYBATH O03HAKH
NapajgejbHOCTI W NEepPHeHIUKYJSAPHOCTI NPAMHUX | IUIOIIMH,
BH3HAYaTH TMOHATTA KyTa |y MPOCTOPi; 3aCTOCOBYBaTH
CHIBBIJHOIICHHS Mi’K CTOPOHAMHM W KyTaMH B NPSIMOKYTHOMY
TPUKYTHHKY, (popmysu miowm ¢iryp ta 06’eMiB reoMeTpU4HHUX TLJI.

BMIHHA, AKI @OPMYIOTbCA Nig YAC
BUBYEHHA MOAYNA

Ckiiagatu piBHSIHHA NPSAMOI, L0 NPOXOAUTH Yepe3 ABi
TOYKH, Yepe3 OJHY TOYKY B 3aJaHOMY HANpsiMi; CKJIagaTH
PIBHAIHHA IUIOIIMHM, IO TPOXOAUTH 4Yepe3 TOYKY
NEepHeHAUKYJSIPHO 10 BeKTOpa, 4Yepe3 TPH TOYKH;
3HAXOAHUTH KYT MiK NPSAMHMH Ta IJIOIMMHAMH; 3HAXOAUTH
TOYKY NepeTHHY NpPsiMOl i IUIONIMHHM; 3BOJAMTH PiBHSIHHS
APYroro MNOPsSiAKY /0 KAHOHIYHOrO BHMIJIAAY i OyayBaTtm
300pakeHHsl eJinca, rinmep0o/u, napadoau; 3acTOCOBYBATH
III13 Mathcad, Derive, Gran 1, Gran2D, Gran3D, Maple,
Mathematica nias nmodyaoBmu 300paskeHb NPSIMHX, KPHUBHX,
NMOBEPXOHb Ta JJs1 O0YMCJIEHb BiACTaHed i KyTIB Mik
NPSIMHMH i IIOIIUHAMH.

BMIHHA, LWLO HABYBAE CTYAEHT AnAd BUBYEHHA IHKEHEPHUX AUCLUUNNIH

BisyasisyBaTn reomeTpn4Hi 00’ €KTH; OTPHMYBATH NPOEKLIl reOMeTPHYHHUX TIJI; 3’ICOBYBAaTH B3a€MHE PO3TALIYBAHHS Fe€OMETPUYHUX
TiJ1; PO3B’SI3yBATH METPHYHI 3ajgadi Ta 3a4a4i HA CHOPSLKeHHsI; OyAyBAaTH PO3rOPTKH; 3aJaBaTH PIiBHAHHSA PyXy TOYOK Ta TiJ;
BH3HAYAaTH TPAEKTOPil0 pPyXy; BH3HAYaTH HeBiIOMI peakuii B omopax 3a JA0NOMOIOl pPiBHAHb PiBHOBaru; BHU3HAYATH IIACTHYHY
Aedopmalio mig yac po3TAry-CTHCKY, KPYTiHHS, 3THHY, CKJIAQJHOMY HABAHTa’KeHHi, 3CyBi; BU3HAYaTH BHYTPIIIHI HANIPpYKeHHSI Ta
CHJIM, MeKOBI HABAHTAKeHHS; MepeBIpATH MilHICTH; 00upaTu ¢opmu i po3mipu nepepisis.
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Tema 1. JTIHII HA NNOLLUHI

Bona Hamxomuth 13 pIKM B 3aBOJACHKE BOJOCXOBHUINE 31
MIBUJKICTIO 3 OAWHUII B TroAuHy. BTpatm Boau Ha (uIbTpalliro
(mpocodyBaHHsI) y TpyHTI ming Tpebieto, Bumap 1 MUI0g000BeE
00CITyrOByBaHHS OCHOBHHUX IIEXiB CTAHOBIATH 2,4 OJWHMII B TOIUHY.
[Ipu po6oTi 3aBOAY Ha MOBHY MOTYXKHICTh MPOTATOM & 200 y 100y
30UIBIICHHS BUTpaTH BOJW CTAHOBUTH [,6 onuHHIN B roauny. 1106
VHUKHYTH 3aCMOKTYBaHHS MYJy BOJIOBIJICOCHI Tpyom a U 6
pO3TallloBaHl Ha BHUCOTI A BiJ JHA BOJOCXOBHIINA, ITHOWHA SKOTO
nopiBaroe 3h (puc. 2.1). HeoOXigHO AOCHIANTH PEXHAM POOOTH
BOJIOCXOBHIIIA.

Bepxili 6'ech Jlocmigutn  pexuMm  poOOTH
BOJIOCXOBHIIA O3HAYae
BUpPA3UTU PIBEHb BOJAM X 5K
dyukiiro gacy ¢ Ilo rpadiky,
Hukwi 6e IO CKIIATAETHCS 3 PI3HUX JIHIM
————— MOXHA B OyIb-SIKWd MOMEHT
qyacy ¢ BU3HAYUTH, SIKUM PIBEHb
X BoaM y Bojgoumwmmi. I3
rpadika, 30KpeMa, BHUAHO SK
HEJ0CTadl BOAM TaK 1 MapHe
CKHJIaHHS BOJM Yepe3 IpeOlIo.
K1 MOXKIIUBOCTI ICHYIOTH 7151 TpaiaHOr0 3aBAaHHS OYIb-AKOT JTiH1i?

Puc. 2.1. Cxema pexunmy
poOOTH BOAOCXOBHIIA

HeobXxiOHi 3HaHHS1 NPO pPi3Hi sudu
3ae0aHHs NiHIT Ha NAoOWUHI

Def. PiBHAHHA
F(x, y)=0

Ha3WBaIOTh PIBHAHHAM JiHII L Ha IDIONIMHI Oxy , SIKIIIO 1€ PIBHSHHS
3a/I0OBOJILHSAIOTh KOOPJAMHATH X 1 Y KOXHOI TOYKM JiHIT L 1 He
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3aJ0BOJIBHSIOTh KOOPAUHATH OYAb-SIKO1 TOYKH, SIKa HE JICKUTH Ha ITIH
JIHIT.
Skmo miHiA 3agaHa PIBHIHHIM, TO MPO KOXKHY TOYKY INIOIIAHH
MOJKHA CKa3aTH, JISKUTh BOHA Ha I[H JIHIM, YW HE JEKHTh.
. 2 2 .
M(3; 4) X +Y =25 ockinbku

Hanpuknan, touka € TOYKOK KOJia

3’ +4°=25 3 rouka M, (3 0) ke HanexuTs koiy, 6o 3°+0°#25,

Y momspHif cucTeMl KOOpPJAWHAT JiHII 3aJal0Th PIBHSIHHSIM
Flp, 9)=0 460 p=p(®). Hanpuknazn, piBesaEs P =1 3amae komo
paziycoM 1 3 MEHTPOM y IOYaTKy KOOpAWHAT. [HI MpHKIagn JiHIMH,
3a/IaHUX PIBHSHHSAM Yy MOJISIPHUX KOOPAMHATAX, 300pakeHi Ha puc. 2.2
—2.3.

, A
%, s
A
(\)“
=
1"""
G
o
=1
o
- 2

Puc. 2.2. Jlemuickara beprymni. Puc. 2.3. Coipans Apximena.
PiBHAHHS B JEKAPTOBUX PiBHSHHS y HOJIAPHHUX
KOOpANHATaX koopunarax P =49 a>0

2
(xz +y2) :az(xz _yz)
> Y
MOJISIPHUX KOOPJMHATAX
P =a-,/cos2¢
Hexaii 3MiHHI X 1 y 3aJIe3KaTh BiJl 3MIHHO] £, TOOTO
x=x(t) y=y()
, :
3MiHHA ¢ HA3UBAETBHCSA napamempom 1 BU3HAYAE TIOJOKCHHS
roukn %) ma wiomuHi. [Ipu 3MiHI mapamerpa ! pyxoMa TOYKa

(x(6), »(2)) OTHIIEe JedKy JiHif0. Takuii crociO 3aBIaHHS HAa3UBAIOTh
apaMeTPUIHNM.

N

Hanpuknag, skmo ~=Rcos? —y=Rsint

(0; R)

, TO 3HAYEHHIO
. SIkmo 3MiHHA f 3MiIHIOBAaTUMETHCA Bix 0 110

x2+y2:R2

=

BI/IIIOBIJA€ TOYKA

2z , TOI1 TOUKa (x(e). y(2)) OIIMIIIE KOJIO
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Ha puc. 2.4 Ta 2.5 300paxkeHi Bimomi JiHIi, SIKIi YacTO
BUKOPUCTOBYIOTHCA Y BUIIIN MaTeMaTHII:

F

-
~

B(ﬂ; a)

e

‘FH

<
X

Puc. 2.4. Iluknoina. Puc. 2.5 . Actpoina.

[TapameTpuuHe 3aBHaHHS PiBHSIHHS B JI€KapTOBUX
x=a(t-sint) y=a(l-cos t) 2 2 2
) ) X3 + y3 —qa3

a>0 KOOpJIMHATAX , ¥

_ 3

napamMeTpHuHiil gopmi ¥~ 4€08 1
y=asin’t

3o6paxyemMo niHii y nonsipHit cucmemi
koopAuHam 3a donomoezoro 1MN3 Gran1

1. Bigkputu BikHo I1I13 Granl ta BuOpatu y BikH1 Cnucox 06 ’ckmig
THUII CUCTEMM KoopauHat — [lonsipna (puc. 2.6)

dafin O80T  BunpasnedHAa  Mpadik  Onepaui F

G CnHcoH o6'exTie

-+ k.1895 v=-0.371z8
#=-3.4005 Max=1,0967

(0 onarna: R=F
AeHa Y=
7 I'I B D

W CTATHCTHYHE BHGIpEa
i MNarana

Fono

:

4

I

o7

=-4,8913 Maxk=06,3945

Puc.2.6. Bixuo I1I13 Granl: Bubip y BikHi Cnucok 06 exmig
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2. 3a nonomororo omiii 06 'ekm-Cmeopumu BBecTH (QyHKIli0 AP(¥) =9
na [0 27], I1e piBHsiHHA cnipam Apximena (puc.2.7).

DA BHMpaE12HHR |—Fa¢m< onepauii ¥
* = =
N IMIFHTH. .. MonapHa: R=R(F) ;I 0123 4| 5 6|7
89| -p D&
o BrnyamTH ¥ 1
|l : ; p2
HIYHMTH OCTIHHIM
— e
1
Ma - p4 |
Crncok of'erTie
e
s I e ﬁl
s R
- ES
" 1]
2u 2
= = = in[ | Cos[ | Tal | [ | | B| *| F . I_
= = 12*Pi - Sin[|ACos[| ATgl| 1| 2| 7| /| P | <- . - =
Expl | Ln[ | Logl| . 3l 8 + Del - I_
Sart[ | Int[ Fi .| 4] 9| - | Home - -
CTal |ACTgl| A2s(| E| 5| O] ~ End . I_
E.-Te 1T 7o06yaoe
I He 3'eqHyBaTi Touku Bliipizkan m ’TI CRacha‘er
=

Min'=-4.8921 Maxi=6.3945

Puc. 2.7. Bixno I1I13 Granl: Beenenns ¢ynxuii £ (#) =9 ya [0;27]

3. 3a pgomnomororo omnuii I pagik-Cmeopumu mnoOynyBatu Tpadik
bynkuii PP) =9 ya [0:27] (pyc. 2.8).

= Gran
Al

darin OB'erT  BrnpasneHHA SRl

F- nepauil ¥

(ST
#=0.017203 Y¥=0.027551 CP=
i Mind=-3.3992 Macy=1.53  MCODAMHATH 3 ENSBIATYDK Monapra: R=RIF) ~lol12/3la|5]6 7
a Macwmat r Blal.|-lplDlela
) il
MiTH ...
+ _ - o p2 |
MepameTpHn EikkHa "Tpadic'... 3
’_—Ma - pd
. =
E
- p7
* ! pé |
RIF)=F B
= i .
B=E.2832
N . . . . - . - g Mirir=-4.6141
- Mawy'=1.8193
f.'.
== B arideHO cb'erTiB: 1 -
= =

[Mh'\"=—4.8921 Mack=6.53945 =

Puc. 2.8. Bikno IIIT3 Granl: rpadik dyrkmii P () =9 yq [0 27]
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3o6paxyemo niHii, w0 3adaHo
napamempuy4Ho, 3a dornomozoro N3
Gran1

1. Bigkpurtu BikHo 1113 Granl.
2. TloOyayBaTu JiHIIO acTpOilAd, KOOPIAWMHATH SKOI 3aJ0BOJIHHSIOTH
x=2cos’t y=2sin’t.
, ;

— BuOpatu y BikHI Cnucox 06’€ékmigé THUIl CUCTEMHU KOOpAMHAT —
Ilapamempuuna;
— 3a ponomorotro ormiii 06 ‘exm-Cmeopumu BBECTH PIBHSHHS acTpOiIn

_ 3 — 74in’ : :
x=2c08"t y=28I"1 5 ypapiatypu BikHa Beedenns eupasy
3anedcrocmi (puc. 2.9).

(el

= EE G Cnvcox o6 exTie

+ Crmcok of'ekTie

-+
21T )= |ERE L] ﬂ BB
Ll (T)= |2=5in(T)"3 -] |
= ] |
(=18 A= |5 Sir.1[ Cos{ | Taf| (] 1] 8]~ ™
B= |5 w || ASin[| &Cos(| &Tal| 1| 2| 7| ¢/ e . .
Expl| Ln[ | Logl| .| 3| 8| + Del .
Sqif | It | Pi ] ] 4] 9| - Home [
CTal|ACTal| Abs(| E| 5| O] End
KT TT nodygoeud
I He s'e0HYBaTH TOMKHK Bidpiskani 120 a — c
3
1 . . . — 2
Puc. 2.9. Bixno I1I13 Granl: yBenenns piBHsHHs acTpoian ¥ = <¢0S 1,

y =2sin’ ¢t

3. 3a pomomoroto omiii [ pagix-Cmeopumu 10O0yIyBaTH JIHIIO

_ 3 A ain3
actpoimu ~ = 2cos t, y=2sin" (puc. 2.10)
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PGy AVEATH

+

OYHCTRTTPr

dain  Ob'erT  BWnpasneHHA I&! Onepauii 7
(i) —— | = | T
4

+ = KooOpaHHATH 3 KNAEaTYPH
Mink=-2.0451 Max¥=2.04
. . MacwTab L B

—FL MiTkH...
—F MNapaMeTpH BikHa "Tpadik”...
Mz
Ml
M. . . . ps
575 RIT=2"Cos(TI 3, Y[T)1=2"5in(T]"3 p9

3 A=h

B=5

H_ Min'y'=-1.9995
- Maxr'=1.9395

+
+
g"& i,a.miquo ob'exTiE: 1
(=]

MinY=-2.0466 Maxx=2.0465

Puc. 2.10. Bikno I1I13 Granl: ninist piBHSHHS
x=2cos’ t y=2sin’¢

acTpoigu

Heob6xiOHi 3HaHHS1 NPO Pi3Hi 8UOU Pi6HSIHBL
npsiMoi Ha NAOWUHI

3aranbHe PiBHAHHA NPAMOI
BuBenemo piBHAHHS mOpsaAMoi L, ska NpOXOJUTH 4epe3 TOUKY

M, (x,; 3,) HEPIEHANKYISIPHO 70 BEKTOpa n={4, B| (puc. 2.11).

BekTop 7 Ha3UBaIOTh HOPMANLHUM BEKTOPOM IIPSIMOI.

BizbMemo Ha mpsiMiii L 1OBUIBHY TOYKY M(x, y)

BEKTOP MOM:{x_x09 y_yo}_

1 YTBOPHUMO

OcCKUIbKM 32 YMOBOIO IIIyKaHa mpsiMa L 1 HOpMalb ” B3a€EMHO

NEePHEHANKYJISPHI, TO JOBUILHUN BEKTOpP MPSIMOi MM BEKTOp 7

TaKOX MEPIECHIUKYIISIPHI.
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1ty 3a yMOBOIO MEPHEHAUKYISIPHOCTI
z={4, B} JIBOX  BEKTOPIB  CKaJIPHUM
L Mlx, ») nobyrox " MM=0_"" 460
/ KOOPAWHATHIN
) bopmi A %)+ By=1,)=0 3 1)
0 g PiBusuas  (2.1)  Ha3uBaIOThH
M : .
ol > “)\ PiBHSHHAM PSIMOT, AKa
Puc. 2.11. HpHMaL , ITO IMMPOXOAUTDH MPOXOIUTH yepes TOYKY

uepes Touxy Mo (x> )

MEPICHAUKYISIPHO OO0 BEKTOpA
n=1{4, B}

M, (x,, »,) MEPHIECHINKYIISIPHO 10

HOPMaJILHOTO BekTopa '~ 4, B},

PoskpuBmmn y piBHsgHHI (2.1) OyKKH 1 [O3HAYUBIIHU

—Ax =By =C ricranemo piBHAHHS IpIMOi L

Ax-l—By-l—C:O’ (2.2)
K€ Ha3UBAIOTh 3a2ANbHUM PIBHAHHAM NPAMOi HA TUIOIITUHI.
Tyr 4 1 B — xoopauHaTu BEKTOpa 7, MEPIEHIUKYIIPHOTO [0
MPSIMO].
PosriasiHeMo okpemi BUIAJKK PO3MIMIEHHS MPSIMO1 3aJIeKHO BiJl
3Ha4YeHb Koedirienti 4, B, C (Tab61.2.1):
Tabnuuys 2.1.
Po3MilleHHA NPsAMOI 3aneXxHo Bif 3Ha4YeHb
KoedpiuieHTiB A, B, C

YmoBa PiBHsHHS TpsMOi ITosio)keHHs npsiMO1
A=0,8#0 By+C=0 napanensHa oci 0%
B=0,64#0 Ax+C=0 napanensHa oci 0V

C=0 Ax+By=0 IIPOXOJNTH YEpPe3
MOYaTOK KOOPJAMHAT
4=0 C=0_ B=#0 y=0 MIPOXOJIUTH Yepe3 BiCh
Ox
B=0 C=0 420 x=0 MIPOXOJIUTH YepPe3 BiCh
Oy
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KaHOHi4YHe piBHAHHSA NpPAMOI
Hexait mpsiMa 1poxouts uepes Touxy o (x> »,) napajeabHO 10

BekTopa ¢~ s mj (puc. 2.12), AKuit HA3UBAIOTb HANPAMHUM
8exkmopom NpsiMoi L .
Bizsmemo Ha npsMii

Y oao{, m)
nosimbHy Touky M (. ).

%ﬂ : Fo ) TOIH BeKTOpH
MOMZ{X—XO, y_yo}

= M[x, J"} _ 5 a
X — . . .
- > a={l; mj KOJIIHEapHi, OTKE,
1xH1 KOOPIMHATH
Puc. 2.12. IIpsma, 110 mpoXoauTh 4epes o P
M ) TIPOTIOPITIHHI:
Touky " o\Yo> Yo mapanensHo 10 X—-x, Y-y,
BekTopa 4~ s mj ! m. (2.3)

PiBusinas (2.3) HA3UBAIOTh KAHOHIYUHUM PIBHSHHIM TIPSMOI.
PiBHAHHA NpAMOI, WO NPOXOAUTL
yepe3 ABi 3a4aHi TOYKMU
Hexaii mpsma L npoxomutb uepes asi Touxu M (x5 ) 4
M, (%, 3.) (puc. 2.13).

F

¥ I3 Bubpasmm BEKTOP
M5 (%2, 72) MM, ={x, =X, %, =¥} 31 manmpsMHui
BEKTOp MpsAMOi L 1 CKOpPHUCTaBIIKCH
A CPESY piBHSHHAM (2.3) micTaHEMO PiIBHSHHSA
x: X=X V=)
5 =

X, — X -

2 T R 4 , (24)
AK€ € PIBHIHHAM TMPsAMOi, IO
MPOXOAUTH Yepe3 AB1 3a7aH1 TOUKH.

Puc. 2.13. IIpsama L, mo
MIPOXOINUTH Yepe3 AB1 TOUKHU

Ml(xl’ yl) 1 Mz(xzﬂ yz)
BeKkTopHO-napameTpu4yHe piBHAHHA NPAMOI
IIpsma L mpoOXOIHWTh YEPE3 TOUKY M, (x,, v,) rapanejabHO 10

HAIpsAMHOro Bekrtopa ¢~ s mj (puc. 2.14).
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BizpmMeMo Ha mpsaMild TOBUIBHY
touky M (x, ») i po3mIIHEMO
pajliyc—BeKTOpH r,=0M
r=0M Bexropu Mo

a xomineapHi, Tomy " =1 @
Puc. 2.14. Ilpsma L , 10 260

0 Ta
=r—7, i

\Ig

5

MPOXOIHTS depe3 Touky o (%05 ,) r=r +a-t

(2.5)
[mapaJCJIIbHO I[(l HaIIpAMHOI'O

BekTOopa 4~ U mj

PiBusuas (2.5) Ha3UBaIOTh GEKMOPHUM  NAPAMEMPUYHUM
PisHAHHAM npsamoi. 3MIHHY ¢, IKa MOXe HaOyBaTH Oy/Ib-sIKMX 3HAYCHD,
Ha3UBAIOTh HApaAMeEmMpPOoM.

NMapameTpunyHi piBHAHHA NpAMOI

[Toznunmo y dopmyii (2.3) BiAHOIIEHHS Yepes ¢, TOOTO

X=X _ V=X —
[ m
3B1JCH IICTAEMO
x=x,+I[t,
teR
y=y, +mi,

[{i piBHSHHS MPsSIMOI HA3WMBAIOTh MapaMETPUUYHUMHU. [X MOkKHa
TICTaTH  TaKOX 3 piBH;{HH;{ (2.5), mnpupIBHSABIIM  BITIOBIJIHI

KOOpAWHATH BCKTOplB r Ta %o ta t

PiBHAAHHA npAMOI y Bigpi3Kax Ha ocax
Hexait npsama L mpoxoauTh depe3 JABlI TOUKU A(a, 0) ; B, b),

TOOTO BIJICIKa€ Ha OCAX KOOPJAWHAT BIIPI3KH JOBKHUHOIO al 1 2] (puc.

2.15).
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+y [lincTaBuBImIM ~ KOOpPJIUHATU
. rouox A 0)  B0.b) 4
5(0; &) piBHsHHSA (2.4), micTaHEMO

5] plBHHHH;I ,
A 0) A (2.6)
¢ || ] K€ Ha3UBAIOTh PIBHSIHHAM

Puc. 2.15. Ilpsama L, 0 npoXOIuTh IpAMOI y 6I0pI3KAX HA OCAX.

yepes JBI TOUKH A(a, 0) ; B(0, b)
3aranbpHe pPIBHAHHSA TpsAMOi (2.2) MOXXHA 3BECTU 10 BUIJIAIY
(2.6) TiabKHM y pa3i, KOJIM BCl MOro KOe(MIIIEHTH BIAMIHHI BiJ HYJIS.
Tomi
al + J =1
-C/A -C/B
Tyr —C/Ad=a, ~C/B=b

N.B Tlpama AX¥+By+C=0 53 yyvopn 4#0, B=0 j C#0,
IEPETHHAE OCI KOOPIHHAT Yy TOYKAaX (-C/4;0) 1y (0, -C/B) Jlost

3HAXOJKEHHS IIMX TOYOK JOCTAaTHBHO 10 Yep3i moknaactu ¥ =0 ta V= 0
PiBHAHHA NpAMOI 3 KyTOBUM KoedilieHTOM

SIkmo npsiva L mpoxomuth depes touky M (0 30) YTBOPIOE
KyT @ 3 JoJaTHUM HampsMoM oci abcumc (puc. 2.16), TO 9HCIO

k=1ga asuearomeo KYmMOoGUM KoegiyieHmom IpsiMOi.

OOpaBmm ~ JOBUIBHY  TOYKY
M(% ¥) ya IpsMil, JicTaHeMO 3
TPUKYTHHKA M MK
K —

k=tga=—r=2"0

MK x-x,

3B1HKI/I y_yozk(x_xo)

IBHSHHA  mOpsMoi L K

Puc. 2.16. IIpsama L , mo P PAMO ’ a
IIPOXOIUTH qepes TOYKY

IPOXOAHTH yepe3 Touky Mo (x> »,) M,(x,, v,)
1 yTBOPIOE KYT & 3 TOAATHUM
HaIpsMOM 0cC1 abCIuC

1 Mae KyTOBUHU
xoedimienT £
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M B(0, b)

Akmo 3a TOYKy '° BI3BMEMO TOYKY , TO JIICTAaHEMO

PIBHSIHHS

v=kx+b 2.7)
K€ HA3UBAIOTh PiGHAHHAM NpAmMoi 3 Kymoeum koeiyienmom. Tyt b-
MoYaTKOBa OpArHaTa (OpAUHATA TOYKH MEPETUHY MPSIMOI 3 BICCIO

Byumocs cknadamu pieHsIHHSI NPsSIMUX

2.1. Hexait touxu A 1), 3(2;_3), C(-1:2) _ BEPLINHH

tpukytauka 48C (puc. 2.17).

J CknafiTs:
a) 3arajibHE PIBHSHHS CTOPOHU
AB ;
0) KaHOHIYHE pIBHSHHS BHUCOTH
AD ;

B)  TapaMeTpuyHE  PIBHAHHS

MeaiaHnu BM

r)  pIBHAHHA  TPsAMOi, IO

IPOXOJUTH YEPE3 TOUKY C(-1 2)

Puc. 2.17. 306pa)KCHH51 rapajieabHO 10 CTOPOHU AB .
tpukyTHuka 4BC

Po3zs’a3anns. Po3risiHeMo BUIIAJKH:

a) OCKUIBKM BIiIOMI KoOpJamHATH Touok 4 1 B, ToO,
BHUKOPHUCTOBYIOUH dopmyny (2.4), ckiragemMo pIBHSIHHS IIPsSMOi, sSKa
MIPOXOAUTH Yepe3 Touku 4 1 B:

x-3 y-1 x-3 y-1
2-3 -3-1, -1 -4, y-l=4x-3)
4x-y—-1=0

,
3BIIKH
CTOpOHYy 4B ;

0) o6 3amucaTi KaHOHIYHE PIBHSHHS MPSAMOi, TOTPIOHO 3HATH
TOYKY, 4epe3 5Ky MPOXOAWUTh MpsiMa, 1 HAMpsIMHUN BEKTOp. BekTop
BC = {~3; 5}

a= {5; 3}

3arajibHe PIBHSAHHSA TIPSAMOI, IO MICTUTH

UIsl BUCOTH 4D € HOpMaJTbHUM BEKTOPOM, TOJA1 BEKTOP

Oyne mnepHneHauKynspHuM 10 Bektopa BC (ockinbku
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ckansapuuii 100yrok BC-a=0) omke, mig npsamoi 4D - HapsIMHUM
BEKTOPOM. 3aITMCYEMO KaHOHIYHE PI1BHIHHS NpsiMoi 4D :

x—=3 y-1
5 3
X =§:l:1
B) OCKiIbKH Touka M — cepenuna Binpiska AC, T0 ,
y :li2:15 o7
“ 2 7. Bexrop M ={1-215+3}={-1; 45| HAIPSAMHUH

BEKTOp MpsMoi BM. 3a HanpsAMHHUM BEKTOP MOXHA B3STH TaKOXK

pexrop ¢=2BM = =29 Orxe, [=-2, m=9 | napamerpuuni

PIBHSIHHS MEJI1aHH 3aIMUCYEMO TaK:
x=2-2t,
teR;
y=-3+9¢,

I) OCKUIbBKM TMpsiMa, IO MPOXOJUTh YEpe3 TOUKY (-1, 2),

napajenbHa CTOPOH1 4B, TO 3a HOpMAJILHUM BEKTOP IITyKAHOI MPSMO1

OepeMO BEKTOP n=(4 -1} _ HOpPMalbHHI BEKTOp mpsmoi 4B . Tomi
IIyKAaHE PIBHSAHHSA Ma€ BUTTIS

Ax+1)-(y-2)=0 5, 4x-y-6=0
Binmosigs: #¥~Y~6=0,
2.2. 3HaAITh TOYKY, CUMETPUYHY TOYII P(-8; 12) B1JTHOCHO

npsiMoi L, 3ananoi piBasapsam X 7Y +13=0

’ v X
Poszé’azanns. Hexan Q( 0> Y Q) - mIykaHa Touka (puc. 2.18).
3agady po3B’SA3yEMO Y TaKiHd MOCITOBHOCTI:

Puc. 2.18. 300paxeHHs1 TOUKH Ol,, 7o) CUMETPUYHOT TOYIII

P(-8;12) BIJTHOCHO MpsiMOi L
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1) cknagemo pisasuaas npamoi PO | o npoxoauTs uepes TOUKy
P mepneHIuKyIIpHO 10 3a1aH01 mpsAMol L ;

2) 3Haxogumo Touky O - Touky meperuny npsmux L i PO -
MPOEKII0 TOYKK P Ha mpsimy L

3) BH3HAYMMO KOOPAMHATH TOUKK <, BPaXxOBYIOUM TIPH LHOMY,
mo Touka O - cepenuna Biapizka PO

Bekrop "~ S HOpPMAaJbHUN BEKTOP MPSIMOi L OZHOYACHO €
HAIPSAMHUAM BEKTOpPOM mepneHgukyimspa £O, tomy kanoniume
piBHsaHHs npamoi O Mae Takuil BUITISL

x+8 y—12
4 7

3BIICH JIICTAEMO
T(x+8)=4(y-12)  Tx-4y+104=0

Po3B’s13aBIIH CUCTEMY PiBHSHB
Tx—-4y+104=0,
4x+7y+13=0,

3HANIEMO KOOPAMHATH TOUKH IEPETHUHY IPAMUX; Yo = 12 Vo =

3anucyeMo 3B’ SI30K MiX KoopauHaramu T1o4ok P, O i Q.

; :xP+xQ :yP+yQ

’ 2, 2
Tomi

_12:—8+xQ :12;yQ

3BIJIKH JICTAEMO KOOPJIMHATH CHMETPUIHOI TOUKH:
xQ=—16’ yQ:—Z.

BiamoBias: o(-16,-2)
HeobXxiOHi 3HaHHSI PO Kym MiX

deoma npssMumMu. Ymoeu naparsiesibHocmi
ma neprneHOUKyIISIpHOCMI NPsiMuUx

L

[Tpsmi 1 1 L, sanani PIBHSHHAMH 3 KyTOBUMHU Koe(]illieHTaMu

y=kx+b j y=kx+b (pyc.2.19).
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[Toznaunmo KyTH
HaXWIy [HUX MOPSIMUX JI0 OCl

Ox  gepes % Ta %
B1JIIOB1IHO, MIPUYOMY
= ga, ZkI’ ga, Zkz. Toni

o . .
rocTpuii KyT ¢ Mix npsiMuMu

. L . L .
Puc. 2;19' Hpsami ™ 172,10 3a1aH1  pyspayaerpes 3a bopMyII010
PIBHSHHSAMM 3 KyTOBUMHU

.. p= ‘ a, — al‘
KoedimeHTaMu :
3B1CH
g, —tga k,—k
igp=igla, -a)|=| E2—221|=| =)
1+tga1tga2 1+k1k2 (28)
Skmo npsmi L i Lo mapanemsni, To 279, 89=0 orxe,
k, =k =0 Tomy ymosa naparensrnocmi npsamux:
ky =k, (2.9)

T

. . % .
L i L. pepnenmukymspHi, T0 2 | ¥V upomy pasi

Sxmo mpsmi
89 me icmye, orxe, y dopmymi (2.8) 1+k k, =0 Tomy ymosa
nepneHOUKYIAPHOCHIT NPAMUX:

! (2.10)
Hexait mnpsami L i L zamani saranbHEME PIBHSHHSAMH
A x+By+C=0;4x+By+C, =0 Tonmi:

1) xyr ¢ (0<9<90) yix LMMH [PSAMMMH BH3HAYAIOTH 4EPE3

n_1:{A19 Bl}

KyT ¥ MK iXHIMM HOpPMaJbHUMH BEKTOpPAMH Ta

A A, + B B,
JAZ+ A2 \B + B!

cosy =

npuaomy ? =V, sxmo Y 20 (puc. 2.20, a), i ?=180" -V gxmo
cosy <0 (pyc. 2.20, 6);
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Puc. 2.20, a. KYTI/I p=v , AKIIO Puc.2.20, 6. KYTI/I @ =180" —y ,

>
cosy 20 akmo COSY < 0

2) yMOBa MapaieabHOCTI MPIMUX  3) yMoOBa TNEPHEHIUKYISIPHOCTI
4 _B, (puc. 2.22) - 44+ B, B, =0
(puc. 2.21)- 4 B,

T m={4,, B,} 1 m ={4,, B,}

L L
— —‘,
£, T Hz_{AN‘Bz} LI EIZ{AI,BI}
Puc. 2.21. YMoBa mapanensHOCTi Puc. 2.22. YmoBa
IPAMHUX MEPIICHIUKYIIAPHOCTI TPSIMHUX

Byumocs 3acmocoeyeamu ymosu
napasiesibHocmi ma neprneHOUKyJISIPHOCMI
npsimux

2.3. BusHauTe, IpU SKUX 3HAYCHHAX Mi 7mpsimi MX T8y +n=0

1 2X+my—1=0.

a) mapaJeibHi; 0) 301raroThCs; B) MEPICHANKYIISPHI.
Posé sa3anus.
m 8

. A . 2
a) yMOBa TapajeiabHocti: 2 ™ 3gigcu m =16 m=14,
0) mpsiMi 301rat0ThCs y pa3i BUKOHAHHS YMOBH:
m 8 n

2 m -1,
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3BIJICH ICTA€MO JIBi Iapy 3HaYeHp M =4 n=-2 a50 m=-4 n=2;

B) yMOBA MEPIEHAUKYIIAPHOCTI mpsamux: 7 -2+8-m=0_1o6ro
m=0

Bignopine: a) m=+4 neR. g) m=4 n=-2; m=—4 n=2; )
m=0 neRr,

HeobxiOHi 3HaHHS1 NPo eidcmaHb 8id
moyYkKku 00 npsiMoi

3amamo mpsamy L piBHSIHHSIM Ax+By+C=0j TOYKY M,(x,, »,)
(puic. 2.23).

| - Bincraue d Touku M, 70 npsiMoi L

M, JTOPIBHIOE ~ MOAYJIIO  TPOEKIIii
] BEKTOpA MM, 7o M (x; y,)

5

JIOBUIbHA TOYKAa TipsiMoi L, Ha

M, 5 NpsiMiii  HOPMAJIBHOTO  BEKTOPA
- n= {A; B}.
Puc. 2.23. 300pakeHHs IpsMOi
L i TOYKH M, (x,; »,)

OTxe,
[MM 5] Jxy =) 4+ (5 - ) 8]
d=np-M M,|= = = B
o, M, 7 Jr B
_|Ax 4By —(Ax + By )| [Ax,+ By, +C]|

OTxe, B1ACTaHb BIJI TOYKHU M, (x5 ¥,) 70 TIPSIMOT Ax+By+C=0
00YHCITIOIOTH 32 (HOPMYJIIOIO
d:‘Ax0+By0 +C‘

NA + B (2.11)

Byumocsi 3Haxooumu
eidcmaHi il moyku 0o npsimoi

2.4. 3HalgiTh BiACTaHb MK IPSIMHMH 4x=3y+2=0 14
8x—-6y—-13=0
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Po36’azanna. Ockinbku 3a7aHi TpsiMi TapajielibHi, TO BIJICTaHb
MK HHMH JIOPIBHIOE, HANPHWKIAJA, BIJCTaHI BiJ JOBUIBHOI TOYKH
Apyroi mpsMOi 0 mepiioi. 3HAXOAUMO JIOBUIbHY TOYKY Ha MPSMIi

13
_ B . .
8x—-6y-13=0. pyexait x=0, toni 6 . Binctadb Big TOYKH
M(0; =13/6) 14 mpsivoi #¥73Y+2=0 oGupcmoemo 3a dopmyioro
2.11):
|4-0-3-(=13/6)+2]
d: :1,7
N16+9
BigmoBijp: d :1’7.

Cknadaemo pieHsIHHSI mpaekmopil 3a
donomoezoro M3 Gran2D

lMpouedypa cknadaHHsI pPiBHSIHHS mMpaekmopii 3a
dornomo2oro 8i0noeioHUX npaesuJl.
2.5. MarepianpHa Touka M pyxamacs Mg €0 JESIKOI CHUIN 110

2 2 _ .
xkomy XtV T 10-x+6-y+9=0 IPOTH TOAMHHUKOBOI CTPLIKH.

His cuivM NpUMUHWIACS B MOMEHT 4Yacy, KOJM TIOJIOKEHHS TOYHU
BU3HAYMIIOCS KoopauHatamu (2, [). CkiacTd PIBHAHHS TMOJIAJBIIOT
TpaekTopii pyxy Touku M.

Po3zs'azanns.

Kpox 1. TlounmHaroum 3 MOMEHTY, KOJIM Jis CHUJIM Ha TOYKYy M
NpUTIMHWIACA, 11 pyX Oyjae BimOyBaTHUCS IO MPSAMIH, IO € JTOTUYHOIO
710 3aJIaHOT0 KoJjia B TouI (2, 1).

Kpoxk 2. TlpuBenemo piBHSIHHS KoJja A0 KAHOHIYHOTO BUTJISY

(x-5) +(y +3) =25
BiAMITAMO 1m0 ii meAaTp C 3HaxoguThes y Todlll (5; -3).
Kpox 3. PiBusans npsmoi CM, mio npoxoauTs yepe3 Touku C 1

X-Xc _ Y—=Yc

M, mae Bursin M " Xc Y T Ve  Orxke
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X-5_y+3 = 4x+3y-11=0

2-5 143

Kpok 3. llpsma CM € HOpmamio A0 InykaHoi npsmoi. [i
4

o . . 1 o o . .
KYTOBUM Koe(ilieHT 3. KyroBuii KOe(IIIEHT MAOTHYHOI,

BIITIOBITHO /10 YMOBH HEPIECHANKYISAPHOCTI ABOX MPSIMHUX ky ~ky=-1
3
kz == Z

Kpokx 4. PiBHAHHS NOTHYHOI MpsAMOi J0 3aJaHOTO KOJa Mae

BUrIsi ¥~ VM =k, (X =xy) Omxe

3
y-1= Z(X'D, 6o 3 X—4y-2=0

Ile 1 € piBHSIHHS TPAaEKTOPii TOUKU M 3 MOMEHTY MPUITMHEHHS I
CHJIN.

Bimnosigp: 3°¥~ 4V ~2=0 _ pipuanns TpackTopii Touku M.

lMpouedypa 3HaxO0O0)KeHHSsI PiBHSIHHSI MpaeKkmopii 3a
dornomMo20r0 8i0noeiOHUX npaeusi Moxe 6ymu 3amMiHeHa
npouedyporo 3acmocyeaHHs I3 Gran2D.

S

«Has4yaemo» ceil KoMmn’romep
3HaxOO0)XeHHIO Pi8HSIHHSI MPaeKkmMopii 3a
donomoeoro N3 Gran2D.

1. Bigkputu Bikao I1113 Gran2D.
2. HoGymyBaty rpadik pisastHus koma X -5) + (v +3)° = 25 i3 yeprpom
C, 110 3HaXOaUThCA y Tourl (5; -3):

— 3a gomoMororo omiii 06 ’exkm-Cmeopenns-Aunanimuuna mouka
nooyaysatu Touku C(35; -3) Ta M(2;1) (puc.2.24);
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JicnsHHA  30BpadkeHHa

@afin  Brnpasneria 4

Imed| -

MBKPOKOHCTPYKUA _BHA_HanaroameHHa 7

T —

Creopera » expar: >
" ey >\ Biapizor

AKTHEHI ol KeopAMHAT RN
ST AKTHEHAR . Mpana
By akTHEHA £ rono

SimyanTi Enaineri
- - 2, Kono 3a paaiycon

[ S —— 2. ayra
MepeTaopenta  expary

vl
= ——

3Z Cmerpimana Tauca

%5 Insepena Touca

P Toura nepeThny of'ekTis

=bI AoasTh Hamme
MepernAny TH Harkcn

@ Mprnirimi evorars onepauil  Esc

2= Napanensna npsma
& Meprenanynap as npsmsi
Z£ Bicextpuca kyta

" Ao ac kona

<7 Namans

#a InTepRonsuifinkA noninom
< Fpaire dyvricul

| Koopavnan rovwm:

K

. Mez: 1)

Ll

T =
sint | asing| Espr| - 6] =] <-
i | asind] Exet ] ¢ = Len( |+ MNomm( |«
cos | acost| Loat| . [ 1] 2] 7 Del
Angle( [+ Aragl |+
Tal | ATal| Lnl Fi 3] 8| *| Homs
OaAngle(|+| Rl |+
Cral|4CTal| Lot | Rad(| 4| a| /| End e
Abs| Sare | i | Deat | 5] 0| ~ [+ u

T5: -3)

Bintria Toura: “M
Koopaunaru: (2: 1]

|~ Boewiwrin eurama
B |~ keaip W |-| Konip nianvey
[|~| = 3apapsysarna {16 %] Posmip niankicy -

2 2| Fasmip [~ BigoGipamaru nignuc |‘ =] Topuwma
[V BiacSpaary touky (7 BASEBRAHKATH RESRAHHETH | (oo oo

I Zammwami caoin

ok | Cracsears |

0.23 y=4.52

Puc. 2.24. Bikno I1I13 Gran2D: mo6ynoBa Touok C(3, -3) Ta M(2;1)

)

— 3a gonomoroto omiii 06 ‘ekm-Cmeopenns-Kono BBectu: Touky C,
10 € IeHTPOM KoJia, TOUKy M, 10 HaJeXHUTh KOy Ta MOOYTyBaTH

KO0 (puc. 2.25).

ran 20

®afin  BrnpasnernA

el v

[T ———

AKTHEH ol KeopAMHAT

S0 OD-+cnerna  3oBpawerta  MaKPOKOHCTPYKuS  Bna  Hansroasmedds 7

0 » ansniriuns Toucs

»
% Biapizon

™ Mporire

JoGpaske HisA SritTh aKTHEHAR

By akTHEHA
By sraine

\ Mpana

3. Kono 33 paaiycom

MepeTeopeHHa NapaMeTRH-Ha
MepeTeopenns 3 erxpary

. Ayra

»s,
"2, Cepeans Tosks

abl AoasTH HamMe
MepernanyTH Hanmcn

24 CHMETEHUHS TouKS
¥3 veepcra Touka

@ NPT BKoREHHR onEpaLT Esc

7 Toura nepeThy obekTis

2 MapaneneHs Npama

X Mepnerancynap a0 npamol
24 icexrpnca kyta

" o ao kona
Fo—

P i —p——
™ TpadiK dryHsull

<2 MPEBMNEHAR MHOM oKy THHI

* M (2; 1)

I{onn Sa HEHTPOM 1 TOMROR HA KOS CTBOpPeH. .- 51
i - | A S— |
T e — |

Hasea [konol

| 306HI [ BLrnAan

L} I-| Kaonip nivil |3 2] Toswima
— |v| Konip sahaptysannn |7 vi Toar inin

BapapSysannn Crocis manosanka
| Npozepe ~| | Zevanmn -

I¥ BinoSpasari oS'ewxr

Ta TouKom Ha Ko
<h>.

Hoeswuns paniycy 5

| Ok | S p—

oy

Puc. 2.25. Bikno I1T13 Gran2D: mo6ynoBa koja
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3. 3a pmomomoror ommii 06 ’ekm-Cmeopenns-{omuuna 0o xoia
noOyayBaTu JOTHYHY 10 Koja. Y MNpaBOMY HIDKHBOMY KyTi BIKHA
Oyne 3a3Ha4eHO PIBHSHHS JIOTUYHOI, O 1 € PIBHAHHIM TPAEKTOPIi
TOYKU M 3 MOMEHTY IPUITMHEHH Ai1 cuiu (puc. 2.26).

sssss

BRI ©OO S|+ E

T3 o=l ZE gac0D
T g ) AR
EEl 588 2 558 383
Bod 3
o A
1
o
B
B
Z
i2é g
o H g
&
a
2
3
2
g

EY

n
w
pr
a
"
15

1=
1 3x-4y-2=0 =]

W (<5 ™)

Puc. 2.26. Bikno I[1T13 Gran2D: moOynoBa JOTHYHOT 10 KOJa

- 6 Modentoemo npogbecitiHy disinbHicmb

T iH)XeHepa

2.5. Boma HagxomuTh 13 PIKM B 3aBOJICBKE BOJOCXOBHIIE 31
MIBUJKICTIO 3 OAWHUII B roAuHy. BTpatm Boau Ha (uIbTpailiro
(mpocouyBaHHsI) y TpyHTI Mg Tpebneto, Bumap 1 MuUI0g000BE
00CITyTOBYBaHHSI OCHOBHHUX I[€X1B CTAHOBIIATH 2,4 OJAWHUII B TOAUHY.

[Ipu poGOTI 3aBOy Ha MOBHY MOTYXKHICTh MPOTATOM & 200 Y
100y 301IbIIICHHS BUTPATH BOJIW CTAHOBUTH /,6 OAWHUII B TOIHUHY.
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Bepxidi G'ech {06 YHUKHYTH
3aCMOKTYBaHHS MYITy
BOJIOBIJICOCHI TpyOH a i 6
pO3TaIIoOBaHl Ha BUCOTI A
Bl JHA BOJOCXOBHIIIA,
rIHOWHA SKOTO JIOPIBHIOE
3h (puc.2.27). HeobximHO
TOCIIIUTA PEKUM POOOTH
BOJIOCXOBHIIIA.

Puc. 2.27. Cxema-300paxxeHHs poOOTH
3aBOJICHKOT'O BOJIOCXOBHIIIA

o s Tlepegpopmyniotime 3a0auy iHWO0 MOB0I0, 8 THULOMY
 kmoul.  Pedicum  pobomu  6000CX08UMA  MOJICHA
oxapakmepuzyeamu o0eoma nepiodamu. I - xonu
o X 3a600 npayroe Ha noeHy nomyoicHicme (8 200) i II -
KOJU 00CIY208YI0MbCs MINbKU OCHOBHI Yexu 3a800Y
(16 200).
Heobxiono eusnauumu maxcumanvbHo OOCANCHUU PiBeHb 800U (npu
documbsb ucokiil dambi) 3a eecv Il nmepiod pobomu eodocxosuuya.
Jlonycmimo, wo nouamox pobomu 3a600y HA NOBHY NOMYIHCHICMb
8i00yBaAEMbC 68 MOMEHM, KOAU B000CX08UWE 3AN0BHIOEMBCS
noguicmio (*=3" 1=0)  Tooi 6 nepioo I: *=3h+3t-24t-16t=3h-t
Yepez 8 200 3axkiHuyemvcs 000amKoge GUKOPUCMAHHA 600U U
nouunaemvca Il nepiod pobomu: *=h+3(t-8)=24(-8)=hr+0,6(-8)
CKinbku 4acy mooice npayoeamu 3a600 HA NOBHY NOMYHCHICMb NpU
ybomy 3anaci 6oou? CniggioHecimb MeKcm ma cxemy, W0 MOICHA
suxonamu i3 sukopucmanusim I113.

2.6. 3HaWaITh MBUAKICTH TUTA MiJ 4Yac PIBHOMIPHOTO PYXY,
3HAIO4H, 110 Horo rpadik meperuHae Bick adcuuc y toutu (-0,5, 0) 1
Bichb opauHaT y toulll (0; 10). Macmtab 1o Bici abcic /200, mo Bici
opauHat [ xm.
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\" v [Ipeocmasme oaumi  3a0aui  Ha  2epaghiky.
.i‘ - Ckopucmaumecwv IIII3 Ona  ckiadauHs pIBHAHD
st AHATIMUYHUX DYHKYIL ma 300padCeHus WsaxXy miid
& L X nio uac pieHomipHoco pyxy. [na obuucienHs

3HAYEeHHs WeUOKocmi  3acmocosyume  Gopmyny

20 KM/ZO().

Biamosigs:

Tema 2. MNOWUNHA | MPAMA'Y NMPOCTOPI

3BHCH YOTUPHOXCKATHOTO JIaxy I1€XYy CTBOPIOIOTH MPSIMOKYTHHK.
Cxatu mOKpIBJII MalOTh piBHUHN yXmiI (puc. 2.28).

CkrnacTd  pIBHSHHS — CKaTiB,

piBHsSHHA pebep 1 TpeOHs,

3amucaTd PIBHAHHS pebep 1

rpeOHsI B KaHOHIYHINA (opmi,

3HAWTH KUIBKICTb MaTepiary

HEOOXITHOTO I TIOBEPXHI
MTOKPIBJI.

Puc. 2.28. Cxema 40TUPHOXCKATHOTO
axy 1exy

OCKITbKM CKaTW Jaxy IUIOCKI, TO 1XHI pIBHSIHHSA OyJIeMo

3HAXOUTH, SIK piBHAHHA wiomuH % B> 7> a piBusuus pebep, sK
PIBHSHHS IIPSMUX, IO JIe)KaTh Ha IIEPETHHI BIATOBIIHUX IUIONTHH. K1
MOKJIMBOCTI ICHYIOTH JJIsI 3aBJaHHS PIBHSHB IUIONIUMH 1 MPSMHX Y
pocTopi?
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Heob6xiOHi 3HaHHS1 NPO 3a80aHHs
naowyuHu y npocmopi

3aranbHe PiBHAHHSA NMOLUUHU

Uepes Ttouky mpocropy Mo CRED HEPICHIUKYISIPHO 0
BEKTOpa fi={4; B; C| IPOXOJMTH OJHA-€auHa IwrommHa (puc. 2.29).
TyT BEKTOp 7 HA3MBAIOTL HOPMALLHUM 6EKMOPOM TUIOLIMHH.

Ni= {4 B C} 3HaiaeMOo plBj—IHAI;III-E}I 13161
mwiomman. Hexai ™\ V> 2) —

JOBiTbHA TOYKA IUIOIIMHH,

M . 7i —{A' B: C} .

M / Tomi Bekropu TTUHD i
MMZ{ _xo;y_yo;z_zo}

Puc.2.29. 306pakeHHs TUIOLNIMHY, 10 TTE€PIIEHIUKYIIAPHI, OTXE,
IPOXOANTH YePE3 TOUKY MPOCTOPY ~ CKAIAPHUM JTOOYTOK BEKTOPIB

M, (x,:,,2,) NepnerMKyIIpHo 10 7 | MM ponigmioe  mymo:
BEKTOpA i={4; B; C} i-M,M =0

VY koopauHaTHIN HOpMI 11 PIBHICTH HAOUPAE BUTTISTY
Alx=x,)+B(y=y,)+C(z-2,)=0 (2.12)

PiBastabs (2.12) — piBHSHHS IUIOIIMHH, SIKa IPOXOJIUTH Yepes
rouxy o (0> 30 2,) NEPICHAUKYIIPHO OO0 BEKTOpa ii={4; B, C|
- Ax,-By,—Cz,=D

Po3kpuBmM AYKKH 1 TTO3HAYUBIIH
PIBHSHHS

, JICTaHEMO

Ax+By+CZ+D=0 (213)

K€ Ha3UBAIOTh 3a2ANbHUM PIBHAHHAM NIOWUHU.

N.B. Tlpn posineHux 3Hauennsx 4, B i C, ogHouacHOo He
pIBHUX HYJIO, piBHSIHHSA (2.12) BU3HAYAE 8'43Ky niowuH — CyKyImHICTb
IUIOWIMH, sKi MPOXOMSITh wepe3 naHy Touky Mo (0> 305 2) IICHTP
B’A3KHU.

HenoBHi piBHAHHA NJIOWUHU

PiBusnns (2.13) Ha3uBalOTh HEMOBHUM, SKIO MPUHANMHI OJIUH
i3 KoediuieHTiB nOpiBHIOE HymO. [Tpn upomy 4° +B” +C* #0_ Okpewmi
BHUIIAKH 3arajlbHOT0 PIBHIHHS IUIONIHMHI MOJaHO y Ta0m. 2.2.
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Tabnuuys 2.2.
Bunaaku 3aranbHOro piBHAHHA NJIOWMHI

PiBHsAHHS
YMmoBa ITonoxxeHHs MIOLIUHU

ILUIOIIAHHU

D0 Ax+By+Cz=0 MIPOXOJIUTH YepPe3 IMTOYATOK

KOOPJIHUHAT

A=0 By+Cz+D=0 rmapajielibHa 0Cl Ox

A4=0 B=0 Cz+D=0 napajenbHa IIOUIUHI Oxy

A4=0 B=0 D=0 | -0 IUIOIIMHA Oxy

A=0 D=0 By+Cz=0 IPOXOJUTH Yepe3 BICh Ox

[HII1 MOXIMBI BUMAIKH HEMOBHOTO PIBHSHHS IUIOIMIMHU
PO3IIISTHBTE CAMOCTIMHO.
PiBHAHHSA NNOLWMHN, LLO NPOXOAUTbL Yepes3 TPU TOUYKKU
Hexaii toukn M (xl,yl,zl)’ Mz(xz’yz’zz), M, (x,. ;. 2,) HE
JexaTh Ha oaHIN npsamin (puc. 2.30). 3HaliieMo piIBHSHHS TUIOIIUHH,
Ky OJTHO3HAYHO BU3HAYAIOTh I[1 TOUKH.

Jlist 1boro BI3bMEMO Y IiH

A At . .
; ? IUIOIIKMHI  JOBIIbHY  TOYKY
" M Mxy,2) YTBOPHUMO
1

BCKTOpH
MIM:{x_xl;y_yl;Z_Zl}’

Puc.2.30. 300pakeHHs MUIOIIUHH, 1110

MIPOXOAUTH YEPe3 TPH TOUKH, K1 HE MM, = {x2 XV, TV 2, T Zl}
JeXaTh Ha OJHIN MpsAMii _ : :

A P M1M3_{x3_x19y3_y19z3_zl}

5

OCKUIBKH yC1 YOTHPH TOYKH JISXKATh B OJIHIM IUIONIMHI, a OTXKE, 1
YTBOPEHI BEKTOpU, TO III BEKTOPHM KOMIUIAHApHI. 3a YMOBOIO

KOMIUIaHapHOCTi Mimamuii  no6yrox  YhM MM, MM =0 656 5

KOOpAWHaTHIN popmi

X=X y=) zZz—Z
X, —-x, y,—y, z,—z|=0
LTH BT AETAL (2.14)
Otxe, (2.14) — pIBHSHHS IUIONTAHN Yepe3 TPH 3a7aHl TOUKH, 110
HE JISKaTh Ha OJIHIN TpsSMiii.
Po3kpuBaroun BU3HAYHHUK 34 €JIEMEHTAMH TIEPIIOTO PSAAKA, IT1CIIs
CIIPOIICHB JICTAaHEMO 3arabHe PIBHSIHHS IJIOIIMHH.
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PiBHSIHHA NnowWMHM y Bigpi3Kkax Ha ocAax

Hexail miomuHa nepeTrHae oci KOOpAUHAT Y TOYKAX Aa; 0; O),
B(0;5;0) § C(0;0;¢) (puc. 2.31), toxmi piBHsuus (2.30) HaOysae
BULJISITY

X—-a y z
-a b 0/=0
-a 0 c
K€ PIBHOCUJIbHE PIBHSHHIO
f + X + E =1
a b ¢ | (2.15)

PiBusuas (2.15) Ha3uBawOTh PIBHSIHHSAM IUIONIMHU Y BiJpi3Kax
Ha OCsX.

3aranbHe pIBHSAHHA IUIOMIMHU (2.13) MOKHA 3BECTH J0 BUTJISTY
(2.15) Tinmpku Tomi, komu yci koedinientn 4, B, C i D wme pisHi
=—4/D b=-B/D ¢=-C/D

HopmarnbHe piBHAHHSA NMAOLWMWHN

Hopmanvhe piensnna TUIOIMIMHU OJEPXKYEMO Y pa3i 3aBllaHHSA

WIoIUHK NoBXuHOK P nepnenmuxynspa OF | onyienoro 3 moyarky

uymaio. Toxi ¢

KOODJMHAT Ha uIommHy i kyramu @, B, ¥, sxi nepnenmuxymsap OP
YTBOPIOE 3 OCAMHU KoopauHat (puc.2.32).

BisbMeMO Ha IUIOMKHI 10BiLBHY Touky M (v, 3,2) 34 YMOBOIO
TIPOCKIIIS pazaiyc-BeKTopa oM Ha BEKTOP-HOpMAJb

ii,={cosa, cos 8, cosy} np; OM =p

nopiBHroe £ : , 3Bijcu

OM -n, xcoso + ycosf +zcosy

p

|7,|  yJcos® @ +cos’ B +cos’y

Puc. 2.31. 300pakeHHs MJIOIMINHY, 110 Puc.2.32. 300paxkeHHs

IIepEeTUHAE OC1 KOOPAUHAT Y TOUKAX HOPMAJIbHOT'O PIBHSIHHS
Ala; 0; 0)’ B(0; b;0) ; C(0;0; ) TUTOIIHHA
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2 2 2 _ .
Ockispkn €08 @ +cos” f+cos y =1 1 5 pesvnprari npuxomumo

70 PIBHSAHHS
xcosa + ycosff+zcosy —p=0 (2.16)

PiBusinHs (2.16) Ha3UBAIOTH HOPMANLHUM PIGHAHHAM NIOWUHU.

BiiacTuBOCTI 11bOTO PIBHSHHSA:

a) cyMa KBazpariB KoedimieHTiB mpu X, Y, z JOpiBHIOE
OJIMHHII,

0) BUIbHHMH YJIeH BXOJUTH y PIBHSHHS 31 3HAKOM « — ».

Jlns 3BeeHHS 3arabHOTO piBHSHHA (2.13) M0 HOpMaAILHOIO
BUTJISITY MOTPIOHO TOMHOXKHUTH MOTO HA HOPMYBANbHUL MHONCHUK
=+ !

NA* + B+ C? ,

3HAK SKOTO BUOMPAIOTh MIPOTHIICIKHUM J10 3HaKa D .

7

Buyumocsi ompumyeamu pieHsIHHS
niaowuHu

2.7. Y npocropi 3amaHi TOUKH M, (2:3; 1), M, (L 22—1),
M, (31— 2), M, (-2:3-2), 3HANWTITH:

a) pIBHSHHS IUIOIIHHH M M.M 3;

0) PpIBHSHHS TIUIONIMHU, IO IPOXOAUTH HYEpPe3 TOUKY M,

rapajeibHO IUIONHHI MMM, :
M

B) PIBHSHHA IUIONIMHU, IO MPOXOAUTH dYEepe3 TOUKy o

MEPIEHIUKYIISIPHO 10 BEKTOPA MM,

Po3ze'azannus:

a) na mwiommni MMM, gispmemo nosinsry Touxy M (v, 7, 2) §

YTBOPUMO TPH BEKTOPH
MM={x=1,y=2,z+1} MM,={2%-1L-1j MM, ={-31-1}

5

3a dhopmyoro (2.14) cknagaeMo piBHIHHS
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x=1 y-2 z+1
2 -1 -1]=0
-3 1 -1

5

3BIJIKH ITICJISI PO3KPHUTTS BU3HAYHHKA 3a MEPIIUM PSIIKOM OACPIKYEMO

3araJiIbHC piBHHHHH HHOHIHHI/IMIM2M3 .
2x+5y—-2z-13=0.

0) OCKUIBKM IIyKaHa IUIOMHMHA ¢ TapajeibHa IIOIIMHI
MMM, 1o nopmanbHuil BekTOp wi€i miomuHn " = 25 -
HOPMaJIbHUM BEKTOPOM JIJIS TIIOIIUHH &

3a ¢opmysoro (2.12) piBHSHHS TUIONUHA & Ma€ BUTJIAL:
2(x—2)+ S(y —3)—(2 —1)20

1} € TaKOX

abo
2x+5y—-z-18=0.

B) 1100 3amycaTtd PIBHSHHS IUIONIMHU, SKa MPOXOAUTH Yepe3

TOYKY M, MEPIEHIUKYISAPHO 1O BEKTOpA MM, CKOpPHUCTAEMOCH

piBHsSHHAM (2.12), B sAKOMy KOOpAMHATH BEKTOpa MM, ¢

KOOpJAWHATaMH BEKTOpa HOPMAJIi:
—3(x—2)+(y—3)—(z—1):O a60 X~ y+z-4=0
2.8. CxnafaiTe piBHSHHS HJIOHII/IHI/I 1O NPOXOJIUTH YEPE3 TOUKY
M, (1;—2; 4) —1;0} g b={3-1;3]

napajieiabHo Bektopam ¢ =12

—

Pose'szanns. OCKIIBKH IUIOIIMHA TapajieibHa BekTopam 4 i b,
TO HOpPMallb ' IIyKaHO! TIUIOIIMHHM MEPHECHAUKYIApHA OO0 KX
BekTOpiB. Tomy 3a HOpMaJIb MOKEMO B3STH BEKTOPHUHN J100yTOK

BekTOpiB @ i b: Ai=dxb (mpurajaiite O3HAYEHHS BEKTOPHOTO
T00yTKY ABOX BEKTOPIB), TOOTO

— —

i ] k
i=dxb=[2 -1 0|=-37-6]+k
3 -1 3

3a dopmynoro (2.12) 3anrucyeMo piBHSHHS ITyKAaHOI IUIOIIHHA
—3(x—1)-6(y+2)+(z-4)=0 5, 3x+6y—2z+13=0
2.9. OOGuucnite 00’eM mipamigu, oOMEKEHOI KOOPIUHATHUMU

ITOMIMHAMY i TiommHoo >F ~ Y +22-30=0
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Po3zg'azannsa. Ockinbku mipamiga OpsIMOKyTHA, TO i 00’eM

1
V =—|04|-|0B|-|0C|
3py4HO OOYUCIUTH 32 (HOPMYIIO0 6 . e 4, B, C —
TOYKH TEPETHHY IUIONHHU 3 OCIMH KOOP/INHAT.

Ha oci OX nopiBHIOIOTE Hym0 KoopauHatd » 1 2z, ToMmy,
IiICTABMBIIH Y PIBHSHHS ILIONIMHN 3HAYEHHS =0 1a =0 nicranemo
3x=30=0_ a60 *¥=10, Orxe, A1Q0:0) _ oua IIEpETUHY TUIONIMHH 3
0;-6;0) ; C(0;0;15) _
[04]=10

BICCIO OX. AHaJIOTTYHO BH3HAYA€EMO TOYKU B(

Oy

TOYKH TEPETUHY IUIOIIUHU 3 OCSAMHU i Oz, 3gincu

1
V=-—10-6-15=150
08]=6_|oc|=15 ;"= (ky6. o).

Bignosins: ¥ =150 (ky6. o).

Eepucmuy4yHuli  mpeHaxep  «Plane» donomoxe
080Js100imu 8MiHHSIM ompuMyeamu Pi8HSIHHS MJIOW,UHU.

1. 3amycTiTh porpamy s podotu (puc. 2.33) Ta micias HaTHCHEHHS
KHOTIKH «/am» yBakHO MpOYHTaTe IHCTPYKIIIFO.

2. OtpumaiiTe BIKHO 13 3aBJaHHSIM TI0 CKJIAJaHHIO PIBHSIHHS
miomuan. OOWpaiiTe B 3aleKHOCTI BIJI OCOOMCTOI OpieHTaIli y

HACTYITHUX JMiSX TMPOMO3UIIii «man» abo 2 B pa3i HeoOXI1JTHOCTI
nonoMoru (puc. 2.34).

3. Pesynmbrat mnpaBuabHUX ab00 HE TMPaBWIBHUX TEPETBOPEHD
JTOTIOMOXXYTh OOpaTH MPaBUIBLHUN HUISIX po3B’sa3yBaHHs (puc.2.35) ta
3aKIHYUTHU CKJIadaHHS PIBHSAHHS ILTOMIUHHA (puc. 2.36).
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A a

A

A

34 TCMOLKO

“PiBHAHHA NnowmHM y npocTopi”

> 5
3
c

i

B,

Aani | e

EBPpUCTHYHHUN TPpEeHAaKeEP i
Nf\z

MRy
Bt N-4--C

Puc. 2.33. BikHo eBpucTu4HOTrO TpeHaxepy «Planey»

3agaua 1. CxknanlTe pIBHSHHSA TUTOIIHHHA [3. IO
NPOXOoauTh Uepes3 Touky A(2;-7,;3) mapanensHO
TUIOIHHI ¢ 3x-y+2z-5=()

O0bepiTb MeTOA PO3B'A3aHHA 3a0avi:

. N
BUKOPUCTAHHSA PIBHAHHSA MMAOLMHW, O
NPOXoANTb Yepe3 TOUKY i3 3a4aHNM

?
HOpMalibHUM BEKTOPOM 2| )

e ~
BUKOPUCTAHHSA PIBHAHHS NMOLWUHN, WO
MPOXOoANTb YEPE3 TPU TOYKMU '

) B, iy

-
3acTocyBaHHA 3aranbHOro Metoay e —
\CKNaAaHHA PiIBHAHHA NAOLLUMHN B \

Puc. 2.34. BikHO 13 3aBJaHHSIM I10 CKJIaJaHHIO PIBHIHHS IUIOIIHHA
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3amaua 1. CknazlTh PIBHSHHS ILTOLIMUHMU 3. IO j\\/
MPOXOaUTH Yepes3 Touky A(2,;-/,;3) mapamemapHO u;

TUTOIIMHI ¢ 3x-y+2z-5=0

ObepiTb MeToOd PpOo3B 'A3aHHA 3a4aJi:

. N
BUKOPUNCTAHHA pIBHAHHA NNOWWMHKM, LLO
npoxogmj:la_ugn&_touuy_ig_ﬂ‘gﬂaﬂmm

/ LleihA meToa HEMOXKNMBO i'

HOpM peanisyBaTu B LibOMY BUMAaA4KY, -/

60 HEMOXXITMBO BigLUyKaTK TpW

HeKoMMnaHapHi BEKTopWy. S

BUKOJ 3'AacynTe, AK po3TalloBaHUn In, wo
HOpMarbHWUA BEKTOP MNMOLWMHN d il

vy

\I'IEOX_(\ no BiAHOLUEHHIO A0 MMOLWMHU B |

3acTOCyBaHHSA 3araribHOro meToay
\CKNnajaHHA piBHAHHA NNAOLLMHA i

Dy

Puc. 2.35. Pe3ynbrat HE IPABUWIBHUX MTEPETBOPECHD

3amaua 1. Cknaglte pIBHAHHS TUIOIMHHH [3, 110
MPOXOaUTE Ycpe3 ToUuky A(2;-/,3) mapaneapHO
TUTIOMIUHIL .. 3x-y+2z-5=0

OTxe,
n= {3_;—1_;2} — HOpManbHUW BEKTOP NnowuHu B,

A(2:-1:3) — Touka, sika HanNexuTb q’ Tak! Bu npaennHo |

PiBHAHHA nAowuHM B Mae Burn CKNann PiBHAHHA
| NoWKrHA.

3(x=2)—(y+1H+2(z-3)=0

3(x+2)—(yv—D+2(z+3)=0

2Ax=3)—(y+D+3(z—-2)=0

2(x+3)—(yv—1D)+3(z+2)=0 ‘N

Puc. 2.36. Pe3ynbrat npaBUIbHUX NEPETBOPEHD
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Heob6xiOHi 3HaHHST NPO 3HaXOOXKEHHS
gidcmaHi 8i0 moyku Ao niaowuHuU

Hopmanbae piBHAHHS (2.16) 3aCTOCOBYIOTH TSI 3HAXOMKCHHS

pincrani 4 Big touku Mo (%, ¥002,) no mionwau. Lo BigcTaHb
00UYHCITIOIOTH 32 (HOPMYJIIOIO
d:‘xocosa +yocosﬁ+zocos7/—p‘
bJ

abo

d_‘AxO+ByO+CZO+D‘
VA + B> +C? _ (2.17)

Benmnuuny
0=x,cosa+y,cosf+z,cosy—p

HA3MBAIOTD gidxunennam moyxu Moo Yor 20) gig NIOWUHU.

SIKIo Touka M, i nouarox KOOPAWHAT JISKATh IO OAWH O1K Bl

oK, To 0 <0, gx10 % 1o pi3Hi croponn — 10 6 >0,

B4yumocsi 3Haxooumu
gidcmaHb 8i0 moyYKu 00 NIoWUHU

2.10. V mpocropi 3amaHi TOYKH M0(2;3;1)’ M, (L 2;—1),

M, (3; 1;_2), M, (-2 3;_2). 3uaiinite Bimcramp Bix Touku Mo 0
momuan MMM
Po3zs'szanns:
M1M2M3

3HalIeMO PIBHSHHS IUIONIUHH , JUIS IIbOTO Bi3bMEMO

noBinbHY TOuKy M (v, 7, 2) § YTBOPUMO TPH BEKTOPH
MM ={x-1y-2,z+1} MM,={&-5-1} MM, ={-31-1}
3a dhopmynoro (2.14) cknagaeMo piBHIHHS
x—1 y=2 z+1
2 -1 —-11|=0
-3 1 -1
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3BIJIKM ITICJISI PO3KPUTTS BU3HAYHHUKA 32 MEPIIUM PSAIKOM OJEPKYEMO

3araJlbHE piBHHHHH IIJIOIIMHUA M1M2M3 .
2x+5y—-2z-13=0

2;3;1) M M, M,

Bincrane Big TOUKH M, ( , 3a7JaHO1

2x+5y—2-13=0_ sGuncmoemo 3a popmymnoro (2.17):
d_\2-2+5-3—1—13\_ 5

25+ (=1) «/%

710 TUTOIIUHU
PIBHSHHSM

Heob6XxiOHi 3HaHHSI NPO 3HaXOO)KeHHSI Kyma
Mi>x deoma nsiowuHamu ma rnpo ymMosu ix
napasesnibHocmi i neprneHOUKynsipHoOCMi

3agaMo TUIOIIUHU
a:Ax+By+Cz+D =0 a,:Ax+B y+C z+D,=0

Kyt p(0<p<90°) MiX MU IDIONMHAMHM 3HAXOIATE 3 YMOBH
i, -5, |44, +BB,+CC,|

|7 -7, 4+ B +Cl A+ B+ CE

COSQ =

YMoBa mapajneabHOCTI TUIOIIHH:
Al _ Bl _ Cl
4, B, C
YMoBa NEePIEHANKYISIPHOCTI TUIOIIHH:
A4, +BB, +CC, =0

2

Heob6xiOHi 3HaHHS1 NPO 3a80aHHs
npsiMor y npocmopi

KaHOHi4YHi piBHAHHA NpAMOI y npocTopi

3amamo y mpocrtopi 3amano Mo (0 30 20) 5 HAIPSIMHUNA BEKTOP

a={lmnj, Yepes touky Mo napanensHo 10 BekTopa & IPOXOAMTDH

equHa npsma (puc. 2.37), ii pIBHAHHA OTPUMYEMO 3 YMOBH

_—

MM :a .

KOJUTIHEAPHOCTI BEKTOPIB 1
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X — X, :y_yo :Z_Zo
! m no. (2.18)
PiBusuns (2.18) — xkanoniuni plBH}IHH}I HpHMOl y npoctopi. Lli
PIBHSIHHSA BUBOJSTH TaK CaMoO, K 1 KaHOHIYHE PIBHSHHS TNPSMOi Ha

momuHi (popmyna (2.3)).

MD
A

Puc. 2.37. 300paxeHHs NPsSMOi, 110 MPOXOUTH Yepe3 TOUKY
napaliejibHO 10 BEKTOpa ¢

MO

NMapameTpunyHi piBHAHHA NpPAMOI

[To3naumBmym y piBHSIHHAX (2.18) BigHOIIECHHS Yepes ! :
X~ X, :y_yo :Z_Zo —¢
) m n

5

T1CTAaHEMO PIBHSIHHS:
x=x,+I[t,
y=y, +mt,
z=1z,+nt,

(2.19)

— JOBUIBHUW napamemp.
PiBusuns (2.19) — mapaMeTpudHi piBHSIHHS IPSMO1 y MPOCTOPI.

e te(—oo; oo)

PiBHAHHSA NpAMOI, WO NPOXOAUTL Yepe3 ABi 3aaaHi TOUKU
[lpsma L npoxomuts wepes nBi toukn M (rs252)

M, (x,: 5 2,), Bektop MM, =t = x50, - vz, _Zl}, AKUN JISKUTH HA

npsMiid L, — HampsIMHUN BEKTOP MPAMOT MM
X = xl — y yl _ z- Zl

2. Tomi

X, =X M=V 4,7 %
PIBHSHHSM MPSIMO1, SIKa TPOXOIUTh Yepe3 AB1 3a7aH1 TOUKH.
3ararnbHe pPiBHAHHA NPAMOI
JIBi HemapasienbH1 TUIONIMHUA TEPETUHAIOTHCS MO MPAMIiN JiHii.

3ajamo 111 TUIONTUHY PIBHIHHSIMU
Ax+By+Cz+D =04 4x+B y+C,z+D,=0
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ﬁlz{Al’Bl’Cl} i ﬁZZ{AZ’BZ’CZ}

IPUYOMY HOPMAallbHI BEKTOPH HE
KOJIIHEeapHi, TOOTO i, %1, # 0 Toni cucrema PIBHSIHB
Ax+B y+Cz+D, =0,
{A2x+B2y+sz+D2=0 (2.20)

BU3HAYA€ y TIPOCTOPl MpAMY JIHIIO, 1 IO CUCTEMY HA3HBAIOTh
3a2anbHuM pisHaHuiam npsamoi (puc. 2.38).

Puc. 2.38. 3o00pakeHHS TIPSAMOT, IO JCKUTH HA TIEPETHUHI TBOX
TJTOITUH

3BUYANHO, OIIBII 3PYYHUMH JJISI TPAKTUYHOTO 3aCTOCYBAHHSI €
Kkanowiuni pienanus npsmoi. 11106 3Bectn 3aranpHe piBHIHHSA (2.20) 10

KaHOHiuHOro Burusiay (2.18), norpiGHo 3Haiitu Touky Mo (0> 3> 2,)

Ha Opsamii L 1 Hanpsmawii Bextop ¢~ {15 m; n}

M

IPSIMOI.
J1J1s1 3HaXOHKEHHSI TOYKM ~ © OJHY 3 11 KOOPAWHAT, HAIPUKJIA]]
720 o0WMparTh JOBIILHOK ab0 piBHOK Hymo. Jlami 3 cucteMu
(2.20) 3HaXO0ATH BIAMOBIIHI 3HAYEHHS IBOX 1HIUX KOOPAUHAT. K0
CHCTeMa HECyMiCHa, TO JOBUIbHE 3HAUEHHS HAJAIOTh 1HIIINA 3MIHHIMH.
3a HanmpSIMHUM BEKTOp ¢ MPAMOI MOXKHA B3STU BEKTOPHHUH J100YTOK
HOpPMAaJIbHUX BEKTOpiB "1~ 4, B,CJ A =4,8,C,}
N.PB. 3acTOCOBYIOTH 1 1HIKK crIOCIO 3BeneHHs piBHSAHHA (2.20)

710 KaHOHIYHOT'O BUTJISAY: 3HAXOMSATh JIB1 TOYKH Ha MpsMiid L, ToOTO

M (x5 252,) § M, (05 Zz), toni MM. _ yanpsmunit BexTOp mpsAMOi
L,
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Byumocsi 3a0aeamu
PiGHSIHHSI NPSIMOI Yy npocmopi

2.11. 3HaiiAITh KAaHOHIYHI PIBHSHHS MPAMOL

2x-5y+2z-10=0,
{x—Zy—z+1:0.

Poss’azanna. 11106 3ammcaTé KaHOHIYHI PIBHSIHHSA TPSIMOI,
JOCTaTHBO 3HATH KOOPJAWHATH TOYKHU, YEPE3 AKY MPOXOIUTH MpsiMa, 1
HaMpPSMHUN BEKTOP IT1€1 MPSAMO.

Hexait ¥ =Y, cucrema HaGysae Burmsiay

{2x+2z—1020, {x+z=5,
x—z+1=0, 160 x—z=-1,

po3B's130K sikoi ¥=2, 2=3, Omxe, Touxa M (2,0:3) wamescurs IIyKaHii
IPSIMIH.
HampsiMumii BeKTOp 3HaiIeMo 3a (PopMysI0io
i 7k
=i xi,=|2 -5 2|=9i+4j+k
I -2 -1 ,3605:{9;4;1}.

OTmxe, KAHOHIYHI PIBHAHHA OpsAMOi: 9

Heob6XxidHi 3HaHHs1 NPO Kym mMi)k 0eoma
npsiMuMu ma npo ymoeu napasnesnibHocmi u
neprneHOUKynsipHocmi 080X NpPsiMux

3ajgamo npsami L i L, xanoniuHuMH PIBHSHHSMH:
x_xlzy_y1:Z_Zl x_xz:y_yz_z_zz
L. [ m n L [ m n

1 1 1 2° 2
’ .

1 2 2

Kyt ¢ Mix nmuMu npsSIMUMU 32 O3HAYCHHSIM € KyTOM MDXK IXHIMHU

HATIPSIMHAMHE BeKTopamu & = s msn @, ={L;m; ”2}, TOOTO
Gy - @, |

a-a,|  l-L+m-m,+n -n,
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L L

Axmo mpsaMi ~ 1 2 mapanienbHi, TO IXHI HAmpsSMHI BEKTOPH
KOJIIHEapHi, OTXKe, BIAMOBIHI KOOPAUHATH MTponopiiiHi. Tomy ymoBa
napajeabHOCTI MPSIMUX:

[

lz m, n, .

1

L1iL

Axiio npsmi 2 MIEPIICHANKYJISIPHI, TO ¥ HAPSIMHI BEKTOPH

—

epIIeHAUKYIISAPHI, oTxe, ckamsipauii 1ooyrok 4 % =Y Tomy ymosa
HEPIEHANKYIIPHOCTI IPSAMUX:

L-L+m-my+n-n,=0

Byumocs 3acmocoeyeamu ymosu
napasenbHocmi U neprieHOUKYJIIsipHOCMI
deox npsimux

2.12. IlepeBipTe, UM € MEPICHIUKYIIPHUMH TIPSMI
x-3 y-1 z+2 2x+3y—-8z+5=0,
1 - ) - 3 1 Bx+y-5z+1=0.
Po3zg'azanus. 1psami nepneHIUKyIIpHI TOA1 1 TUIBKUA TOM1, KOJIH

MEPIEeHANKYISAPHI HANpsMHI BEKTOPH IUX TpsAMHUX. Bektop
i ={1;-2;3}

— HanpsSMHUAKA BEKTOp mnepmol mpsamol. Hanpsmuui
BEKTOp JAPYroi mpsMoi 3HaXOAUMO 3a (HOPMYJIOIO

i J k
G, =7 xi,=|2 3 —8=-77 147 -7k =—7(7 +2] +F)
301 -5

OGumcIoeMo ckansapamii nodyrox 44 =1-1-2-2+3-1=0

OTxe, mpsMi IEPIICHANKYJIISPHI.
NP, 3amani npsaMi epHeHIUKYISPHI, SKITO MiTaHUH J0OyTOK

a n-n,=0
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HeobxiOHi 3HaHHSI PO Kym MiX
npsiMoro i NIOW,UHOKO Mma fnpo ymMosuU ix
napasnesnbHocmi U neprieHOUKYJIsipHOCMi

Def. KyT MK OpSIMOIO 1 IUIOIIKMHOK € KyT MUK HPSMOIO 1 11
MIPOEKITi€I0 Ha TIomuHy (puc. 2.39).

@//
ffff/fﬁﬁ f/ffr

Puc. 2.39. Kyt Mix nmpsiMO¥0 1 TIJIOIIUHOIO

3agamo mipssMy L kaHOHIYHUMH piBHAHHAMU (2.18), a muionuHy
P — 3aranpHuM piBHAHHAM (2.13). [To3HaunMo KyT MiX mpsimMoro L i
IJIOMIMHOK dYepe3 %, a MK HOpPMaJbHUM BEKTOPOM IUJIOIMIMHH 1
HaMpsSIMHUM BEKTOpOM mpsimoi — depe3 ¥'. Tomi skmo ¥ — roctpuit

—0N° _ . — o
KyT, To KyT 9 =20~V | cosy =sing. gypyo ¥ — Tymmit KyT, TO KYT
— _ o . 1 — _ 1 =

=y —90° | sinp=—cosy B oox pumankax - P ‘COSW‘.

OTxe, KyT MiX IPSIMOIO 1 INIONTHHOIO 3HAXOATH 32 (POPMYJIIOH0
|7 - | Al+Bm+Chn|
|7i|-|@| N4+ B>+ C*NP +m + 0

Skmo npsma napasnensHa mwiomudi (puc. 2.40), To Bektopu 7 i
d mepneHAuKYISIpHI, OTXKe, iXHIM CKaIApHHA HOOYTOK TOPIBHIOE

ﬁT - T5=1xg
R /I —

Puc. 2.40. 300paxeHHs IpsMOi Puc. 2.41. 300paxkeHHs IpsiMoi
napajenbHOI TUIOITUHI MePIEeHINKYIISPHOT TIJIOMIHHI

sing =

AZ+Bm+Cn=O.

i
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ko npsMa MEPHEeHUKYIAPHA 10 IUIOMHUHH (puc. 2.41), To
BCKTOpH nijd KOJIIHEApH1, OTKE, IXH1 KOOPJIMHATH MPOTMOPIIIIHI:
A B C
Z_m_n_

Buyumocsi 3acmocyeamu yMo8U 83a€EMHO20
po3mawlyeaHHs
npsiMux i nAoWUH

x+1 y-1 z-2

2.13. JoBenite, 1o npsma 2 4 -1 nexuth y
HHmHHHi3x+6y—z+l3:0.
Jloseoenns. Ilepwuii cnoci6. JlocTaTHRO TIOKA3aTH, 0 OYab-5Ki

IIB1 TOUKH MPSMOI HaJICKaTh TIOITHHI.

Cnpasmi, Touku M (-512) HAJIeKATh IIPAMI
(oOrpyHTYyiiTEe BHOIp HMX TOYOK). [liACTaBUBIIM KOOPJUHATH TOYOK y
PIBHSIHHS TUIOIIMHU, OJICPKUMO MIPABUJIBHI PIBHOCTI.

Jlpyeuii cnoci6. 3anuiemMo piBHSHHS MPSIMOi Y TapaMeTPUIHOMY
BUTJISIIL

AAIZ(I;S;I)

=—1+2t y=1+4t ,-72_y

i migcTaBuMO 3HaYeHHs ¥, V| Z y pIBHAHHS [IOMIUHU:
4(-1+2¢)-3(1+4¢)-4(2-1)+15=0

3Bigku gicraemo TotoxkHicTh: 0=0, Ile o3mauae, mo Oyap-sgKka TOYKA
IPSIMOI 3a10BOJILHSAE PIBHSAHHS ILIOIIMHH, OTKE, HAJIEKHUTE TUIOIIUHI,

Heob6XxiOHi 3HaHHSI MO 3HaxX00)XeHHI0
MOoYKU nepemuHy npsiMor i ninowuHu

J171s1 3HaXOMKEHHS TOUKHY MEPETUHY MPSAMOI 1 IITOIIMHY, 3aIaHUX
piBHsHHAME (2.18) 1 (2.13) BiAMOBIIHO, MOTPIOHO PO3B’A3aTU CUCTEMY
PIBHSHB

X—X():y—yo_Z—ZO

[ m n
Ax+By+Cz+ D=0,

b
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abo

(x=x0+lt,

y=y,+mi,

z=2z,+nt,

(Al + Bm+Cn)t+ Ax,+ By, +Cz,+D=0.

KinpkicTh  pO3B’SA3KIB  OCTAaHHBOI CHUCTEMH BHU3HAYAETHCS
Rt+S5=0 R=Al+Bm+Cn
9 9

PIBHSHHSM ne
S=A4Ax,+By,+Cz,+ D Mownupi pumamxn:
w_ S
_ . ==
1) R#0, Tomi piBHSHHS Rt+5=0 vae enummii KOpIHb R,

Otrxe, mpsMa 1 IUIOMIMHA MalTh OJHY CHUIBHY  TOYKY
(x, + 1%, y, +mt*, z, +nt*).

9

2) R=0_S5#0 roni piBHAHHS HE Mae po3B’s3KiB. Le
O3HaYae, [0 IpsAMa 1 IUIOIIKUHA HE MAIOTh CIIILHUX TOYOK;

Rt+S5=0

Rt+S85=0

3) R=0 S§=0, pipusuns
IIbOMY BUITQJIKy MpsiMa HAJIEKUTh TIIOIIUHI.

OTxe, HaNEXKHICTh NPSAMOI IUIOMIMHI OIMUCYETHCA JBOMA
YMOBAMH:

Mae 0e371149 po3B’SA3KIB. Y

Al+Bm+Cn=0,
{Ax0 +By,+Cz,+ D=0,
mepina 3 SKMX O3Ha4Yae MmapaneabHiCTh IPSIMOI 1 IUIOMKUHU, a Apyra —
HaNeKHiCTh mwiomuHi Touku Mo (%05 30> 2) npsimoi L .

ByumMocss 3Haxo0umu moYKuU
nepemuHy nNpsIMOT i nowuHu

2.14. 3maiigite TOuky M', cUMETpHUYHY TOYII M(-2;3-5)

x—8 y+1 z+1

BiZIHOCHO IpsAMOiI 3 1 -1
Pose'szanna. Hexait M’ — mykana touka (puc. 2.42). 3amauy
PO3B’SI3yEMO Y TaKil MOCIIJOBHOCTI:
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1) cknagaemMo pIBHSAHHS TUIOHIMHUA &, IO

/ IPOXOJUTH Yepe3 TOUKY M IepIeHauKYIIpHO
s 110 mpsaMoi ! ;

_QW I 2) 3HAaXOJUMO TOUYKY Q_ MIPOEKIIII0 TOUKu M
Tz Ha npsamy ! ;

M 3)  BH3HAYa€EMO KOOpAWHATH TOUkKH M,

BPAaxXOBYIOUM NP IHOMY, IO Touka < —
cepenuHa Biapizka MM,

Prc. 2.42 Bekrop a=315-1 _ HANPSIMHANA  BEKTOP
o npsAMoi | € HOpMaJbHUM BEKTOPOM ILIOLIMHH,
AKa  NepHeHAuKylaspHa 10  mopamoi /.
3anucyeMo piBHSHHS IUIOMIMHU &

300pakeHHS TOYKH
M’ cumeTpu4HOI
Touri M

3(x+2)+(y=3)-(2+5)=0 50 3x+y-2-2=0

Touka € 0aHOYACHO HANEKUTH | IUIOWMHI, i npsmiid. o6
3HAUTH 11 KOOPAUHATH, PO3B’I3YEMO CUCTEMY PIBHSIHb
x—8 y+1 z+1
301 -1
3x+y—-z-2=0.

Taky cucTtemMy 3py4yHO PO3B’S3yBaTHM Tak. 3alpOBaJWBIIN
napaMeTp !, 3amuIIeMo PIBHSAHHA TPSAMOi y TapaMEeTpUUYHOMY
BUTIIS: x=3t+8’ y=t—1’ z=—f—1
PIBHSIHHSA IUTOIIMHY, JTICTAHEMO:

3(3t+8)+(t—l)—(—t—l)—2:O’ 1+22=0 ;=

OTtxe,
xQ=3(—2)+8:2’ Yo=-2-1=-3 z,=2-1=1

5

. BukoHaBmm miACTaHOBKY Yy

Touxa 2231 ¢ cepeaurHoIo Biapiska MM’ tomy i KoopauHATH

X, X, Yt z, +z,
. o= YeTT 5 FeTT 5
3aJI0BOJIBHSIOTH PIBHOCTI , , ,
TOOTO
2:—2—|—xM, _3:3+yM, 1:—5+ZM,
2 2 2

5 5
3BIICKH  3HAXOJUMO  KOOPJAMHATH  CUMETPUYHOI  TOYKH
M'(6;-9;7)
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Heob6xiOHi 3HaHHST MO 3HaXO0OXXEHHIO
eidcmaHi MiXk napanenbHUMU NPSMUMU

BiacTans Mix nmapangeabHUMH NPIMUMU

X=X _ YW _z27Z4 X=X5 _ Y7V, _Z27%

L. ) m n i L. ) m n
TOPIBHIOE BHCOTI Iapaliesiorpama,
o0y 10BaHOTO Ha BEKTOpax
C_i:(l, m, l’l) i MIMZ’ I[e Ml
TOBUIbHA TOYKA IMPSAMOI LI, a M, _

Puc. 2.43. 300paxeHHs JIOBUIbHA TOYKA IIPSMOIi L, (puc.
BIZICTaHI MIX MApaeIbHUMI 2 43),
MPSIMUMH n ‘ ax MM,
OTxe, lal
L : L

Biactane MDK TapaJieTbHUMH TOpsIMAMH 1 1 2 MOXHa

BU3HAYUTH 1€ TAK:
1) wepes  Touky M. (3 35 2,) OPOBECTH  ILIOLIMHY,
NepIeHANKYISPHY 10 mpsmoi L

2) 3HaiiTi Touky O mepeTnHy IUTOMMHM 3 IPSIMOKO L,

3) o0YMCAUTH MOBXHUHY BIJIpi3Ka MO [le 1 Oyne mykaHa
BIJICTaHb MiX TapajeIbHUMH IIPSIMHUMHU.

O6yucnroemMo Kymu i eiocmaHi Mix
npssMumu U naowuHamu 3a 0NoOMoz20r0
rri3 Gran-3D

lMpouedypa ob64ucneHHs1 Kymie | eidcmaHel MiXx
npsasmMumMu U njaowuHaMu 3a OOINOMO20r0 8i0noeiOHUX
npaeuri.

2.15. 3BHCM YOTHPBOXCKATHOIO Jaxy LEXy CTBOPIOKOTH
MPSMOKYTHHK, CTOPOHU SIKOTO PiBHI /2 1 30 m. CKaTh MOKPIBJI1 MAIOTh
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1

pIBHUH YyXWJI, IO JOPiBHIOE 2. BuUOpaBIIM CHUCTEMY KOOPJIMHAT, SIK
MOKa3aHO Ha PHUCYHKY, CKJIACTH PIBHSHHS CKaTiB, PIBHSHHS pedep i1
rpeOHsI, 3amucaTd PIBHAHHS pedep 1 rpedHs B KaHOHIUHIN ¢dopwmi,
3HAUTH KyT MDK OIYHMMH CKaTaMu, BIJACTaHb BIJ TpeOHSA 10
NPSMOKYTHHKA, III0 CTBOPEHO 3BHCAMH, KUIBKICTh MaTepiary
HEOOX1THOTO JIJIsl TIOBEPXH1 MOKPIBJII.

, E 3BUCH Taxy — 1€ BIAPI3KU MPAMHUX
AC, CD, DF, AF; ckatu — ue
TpukyTHukn ABC, DEF Ta
tpanemnii BCDE, ABEF, rpebinp —
BIJIp130K MpsiMoi BE; KyT Haxwmity

A ckata — kyr®, mo cTBOpEHO
npsMorw  ckary BK Ta di
TOPHU30HTAJIBHOIO MIPOCKIII€IO;
YXHI CKaTy — TaHI€HC KyTa
Puc. 2.44. Cxema tga zﬂ
YOTUPHOXCKATHOIO Jaxy LeXy Haxuiy, TOOTO OK (puc.
2.44).

Posgé’szanns.

Kpoxk 1. Koopaunatu Touok A, C, D, F' B oOpaHiii cucteMi
HacTymHi: 4 (-6, 0; 0),

C (6, 0; 0), D (6, 30, 0), F(-6; 30; 0). 3HalineM0 KOOpJIUHATH

2, = BO'=0'K -tga=6 =3

/
touok B T1a E. 3 ABOK jaemo 2 .3
BO' 1
y =00 =22 —3:--¢
ABO'O g too
3HAXOIUMO g . TakuM YMHOM, TOUKa

B Mae koopauHatu (0; 6; 3), Touka E, mnsa skoi VE =30-y B, Mae
koopauHatu (0; 24; 3), BijcTaHb BiJ TpeOHs 0 MPAMOKYTHHKA, 110
CTBOPEHO 3BHCaMU JOPIBHIOE 3.

Kpoxk 2. Ockinbku CKaTy Jaxy IJIOCKi, TO iXH1 PIBHSIHHS Oy1eMO
3HAXOJUTH, K PIBHSHHS TUIOIIMH, IO MIPOXOATh Yepe3 TPH 3a/1aHi
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X=X Y= Z—2z

X, =X Y,=» z,—-z|=0

Toukm: |3 TN Vs TN B TAT T]o BijoMHX KOOPIHHATAX TOUOK
3HANJIEMO PIBHSHHS:

x+6 y-0 z-0

0+6 6-0 3-0[=0

6+6 0-0 0-0  _ y_2.220;

ckary ABC:
x-6 y-30 z-0
0-6 24-30 3-0[=0
ckaty DEF: -6-630-30 0-0 = y+2-2-30=0;
x-0 y-6 z-3
6-0 0-6 0-3=0

x+6 y-0 z-0
0+6 6-0 3-0[=0
ckary ABEF: 0+6 24-0 3-00 = x+2:2+6=0.

Kpox 3. Pebpa AB, BC, DE, EF i tpebiab BE € niHiaMu
Ax+B y+Cz+D, =0,

MIEPETUHY BIAMOBITHUX TLIONIUH {Az X+ B,y +Cz24D, =0 3aranmmi i

KaHOHIYHI PIBHSHHS IIUX JIHIA BIAMOBIAHO MAaOTh BHTIISAI: pPeOpo AB:
{ y-2z=0 x+6 y z

Xx-2z+6=0 — - 27 1

___9

y—2z=0 ¥
pe6po BC: {x+2z—6:0:> R
{y+2z—30=0 x—6 y-30
pe6p0DE.' x+2z-6=0 — _» _9
{y+22-30=0 x_y-24 :
p€6pOEF.' x-22+6=0 — _» 2
{x+2z-6=0 x_y-6_z-3
rpe6inp BE: (X-22+6=0 = 0 1 0
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Kpok 4. Kyt mix 6iunnmu ckatamu ABEF ta BCDE 3HaX011MO
K KyT MK JIBOMA IUTOIIMHAMU

cosp = ‘ﬁlﬁz‘ _ ‘A1A2+B1B2+C1C2‘ B |1-1+(—2)-2| 3
e e 2 2 2 2 2 2 T
‘nl‘.‘nZ‘ \/Al +B1 +C1 \/Az +B2 +C2 \/12+22 '\/12+(_2)2 S

Orxe kyt ¢ =59,033"

Kpox 5. 11106 3HaWTH TJIOITY TOBEPXHI MOKPIBJI, BiA3HAYAEMO,

[0 BOHA CKJIANA€ThCs i3 JBOX piBHHMX TpUKYTHHKIB A4BC ADEF i

nBOX piBHHX Tpameuii ABEF ta BCDE, mnomil SKAX BIAMOBIIHO
: : a+b

a-h_AC:-BO Sy = p_BE+CD .

2 2 i 2 2 . Bucoru

TPUKYTHHKIB ¥ Tpameliiii piBHI Mk CO0OIO:
BO=BK =6 +3> =351

| | .S:2_(12-3«/§+30+18_3\/§)
[iomra noBepxH1 MOKPIBIIL: 2 2
lMpouyedypa 3HaxOO0)XeHHSI Pi6HSIHb M/IOWUH, Kymie
MiX nrowuHaMu 3a OOINMoOMO20K eiOnoeiOHUX npaeurs
Mo)xe 6ymu 3amiHeHa npouyedyporo 3acmocyeaHHs 113

S, =

= 180+/5 ~ 402,51,

«Has4yaemo» ceil KoMmn’romep
3HaXOO)KeHHIO PiBHSIHb MIOWUH, Kymie
MiX nnowjuHamu 3a donomozor [1MN13
Gran-3D.

Jo 3aBmanus 2.15. 3HaiigemMo KyT Mix OluHMMH ckatamu ABEF
ta BCDE sk KyT Mk ABOMA IIJIOIMIMHAMH 3a fonomororo Gran-3D.
1. Bigkputu BiksHo I1I13 Gran-3D.
2. IloGynyBatu 300paxkenns miomud ABEF ta BCDE 3a 1011oMOroro
omttii 06 ’exkm-Cmeopenns-Ilnowuna-Tpu mouxu 3a KOOpAWHATAMHU
BIANOBITHUX TOYOK A (-6, 0; 0), B(0; 6, 3), E(0; 24; 3); C (6, 0; 0)
(puc. 2.45)
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Puc. 2 45. BlKHO HH3 Gran 3D no6yz[013a 300pa’KeHHS MJIOIIUH
ABEF ta BCDE
3. 3a pomnomororo omii Obuucnenns-Kym-Mioxe oeoma naowunamu,
3a BIJIMOBIJHUMHU 3alUTaMU TPOrPaMH MOCIHIIOBHO BKa3aTH y TMOJI
nporpamu 00’ektu o ABEF ta BCDE. Y modi 3BiTy 3’ SIBUThCS
pe3ynbTarT  OOYHMCIEHHS KyTa MDK  33JaHUMU  IUIOIIMHAMHU

¢ =59,033 (pic. 2:46).

i} = o]

Puc. 2.46. Bikno I1I13 Gran-3D: pe3ynbTaT 00YHCIEHHS KyTa MiX
3aJJaHUMH IJIOIIUHAMHA
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- 1‘( Modenroemo npogpecitiHy disinnbHicmb

e iH)XXeHepa

I . . .

2.16. TTomoc O rina onucye B romuHl XOY Koo pajaiyca a 13
IICHTPOM Ha Mo4aTtky koopauHat (. CamMe TUIO 00epTaeThCs OIS
IIOTO TOJIIOCY, BUKOHYIOUHM TMpeneciiiHuii pyx. KyroBa mBUIKICTB

/ : .
oOepTaHHSl TOJIOCY O uakomo Touknm O JOPIBHIOE KYTOBOIi
mBuakocTi @ mpenecii. Ilpoekiii KyToBOi MIBHAKOCTI 3ajaHi

o =kvsinvt-sin0, @, 6 =—kvcosvt-sino,
dbopmymamu: x o 0

@, =v(1+kcosO . : .
z ( 0), ne k — nocriitHa. CKJIACTU PIBHSIHHS MUTTEBO1

IBUHTOBOI OCI B HEpPYXOMIH CHCTEMI KOOpJHWHAT, SKIIO 3ajaHi

koopauHati oxmiei Toukn C  Ha TBHHTOBil oci: ¢ ~ )“'COSW,

Ve =oa-sinvt  z, = 0.

5

ot Tlepegpopmynioiime  ymosy HA MamemamuyHy.
Cxknadimv  DpIiBHAHHSA ~— NPAMOL V  NPOCHOpI,
niocmaenadu 3HA4eHHs 8iON0BIOHUX KOOPOUHAM )

d..)( X=X, _ Y-y, _zZ-2,

H (4] (4] (4]
3acajlbHe PI6HAHHA . Y z

3acmocosytime 1113 01151 MoOeno8ants npeyeciliHoco pyxy.
Bionosiow: pienanms 26uHmoeoi oci K npsamMoi, wo npoxooums yepes

3a0any MOYKY Ha Hil, Mae 8U2TIA0:
x—Acosvt  y—Asinvt z —
ksinO,sinvt —ksinf,cosvt 1+kcosO,

abo y napamempuymitl
x = Acosvt+ pksin6,sinvt

y = Asinvt — uksin 6, cosvt

dopmi: z=u(l+kcosb,)
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Tema 3. KPUBI OPYIOro norPAAOKY

MexaHi3M (aHTUNApajeIbHUN KPUBOIIWI) CKJIAJA€ThCS 3
JOTUPHOX MOMAPHO piBHUX JaHOK AB = CD it AD = BC, mapHipHO
3'eqHAHUX MK C€00010, SK IIOKa3aHO Ha pPHUCYHKY. Jlaaky AB
3aKpIIJIEHO HEepyXoMo, a JIaHku AD i BC 00epTaroThCs HABKOJIO
HEHTPIB A 1 B. BuzHauutu TpaekTopito pyxy Touku M (x, y) iepeTuHy
Majaux JIaHOK. BubepeMo cucremy KOOpJAMHAT TaKMM YHHOM, II00
Bich Ox mpoimiia dyepe3 Touku A 1 B, a Bick Oy — depe3 cepeIuHy

BIIPI3KY AB.
C
o / s
A\// ’/ B X
/
D /
\ 7
Ny 7
N

Puc.2.47. Cxema mexaHi3mMy
(anTHUMapaNeTbHUN
KPUBOIIUIT)

Jlerko 6auyuTH, 110 PI3HMILI BiJCTaHEH
mo Toukn M Big Touok A 1 B €
BEIMUMHA IIOCTIMHINA, piBHA JOBXKHHI
Manol  ynaHku. Ilo3Hadaroum 110
JIOBXKHHY 4Yepe3 2a, a JOBXKHHY JIAaHKH
AB uepes 2c, oynemo matu AM- BM =
+2a, abo

\/(X+c)2 +y° —\/(x—c)2 +y° =+2a
(puc. 2.47).

Crporryrouu 11e piBHSIHHS, OJEP>KUMO,
mo Touka M pyxaeTbcsa II0 y3i
KpHBOi, 110 HA3WBAETHCS TiNEepOOIIOIO,
s sikoi A 1 B € pokycaMmu.

Haituacrime TpaekTopis pyxy pi3HUX MEXaHi3MiB a00 Kapkacu
METaJIeBUX CTHOPYA MAalOTh BUTJIS JIHIN, 110 Ha3WBAIOTHCS KPUBUMU

JPYTOro MOPSAKY.
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HeobxiOHi 3HaHHSI PO
Kpuei Opy2020 nopsioky

Def. Jlinicro (kpueoro) opy2020 nopsoKy Ha3UBAIOTh MHOXHUHY

TOYOK TUJIOIIWHM, KOOPAUHATH SKUX 3aJ0BOJIbHSIOTH PIBHSHHS
ax’ + by’ +cxy+dx+ey+f=0’

7ie Xxo4a O oJiHE 3 uKcel a, b, ¢ BIAMIHHE BiJl HYJISL.

Jlo miH1H Apyroro mopsAKy HAJIEKATh KO0, elinc, 2sinepooa i
napaboa.

Kono

Def. Konom Ha31BaOTh MHOXKMHY TOYOK IUIOLIMHY, B1ICTaH1
SKHX BiJ 3aJ1aHO1 TOYKH IT1€1 5K IUIOMTUHM (IIEHTpa KoJjia) JOPIBHIOIOTh
cTajioMy 9HCay (paaiycy).

PiBHsSIHHS

(x—a) +(y—b)* =R’

OTHUCYE KOJIO 3 PaJilycoM R, IICHTP SKOTO MICTUThCA y Toulll K(a,b)
(puc. 2.48).

VY pasi, KoM LEHTpP KoJia — MoYaToK KoopauHart (puc. 2.49),

PIBHSIHHSA KOJIa Ha0yBa€ KAHOHIYHOTO BUTJISITY
xZ +y2 — RZ

an
N

X
b
r

o [
Puc. 2.48. Koo 3 pagiycom R, Puc. 2.49. Kono, ueHtp sikoro,
IIEHTp sKoro y Toutll K(a,b) IMOYaTOK KOOPAUHAT

Eninc
Def.  Enincom Ha3uBalOTh MHOXHHY BCIX TOYOK IUIOLIMHH,
CyMma BiJICTaHEH SIKMX B1J JBOX JAHUX TOYOK IIi€l MaomuHu ((HOKyCiB)
€ BeIMYMHA CTaja 1 O1bIla, HDK BicTaHbh MK (pokycamu (puc. 2.50).
Posmisnemo Ha mmomumui toukm 1 i - Qokycum emimnca.
Po3micTuMo koopauHATH OCl Tak, 100 Bick Ox MPOXoauia depes Il
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TOYKH, a Bick Oy - yepe3 cepeauuy Biapizka /> meprneHaMKyIspHO
1o Ox. Ilosmaummo Bixcranb Mix Qokycamu ©f2=2¢  a cymy
BIJICTaHEW Bij JOBIIBHOI TOYKH efirnca A0 GoKyciB — 24, 2a>2c¢, Tomi
poxycu matumyTh koopaunaTtu £1(=¢:0) g F2(c.0)

3a 03HaueHHSM JOBiNbHA Touka M (%)) ganesxkuts enincy Tomi i
TUIBKH TO/I1, KOJIM BUKOHYETHCS PIBHICTD

\/(x+c)2 +y° +\/(x—c)2 +y° =2a
IlizHeceMo ABIYI 0 KBajapara JIBYy 1 IpaBy YAaCTHHH IIHOTO
PIBHSIHHSA, JTICTAHEMO
xz(az _cz)+y2a2 =a2(a2 _cz)

. 2 2 32 .
[Toznauumo p13auIo ¢ —¢€ =b" Tom1

272 2 2 272
xXb"+y‘a =ab
M
3BIJICH
x2 yZ
a” b _
Ile piBHSIHHS Ha3UBAIOTh KAHOHIUHUM PIBHAHHAM eJlinca.

Bemnuunn 44> =24 14 BB, =20 yasyparors BiANOBIIHO 6enuK0i0
Ta Man0H0 ocAMU €ITca.
. 2 2 _ 2
Axmo ¢=»b, To piBHAHHA HaOyBae Burmamy * *V =4 . Orxe,
KOJIO € YACTUHHUM BHIIaJIKOM €Jirca, y SKoro (pokycu 30iratoThCs B
OJIHY TOUYKY — IICHTP.

o il L
xXx = —— = xr = —
& &
d; Bl.—_ M d;
—=m]
4 / 4,
D=7 o >
PO /y
L
5,

Puc. 2.50. 300pakeHHs 100y 1I0BH KPHUBO1 EIIIICY
Mipy BigXHJICHHS eJIirca BiJi KoJIa XapaKTepH3y€e BEeIMINHA

C
E=— .
a, 0<e<l gKy HA3UBAKOTh €KCYEHMPUCUMemoM €NIIICa.
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Bigpizku '™ i F-M gasusarors goxarbrumu padiycamu TOUKHA

M :

n=FEM =@+ +y? i n=FEM=x-c)+y’

2
X = iﬁ X = ia— .
ITpsimi ¢, abo ¢ , HA3UBAIOTh Oupekmpucamu ejirnca.
aZ
. - > a .

Ockinpku 0<¢<1 1o ¢ | TOOTO AUPEKTPHUCH €JITICca JIEHKATh 1032
HUM.

JI1s AUpEeKTpHUC Mae MICIIE TaKe TBEPKCHHS.

Bionowenns gpokanvrux paoiycié 008inbHOI mouKuy eninca 0o
8I0CMAHI Yi€i MmouKu 00 8IONOBIOHUX OUPEKMPUC € CMAIA BeTUYUHA,
o OOPIBHIOE eKCyeHmpucumemy eiinca, moomo

Byumocsi 6ydyeamu eninc

2, .2 _ '
2.17. BusHaure THII KpHUBOIi AxT +y7+8x -2y +1_O, 3BEITh

PIBHSHHSA 10 HAWUOPOCTINIONO0 BHUIJSAAY Ta moOyayhte rpadik
PIBHSTHHSI.
Po3zeé’a3anus.
BuainuBimm moBHI KBagpaTH 110 X
v Ta y, JICTAaHEMO
A(x*+2x)+(y* =2y +1) = 0

Ax*+2x+1)+(y* =2y+1)=4
dx+1)> +(y -1 =4

2 (y_l)z_
(x+1) +—4 =1

X : Onepxanu
g PIBHSIHHA €JliTlica, SKAA MOXKHA
micTaTu 3a JOTIOMOT OO
Puc. 2.51. 300paxenns kpupoi  TAPAICIBHOTO HCPCHECCHHA
eyirca 2+ 1
efinca 4 pasektop (1D
(puc. 2.51).
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FNinepbona

Def. [inepbonoio Ha3UBaIOTh MHOXKMHY BCIX TOUOK ILJIOLMHH,
MOIYJb PI3HHUIN BiJCTaHEH SKUX BIJ ABOX 3aJaHUX I[I€] IUIONAHH
(bokyciB) € BemMurMHA CTajla 1 MEHINA BiJ BiJACTaHI MDX (DOKycamu
(puc. 2.52).

[To3Haunmo BigcTanb Mix Gokycamu 1F> =2¢ a Monynp pizHuLi
BiJICTaHEH B1J JOBLIBHOI TOYKH TimepOomm 10 (GoKyciB — 24, 2a<2c,
Toxi poxycu MatumyTh Koopaunatu £1(=¢:0) 1a £:(c.0)
1y 3a O3HAaYeHHAM JOBLJIbHA TOYKA
M(x.y) ganexuts rinep6oii Toxi i
TUIBKH TOJl, KOJHU BHUKOHYETHCS
PIBHICTB
\/()H—c)2 +y° —\/(x—c)2 +y’ =2a
Ilicns HaleXHUX TIEPETBOPEHb,

TICTAEMO  KAHOHIYHE  DIGHSHHS
2inepbou

-

ne b*=c’—-a’

['imepbona ckiIagaeTbCsa 3 JABOX
Puic. 2.52. 306paeHHs BITOK 1 Ma€ JIB1 aCUMIITOTH
moOy/1I0BK KpHUBOI Tinepoou

b
y=t—x
a

Bigpisok 44 =2¢ pazuparorh Oilicnoro 6iccio 2inepbonu, a
Bimpizok B18: =20 yqen010 giccio.

PiBHsHHS
y2 x2
T 1
2
BH3HAYAE TinepOoy, Ky Ha3UBAIOTh CAPSIHCEeHOI0 IO TinepOoH
xZ yZ
—~ 7 =1
a b

5

il rpadix 300pakeHo Ha puc. 2.52 MyHKTUPHOIO JIIHIETO.

177



Excyenmpucumem rinep0boiM BU3HAYAIOTh SK BIIHOIICHHS
(hokaIbHO1 BiICTaH1 Timep0O0Iu A0 JOBXKHUHH ii TIHCHOI OCI:

c
e=—,e>1
a
. xziﬁ .o . .
[Tpsami ¢, 1€ a — JAlicHa MiBBICH TINEpPOOSIH, HA3WBAIOThH

oupexmpucamu Tinepooau. BoHn MarOTh Ty caMy BJIaCTHBICTB, IO 1
TUPEKTPUCH eIiTIca:

Byumocsi 6ydyeamu 2inep6ony

2.18. 3anaHo piBHSHHS IiHii Apyroro mopsuky 4¥ —3v° +20=0

Busnaute BuJ KpuBOi, 3HAWITH 11 (JOKYCH, TMIBOCI, EKCIEHTPUCHUTET,
PIBHSHHSA JUPEKTpUC 1 acuMnToT (s rinepoonun). IloOymyiiTe
rpadik.

Posé’szanna.  ]Jlane pIBHAHHS 3BOJUTHCA 10 KAHOHIYHOTO

BUTIAAY
2 2 2 2

X y 1 X Y =1

5 4 ,abo S5 4 .
Ie - cpspxeHa rimep0osa 3 JIMCHOIO MBBICCIO © =2, sika JICKHUTH

Ha oci 9, 1 ysaBHOIO 4= V5 _ Ha oci Or. [TonoBuny poxycHOT BijcTaHi
¢ 3HAUJIEMO 3 YMOBH

02=a2+b2=9; c=3
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®okycun ©1 i F> jpexars Ha oci
Oy ixmi koopauHatn - (%3 j
(0:3) BinmoBimHO.

e=—=15

c
Excuenrpucurer: b

=+
M|

: Y=
\ PIBHAHHA JUPEKTPUC: ,

y=14/3

abo

' y=t—x
Pi1BHSIHHA aCHMIITOT: ,

Q| >

y=t—x

2
abo V5
['imep6ony 300pakeHO Ha pHC.
2.53.

Puc. 2.53. 300pakeHHs1 KpUBO1
rinepoom

NMapabona

Def. Ilapabonoro HaA3BAIOTh MHOKUHY BCIX TOYOK IUIOIIMHU,
pIBHOBIAAaJICHNX Big AaHoi Touku (dokyca) 1 maHOI TIPsSMOi
(nupextpuch) (puc. 2.54).

3anuiemMo piBHSHHS mapadosu.

Hexait na mmommHi 3agaHo ¢Gokyc F 1 JUPEKTPUCY TaKUM
YHUHOM, IIIO BIJICTaHh MK HUMH JIOPiBHIOE p. Po3micTumo Bich Ox Tak,
o0 BOHA MpoXojauia Yepe3 (POKYyC NEPHEHIUKYISIPHO 10
TUpeKTpucH, a Bich Oy JUIWIIa HABMOIA BIACTaHbL MiXK (OKycOM i
TUPEKTPHUCOIO.

| rEo
Tomi ¢oxyc Mae KoopaWHATH 2 , a PIBHAHHS JUPEKTPUCU

P
X=—-—

2

JloBinpHa Touka M (*:») Hanexute mapaboni Toxi i TUTBKM TOm,
KOJIU BUKOHYETHCS PIBHICTh MB = MF | 1ie

P
<MB=x+§,ﬂﬁ“?$x—5y+y2

Tomi
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P P,
x+—=.[(x——=)"+
5 \/( 2) Y |

3BIJIKM MICJISl IEPETBOPEHB JICTAEMO KAHOHIYHE PIBHSIHHS MapadoIin:
y=2px

Puc. 2.54. 3006paxxeHHs 1100yI0BH KpHUBOI ITapaboIH

Bice cumerpii mapabonu Ha3uWBarOTh Giccro napaboau. Touxy
nepeTHHy napaboiau 3 BICCIO HA3WBAOTh GepuiuHor napaboiu, a
9UCII0 p, SIKE JOPIBHIOE BIACTaHI MK (oKycoM 1 mapadolioro,
HA3UBAIOTh napamempom napadbou.

[TapameTp p XxapakTepu3ye MUPUHY 00J1ACTI, IKY OOMEXKYE
mapabosa (yuM OlIbIIe p, TUM IIHpIa mapadoa).

Byumocsi 6ydyeamu 2inep6ony

2.19. BCTaHOBITH, SKY JIiHII0 BU3HAYAE PiBHSAHHS ¥ = 2~ Ja-2 Ta
nooyayiTe ioro rpadik.

Po3zé’azanns.
+ OueBugHo, mo =2, Y<2_ [lpu
o TaKuX OOMEKEHHSAX BUKOHYEMO

i_j__q___ neperBopenns: Y 2= VX—2
| X 2 .

- d (y-2)"=x-2 I'padikom
JAHOTO PIBHSHHS € HIDKHS BITKQ

mapabomu ( puc. 2.55).

Puc. 2.55. 300pakeHHs1 KpUBOi
mapa0oiu
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Bydyemo mpaekmopiro 3a ornomMo20Hr
rri3 Gran1

lMpouyedypa nobydoeu mpaekmopii 3a OONOMO20H
eidnoesiOHuUXx npasurn.

2.20. TlotpiOHO 3’emHATH MMiA MPSIMUM KyTOM ABI IUJIHAPUYHI
TpyOu panmiyca 5 cm. Bu3HauuTH BUA KPUBOi Yy IUIOMIMHI TMEpepizy,
Takui 1100 NP 3BapIOBaHH1 BUMIILIO HEOOX1THE KOJIIHO.
Cxopucraemocs MIPUNOMOM, 10
3aCTOCOBYETHCSI  TIPU  BHUTOTOBJICHHI
KOJIIHYATHX TPYO.

Hakpecmumo miBKoio pamiyca 5 cm 1
npuiiMeMo 1i JiaMeTp 3a BiCh aOCIuC

1 a nueHtp O — 3a II0YATOK
koopauHaT. Ha  Bigpi3ky, piBHOMY
BUTIPSIMIICHIH TOBKHH1 iBKOJIA,

mooynyeMo (Ha OKPEMOMY  JIMCTKY)
HaIBXBUJIIO CUHYCOIIU 3 aMILTITYI00 5
_ cm ¥ miBmepumerpoM 27, BupixkeMo
3'€/IHAHHS ML IPAMHM  hirypy  oOMeXeHy CHHYCOIZOKW i
KyTOM JIBOX HWJIHAPUMHUX  gyipgmMiieHMM MBKOJIOM, 1 CIIOIYYHMO
TpyO OCHOBY 1Ii€i (irypw, IOCTaBHUBIIK il
BEepTUKaIbHO, 3 MmiBKoJoM. CuHYycoina

Puc. 2.56. Cxema

saiime monowenns M8, (puc. 2.56).
Po3zs'sazanns.

Kpox 1. 106 cknacTu piBHSHHS JIiHIi AMBA, MPUKUMEMO
IJIOIINHY, Y SKIM JIGKUTH 115l KPUBA, 32 HOBY KOOPJAUHATHY TUIOIIUHY
xOy. Cuctema koopauHat x(Oy BUXOJNTH 13 paHIIIe YBEACHOI CHCTEMHU

. .. 420
%OV1 nopoporoM ocTaHHboi HaBkoio Bici Ox; Ha kyT ?=45". Ipu

X=X,y =y—1150=y'\/§
LOMY cos :
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Kpox 2. TlincraBnsioun 3HadeHHs ! m 1 y piBHAHHA Kona
2

x2+2 =5
X, +¥ =R’ orpuMaemMo  pi 2
i) PIBHSHHS , fAKE € IIYKaHUM

PIBHSIHHSIM JTiHi1 AMBA, y MJOWMHI po3pi3y.
Kpox 3. 3anucaBliMn Le PiBHAHHA Y KAHOHIYHOMY BUrNALi

2 2 2 2 2 2

I A AT A B R

2 2 YT Py T ..

a b , orpumaemMo R~ 2R 25 50 — g mHIS —
eJIIIIC.

lMpouyedypa 306paxeHHs1 Kpusux Opy2020 nMopsioKy 3a
dornnomMo20r0 8i0noeiOHUX npaeusl Moxe 6ymu 3amMiHeHa
npouedyporo 3acmocyeaHHs I3 Gran1.

Mo

«Hasyaemo» ceiu KoMm’romep
306paxKeHH Kpueux Opy2020 NMopsiOKy
3a donomoezoro N3 Gran1.

1. Bigkputu BikHo III13 Granl ta BuOpatu y BikH1 Cnucox 06 ’ckmig
THII CHCTEMHU KOOpAUHAT — HesisHa.

2. 3a pomomororo oniii 06 ’ekm-Cmeopumu BBECTH (PYHKIIIIO
2

x? +y——52=0

Ha BIAMOBIIHUX Biapizkax (puc. 2.57).

i [al=Y 5 2| ?
- S i AT .- GICNHCOK 0B eRTIE
_|_ i - Lal EAEHS = -
i MY LTI

. - - . . - . Aena: =7
-+ EHmy T OCT aHHiA v MaparmeTprqHa; X=3<[T]. v=v[T]
+ . CrAMCOK O G'EKTIE i . . i g [an H
1 i Bus
< . . .

aaaaa

E4 BpedeHHA Bupazy 2ane mHOCTI
| - o E
M

& a=|8 =] sini] cost| Tai| ¢
| E- [8 = asini aCost| ATar] 2

E=pl Ll Logf | .
= fyp= |8 | satt] | R

Ey- |8 ~|| crat|acTal abs| E

AricTE NoGyaoE4 rpacgika

' . .
annV=75 MaxX=5

x| v
F'|<--

L

Del
Home
Enrd

HNNEEEE
I 1T )

¥

LUBE R
(=T ]
+

)

[m)
Ead
o
A
o1}
v}
[
g
T

Puc. 2.57. Bikno I1I13 Granl: BBeeHHs: QyHKIIiT 2
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3. 3a pgomomororo omnuii I pagik-Cmeopumu mnoOynyBatu Tpadik

¢ynkuii. OTpumaHa JiHIS — €JIINC, KaHOHIYHE pPIBHSHHS SIKOTO
2 2

x_ + y_ =1
25750 (puc. 2.58).

darin  Ob'ekT  BrnpasneHHA IE! gnepauil' 7
il G TTpadin w S T |

+ = KoopAHHATH 3 KNABIaTypH
Mink=-5.15852 Max¥=5.18
. : . . ; Macwrab L B

—FL MiTEH. ..

MapameTpH BikHa "Tpadik”. ..

Nz zyzez
- las=-28

f+
= . i.\’lMi‘-lBHD of'ekTiE: 1
=
Puc. 2.58. Bikno I1I13 Granl: noOynosa miHii emnirnca
*@ Modentroemo npogpecitiHy
T disinibHicMb iH)XXeHepa
2.21. Baxxky 0anky OBKHUHOIO
I L ONyCKAIOTE HA 3CMIIO
1 A TaK, 10 i HIKHIN KiHeIb
MPUKPITUTIOETHCS, a
BEPXHIH — YTPUMYEThHCA
KaHaTOM, 1110 HaMOTaHMU
X Ha  BOPIT  BaroHETKU
- (puc.2.59). Sy miHi0
T T ONIUCYE  OpU  LBOMY
Puc. 2.59. Cxema-300pakeHHst poOOTH  JOBIJIbHA BHYTPIIITHS
BAXKKO1 OaJIKU JOBXKUHOIO L Touka M (x; y) 6anku?
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L . -~ -~ .

! Obepimb eghekmuenuil 3pyuHULl CNOCIO 300PANCEHHS
Oanku y cucmemi KOOPpOUHAM MAKUM YUHOM, U0O
gepxHiil Kineyb 6anku (mouka A) ckoezae no eici %,
Ly ( a HudicHiU (mouxka B) — no eici Ox .

3acmocosytime I3 015 6npo6adcents cxemu 6 peanbHe JHCUMmsL
ma cknaoanus pieHAHHA Kpueoi. [na mpuxymuukie “AM M, . ABM M,
cKOpUCmaimech CRi68iOHOWEHHAMY MIJIC CIOPOHAMU T Kymamu Y
NPSAMOKYIHOMY MPUKYIHUKY .
Bionoeiow. nij uac pyxy 6ank ii 1osinbHa Touka M (%5 ) onmcye
2 2

x_+y_=1

YTy eJIIca, o 3aJaHo PiBHAHHAM @ b’

2.22. KpuBonmmn OA oGepTaeThcs 3
N MOCTIAHOIO KYTOBOIO

e 17 ~.4 mBuakictio @ =10 pao /e

; ) M (x; y) HAJla€ PyXy MOB3yHY B 3a

| o 1\ . JONOMOTO0  maryHa 4B,

!\ 0 AI’ ,n;’, ~—4—> mpuuomy O4 = AB = 80 cm
\\ B (puc. 2.60). Ckiactu piBHSHHS
\ =7 TpaekTopii cepenHboi Touku M
S~ - maTryHa # 300pasuTH IO

Puc. 2.60. Cxema-300pakennss | PACKTOPIIO Ha PUCYHIY.

pOOOTH KPUBOIIIUITY
. CE . -~ -~ .

! Obepimb ehekmueHutl 3pyuHULL CNOCIO 300paAddCEeHHs
Kpusowiuny 8 cucmemi xoopounam. 3acmocosyiime
11113 ona énpoeadcents cxemu 8 peanibHe HCUMmis
L ( ma CKAAOAHHS PIBHAHHS KPUBOL.

s ompumanns 3Haverb KOOPOUHAM cepeonboi MOUKY WamyHa
¥=OM'ypq  y=MM'  cxopucmaiimeco — cniegiOHOWEHHIMU — MIdHC
cmopounamu U Kymamu Y APAMOKYMHOMY —MPUKymuuxy. Jus
ompumanns 3navenns xyma @, wo 3asmaueno ma cxemi, 3eadaiime,
W0 Kymoea weuoKicms kpueowiuny nocmitina ma ® = =10t

BigmoBiap: TpaekTopii omucye ayry ejinca, IO 3aJaHo

ey
piBHAHHSM 120" 40
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Apka mocty Mae GopMy Iyru

y.l

/ / o
Q__N ] nga6onn, BEpIIMHA KO
J o TUIUTH 110 Ayry HaBmia. I1°saTh
o BEPTUKAJIBHUX CTIHOK,
v, PIBHOBIIJTAJICHMX  OJHA  BIJ

O N D B X .
) 2L OJIHOi, 1 HYOTUPHU PO3KOCH

HAJal0Th ~ KOHCTPYKII  apKu
Puc. 2.61. Cxema-300paxkeHHss ~ HEOOXiJHY )KOPCTKICTb.
apKu MOCTY

CkrnacTu pIBHSHHSA NOyTH apKd, NPUWHSBIIKM 3a BIiCh aOCITUC
MIPOJIIT MOCTY, a 3a BICh OPJIMHAT BICh CUMETPIi mapadosu (puc. 2.61),
3HAWTH JIOBJKMHHU CTIMOK 1 PO3KOCIB, SKIIO BIJIOMO, IO TPOJIT MOCTY
TOpiBHIOE 2L 1 BUCOTA MIANOMY apKH JIOPIBHIOE d.

! Obepimb ehexmusnull 3pyunuLl cnocio 300padicenis
napaboau apku y cucmemi KOOPOUHAM MAKUM
yuHom, wob Il eepuiuHa 3HAXOOUNACLb Y MOUYYl

- . .
i X 00 d)  gimku nanpamneni 6HU3 Mma nepemuHaIU
gicb Ox y mouxax A(-£:0), B(L; 0),
Nna 3a2a716H020 pisHANHSL napabonu U0y

2
X =

—2p-(y—d) , 0e p — HeglOOMUL napamemp, CKOPUCMAUMECH
YMOB0K — NpoxooxceHHss napaboau yepe3 mouku A abo B.
3acmocosytime I1I13 0na 6npo6adsiceHHss cxemu 8 peasbHe HCUMMSL
ma CKIAO0AHHsl PIBHAHHA Kpueoi. [l ompumarHs 008MHCUH CMILOK
3Hatidimes opounamu mouoxk N'ma D'. Jloeéxcuny posxkocy obuuciime

L)

/
3a gpopmynoro eiocmani misie mouxamu 20 Dma (3 9

2

2 2
: : : X' =——y+L
BiamoBiab: pIBHAHHSA apKd MOCTY d ;  JIOBXKMHU
- dfﬁ afzzz rzlw/9-L2+64-d2
CTIMOK 9, 9 ; IOBXHWHA po3Kocy 9 .
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2.24. Hatsruytuii  MDK ~ omopamu

3 MIPOBIJ BUCOKOBOJIBTHOI JIIHIT Mae
% ) dbopmy ayrm mapabonu. 3HAUTH
% )
J’I If
L1

piBHSHHA 1€l mapaboiu 3a
JAHWMH, [0 3a3HAYEHO Ha
PUCYHKY 2.62 Ta 3ammcaTtv MOro
T npu L = 100 m, h =24 mtad =

g, 77

Puc. 2.62. Cxema-300paxeHHsI
HATATHYTOTO MIX OITOpaMu
IIPOBOTY BUCOKOBOJIBTHOI JIIHIT

Obepimob eghexmusHull 3pyunull cnocio 300padicenis
napabonu npoeooy MidC Onopamu 8 Ccucmemi
KOOpOUHAm maxkum 4YuHom, wob ii 8icb cumempii
6yna napanemvna eici % ma smiwena 6iOHOCHO
no4amKy KOOPOUHAM 8EPUIUHOTO.

Jna 3a2anbHO20 DIGHAHHS napabonu BUSTAOY

2 - (v — : .
(x=x0)" = 2p-(y=¥,) , Oe p — HesiooMUU  napamemp,
CKOpUCmMaumecsb YMOB0K HNPOXOONCEHHS Napaboiu uepe3 MmOoyKU
00:0) g AL:M - Bpaxosyrouu, wo o =—d ompumaume cucmemy

xg =2pd,

: . L—x,)’=2p-(h+d o
pi6HsaHb 8i0HOCHO Yo P ( 0)"=2p( ). 3acmocogyume 1113
0151 6NPOBAOINCEHHS.  CXeMU 6 peanbHe JHCUmms mda CKIAOAHHS
PIBHAHHA KPUBOL.

3 9

2
| | | [x_@j =2500(y+1)
BianoBias: piBHSHHS mTapaboyu .
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N

Im

[Tpunyckarouu, 110
HATATHYTUH MK TOYKaMH A 1
B mpoBig npubIM3HO Mae
BUTJIST MMapaldoiu, 3HAWTH 3a
JaHUMH ecKi3y (puc. 2.63)
PIBHSHHSA 11€1 mapadoJI.

ey & O 7

12 M

Puc. 2.63. Cxema-300paxeHHs

HATSTHYTOTO MIXK OITIOpaMH IPOBOTY

BUCOKOBOJILTHOI1 JIIHIT

Obepimb eghexmusruil 3pyunuli cnocio 300paxceHms
napaboau npoeooy MIidC Onopamu 8 cucmemi
KOOpOUHAm mMaxkum YuHom, wiob il 8icb cumempii
L x cnienaoana 3 eiccio % .

Jlns 3aeanvhoeo pieuanHsa napaboau eueisiody ¥ T=2p-x , 0ep—
HeBIOOMULl  napamemp, CKOPpUCMAUmecb YMOBOKH NPOXOOHCEHHs.
napabonu uepes mouxu %3 ma B3 3acmocoeyiime I3 ons
BNPOBAONCEHHS. CXeMU 8 peanbHe HCUmMms ma CKIAOAHHS DIGHAHHS

KpUeoi.

BiamoBiae: piBHSHHS apa0oIm
2.26.

Puc. 2.64. Cxema-300paxeHs
poOOTH eTINTUYHI 3y0UaTKH Yy
dbopMyBaIbHUX MaIIMHAX

y= ix2 + 2,5

Y  ¢dopMyBanmpHHX ~ MalHMHAaX,
CTPYyTaJIbHUX BepcTaTax
3aCTOCOBYIOThCS CHINTHYHI
3y0OyaTKd, B SKHX TI0 JBa
OJIHAKOBUX EJIICH 13 3yOIsIMHU,
0 3MOHTOBaHI Ha OCAX Ta
MPOXOIATh  4Yepe3  BIAMOBIIHI

doxycu £ i Uy (puc. 2.64):
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@) TOKa3aTH, 10 TOYKa JOTUKY P Oyne 3aBXIu JeKaTH Ha TPSMIM

F 5 mo 3'€JHy€ LIEHTPH 00EPTaHHS;

a=40 cm Ta b=25CM, SHANTH

6) TpUINMAIOYM ITBOCI EJIIICY
HaWOLTBIINN 1 HAMMEHITNH (DOKATBHUHN PalyCH TOTUKY;
6) BU3HAYUTH HAWOUIBINY W HAWMEHIIY JIIHIHHI MIBUIAKOCTI TOYKH

KOJKHOTO €JIIIICY, SKIIO BOHHU POOJISITH IO 5 00OPOTIB Y XBUJIUHY.

w ' Bcmanosime 36°a3KuU MIdIC OAHUMU MA MIJHC OAHUMU T
- eumozamu. IIpedcmaseme Odani 3a0aui Ha cxemi nio
yac ii pospoobaenns. Obuosa enincu npu 6y0b-sKoMy
. x NONONCEHHI OYOYMb OOMUKAMUCL 0OOUH OOHOZO.

Hassnicms 3y6uie ne oOonyckae koezawnus. Ili0 uac nopisHAHHSA

PF +PF =2a

oosxcun  BF o PE ma  eionosionux cym i

RF + PF, =2a 3p00Oimsb 8UCHOBOK NPO HANEHCHICHb MOUYKU OOMUKY

P npamiu FF,, wo 3'¢onye yeumpu obepmamnmns. /[na oOuucienHs
HAUOIIbWo20 [  HAUMEHUWO020  (QOKAIbHUX  padiyci@  OOMUKy
3mooentotime npoyec 3a donomozoro 11113.

=a—c~10cm.

=a+c~70cm, 1,,
9 9

BiamoBigp: 0) Vuaiio

g) Viais = O Tai =35 CM/CeK; Vi =@ 1, =5 C‘Jl/l/CeK.
2.27.
N [TpsMokyTHHUI Opyc MiIIAETHCS
1 f/": SN P coss PO3TSATaHHIO MO ABOX B33a€EMHO
so| L AHEEEIN TEPICH/IMKYIPHAX HAMPAMKaX.
! 1B _ | Z[Eh Hampyru Ha mBiM 1 mpaBii
Vo e S| _ BEPTUKAJIBHUX IpaHsIx
"1 e - ; X  mosHaunMo dYepes P, a Ha
\ < A, S/ HIDKHIN i BEPXHiii
\‘\\ M H,/,é‘_ TOPM30HTAILHUX TPAHIX - YEPE3
~——" g. Busnauutu Hampyry B Oynb-
AKOMY TIOXUJIOMY Tiepepi3i AB,
Puc. 2.65. Cxema-300paxxeHHsI NEPIEHAMKYISAD 10 SKOTO

MIPSIMOKYTHOTO OpyCy, IO
IIIIA€THCS PO3TATaHHIO 110 ABOX
B3a€EMHO IEPICHIUKYIIPHUX
HaIpPsSMKax

CTBOPIOE KYT 0 5 Biccro OX (puc.
2.65). TIlobymyBatm Tomorpad
BEKTOPIB  HANpyrd  HABKOJIO
Touku O.
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! Dopmynoume exsieaneHmHy 3a0ayy HA OCHOBI
suseienol  eracmueocmi.  [ia  3ycunv,  wo
PO3MAYIOMb HA NPABIll 2PAHI, 04eBUOHO, 8I0N08I0ae

( yacmuni AC npaeoi epani, a 3azcanvHe 3yCUuljisl, Wo
F-P-cos@

\ P~

De F -cos@

DpO3ms2YE, OOPIBHIOE

— naowa, wo sionosioae AC; copuzonmanvHa CKiaodosa

nanpyeu 6yoe 00

Ananoziuno modicna snatimu eéepmuxanviy ckiadogy & SO
Poszenaoarouu ix sax npoexkyii 6ekmopie Ha 0cCi KOOpouHam 3a
oonomoeoro 11113 [ 0ooaroyu 3a Npasuiom napanenospama,

00ePIHCUMO BEKMOp, KIiHeub K020 Oyde mamu came KOOpOUHamu

x=P-cos0 y=g-sint rooyempuunum micyem xinyie yvoeo eexmopa
Oyoe Kpusa, w0 HA3UBACMbCA eNiNnCcoOM HAanpy2u U Xapakmepusye

HanpyaceHuil cman Haekono mouxu Q.
2 2

XY

. . . 2 2
Bigmosiae: eminc Hanpyru £ &

Tema 4. MOBEPXHI APYIOro norPAAKyYy

[linm yac BUBYEHHS HAMpYyT, II0 BUHUKAIOTH y TBEPJAOMY TiJi,
KOPHUCTYIOTBCS TIOHATTSM eincoin Hanpyr. [1iBBici X, ), z € TOJIOBHOIO

HaIMpyToIo B JaHIN TOYIII.
1z

JloBxuna pamiyca-ektopa ¥
Bl TIOYaTKy KOOPJHUHAT MO

o- .
p: OyIb-sIKOi  TOYKH  TIOBEPXHI
—‘ 2. \ o MPEJICTABIIAE 3HAYECHHS IMOBHOI
2 2 o .
o y  Hampyru (puc. 2.66). Hanpsimai
1 g
KOCHHYCH pajiyca-BekTopa #
cosoc=ﬁ
X 0,

piBHI  BIANOBIAHO: ;
Puc. 2.66. Cxema-300pakeHHS P p

3

. cos f=—% cosy=2

efincoina Hampyr p s, —_r
, .
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2 2 2
by P,  P3 ~1
2+ 2 + 2

6, O, Oy

2 2 2
SIKIIO BBAXkATH, 1170 €08~ & +cos” B + cos” ¥ —1’ TO

OTpuMaHe piBHSHHS € PIBHSHHSAM TPHOXOCHOTO €JIICOoia.

Heob6xiOHi 3HaHHS1 NPO pPi8HSIHHS
noeepxoHb Apy2020 rnopsioKy

3aranbHe piBHAHHA NOBEPXHi APYroro NnopaaKy
Def. llosepxnero Opy2020 nopsoKy Ha3UBAIOTh MHOKMHY TOYOK,
KOOPAHWHATH AKUX 3aJOBOJIbBHAIOTH piBHHHH}I
ax’*+by* +cz’ +dxy+exz+fj/z+gx+hy+kz+l=0)

ne xoua 6 oquH 3 KoediuicuTis 4, b ¢, d e, /' Bimminnuii Bin HYJIS.
Take pIBHSHHS Ha3WBAIOTh 3A2ANbHUM DIGHAHHAM NOBEPXHI OpPY2020
NnopsoKy.

Sk reoMeTpuuHUN O0’€KT MOBEPXHSA JPYroro MOPSAAKY HE
3MIHUTBCSI TIPU TIEPEXOJi BiJ OJIHIET CHCTEMH KOOPJMHAT IO 1HIIOI.
IcHye cuctema KoopAWHAT, B SAKIA PIBHSHHS TOBEPXHI Mae
HAUMPOCTINN (KAHOHIYHULL) BUTIISI.

Jlo TOBepXOHb APYroro MOPSAKY BIAHOCITh IMJIIHIPUYHI,
KaHOHIYHI TIOBEpXHI, TIOBEpXHI 0O0epTaHHA, cdepy, emIcoin,
OJHOIIOPOKHUHHHU I Ta JIBOXIIOPOKHUHHHU M rinep6osoiay,
SMOTUYHUHN Ta TinepOoIIyHUN MapaboIoiay.

LUuniHapuyHi noBepxHi

Def. Luninopuunoro noseepxmero HA3UBAIOTh IOBEPXHIO,
YTBOPEHY MHOKHHOIO TPSMUX (TBIPHUX), SIKI MEPETUHAIOTH 3aJlaHy
niHito L (HanpsMuy). Halgacrime po3risgaroTh Takl ITAIIHAPHWYHI
MOBEPXH1, HAMIPSIMHI SIKUX JIeKaTh Y KOOPJWHATHIN TJIOMIMHI, a TBIPHI
mapajelibHi OCl, 1[0 MepICHANKYIIpHA 10 i€l IIomuHn. B mpomy
BUIAIKY PIBHAHHS HWJIIHAPUYIHOT TOBEPXHI 301ra€ThCs 3 PIBHAHHAM i1
HanpsiMHoi. Hanpuknaz, piBHIHHS

f(x, »)=0
OMHUCY€E MWIIHAPUYHY TOBEPXHIO 3 HANPSMHOI Yy TUIONIUHI
TBIPHHUMHU, TapaieabHumMu oci Oz,

Oxy
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[{umiHapuyHI MOBEPXHI, HANPSIMHUMU SKHUX € KPHUBI JIPYroro
NOPSIIKY, HA3UBAIOTh YUMIHOPUYHUMU NOBEPXHAMU OPY2020 NOPSOK) .
IxH1 KaHOHIYHI PIBHSHHS TaKi:

1. Kpyzoeuii yuninop X4y =R
XY
2. Eninmuyunuti yuninop a b (puc.2.67).
Xy
3. T'inepboniynuii yuninop a b (puc.2.68).
4. Iapaboniunuii yuninop v =2px (puc. 2.69).

Zh /‘ Zh
il i

[N ] -
—= - e 28
y ! / K[ 7
X
\ ¥l 5%
/ \ e
Puc. 2.67. Puc. 2.68. Puc. 2.69.
300paxkeHHs 300paxkeHHs 300paxkeHHs
SMOTUIHOTO rinepooIYHOTO napaboIIyHOTO
ATIHAPA ATIHAPA IATIHAPA

KoHiyHa noBepxHs
Def. Koniunoio nosepxnero Ha3uBarOTh MOBEPXHIO, YTBOPEHY
MHOXXHHOIO BCIX MPSAMUX (TBIPHUX), sIKI MPOXOMSTH 4epe3 (iKCOBaHY
TOYKY (BEPIIMHY) 1 IEPETUHAIOTH 3a/I1aHy IJIOCKY KPUBY (HAIPsAMHY),
MPUYOMY BEpIIMHA HE HaJSKUTh HanpsMHiM. KaHoHiuHe piBHAHHS

eMOTUYHOTO KoHyca (puc. 2.70) Mae BUTIIA

xZ yZ ZZ
St T o
a b ¢

[lepepiz maHOro KOHycCa ILJIOIIMHOIO
0; 0;0)

z2=2,#0 ¢ enincom, a

wiomuHow Z=0 — touka ( (BepIIMHA KOHYCA).

2 2 2
V Bumazaky 4 =b=c¢ maemo npamuii kpyeosuti kowye ¥ TV =%
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Cdepa

Def. Cgheporo Ha3UBAIOTh TOBEPXHIO, YTBOPEHY OOEpTaHHIM
KoJia (ITBKOJIa) HaBKOJIO MOro Jiamerpa.

PiBustuns cdepu 3 uenTpoM y Touni Mo (0> 300 2,) pamiycom R
Ma€ BUTJISA

(x_xo)2 + (y _yo)2 + (Z_Zo)2 :RZ_

k1o neHTp cepu — movYaToK KOOPAUHAT, TO MAEMO KaHOHIUHE

PIBHSIHHSA cepH
x*+y'+z' =R’

Enincoipg
Def. 1loBepxHIO, 3a/1aHy PIBHSIHHSAM

Ha3UBaKOTh enincoioom (puc. 2.71).
Tyr a, b, ¢>0 — 3anani miBoci enincoiga. 30kpeMa, y BUNIAAKY

2 2 2
z
. . 2 + yz + 2 :1
a=b maemo emimcoin obepranus ¢ a4 ¢ , SIKMM OJCPKYETHCS

x>z’

—+—=1
. . 2 2
obepranHsaM HaBkoo oci Oz eninca @ ¢

Puc. 2.70. 3o0paxeHHs Puc. 2.71.
SMNOTUYHOTO KOHYCa 300paxeHHs emirncoina
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OaHoNoOpOXHMHHUM rinepoonoin
Def. OononopodcHunHum 2inep6010i0omM Ha3UBaKOTh TOBEPXHIO

(puc. 2.72), sKy OUCYy€ PIBHSHHS

x2 y2 Z2

AT AR
a’ b*
30kpemMa, y BuUmagKy 4=b MaeMO OJHOIOPOXHMHHUIA
rinep06os0ix 00epTaHHs, SKUH YTBOPIOETHCS 00EPTaHHSIM HABKOJIO OCI
2 2
X y4

A |
. 2 2 .
Oz rinepGomu ¢° ¢’ mo nexutp y mwrommni

z=2Z

[lepepi3 OAHOMOPOKHUHHOTO TIMEPOOJIOia TUIOIIUHOIO o€

emncom, a monfuHaMu * ~ Yo abo Y T Yo — rimepbomamu.

Bimnaunmo, 1m0  4epe3  KOXKHY  TOYKY  OyAb-SKOTO
OJTHOTIOPOKHMHHOTO TilepOoJioina MpOXOAUTh JesAKa MpsMa, sKa
TIOBHICTIO HAJIC)KUTH IIbOMY TilepOoIIoiy.

JBONOpPOXHUHHUM rinepbonoig
Def. JeonopooicHunnum 2inepooioioom Ha3MBAIOTh MTOBEPXHIO
(puc. 2.73), sKy OIUCY€E PIBHSHHS
X
;T yz o Zz =-1
a b ¢ .
EninTmyHun napabonoig
Def. Eninmuynum napabonoioom Ha3UBAIOTh MOBEPXHIO (pHUC.

2.74), KaHOHIYHE PIBHSHHS SKOI Ma€ BUTIIS
2 2

N A §

P q (p,q>0)

’ .

2 2
3a ymosu P =9 maemo xpyrosuit mapaGomoin ¥ TV =2pz

x’=2pz

YTBOpPEHHM 00epTaHHSAM mapadoim , IO JICKUThH Y TUIOIIHHI

Oxz  gaBkomo oci Oz,

Touxa (% 0:0) _ BEPIIMHA €IITHYHOTO Mapabooiza.

z=2z,>0

[lepepiz eminmTUYHOTO MapadoI0ila TIIOMIMHOIO €

eInircoM, a miomuHamu ¥ ~ Yo abo Y T Yo — mapabonamu.
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.1 ,. L

o Y LY

‘f £

L #

. P
Puc. 2.72. Puc. 2.73. Puc. 2.74.
300paxkeHHs 300paxkeHHs 300paxkeHHs
OJIHOITIOPOKHHHHOTO  JIBOTIOPOXKHUHHOT'O CINTUIHOTO
rimep0Oooiaa rimepOooiaa mapabosoiga

FNinep6oniyHuin napabonoip
Def. linepboniunum napaboz10i0om Ha3UBAKOTh OBEPXHIO (pHUC.

2.75), KaHOHIYHE PIBHSHHS SKOI Ma€ BUTIIS
2 2

.

P q (p,q>0)

’ .

I{r0 moBepXxHIO 111€ HA3UBAKOTh Ci0I0N00IOHO0 NOBEPXHEIO.

Ilepepi3 rinepboniunoro mapaGomnoina miomunow = =2 *0 ¢
rinmepoosioro; miaommuor Z=0 — maporo mapalenbHHX PSIMHX;
mwiomuHamu * =% a6o V'~ — mapabomamu.

Puc. 2.75. 3006paxkeHHs rinepOomigHOro napadonoiga
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Bydyemo 306pa)keHHs1 M08EPXOHbL
dpya020 nopsioky 3a donomoezoro 13
Gran3d, Derive, Mathcad, Maple,
Mathematica

lpouedypa nobydoeu 306paxeHHsI MOBEPXOHb
dpy2020 nopsioky 3a O0NOMo20+0 8i0noeiOHUX npasul.

2.28. YV pi3HUX IHXEHEPHUX CIOPYIKEHHSIX 3aCTOCOBYIOTHCS
KOHCTPYKIIII y opMi edirncoiniB, rimepoonoimiB 1 mapadomoigis. Tak
HaIMpUKIaa, HACOC TMEPUCTATLTUYHOTO THUITY BKIIOYAE EIACTUYHHUIN
HACOCHUM €JIEMEHT, OJHa 3 JOTUYHHMX IMOBEPXOHb SKOTO0 BUKOHAHA Y
BUTJISIZII TIOBEPXHI APYroro MOPSAKY, 0 MOXe OyTH BHU3HAYCHA

HACTYITHUM PIBHSHHSIM:
2 2 2 2

- y_ + Z_ =1 x2 — Z— =1
a) 16 9 16 . 6) 16
Yo,z _x_
B) 4x2+y2:4z; r) 4 9 9
BxaxiTh MOBEPXHIO, 1110 BU3HAYAIOTH 111 PIBHSHHSL.
Poss'azanus:
XY LR
a) pieagaaa 16 9 16 BU3HAYAEC €JIICOoin o0epTaHHs,
x’ N Vo

yTBOpeHHii 06epTanHaM eminca 16 9 maskomo oci &'
0) 3amaHe pIBHSHHS BH3HA4Ya€ TinepOOIYHUM IUIIHIpP, TBIpHI

sxoro mapasenshi oci Y ;
2
. Cz=x"+ Y
B) 3aIHUIIEMO DIBHSAHHS Yy BUIJIALI 4 . OmKe, MaeMo
emnTHYHUN Tapabdomoif 3 Biccro cumetpii Oz,
2 2 2
z X
. y_ + o o O .
r) pieasaas 4 9 9 3a7ac KpyroBUi KOHYC 3 BiCCIO

cumerpii Ox
2.29. MexaHi3M, 110 3aCTOCOBYE MPHUHIIUAI MEPUCTATHTUIHOTO

2 2 2
pyXy, Mae piBHSHHS moBepxmi X +4y —8z—18x+8y+32z-1=0
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3BeITh 1€ PIBHSHHS 70 KAHOHIYHOTO BWIJISY Ta BU3HAUTE, SIKY
MTOBEPXHIO BOHO 33J1a€.
Poss’azanna. BukoHaemMo TiepeTBOpPEHHs  JIIBOI  YaCTHHH
PIBHSIHHS, BUIUIMBIIN ITOBHI KBaJpaTH:
3x’ +4y> —82°—18x +8y +32z — 1=
=3(x> —6x+9)+4(y* +2y+1)-8(z> —4z+4)-1-27-4+32=
=3(x—3) +4(y+1) -8(z-2).
OTtxe, maHe piBHAHHSI HAOUpA€E BUTIIATY
3(x=3) +4(y+1) -8(z-2) =0

3BIJICH MICJIS AIJICHHS 000X YaCTHH PIBHSIHHS Ha 24 JgicTaHEMO

(-3, G+l -2 _,
8 6 3

3ampoBajuBiIg  HOBI 3Mimmi ¥=x-3, Y=y+l ooz=z_2
IICTaHEMO KaHOHIYHE PIBHIHHS

=2 =2 =2

reOMETPUYHNM 00pa3’oM SIKOTO y CHCTeMi Koopauuar P97

BEPIIMHOIO Y TOYIIi (3:-12)
lMpouedypa nobydoeu enincoidy obepmaHHs 3a
dornomMo20r0 8i0noeiOHUX npaeusi Moxe 6ymu 3amMiHeHa

npouedyporo 3acmocyeaHHs I3 Gran3D.
A

€ KOHYC 3

«Hae4yaemo» ceil komn’romep nobydoei
enincoidy obepmaHHs1 3a OGOMOMO20H0
rr13 Gran3D.

Jlo 3aBmamHs 2.28 a) pO3TIIHEMO IIPOIEAYPY IMOOYI0BU
emmncoizna.

1. Bigkputu Bikao I1113 Gran3D.

2. 3a gomomororo omiii 06 ’exkm-Cmeopumu-Ilosepxns obepmanHsi
BHUKJIMKATH MEHIO Koncmpyrosarnhs 00 ekma.

— 00paTH THUII 3aJICKHOCTI Y ~ f(x);

— 06epranns HaBKono oci P

5
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. . : y=3-1-7= .
— BBECTH CKJIAJOBI KPHUBOI  €IIICY 16 1a i

2
CUMETPUYIHY V16 .

5

— BBECTH IHTEpBaJIM, Ha SKUX Bac 1ikaBUTh 300pakeHHS TTOBEPXHI U

HATUCHITHL BuxoHamu.
2

x y2 N ZZ
3. OtpuMatu 300paxenss emincoiga 16 9 16 (puc. 2.76).

i Hanaroawenma Aonomora

E=ME sSsll- 20888 |. 20 Ble 2

+—+
16 9 16

lpouyedypa nobydoeu einepbosiiyHo20 YUSIHOPY 3a
dornnomMo20r0 8i0noeiOHUX npaeusi Moxe 6ymu 3amMiHeHa
npouedyporo 3acmocyeaHHsi I3 Mathcad.
% «Has4yaemo» ceili komn’romep nobydoei
2inep6bosli4yHo20 uuniHopy 3a
donomoezoro N3 Mathcad.

Jo 3aBmanHs 2.28 0) poO3MISIHEMO MPOIEAYPY MOOYIAOBHU
rirepOoIIYHOTO HITIHAPY.
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1. Bigkputu Bikuo 1113 Mathcad.

2. 3a gomomorow onuii Buo — || e @ & F o L 5
llanenu  uncmpymenmos  — a
I'pagpuxu T2 Buo — Ilanenu
uHcmpymenmog — Buviuucnenue sin cos tan In log
BUHECTU Ha MaHEb i
IHCTpyMEHTIB  BKJIaaku (puc. T ':B:' s
2.77): 45 B x
- 1 2 3 +
=] g — =
Puc. 2.77. Bknagku naneni
IHCTPYMEHTIB
2
2 _Z%
. . X y)=x" —— -
3. BBectu piBHSHHS TIOBEpPXHI Yy BHUIJISAIL 16|

oOpaTu Ha BKJIAJKax MaHell IHCTPYMEHTIB MOOYI0BY MOBEPXHI &
4. Ilicns oTpuMaHHS y TOJI MOporpaMud 300pakeHHS JIEKapTOBOI
CUCTeMH KOOpJWHAT, 3allOBHUTH MITKy JiBoro kyra M Ha3BOIO

BIAMOB1AHOT QyHKIIIT f.

5. Otpumatru 300pa)keHHs TiNepOOIIYHOTO IUIIHIPY
TBIpHI SKOTO Ta

Mathcad - [ B]
s Bra

] Borin Dpa

pasnenbhi oci Y (puc. 2.78).
= ; @Q :A—L :

SIy
“+X\X<"Jﬁpq

B
lwmoXTs

sin
nt
o
™

onG o

-H-,

Puc. 2.78. Bikno I1I13 Mathcad: 306paxerns
2 Zz

~Z
16

rinepOoIIyHOTO UJIHIpa
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lMpouyedypa nobydoeu eninmu4yHo20 napabosioidy 3a
dornnomMo20r0 8i0noeiOHUX npaeusi Moxe 6ymu 3amMiHeHa
npouedyporo 3acmocyeaHHsi I3 Derive.

«Hae4yaemo» ceil komn’romep nobydoei
eslinmu4yHo20 napab6osoida 3a
donomoezoro 13 Derive.

Jlo 3aBmanHs 2.28 B) PO3IIAHEMO TMPOIEAYPY HOOYIAOBU
SITNTAYHOTO Tapabonoima.
1. Bigkputu Bikao I1I13 Derive.

2. 3a momomororo omilii Author-Function Definition BBeCTH 3MiHHI
2

2 Y
Z=X 4+ —
name(Xx, y, z) Ta pIBHSIHHS ITIOBEPXHI Y BUTJISII
3. 3a pmomomororo omiii Insert-3D plot Object OTpI/IMaTI/I y momi

HporpaMH 3o6pa>1<eHH;1 JIEKapTOBOI CUCTEMU KOOpPAUHAT (puc. 2. 79)

Puc. 2.79. Bikno I1T13 Derive: yBeneHHs piBHSHHS Ta 1€KapTOBOI
CHUCTEMH KOOPIUHAT
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4. 3a pomomororw omuii Insert-Plot... oTpumatu 300pakeHHS

45 +y* =4z : = 0
3 Biccio cuMerpii Uz (puc.

SIMNTUYHOrO0 mapadoIIoiaa

i )

ojoiga

45 +y* =4z

lMpouedypa nobydoeu Kpy2oe020 KOHycy 3a
dornomMo20r0 8i0noeiOHUX npaeusi Moxe 6ymu 3amMiHeHa
npouedyporo 3acmocyeaHHsi 113 Maple.

«Hae4yaemo» ceili komn’romep nobydoesi
Kpy208020 KOHycy 3a donomoezoro I3
Maple.

Jlo 3aBmanHg 2.28 T) pO3TISHEMO NIPOIEAYPY IMOOYI0BU
KpPYyroBOro KOHyca.
1. Bigkpwuiite BikaO I1113 Maple.
2. 3a pomomororo ommii Insert-Execution Grope-Before Cursor

. . o
OTpUMATH Y TOJI1 IporpaMu MITKy ~ .
3. AxtuBi3yBatu 37iBa BKIagku Expression i Common Symbols Ta 3
OTpUMAaHUX IIA0JIOHIB BBECTH B OKPEMMX JY>KKaxX CKJIaJ0B1 (PyHKIIIi

200



s X

z =1(X,y) i z =—1(x,y) ’ TO6TO 9 4 Ta N
5| XY

CHMETPUYHY 9o 4

4. B KOXHI IyXIll 3a3HAYUTH I1HTEpPBaJM, Ha SKUX Bac IiKaBUTH
300pakKEeHHs IOBEPXHI Ta 3a JI0NIOMOI0I0 KOMaHu orientation=[% P ]
BKaXITh 3HAYEHHS KYTIB, I SKUMH KpaIle pO3rsSTHYTH 300pakeHHS.
5. Bkazatu npo cymicHe 300pakeHHs 000X CKJIaI0oBUX Ipadika y moJi
IporpaMH 3a J0MoMOororw koManau plots/display3d]({P1,P2}).

4. HatucHytu knaBimy Enter Ta OTpUMaTH 300paK€HHS KPYyroBOTO

Hide ||
Chia :=i=

Roman ~) (12 ) B[I]|U

el Draw -
coll g D) (Times Nevees New Rox
. = -
. Pae Bresk SR z z
ka Foraz o - P1 == p10t3d[3- / % — yT Lx=-5.5 y=-5.5, orientation = [ 30, 50]] 1 P2 == plot3d
= 1 .

2

an 3 ’ -/ — L x==5.5 y=-5.5 orieniation |30, 50]] : plots| display3d]({PI,
J

log, (=) sing
tan(a)  (§) s

fla &) F=a — ¥
F=lab) —>=

| Wi g =~
2O<N I Ha=lr
Z>N1ACS

e

I
=
=
[}
e
=

PToIRLINDH

¥ <o
FLY
=
=
<
=
~
Y4
©
"

B

® Ready Memory: 0.81M _Time: 0 th Mode

Puc. 2.81. Biknao I1I13 Maple : 300pakeHHS KPyrOBOTO KOHyc;ta
Y L E Y
4 9 9
lMpouedypa nobydoeu mnoeepxHi 3a OOMNOMO20H
eidnoegidHux npaesusn Moxe 6ymu 3amiHeHa npoyedyporo

3acmocyeaHHs 113 Mathematica.
N

«Hae4yaemo» ceil komn’romep nobydoei
noeepxHi 3a d0rnomMozor rri3
Mathematica.

J1o 3aBaaHHs 2.29 po3rIstHEMO IIPOIeAypY MOOYI0BH MOBEPXHI.
1. Bigkputu Bikao [1113 Mathematica.
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2. 3a momomororo oyl Palettes-Classroom Assistant BUKIUKATH
BKJIQJIKH 13 11a0JIOHAMU 1711 HA0OpY CUMBOJIIB.

3. AKTHBI3yBaTH TOJie TIporpamMu 3a gornoMororo omiii Graphics-New
Graphics( puc. 2.82).

Wolfram Mathern, Sraphics Inspector Ctri+G
|

> writing and Formatting

» Typesetting

> Keyboard

~reT=r"g

Puc. 2.82. Bikno I1T13 Mathematica: nosie nporpamu

4.V sxmaam Classroom Assistant 3HaiiTH MeHIO Basic Commands i

aKTHBI3yBaTU KHOMKY JSD [ B oTprMaHOMy BiKHI BUOpATH BIAMOBIAHO

g, Min, maxl,

Plot3D-More —waGnon RGN N N (puc.
2.83).
5. ITicnsa BBEICHHS 3a JIOTIOMOT OFO 11a0JIOHIB

2 2 2 I .
3x7+4y" -8z -18x+8y +322-1==0 ;  payymy iHTEpBaId, HA SKUX

Bac 1ikaBuTh 300pake€HHS TIOBEpPXHI Ta 3a JOMOMOIOKO OIIIii

. . . inf5]= R
Evaluetion-Evaluete Cells BUKJIIUKATH 13 MITKaMU 1 noOya0BY

il rpadika.
6. OTpuMaTH 300paKEeHHS KOHYCY 3 BEPIIMHOK Y TOYII (3-12) (puc.
2.84).
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= Wolfram Mathem

File Edit Insert Format Cell Graphics Evaluation Palsttes

&3 Untitled™1 =
Wolfram Mathematica | for Studests

ContourPlot3D [ ,

{e=, =, =}]

a' /.0 for Students - Personal Use Only - [Untitled=1 =
window Help

o) .}

win| g

i Classroom Assistant

Demonstrations [Mathitord |Studen

Basic | Advanced
t

FR) o |~ |[Dosumentation
2 e e e )ie e
4 s e x]w|galo]a
3 )z Jle e ) e
o S J=n, =
Tab | Enter || Tradwionairerm

Input from Abows Craate Input Call

Qutput fram Above | Create Text Call

Command Gomplete | Wake Template

r {z r m"} r

min| g

> Navigation

¥ Basic Commands

P arametricP lot3D[{

var, e, mR@nt.

El cmrs ]
FPlot a 3D curwe

FarametricFlotS0o[Lx .
{vars, mmEm, Wmaxy, {(varz,

RegionPlot3Dlcondition,

fvar, . mma, max}, {varg, wan, marxd,

frars, mEe, max), oot ]
RevolutionPlokSD] fowciion,

fvar, wEn, maxl. cots ]
RevaolutionPlotsD] fneiion,

war, wen, maxl, {8, min, maxh

SphericalPlot3D[_finction,
Zuan, max}, {#, En, maxh

> o, =
ruR, mar) oois]

oots ]

oors ]

Mare

Chart Options_ ™
ields
| Crare 3

Positioning

T -

Plot3D{ fimefion,, funefionz),

fvars . ma, maxt, {varz, wan, maxh

rMultiple sirfaces
FarametricFlot3Di{
ix T

Sther |
[(Spedific -]
Objects

Shew

EERES |

P . a3

FR N

ix Tz,

fuar, man, maxl, oors]
Plot maultigle 20 curves,
ParametricPlotaID[L

23 W
.

E [=options 7]

F . =

¥
<optia

ix

fwa
Multiple sOrfsces

- . X 1 & ESa
I WNn, maxy, {Yars, mim, maxl oocs ]

Wolfram Mathematica 4.0 for Students - Personal Use Only - [Untitled=1

File Edit Insert Formst Cell Graphits |

4 Untitled-1 *

For SPudepfaauate in Subssssion

Palettes Window Help.

7

Evaluate Notebook
Evaluate Initialization Cells

» Dynamic Updating Enabled
Convert Dynamic ko Litsral

Debugger
Debuager Controls

Interrupt Evalustion...
Abort Evaluation

ontourP.'LotBD [2x x? + 4 xy?

-8, 83, {z, -8, a}]

{=, -8, 8}, (v,

Al
Al

RegionPlot3D|condifion,
kS

QF . M, WIAK), fvarz, MM, Maxi,

ivars, man, maxl, oods ]

Dernanstrations IMathioHd |Student

—8xzz—18xx+8xy+32xz—l== ,

100% &

lassrol

o Assis!
ulator

¥ Calo

% |y | t e | ~  Oocumertation
7 eles | ;s "alva = e
a5 le |« |w|§al =2
2z e )=l = oo
o e JE=3C, JC=J
Tab | Enter | TraditionalForm

Input from Abowe Create Input Cell

Cutput from Abowe | Creats Tast Call

Command Complets | Make Template

Basic | Advanced

Bx

> Mavigation

visualizing Data
LiztPaintPlotaD

v —
e i =
[constants  ~J[cpecfic x|
TR

tharting
BarChamzD
Chart Elements.

Graphics3D

=]

! z][Erimitives

color Namas
-

I -
Interactive Tools
Manipulats ~optien
Manipulatar central _ ~ ] [soptions -

> wiiriting and Formatting

> Typesetting

> Keyboard

Puc. 2.84. Bikno 1113 Mathematica: 300pakeHHs1 KOHyCa
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- ﬁ/ Modenroemo npodgpeciliHy disinibHicMb

x.Q = iH)XeHepa

2.30. /I3epkasibHa TOBEPXHS MPOKEKTOPA YTBOPEHA 00EpTaHHIM
napaboJii HaBKOJIO 11 oci cumeTpii. Jliametp a3zepkana 80 cm, rmubuHa
10 cm. CknacTu piBHSHHS MOBEPXHI, BUOPABIIM CUCTEMY KOOPIWHAT
Tak, o0 11 mo4yaTok 30iraBcs 3 BEPUIMHOIO Mapadoiiv, BICh OpAUHAT
MIPOMIIIIA TT0 JOTHYHIN /10 Hel, a Bich a0cIrc — uyepe3 hoKyc mapadoan
B HaHp}IMKy B1/1 BEPIITHHM.

L Iepeopmynioiime  ymogy HA MamemamuyHy.
- Crnaodimv  piGHAHHA — NOBEPXHI,  NIOCMABIAIOYUU
3HAUEeHHS BIONOBIOHUX KOOPOUHAM V  3a2djlbHe
2 2 2
o X x—2 + y_2 — Z—2 =0
PDi6HAHHS KAHOHIYHOT nogepxui @ b™ ¢
3acmocosytime 1113 01151 MoOento8anHsA NOBEPXHI, WO OMPUMAHA
00epmManHAM napadoiu HABKOJIO il OCi CUMempii.

2 2
BiamoBigs: piBHSHHS IOBEPXHI 160-x* = y* —z* = 0,

2.31. Pe3epByap 0X0N0KYBAIBHOI OamT Mae GopMy Ky, 10

2, .2, .2 ]
X"+y +2°=4 TIpomeni Conrg, MmO
x =0,y=z

OTUCYETHhCS  PIBHAHHAM

BHCBITJIIOIOTh PE3€pByap, MapajeiabHl MPSMIM 3HalTH
(bopMy TiH1 DpesepByapa Ha mtomuHi xOy.
N LY Mooemotime ymogy 3asdanns 3a donomozoro ITIT3.
- Dopma MiHi pesepsyapa BUHAUAEMBCS
NePemUHaHHAM  YUIIHOPUYHOI ~ NOBEPXHI, WO
YMEOpeHa HNPOMEHAMU, OOMUYHUMU OO0 NOBEPXHI
Kyai, i3 naowunor xOy.
Cknademo pigHaHHA YUTTHOPUUHOI NOBEPXHI 3a ANCOPUMMOM.
3Haudims  NiHII0 nepemuHarHs Kyai i3 NIOWUHON, WO NPOXOOUmb

yepes yeHmp Kyjai NepneHOUKYIspHO 00 NPOMEHIB, Ma ONUCYBAHA

x>+ y*+z° =4,

PDIGHAHHAMU { y+z=2.
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. . / / / / . v
s 0oginvroi mouku M X Y2) o nanescumv nanpammii
JUHIT YUNIHOPUYHOI NOBEPXHI CKIAOeMO PIBHAHHA MBIPHOL, U0 MAE

/ / /
X-x Y-y z—z
suenso 0 1 1

/ /

ITiocmasumo  xoopounamu mouxu M (', »,2) y cucmemy

')+ +(2) =
y' +z'=2.

DIBHAHb, SAKIU B0HA 3A0080JIbHSE { Buxnrouaroyu

el .
sHauenns xoopouwam mouku M Y23 cyucmem  pienans
OMPUMAEMO wyKame PIBHAHHA YUTIHOPUYHOL NOGEepXHI

2x*+(y—z+2)° =8 ona axoeo 2=0.

BigmoBigp: TiHR Bim pe3epByapa Ha IuiommHy x(Oy Mae
2 2
| X 0+2)"
eminTrnaay Gopmy 4 8

2.32. Jlax maBuIbliOHYy Mae (opMy KOHOima, IO 3aJaHo
2 _p2 2 . .
=h"" 2" Mocninutu nosepxuio naxy mo ii

nepepizax IJIOLMHAMH ~ 0,y=h x==%c,(c<a)
z2>20

pipasaEM (4 ~X )Y

i 300pa3uty ii
Ha PUCYHKY B 00J1aCTi

Konoioom HazuBaeThCA MOBEPXHS, IO CTBOPEHO PyXOM PsMOI,
110 HapaneJILHa JaHIN IUTOMIMHYU ¥ TIepeTHHAE 3a/laHl KPUBY U MpsIMY.

' Mooenwume ymosy 3aeoanus 3a oonomoczorw I11I13.
ﬂﬂﬂ CNPOWEHHS MOOENI08AHHS BI3bMIMb NOCMIUHI
3HaueHHs a ma h. Posensinbme Mmoodeni npu
o X z2=0,y=h x=2%c,(csa)y;y O0CNIOMHCEH NS
nosepxui 0axy no ii nepepizax nioOWUHAMU U

ceee . >
3006padicenns it 6 oonacmi © = 0,
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2.33. YV pi3HUX 1HXEHEPHUX CIOPYIKEHHSIX 3aCTOCOBYIOTHCS
KOHCTPYKIi y Qopmi emincoimiB, rinepOonoiniB 1 mapabosoidis.
PosrimssaeMo oanH 3 MOXKIMBHX BaplaHTIB peaiizarlli MexaHi3My, IO
BUKOPHUCTOBYE MPUHITUIT IEPUCTATILTUYHOTO PYyXY, ISl TIEPEMIIICHHS
TBEPJIUX 1 TICTONOAIOHUX MaTepiajaiB y TpyOOmpoBOaAl HA OCHOBI
MOJIeNII TOBEPXHI JPYroro MOpPSAKY, IO MOXE OyTH BH3HAYCHA

HACTYIHUM PIBHSHHSIM:
2 2 2 2
X+l x2+ L _Z - 2 2 _
g 4 9 506 4 9 e TV
2) X2+Zz—1=0; 0) x>+ y? —z"—6x—2y—-2z+9 =0

BxaxiTh MOBEPXHIO, 1110 BU3HAYAIOTH 111 PIBHSHHSL.

S— 3
s Mooenwiime ymogy 3aeoanHs 3a donomozorw I11I13.
llobyoytime noeepxuio, WO BU3HAUAE KOJICHE 3
3QA0aHUX PpIBHAHb MA 34 OMPUMAHON) MOOEJIIO

A ( guszHaume ii 8uo.

2.34. Hanucaty piBHAHHS NPSIMOJIIHIMHUX TBIPHHUX, Ha SIKUX
po3TamioBaHi Oajgk¥d METAJIEBOi ONOPH, BUKOHAHOI Yy BHUIJISAIL
x’+y' —z" =4

OJTHOTIOPOKHUHHOTO TimepOooiga , SIKIIO Il TBIpHI1

MIepEeTHHAETHCS B ToUIll A (2, 4, 4).

Y Mooenoiime ymosy 3asdanns 3a donomoeoio III3.
Ilobyoyiime OOHONOPOHNCHUHHUTL 2inep60on0io
x’+y' —z" =4

3a oonomozoro IIII3. Bizomime
o “J MOYKU, WO Haledcamsv Mmooeni 2inepbosoioy ma
niocmasme y 3az2ajibHe PIBHAHHS NPSMOIL.

BianoBigs: piBHAHHSA NPSIMOMIHIMHUX  TBIPHMX, Ha SKHX
po3TaIoBaHi Oanku MeTajeBol OTIOPH:
x+y—-z-2=0, x—y+z-2=0, 3x+y-3z+2=0,
x=3y+z+6=0.

206



‘ B Bcmyn do Mamemamu4Ho20 aHani3ly.

L I ]

/,/ ludpepeHyianbHe YucneHHs
YHKYiII 0OHiel 3MiHHOI

g M@nynb 3

Temal MHOMUHK. OyHKUIT MNMocniaoBHOCTI.
Tema 2. MpaHrUA dyHKLIT.

Temal. HenepepBHICTb thyHKLLIT.
Tema 4. MoxiaHa dhyHKUIT.

Temas. Audbepeduian dhyHELUIT.
Temab 3acToCcyBaHHA noxigHol
AocnigxeHHA ¢yHKLINA.

et T

Ao

Jeuvaiini P 3
/! A . . ~ o Kpamni
ﬁi\? IHmezpankhe .\ OQudbepenyianshi " iumeapanu
HUCNICHRA PIGHAHHA " imeopia nona

Teopin
sunadxosux
npouecia

Padu

Ly h
; LY .
Disuka TeopemuyHa r A Teopia
L MatiuH
TpiGo-
3 mexHika ma
TennomexHixa ey
Hadittnocmi
Teopia Teopia
nRnacmudHol hopmyeaHHa
dachopralii aidnusox
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BMIHHA, HA AKUX BA3YETbCHA
BUBYEHHA MOAYNA

BuxonyBatn ycHi I NMHCBMOBI 004YMCICHHS; BHKOHYBATH
NepeTBOPeHHs1  LIMX, pPanioHAJbHHMX, ippamioHATbHHMX
BUPa3iB; 3aJaBaTH dynkuiro; 3HAXOAUTH 00J1aCTh
BU3HAaYeHHs M o0JacTe 3HavYeHHs QYyHKOil; 3HAXOAUTH
rpaHuunil0 (QyHKOil HemepepBHOI0 AaprymeHry; OyayBaTu
rpagiku  (QyHKOiil, 3acTOCOBYBATH iX  BJIACTHBOCTI;
00uMCIIOBATH 3Ha4YeHHs! QYHKILIT Yy TOYILi; 3HAXOAUTH MOXiIHI
eJleMeHTApHUX QYHKIiH, MOXiIHYy cKIageHol GpyHKuii, moxiaHi
BHIIMX MOPSAKIB; AOCHIIKYBATH (PYHKLIIO 32 J0NOMOIOI0
NOXiIHOI; PO3B’A3YyBATH 3aJa4vi 3a JA0NOMOIOI MOXiIHOI;
pPoO3B’sI3yBaTH  JIiHIWHi, panioHajgbHi, ippanioHaJbHi,
TPAHCUEHACHTHI PIBHAHHA Ta IX CHCTEMH; 3aCTOCOBYBATH
CHIBBITHOLICHHS Mi’K CTOPOHAMH il KyTaMH B IPSIMOKYTHOMY
TPUKYTHHKY, ¢Gopmyan miomy ¢iryp Ta  00’emiB
reOMeTpUYHHUX TiJl.

BMIHHA, AKI ®OPMYIOTbLCA Nig YAC
BUBYEHHA MOAYNA

IIpoBoauTHn HalimpocTimi AOCHIIKEeHHS eJieMeHTapHUuX (GyHKIin
(o01acTh BU3HAYECHHSI, MHOKHHA 3HA4Y€eHb, 3PDOCTAHHS, CIIAJaHHS
¢yHkuii, 3HaxomkeHHsA oOepHeHOI (QYHKUIII TOm0); OyayBaTH
rpagiku ejeMeHTapHMX (yHKUil; 004YMCIIOBATH TIPAHMII;
AOCHIAKYBAaTH (PYHKIII HA HeNMepPepBHICTh; 3HAXOAUTH MNOXiAHI
¢yHKuii; po3B’si3yBaTu 3a1a4i 3 BUKOPHCTAHHAM IreOMETPHYHOIO
i (pismyHOrO 3MicTy NMOXiAHOI; 3HAXOAMTH iHTEPBAJIH 3POCTAHHSA i
cnajaHHd  QyHKUil, JOKaJbHHH eKCTpeMyM; 3HAXOIMTH
IHTEepBaIM ONMYKJIOCTi, BTHYTOCTi I TOYKH NepPeruHy; 3HAXOAUTH
acumnrToTn rpadika ¢yHkunii; OyayBatm rpadiku  QyHKUi;
3acrocoByBaTu I1II3 Mathcad, Derive, Gran2D, Gran3D, Maple,
Mathematica pasi gociigxenHsi i nodyanoBu rpagikiB QyHkuii
Ta NOCJTIAOBHOCTEH, AJs1i O0YMC/JICHHSI T'PAHULb, MNOXiIHUX W
audepeHiagib.

BMIHHA, LLO HABYBAE CTYAEHT AnAd BUBYEHHA IHHKEHEPHUX AUCLUUNNIH

BuzHayaTn MIBHAKICTH TAa NMPHCKOPEHHS PYXY Tijl H OKpeMHX iX TOYOK; BH3HAYATH 32 3aKOHOM PyXy TijJa a00 TOYKH CHJIH, IO
cnpuunHwiIn uei pyx (I 3agavya nuHaMikm); 00YMCIIOBATH XaPAKTEPUCTHKH €JIEKTPUYHUX | MATHITHUX MOJIiB; BU3HAYATH MATHITHUI
NOTIK M0JIsI; 3acTOCOBYBaTH 3akoH dapagess Ui eJeKTPOMATHITHOI IHAYKIil; po3B’s3yBaTH cuUcTeMH PpiBHAHb MakcBeina s
€JIeKTPOMATHITHOTO TMO0JIsI; BHM3HAYATH WIBHAKICTD # NPHCKOPEHHHA JAHOK MeEXaHi3My MeTOJ0M KiHeMaTH4YHHUX Jiarpam;
BUKOPHCTOBYBATH 3aJI€KHICTh Mi’K 3rHHAJIbHUM MOMEHTOM, MONEPEYHOI0 CWJIOK TA iHTEHCHBHICTIO PO3MOJALIEHOr0 HABAHTAKEHHS

(Teopema 7KypaBcbKoro).

208




Tema 1. MHOXXUHW. ©YHKLLII
NnocniAoBHOCTI. FTPAHULA
NnOoCnNiAoOBHOCTI

Ak 3amucatd BUpa3 JJIsi MUTTEBOTO 3HAYCHHS HANPYTH, sKa
3agaHa rpadikom (puc. 3.1). 3amani aesKi 3HaYEHHS CHHYCO1IaJIbHOTO
TOKY 3a JeIKui MOMEHT 4acy (puc. 3.2). Un MoXHA BU3HAUUTH IO
3aIaHUX 3HAYEHHSIX 1HIN TMOKa3HWKH, 10 OTPUMAHI depe3 ICSTKUi
yac?

(38
’

ot ot

Lo | N
oy
|‘:"_\3"
S
.
-
L]
1]
-
o
N
12
)
.

/

Puc 3.1. I'padik ¢pyHKIIOHATEHOT Puc 3.2. Toueunwnii rpadix
3aJIeKHOCTI MUTTEBOTO 3HAUCHHSI MOCJIIIOBHOCTI 3HaYEHb
Hanpyru CHUHYCOITAJIBHOTO TOKY 3a JAEAKUU

MOMEHT 4acy

Ha mi nmutanHs MOXKHA BIJAMOBICTH, SKIIO MAaTH YSABJICHHS MPO
MOHATTS (PYHKIIIS Ta TIOCI1IOBHICTb.

Heob6xiOHi 3HaHHST NPO NOHSIMMSI MHOXXUHU
ma 4ucs108i MHOXXUHU

[TOHATTSI MHOKUHH € OJIHUM 3 HAWBaXIMBIIIUX Y MaTEMaTHIII.
BoHO HaneXuTh 10 MOHATH, SKUM HE MOXKHA JaTH CTPOTe O3HAYCHHS.
[lin MHOXHHOIO PO3YMIIOTh CYKYITHICTH (CIMEHCTBO, HaOIp) MEIKUX
00’€KTIB, 00’ €THAHUX 3a IIEBHOIO 03HAKOIO.

[Ipukmanu MHOXKHH: MHOXHHA BCIX HATypaJIbHUX YHCE,
MHOXHHA CTYJEHTIB MEPIIOro Kypcy, MHOKMHA PO3B’A3KIB 3aJaHOTO
PIBHSIHHS, MHOYKHMHA MICT KpaiHH! TOIIIO.
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Def. O0’exTH, 3 AKUX CKIAJAETHCS MHOXKHHA, HA3WBAIOTh 1i
eremenmamy.  MHOXHWHM  TI03HAYalOTh  BEIIMKUMH  OyKBaMH
naruucskoro andasity 4B-C a enmement — ManuMu GykBamu
a,b,c,...

SIKIO eneMeHT X HaNeXUTh MHOXKHHI X, TO muinyr, X€X ;
3amuc X € X o3Hauae, M0 eIeMEeHT ¥ He HaJNeKUTh MHOKHHI X .

MHoOXHHaA BBOXXAETHCS 3aaHOI0, SKIIO BIJIOMa XapaKTEPUCTHKA,
3a SIKOIO MPO KOXKEH €JIEMEHT MOKHA CKa3aTH, HaJeKUTh BIH MHOXHHI
YW HI.

MHOXWHY, fiKa MICTUTh CKIHUEHHE YHCJIO €JIEMEHTIB Ha3UBaIOTh

X:{xl,xz,...,xn}

CKIHUEHHOIO. 3alluc O3Hayae, IO MHOXHHA X

CKiHUEHHA i MiCTHTb ” eneMeHTiB. MHOKHHY :{xl,xz,...,xn,...}’ AKa
MICTUTh HECKIHYCHHE YHCJIO €JIEMEHTIB, Ha3UBAIOThb HECKIHUEHHOI.
Hanpukiaa, MHOXKHHA BCIX IMUIHX YHCENT HECKIHICHHA.

Def. MHOKUHY, KA HE MICTUTb KOJIHOTO €JIEMEHTA, HA3UBAIOTh
nopodicvoio i mosnavaoTs cumponoM 9. Hampuknan, MHOXHHA BCix

co . . 2
NifCHUX KOpeHiB piBHSMHHSA X~ +2X+3=0 ¢ mopoxkHBOIO.
Muoxuny 4 Ha3MBalOTh ITIAMHOXHHOI MHOXKHHHM B, SKIIO

KO2KCH CIICMCHT MHOXHWHU A € CJICMCHTOM MHOXHWHU B ) l IIO3HAYAKTh
Ac B ago Bo A4,

Muoxuau 4 1 B piBHi (A:B), akmo A B 1 BC A, iHmmMmu
CJIOBaMH, Il MHOKMHH CKJIAJIAIOThCS 3 OJJHAKOBHUX €JIEMEHTIB.

Def. O6’conannam (cymorw) MHOXHH 4 1 B Ha3uBaioTh
MHOKHHY, IIIO CKJIAIa€ThCA 3 €JIEMEHTIB, KOJKEH 3 SIKHMX HaJeKUTh a00
MHOHUHI 4, a00 MuHOokuHI B . ITosnauenns: 4V Babo4+ B. Orike,

xeAUB< xeA a60 xeB

Def.  Ilepepizom (0obymrxom) muHOXkUH A 1 B Ha3uBaOThH
MHOXXHUHY, IO CKJIAJAEThCA 3 €JICMEHTIB, KOXKCH 3 SKHX HaJICKHThH
MHOXHHI 4 1 MHOXUHI B. [Tosnauenns AN B abo 4B. Orxe,

xeANnB<xeAd{xeB,

Def. Piznuyero vuoxkun 4 i B Hazuparoth MHOKUHY 4\ B sxa
CKJIAJIA€THCA 3 €JIEMEHTIB, KOKEH 3 SKUX HAJIEKUTHh MHOXKHHI 4, 1 He

HaJIEeKUTh MHOXUHI B . OTXKe,
xeA\B&oxeAdxegB,

Hanpuiiaz, Ko A={x:0<x<4fB={x:3<x<T} 1
AUB={x:10<x<7} AnB={x:3<x<4} A\B={x:0<x<3}
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Def. MHOXKUHU, €JIEMEHTAMU SKHX € 4YHUCJa, Ha3UBAIOTh
yucnosumu. HazBeMO OCHOBHI YMCJIOBI MHOXXHHU:

1) MHOKMHA HATypabHuX gncen N = 1 2.7}

2) MHOKMHA ITiTHX HEBiJ’ eMHNX dmcen 2o = 012,
2

3) MHOKHHA LIJIMX YUCET Z={0:x1;% 2;"°’J—r”’"°};

m
0= {—,m e/Z;ne N};
4) MHOKHHA parlioHATbHUX YHCEIT n
5) MHOXXHMHA AiMCcHUX gucen R,

Mix muM#u MHOKHHAMH 1CHYE 3B'SI30K
NcZ,cZcQcR

MHoXu1Ha mificHUX yucen R cKiIagaeThCs 3 pallioHATbHUX 1
ippatioHaIbHUX Yuce. Beske parioHadbHE YKMCIIO MOXKHA TOJATH Y
BUTIIAA1 200 CKIHYEHOrO AECATKOBOTO Jpo0y, ab0 HECKIHYCHHOIO
MIEeP10UIHOTO IPO0Yy.

IppaltioHanbHe YUCIIO — 11€ HECKIHUEHHHUI HeTIep10IUYHUM JIpi0.

32adaemo
npo noHsmMmsi pyHKYii

"N

Def.  SIKUIO KOKHOMY 3HAYEHHIO 3MiHHOI ~ , IO HANEXWTH
MHOKHMHI JIHCHUX dYucel D, 3a MEBHHM IIPAaBHJIIOM CTaBUTHCS Y
BIANOBIAHICTD €QMHE YUCIO 2, M0 HAJEKUTh MHOXKHHI NIMCHUX
yncen E, 1o kaxyTh, mo ¥ € pynkuiero Bin X i mumyts ¥ =/ (x)

3MinHy X €D ga3zsuBarOTh HE3AIEKHOIO 3MIHHOKO (ap2ymenmom)
byrxuii /, a sminay Y €£ - sanexmnoro sminHo0 (hynkyier): min
cumBonom PO3yMIIOTh MPABUIIO, 32 SIKUM KOXHOMY X BIJIOBIJIA€E
Y, abo Ti omepamii, ski Tpeba BUKOHATH Hal apryMEHTOM, II0O
JICTaTH BIAMOBIIHE 3HAYCHHS (YHKITII.

Def. Muoxuny D HazuBaroTh oO1acmio eusnauenHs QyHKUIT

S ta nosmawarors 2/ ), a MHOXUHY E - obnacmio 3minu (abo

MHOICUHOIO 3HAYeHb) QYHKITIT / (x)
Hapenene 3HadeHHs (QYHKIT € OKPEMHUM BHUITAJIKOM OUIBII
3arajJlbHOT'0 O3HA4YEeHHS (PyHKITII.
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3agamMo JIB1 HE MOPOKHI MHOKHHU X 1 V. BiAMOBIIHICTH / , IKa

KOXXHOMY elleMeHTy X€X CTaBuTh y BIiJIOBIAHICTL OAUH i TIIBKH
. . S

onut exement Y €Y | Hasusarors Qynkuieo i mumyts X — Y a6o
f:X->Y

Tyr X - oOnacte Bu3HaueHHs GYHKIIT f , Y - MHOXHWHa
3Ha4YeHb (DYHKITIT /. Slxmo enementamu muokuH X i Y € miiicwi
qucia, TO JICTaHEMO Tiepliie o3HaueHHs. B 1iboMy BUTIaKy (PYHKIIIO
/" nasuBatore wmcnosoro. Hamani OyZIeMO KOPHCTYBATUCS TEPITUM
O3HAYCHHSIM.

Def. Ipaghixom dpysxmii ¥ =/(*) nasuparors MHOXHHY BCIiX
THX 1 TUIBKA THUX TOYOK X, ) mnomman % , SIKi 3a0BOJILHSIOTH
PIBHICTB y:f(x), xeD(f),

OcHOBHI ciocoOu 3aBaaHHs (PYHKITIT:

1) ananimuunut (QyHKIIO 3a1af0Th 3a JOIIOMOTOI0 OAHIET abo

KUTBKOX (pOpPMYJI UM PIBHSIHB);

2) mabauynut (BUIUCYIOTh PSJT YMCIOBUX 3HAYEHb HE3aJIeKHOI

3MIHHOI X1 BiAmoBigHuX iM 3HaYeHb QYHKIHT Y );

3) epaghiunuii.

32adaemo
npo noHssmmsi o6epHeHoi byHKYiT

Jamamo Qynkuito Y=/ (x), o BigoOpakae MHOXuUHY D vy
MHOXHMHY £ Ta € B3aeMHO OJIHO3HAYHOIO, TOOTO I OyIb-SIKHX

sHauens % | Y2 €D % #X, BHKOHYEThCS HEPIBHICTH

TaKuX, IO
Se)= f (xz). Toni ¢pynkuiro * =y ), 110 BimoOpaxkac MHOXMHY £ B
MHOXHHY D, Ha3WBalOTh oOepHenolo IO 3aJaHoi (DyHKITIT f (x) Jlnst

Toro, 106 3HalTH QyHKIi0, 06epHeny 1o aanoi =/ (x), HoTpPiGHO 3
i€l piBHOCTI BUpa3HTH X depe3 ¥ (SKIIO 1€ MOXKIIHBO).
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A x Skio byHKIii y=r(x) i x=¢(y)

o B3a€MHO OOepHEeH1, To rpadikom
0¥ oy iX € omHA i Ta cama KpuBa. Ale
NS SKIO  apryMeHT  0OepHEeHOI
RN (yHKILIT MO3HAYNMO 3HOBY uepe3

I VA :
_/ / /’- X, a ¢yHKIiro — uyepes Y, TO
s
T .

rpadikn  Qymkuii Y=/ ()

/ y=0\x) Gynyte cumerpuuHEMH
BIJTHOCHO OICEKTPHCH MEPIIOro 1
TPETHOTO0 KOOPJIWHATHUX KYTIB.

Puc 3.3. [padixn dpyrkuiit ¥ =¢ i . e
y=Inx Hanpukman, o¢yakmii Y ~¢ i
y=Inx

3.3).

B3aeMHO oOepHeHi ( pwuc.

32adaemo
rnpo OCHOBHI xapaKkmepucmuKu YHKUiT

Def. DyHKIiO ¥ = /() HAa3UBAIOTh NAPHOIO0, SKILO:

1) 1 oOGmacTh BU3HAYEHHS CUMETPUYHA BIJTHOCHO TOYKHU O,
TOOTO AJI1 JOBLILHOTO X 3 00JacTi BUBHAYEHHS — X TaKOXX HAJICKHUTh
001acT1 BUSHAYCHHS;

2) f=x)=f(x)

_ _ 2 _ X —x
Ipukiamy napaux QyHKuin ¥ =C08%, y=x", y=|x| y=¢"+e™

Def. DOyukuio ¥ = /%) wasusarots HeNnapHo, SKIoO:

1) 1i oOsacTh BUBHAUYCHHS CUMETPUYHA BITHOCHO TOUKH 0);

2) f=x)==f(x).

[Tpuxnaau HEMapHUX byHKIII:
yzsmxhyzf,y=¥§,y=ex—ex

I paghix napnoi pynkyii cumempuunuii IOHOCHO OCi OPOUHAMN,

I'paghix nenapnoi Gynkyii cumempuyHuii 8IOHOCHO NOYAMKY
KOOpOUHAM.
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@DyHKIIII0, [0 HE € HI MapHOI, Hi HEMapHOI, HA3UBAIOTh
@yHKYI€EI0 3a2a1bH020 8UOY.

Def. DOyHKIIIO /() Ha3UBAIOTh 3POCMA0400 (CnaoHor) Ha

1HTEepBal (a,b)’ SKIIO IS JOBUIBHUX IBOX TOYOK 1 Ta ™2 i3 1poro

% <% BUKOHYETBhCS HEPIBHICTH

f(x1)<f(x2) (f(x1)>f(x2))

IHTEepBAITy TaKHX, 1110

Def. DyHKLIIO /() Ha3UBAIOTh HECNAOHOW (HE3POCMAaryor)

X X,

Ha IHTEpBaI (“§b), SKIIO JJI1 JOBUIBHHUX JBOX TOYOK Ta 3

YKa3aHOTO iHTEpBaNly TAKUX, 10 ™1 <2 BUKOHY€ThCS HEpiBHICThH

f(xl)Sf(xz) (f(xl)Zf(xz))

3pocTtaroui, CHagHi, HE 3pOCTaloyul Ta HecmaaHi QyHKII
HA3UBAIOTh MOHOMOHHUMU, & 3POCTAIOYH Ta CMaaHl QYHKIT — cmpozo
MOHOMOHHUMU.

X .3 .
Hanpukman, pyuknii ¥ =€ , V=% - 3pocraroui QpyHkiii Ha R,

Def. DOyukiio ¥ =/ (x), BU3HAYEHY HA MHOXUHI D , Ha3MBaIOThH
obMedicenoio Ha LI MHOXKUHI, K0 icHye Take uucino M >0, o s

Beix *€D pukoHyeTbest HepiBHiCT |/ (r)l<M I'padix oOMeKeHOI

KIii MicTUTBCS v eMy3i Misk mpavumu V=M 1 V=M
dyH y My p
[Tpukmanu oOMexeHux QyHKITIN:
) ) 1
y=sinx, y=cosx, y=arcsinx, y :m, y=—7.
1+ x

Yucno T>0 nasusarots nepionom dynxuii ¥ =/ (x), AKIIO VIS
koxHoro * €0 () BUKOHYIOTHCSI PIBHOCTI
fx)=flx+T)=flx=T),
DYHKIIIO, 10 Ma€ OyAb-SIKUIN MEP10]I, HA3UBAIOTH 1EPIOOUUHOTO.
Yucno T - ocHoBHumit mepiox ¢yskmii, sxmo >0 i ¢
HaWMEHIITUM Cepel YCIX JOIaTHUX MEePIoIiB.

sin nx

Hanpukman, Gpyukmis ¥~ nepiogudHa 3 TIEPi0I0M n.,
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32adaemo
rnpo nNoHsimmsi ckrnadeHa pyHKUis1

Oynkuis YT S (u) BU3HAYEHA Ha MHOXUHI 4, a pyHkuis ¥~ & (x)
- HAa MHOXMHI X , IpUYOMY JIJIst KOKHOTO 3HaYeHHs X € X BinmoBiaHe
3HaueHHs 478 x)e A Toni ma mHOXWHI X BH3HAueHa GyHKIis
y=1rlg (x)), Ky Ha3HUBalOTh CcKiadenoio (QyHKIiE Bix X (abo
(GyHKII€10 B1A PYHKIIIT, 200 CYNepIio3ulIi€lo 3aJaHuX QyHKIIIH).

3minny “=8W)  gynkuii Y=/ () nasusarors IPOMIiKHUM
apryMeHTOM, a60 BHYTpIlIHBbOKW (yHKIi€w, a 3minay V=7 W)
30BHIITHBOIO (PYHKITIEIO.

Hanpuknan, ¢yukuis Y~ VSY e cymepmosumiero  aBOX
byHKIII#:

y=Au, u=cosx
Intg3x

- CYIIEPIIO3HITIEI0 TPHOX (PYHKITIN:
y=Inu, u=tgv, v=3x

A dysxis ¥~

32adaemo
npo Knacudgikayiro efieMeHmapHuUx
¢yHKUiU ma ixHi epagpiku

OcHo8HUMU  efleMeHmapHUMy  QYHKYIAMU € TaKl aHaJITHIHO
3a1aH1 QYHKIII:

. e o co
1) cmenenesa ¢pyukuis ¥ =% | ne @ - gilicae unciao. O6aacTs
BU3Ha4YCHHS 1 rpadik 11i€i PyHKITIT 3a71€KUTh BiJl 3HAUCHHS &
(puc. 3.4, a-e);
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A A vh

/ Y
- X
> / 3 O
X 0 -

Puc 3.4, a. I'padik  Puc 3.4, 6. Fpa(bik Puc 3.4, 6. I'padix
y=x" : y=x y=x"“

a=2n,neN a=-2n,neN a=2n+1l,neN

1‘f 1" v

(@)

] J x -_
) X = —
? 0 Y

Puc 3.4, 2 I'padpix ~ Puc 3.4, 0. I'padix Puc 3.4, e. I'padix

y:xa y:xa y:xa
a=~{2n-1) neN a=L, neN a= 1 , neN
2n 2n+1

2) nokasunkosi gpyukis ¥ =4, e >0 4% 1 (puc. 3.5);
3) norapudmiuna pymxiis ¥ =108 % e 4> 0. a#1 (pyc 3.6):

¥ | Vo
=] a=J
7 i -
0<a< 2 \
O .T_'F O=<gqg <l
Puc 3.5. Tpacpix” =4 Puc 3.6. I'padix” =log, x
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4)TpUTrOHOMETPHUYHI byHKIIIT
y=sinx, y=cosx, y=tgx, y=ctgx (puc. 3.7, a-2)

v
i y=sinx
~ F 4
- 3 Jr\ X x

-1

.r .1-' - Igr _]1 ‘1‘ = l.:lgl

i

[ |

ol n\I

Puc 3.7, 6. Tpadix ¥~ & ¥ ! -
Puc 3.7, 2. [pagix ¥~ €8 *

5) oOepHeHi TpUTOHOMETpWUYHI (QYHKIII y = arcsin x,

y =arccos x, y =arctg x, y=arcctg x (puc.3.8, a-e).
! V = arcsin x ¥

Ep———

i
2

¥ FARCROs X

2

— et | P —

|
1
|
|
|
I m
!
|
[
[
i

m 10 |
Puc 3.8, 6. I'padixk

Y= arccos x

Puc 3.8, a. [padix ¥= aresin x
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y v
T y = arctgx T
_________ S Rt
5 \n y = arcetg x
X
_______________________ 2 \
_n 0 X
2 ~ Puc 3.8, 2. I'padix
Puc 3.8, 6. [pacix V= 47¢lg y= arcctg x

Def. Enemenmapnoro  QyHKLI€IO Ha3UBalOTh  (YHKIIIO,
oJicp)kKaHy 3 OCHOBHHX €JIEMEHTapHUX (YHKIIH 3a JIOIOMOIOIO
CKIHYEHOTO Yucja anareOpaiuHux ik 1 CKIHYEHOTO YHCJia YTBOPEHHS
CKJIaJICHUX (PYHKITIH.

Enemenrapai  QyHKIIIT MOOAUIAIOTH HA  aneeOpaiumi 1
MPAHCYEHOEeHMHL.

Jlo anrebpaiyHuX QyHKIIIH HAJICKATh:

- [ij1a parfioHajgbHa GYHKIS a00 MHOTOWICH

_ n n-1 . .
y=apX taxs +..ta,,X+4, nen - gine HeBiA €MHE YHCIIO;

- npoOoBo-paiioHalibHa  (QYHKINSA,  SKa  BHPAKAETHCS
BIIHOIIIEHHSIM JIBOX MHOTOYJIEHIB:
_ax"+ax" +..+a, x+a,
Cbx" +bx" 4. +b x+b
- ippamioHasibHa (YHKIIIS, Ky 3alKUCYIOTh BHpa3aMH, 1€ KpiM
JOJaBaHHs, BIOHIMAHHSA, MHOKEHHS 1 JUICHHSA € IIJHECEHHSI 0
CTEIICHS 3 PaIiOHAJILHIM HEILINM ITOKa3HUKOM.

OyHKIi, 10 HE € anreOpailyHUMHU, Ha3UBalOTh
=log, x, y=tgx, y=arcsinx

TpaHcleHaeHTauMy. Hanpuknan, »

32adaemo
rnpo rnepemeopeHHs1 2paghikie pyHKUil

3azamo  rpadik  Qymkmii Y=/ (x), BukopucToByroun
Tr€OMETPUYHI IEPETBOPECHHS:
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a) 3CyBY (mapajieJIbHOTO TNEPEHECEHHS) B3JO0BXK KOOPAWHATHUX
oceii Oxi O

0) po3Tary (CTHCHEHHS ) B3J0BX OCEH KOOpIUHAT;

B) CUMETPUYHOIO BifoOpaxkeHHs BimHocHo oci OX abo Oy
MOXHa JicTaTu rpadiku Takux QyHKIHN (Tadm. 3.1):

Tabnuuys 3.1.
FeomeTpunyHi nepeTBOpeHHSA rpadikiB hyHKLUIN
DynKII1A Jlist Hax rpadikom dyrkuii ¥ =/ (x)
y=fx)+4 | 3cyn 3nox oci & ma 4 opwmmIE yropy, SKIO
A>0 i ga |4l opununes a3, sxmo 4<0.
y=f(x—a) 3cyB B3710BXk oci OX Ha ¢ opuHULE IpaBopy,
stkio @ >0 i ma 14] opuuune niBopyu, ko @ <0
y=f(=x) CumeTrpudHe BiJJ0Opa)KeHHSI BITHOCHO OCI Oy
y=—f(x) CuMeTpHYHE BiJ0OpakeHHs BigHOCHO oci OX
y=mf(x) a) m>1 - po3rar B310Bx oci Oy g m pasiB
1
6) 0<m<1 - cruchenns B3n0Bk oci @ y 7 pasis
y = f(kx) a) k>1 - crucuenns B3noBx oci OX y k pasis;
1
6) 0<k <1 _posrar B3moxk oci Ox y k pasis
y=/(x) Ipu *20 sammmaemo rpadix dyskwii ¥ =/ (x),
MICJIS YOTO B1I0OpakaeMO MOTO CUMETPUIHO
BinHOCHO oci @
= f(x) Ha npowmiskkax, ne 7 (x)> 0 sanumaemo rpadix
dynkuii ¥ =/ (x); Ha POMiXKKax, 1e 7 (x)< 0
CUMETPUYHO B1J100pakaeMo HOTO BITHOCHO OC1
Ox
Eepucmu4Huli mpeHaxep «®yHKUil» Oonomoixe
32adamu enacmueocmi enemMeHmMapHux ¢yHKYiu ma ix
epaagpiku.
1. 3amycrite mporpamy mias po6otu  (puc. 3.9) Ta BuUOEpITH

HeoOX11HuM TpeHaxep Fet [ abo Fet 2 .
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@ rosen -

2

HsBpanHoes

Ceponc

= /'7 2 Nomiek

Cnpaska

Mankm

-
[EEH

Aapec: £ CiiDocuments and SettingsikotkiPaBouMA CTEMTEOrPAMHEI N0 HMATEMATHIETIDErPAM! MO BbICLEA HATEHATHKE|SBEHET. ToeHax| | Mepexoa

BepIIIHe KPecTa)

Dol 1 x+1  2.2x+3
3 Mow ao
Aotyre, - 2
?Muﬁm 8-('\’_1) 0, ) X+

3eprcT.TRY
Fanka c had|
: 20|

14. 37 (1-x) . x,=0
17. 87 (1—x)2 . Xy =1

BRISepPHTE OTEETEI H2 MPHE

2.1 Kak pmmant rpagik gyimanm (X)) B okpecTHOCTH ee KopHA Y 7 (KOPEHBL TIOKa3aH B

= 3anannet.
1.1. VKazIITe 00IACTE OIIp egeTeH ST (FYHKITEE

1 1 1 1 1
1.\/: 2.7 aﬁ

T [CRITL arcsin | v sin —
4 7= 5 arcsiny 6. x| 7. <
mt L et L

odnxy 10T pn(—x) 12— 13lnyx  aalnx+n(—x) s v

1 1
7 21. ﬁ

18. arcctg x 19

8 sin 7~

1
arctg x — — B
= & iz arctg X S arcerg X 20 25 © 2

1] 2] 3] a] s
15[ 1. 17.[ 1

A L — B 22 af X +of— X 23 5 —2 24. 3 x+3/x 25, SN L) x|
\-\ Bblﬁe‘)me OTBET H3 “IHCIA MPpHB eJeHHbID
a R B R. c R D R-R ‘R e x=0 ¥ N a. R\N H[-1.1]
H FI.{\X|21}=E7m~71]U[L+m] . 1ol oTReT O, <.

IIocTe Mero PaccMOTPHIE €Ille pa3 HEeBEPHO PeIlleHHBIe 3aJaHHA (0TBET BELISTeH KPacHEIM LIBETOM) H
monpoGyiiTe HX Pellirb OPaBHILHO. A Toro ITo0bI NPpOoCMOTpeTs OGLACHEHHA HIH IIPOXOTLEHTL
BpIfepere COOTBETCTBYIOUYIO KHOIIKY B IIPaROM HELEHEM YTy SKpPaHa IMocile TOro Kak OyIyT BBeJeHb]
BCe OTEEThI

1.|a 2] 23] 4] s] & 7] 8] e 10 11 12, 13| 14
15.] 16.] 17, 18| 19| 20| 21| 22| 23| 24| 25|  rowows nanee

Puc. 3.9. 3anyck eBpucTHYHOTO TpeHaxepy «DyHKITIi»

2. B otpumanoMy BiKHI BUKOHaWTe 3aBIaHHSA. B pa3i HE0OX1THOCTI
(3a3HaveHa BIJATMOBIIb Y BUTJISAAI OyKBM OTPMMaHa YEPBOHOIO) BH

Ma€Te MOXKJIMBICTD OTpHUMATHU AOOIIOMOI'Y BHKIIMKOM KHOIIKH

b Inx

10

6. aiclg X

x+

BeIGepHTe OT|

A R B.

Li|x|2Li=(
;Hoc.ne Uero
onp o Gyiire
BeIGEpETE CO
BCe OTBEThL

22,

2) DyHEOHA ¥ = — oOpemeleHa Tolbko OpH x =0 B sHameHaTene MoXeT CcToATe Hioboe &
x
uHCno, kpome O BoonomHETE rpadmr obpaTHOH NpoNoplHOHANEHOCTH — PABHOCTOPROHHROK
o~ 1

runepbony. OHa RN [ S v 12110 = T (25
HMEET YpaBHeHHe x =0,

i

Al

4ToGE Bo-TEpBEE CYIIE
& KpoME TOS E SHAME
ONPEAENEHHA 5ToH DyHE
4y ¥ = ——. Haea#iTe

NE

CHFIIECTECBATE opH ECH
sHadeHHe x =0, TaK KakK &
5 F =arcsinx . O&aacT

DTe ZHaYHT 9T0 Bo-IE

£)) Dyurnua y =

ETOpHE, iy = x. Ho
ONPENENEHHA 3ToH PyHE:
82

CaMoM MENe, KOHENHG, |

¥ —arcsinfx| . A =T

MOXET MEHATECA T —1 1

)] Dyurnua s’ni. C
x

PazbAacHeHHA K agadan 1 — 20.

1)

2}

3)

n
—

6}

7)

IIpapHMEHELDT oTBeT — K. JInHefHaa (yHKINIA ¢ YITOBBIM Ko ¢ dpHimpeHTOoM
paBHEIM 1. T'padHK ee — HpAMadA JHHHA, IepeceKaloliad ock adCLIIcC B
TouKe x = —1, MPITIeM HAKTOHEHA Mo YImon 45°;

DYHKITHA 2x + 3 - TIHeAHasa (yHIRA ¢ YITOBBIM Ko drnnieHToM 2. Ee
rpadHE  TIepecekaeT ochb adclHCC B TodKe X =-3/2 ¢ VIJOBBIM
rkosdppranreHTOM 2. CpelH MNPpHBeTeHHOIO MHOMKeCIBa IPadHKOB
MOoIXOIAINero A 3TOA (PYHEIEH HeT. ITosToMY MPaBHIIBHBIT 0TBeT — M -
MogXoJAINers rpadHKa HeT.

5—2x - mHHefHAaA (PYHKITHA ¢ VIIOOBBIM KosddrimeHToM —2. OHa

IIEPeCceKaeT OChb adcIpice B TO'Ke C YLIIOBBIM KO.‘)(I)(I)H]J}I&PITOI\'I =

[N

TLoaxo A rpadim — L.

SN X B TOYKe Xy =7 IIepeceKaeT OCh HGCL[PICC B TOYIKE 7T C Y¥IJIOBBIM
rkos(pdrmpieHTOM —1. IToaxoaaimero rpadhHiKka HeT.

SN X B OKPecTHOCTH TOUEKH X, = 2;7 B CHIY [MePHOIJHMHOCTH C© IepHOSOM
27 BBIIAIHT TaK Ke KaK HB OKpPecTHOCTH TOUKH O.TI05TOMY MpPaBHTBHBIT
oTBeT — K. Ha KOTOPOM IIOKA'2aH 3IeMeHT KAacaTelTbHOH ¥ — ¥ K CHHyCOHIEe B
HatIame KoOpPIHHAT.

x® - BceM H3BecTHAad MapaGora TOAXOJMITHI BApHAHT H300pakKeH Ha
rpajuke F.

x® - KyGmeckan QyHKMA IoIX0 AN BAPHAHT H200paded Ha rpadHie
IT MTEn AaTrrra AT IR AT Irra  TrT o nTa dhs e T rer R R AT T AT AT TATS AT YAt AT TR A TT A e

SanaHue | Aanes > |

Nor0WE

Puc. 3.10. Bukiuk 1omoMoru y BikHi TpeHaxkepy «DyHKIII

3. PosiOpaBmmch 13 MPaBUIBHOIO BIAMOBIAAIO MPOJOBXKHUTL Jal

BUKOHAHHS TPCHAXXEPY BUKIIMKOM KHOIIKHM A2158
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HeobxiOHi 3HaHHS1 NPO nocsido8HicMb

Def. SKIIO KOKHOMY HATypaJbHOMY 4HUCIy 7 € N 3a meBHUM

IPABUIIOM CTABUTHCS Y BiAMOBIAHICTH YUCIO *n, TO MHOXHMHY YHCEI

EPE U HA3UBAIOTh YUCI080K NOCAIO08HIcmIo 1 TI03HAYAIOTH
CHMBOJIOM {x}

[HIIIMMU clTOBaMU MOCII1TOBHICTD {xn} - e QyHKITIS

X, =f(n), (3.1)

BU3HAUEHA HA MHOXKUHI IV HaTypalbHUX YKCE, 10 001aCTi 3HAYEHHS
SIKOT HAJIEXKATh JIWCHI YUCIIA.

Tyr %=/ 1) nepumii 4ieH nocigosHocti, *2 =/ (2) IPYTHIA,

.., ¥n - N-}f a00 3araJIbHAN WIEH MOCIiJOBHOCTI.

ITocaigoBHICTE BBaXKalOTh 3aJaHOI0, SIKIIO BKa3aHO CIOCIO
BIAIIYKaHHS ii 3aragbHOro uieHa. Halwacrime 3araJdbHUNA dYJIeH
MOCTIOBHOCTI 3amaioTh ¢opmynoro (3.1). Hampukmanm, dopmya
=)’

" 3aja€ MOCI1AOBHICTb

11 (=1)

.y 9o

-1,—,—, ..
23 n

X =

n

Def. TlocninoBHICTH 5, HA3UBAIOTh 0OMeCeHoI0, IKIO 1CHYE

take yncno M >0, mo nng Oynp-axoro 7€ N BUKOHYETHCS HEPIBHICTH
Ix, [< M

B iHmomy BuUnaaKy mociiI0BHICTh HA3UBAIOTh HEOOMENCEHOIO.

Hanpuknan, nocmigosicte *» ~ n+l e bl 579 ¢

11 }
34 — oOMeKeHa.

Def. [TocninoBHICTH 5, Ha3UBAaIOTb  3POCMAIOY0I0
(HECIIaIHOI0), SKIIO ISl JOBUIBHOTO HATYPaJbHOTO 7 BHUKOHYETHCS
HEPIBHICTh

N |-

1 .
el

HEOOMEXKEHOIO, a n ., ge Yni=
xn < xn+1 (xn S xn+1)
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Def. [TocninoBHICTH ) Ha3MBaIOTh CnAaoHoio (HE
3pOCTAIOY0I0), SKIIO IS JOBUIBHOTO HAaTYypalbHOTO /! BUKOHYETHCS
HEPIBHICTh

xn > xn+1 (xn 2 xn+1)

Bu3znaueni  TakuM — YHMHOM ITOCJI1TOBHOCTI HA3UBAIOTh
MOHOMOHHUMIU.

{ 1}
Hampukian, IMocaigoBHICT {Innj ¢ 3pOCTaI0YO0I0, nj.-

(=)’

{sinn}, ~—L
CIIaJIHO}O, - IIOCJI1IJOBHOCT1 HEMOHOTOHHI.

Heob6xiOHi 3HaHHS1 NPO 2paHUyI0 YUCII080i
nocsidoeHocmi

Def. UYucno A Ha3zUBAIOTH 2paHUYero NOCTiO06HOCHI {xn },SIKHIO
s Oynb-axoro uncia € >0 icaye Takmit HOMeEp N (8), IO JUTS BCIX
n>N(e) BUKOHY€ETHCSI HEPIBHICTh

|xn—a|<8. (32)
limx, =a :
VY 1[bOMY BHIIAJKY 3alIUCYIOTH - a6o *» 79 mpu n—> > i

Ka)XyTb, 10 TTOCIIOBHICTh , € 30ixcHor. TlocnioBHICTD, KA HE

Ma€ TPaHMIll Ha3UBAIOTh PO301KHOIO.
3’sicyeMO  TEOMETPUYHHMM ~ 3MICT  O3HAUCHHS  T'paHUII
ITOCJI1IOBHOCTI.

InTepBan (a-£.a+¢) yasupatots € - oxoMOM TOUKH 4 (puc.
3.11).

X 'x.-‘-."+2 ad+E X

- | —
a—g Xyl o

N4+3
Puc. 3.11. G . OK1J1 TOuku @

Ockinpku  HepiBHICTH  (3.2)  piBHOCWJIbHA  HEPIBHOCTI

d-&<X,<d+& 10 O3HaYeHHS TPAHMI[ MOCIIJOBHOCTI MOXKHA

chopMyIIOBAaTH TaK: YUCIO ¢ HA3UBAIOTh SPAHUYEI) NOCHIO08HOCMI
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{x"}, AKImo A Oyab-skoro uncna € >0 icaye Takmit nomep V =N (e ),

mo Bci wienn Mo, g n=N+1 N+2 porpamisiors B €- OKim
Toukn @ (puc. 3.11). ToOTo BcepemmHl € - OKONY MICTHUTBHCS
HECKIHYEHHE YHCJIO 4YIEHIB MOCIIAOBHOCTI, TOAl SK II03a OKOJIOM
TOUKH ¢ - CKiHYEHHE. 3PO3yMiJlo, IO YMM MeHIIe 3HaueHHs € >0,
THM OibIre unciio NV, ane 060B’A3K0BO TaKe YKCIIO iCHYE.

l—0 <0,01

n

Hanpuknag HepiBHICTB

l—0 < 0,001
- I BCiX I’l>1000’ TYT N=1000

BHUKOHYETBCS I BCIX

n>100, ryr N=100 5 |n

1
. im—=0,
3B1JICH BUILJIUBAE, IO =" 115l TPAHUIA € €UHOIO.
Def. 1locnigoBHICTD {xn Ha3UBaIOTh HECKIHYEeHHO MAJl010, SIKIIIO

limx, =0

n—»0

. limx, =a {
Big3znaunmo, o SKmo - , TO

MOCJIIIOBHICTb.

X, _a} - HECKIHYEHHO MaJjia

HOCHiI[OBHiCTB {x"} HA3UBAKOTh HECKIHUEHHO 8EAUKOI0, SIKIIO JJIA

oynb-axoro uucaa M >0 icnye momep N Takmit, mo mpu 7>N

BUKOHY€ETHCSI HEPIBHICTh %, > M

Iim x, = ®
Y 11b0OMy BHIIAAKY 3aIUCYIOTh TaK: »- =

Byumocsi 3Haxo0umu 2paHuuyi
nocsricooeHocmi 3a 03Ha4YeHHSIM

n+2 1

3.1. JloBexiTs, 1110 2 2n+s 2
Posé’azanns. Hexait nosinbHe € >0 3amgan0. 3rigHo 3
03HAYCHHSM IOTPIOHO BKA3aTH HOMED N(e ), o st Beix 7> N (¢)
BUKOHYETHCS HEPIBHICTD
n+2 B 1
2n+5 2

<
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3BiJICH TICTAEMO
2(n +2)-2n-3|
<Eg,
| 20n+5) |7 202n+5)

<35, 4n+10>l, n>l(l—10)
g g

Bissmemo 3a V() Ty YaCTHHY B1J YMcCia
l(1—10): N(e):{l(l)—lo} n+2 1
e 4\e , TOZIi HEPIBHICTh

. n+2
lim =

—-—<e¢
2n+5 2
1
BUKOHYCThLCS JIs BCix 7> N (e), Ile i o3Hauae, mo = 2n+5 2

: HeobxiOHi 3HaHHS1 NPO ennacmusocmi
: 2paHuUub nocsiidoeHocmi

Teopema 3.1. Beska 301kHa TTOCTIIOBHICTS MA€ TUTBKH OJTHY
TPaHUILIIO.
Teopema 3.2. 3061>kHa MOCIIITIOBHICTh OOMEKEHA.

Teopema 3.3. SIKI0 HOCIIiTOBHOCTI EAERIY 301Hi, TO
BUKOHYIOThCS TPAaHWYHI PIBHOCTI:
lim®, £v.)=lim~* £lim».
9

1 ) n—»0 n—»0 n—>0

lim~,7, =lim*, - lim»,

2) n—»0 n—»0 n—»o0
limCy, =C-limy,
3) e I (< C . cTala;
o, lmx
lim—"=77 (hmyn ¢0j
n—w YV, 11myn n—»o0
4) n—0
Teopema 3.4. SIKio UIg TOCIIiZOBHOCTEM b ) 1a {2
. limx, =a
BHUKOHYIOTHCS yMOBH *n =Y =21 17151 KOskHOrO #EN i s :
limz,a Climy, =a
n—»oo 5 TOH] n—»0

Teopema 3.5. (Beilepmirpacca).) MoHOTOHHa oOOMeEXeHa
ITOCIIITOBHICTh MA€ TPAHMITIO.

3a JI0MOMOrOI0 OCTaHHBOI TEOPEMH JIOBOJATH I1CHYBAHHS

_ lim(1+—]
rpaHuIll "~ N/ | 3HadeHHA SIKOi TIO03HAYAIOTh  YHCJIIOM
e=2,71828...
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OTtxe,

lim[ 14| =
n

n—»0

Heob6xiOHi 3HaHHS1 NPO eu3Ha4YeHi ma
HeeU3Ha4eHi eupa3u

[Ipu obunciieHHi TpaHullb TpeOa BpaxoByBaTH TaKi TBEPIKCHHS:

1) cyma i m0OyTOK CKIHYEHOTO YHCJIa HECKIHYEHHO MaJluX, a
TakoXX JOOYTOK HECKIHUCHHO Majioi BEJIWYMHHM Ha BEIWYHHY
00OMEXKeHy € HECKIHUCHHO MaJjll BEIMUNHHU;

2) cyma it 100yTOK HECKIHYCHHO BEIMKHX BEIIMYMH, a TaKOX
100yTOK HECKIHUCHHO BEJIMKOI Ha HEHYJIhOBY CTAIy € HECKIHYEHHO
BEJIMKI BEJIMYUHH;

3) yacTtka BiJ [JIJICHHS CTaJOi HAa HECKIHYEHHO BEJIUKY €
HECKIHUCHHO Majla BeJIMUYMHA, YaCTKa Bij JUJICHHS HEHYJIbOBOI CTajIol
Ha HECKIHUYEHHO Majly — HEeCKIHYE€HHO BEJIMKa BEJIMYMHA;

VY npuknagax Ha BIAIIYKaHHS TPAHUIIb 3a3BUYAM 3yCTPIYaIOTHCS
HEBU3HAYCHI BUpaA3U: BIJHONICHHS JBOX HECKIHUCHHO MaJUX
BEJIMYMH; BIIHOIIIECHHS JBOX HECKIHYECHHO BEJIMKUX BEJIMYWH; PI3HUIISA
JIBOX HECKIHYEHHO BEJIMKUX BEJIMYUH; JOOYTOK HECKIHYEHHO MaJioi Ha
HECKIHYEHHO BEJIMKY BEJIMYMHY; HECKIHUYCHHO MaJila a00 HECKIHUYEHHO
BEJIMKa BEJIMYMHA B HECKIHYEHHO MajoOMy CTEIEHI; BEJIMYUHA, IO
npsSIMye 0 OJWHUII, B HECKIHUEHHO BeJMKOMY cTerneHi. CHMBOJIIYHO
HEBU3HAYCHI BUPA3H MOXKHA 3aIIMCATH Y BUTIIAAL (iX ycboeo cim):

o 1",

0
w—o00, 0-00, 0°, o0,

oo

o0
s o
o0
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Buyumocsi ob4yucnroeamu 2paHuui
nocsiicoeHocmeli 3a 00NOMo20r0
meopem

OO6YuCHITh TPAHMUIII.
i Tn* —5n° +4n
3.2. n1—1>£1 10 +2n-3n" _

Po3zs’sz3annsa. Tlpu 7 — % yucenbHUK 1 3HAMEHHUK TPSMYIOTH 10

o0

., OTKe, MAEMO HEBU3HAYCHICTb BUTIISAY (OO] Po3kpuBaemo 1i,

ITOIJIMBIIM YHCEIHLHHUK 1 3HAMCHHUK Ha HAWBUIIMN CTYIIHB 7, TOOTO
4
Ha " :

7_3 .4
" 7n4—5n2+4n_1, T2 e
M0 o, 3,0 Mg
—t—5-3
n n

) .5 . 4
hm7olm e Thimy 7040 7
10 . 2 . 0+0-3 3
Iim— +lim 5 —lim3

n—»o0 n—»0 n—>0

Biamosims: 3

N.B. OOIpyHTYITE CAMOCTIMHO MPABWIbHICTH TaKOi (popMyIIn:

a,/b,, sxmo m=k,
m m—1
an”" +an" +..+a,

Iim - =<0 AKIIO m <k
o bon* +bn* ™+ .+ b, ’ ’
o0, Ko, m > k.
2 1
. n’—-n*+4
Im————

33, (-2 -5,

8
Posé’sazannsa.  MaemMo — HEBH3HAYCHICTh  BHUTIIAIY ®J,
BukonyeMo neperBopeHHs
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2
) ) n’
Iim = ) 3 ) =]lim ) T =
n—o0 _2 - _ 5 n—o0 - 2 n—»00 2 -
(n=2)r 7(1 2j _5n 7 n7(1—2]7
n n
2
.ons 1 1 1
=lim—5=lim—=5=lim——=—=0.
n—0 ; n—o n;—g n—0 ng o0

TyT MU CKOpUCTATIUCS TPAHULISIMU
lim»” =0, sxkmo p <O0;

n—0

limn” =, sxmo p > 0.

n—0

Bigmosigs: 0.

. on—(n+1)
W ey

, 1=
Po3ze’sa3anns. Haragaemo, mo 3a o3HadueHHsam

1-2-...-(n—1)-n.
Tomi

. on—(n+1)

lim i oy

. n(l-n-1) . -n (o) .. -n
‘1,,123”!((”+1)(n+z)_1)‘1}£¥3(n+1)(n+z)_1‘(wj‘hm 2

© n—so N~ + 37’l +1 B
Bigmosigs: 0.
. 1+3+5+..+(2n-1)
3.5. nlgol1+4+7+...+(3n—2)_
Posze’azanns.

nl-n(n+1)
T+ 1)+ 2)— !

YucenpHHK 1 3HAMEHHUK Apo0y € CyMOIO
BIAMOBIHOI apudmeTnyHoi mporpecii. BukopucroByroun dopmyiry
g _4ta,

! 2 (cyMu 7mepmmx 4UIEeHIB apu(pMETHYHOI Mporpecii),
JIICTAHEMO:

1+3+5+...+(2n—1):Mn

_ 2

1+4+7+...+(3n—2):1+3;_2n:”(3’;_1)
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Tomi

ggh+4+7+m+6n—@

2
BinnoBinp: 3

36 hnﬂyn2—2n—3—n)

Po3z6’sa3annsn. Maemo HEBH3HAYEHICTH BUTTISLY (
3acTOCYEMO CTaHJAAPTHHUIN IPUHOM — JOMHOKHMO YHCEIIHHUK 1

— )= lim =]im =

1+3+5+...+(2n—1)_(f) 2n’ 2n 2
- o n(3n—1) 52 3n-1 3

OO—OO).

(v 2 .
3HAaMEHHMK Jpo0y Ha CIPsLKEHUM Bupa3 V7 — 2n=3+n_ Toni

b5 2 bl sl

. on=2n-3-n> _. -2n-3
=lim—= =lim—= =
oo AN =2n—=34+n meAn” =2n-3+n

3
(ooj o2 3 141
l-————+1
n o n

Bigmosins: -1.
1. 3n +5n+l
3.7, m 25"

%)
Po36’s13anns. MaeMo HeBU3HAUCHICTh BUTIISAAY \*°/ .
[ToiNnMBIIM YKCETbHUK 1 3HAMEHHHUK po0y Ha S, JiCTAHEMO

n n+l é + 5
3" +5 5

lim=—— :l}g(zj” T
21
5

Bigmosins: -5.

228



2 sinn
lim
3.8, oo N
Po3zs’sazanus. BpaxoByrouu HEPIBHOCTI

. 1 :
—1<sinn<1, —<2™" <2 . o
2 , 3aIHIIeMoO MOJIBIMHY HEPIBHICTb

1 - 2Sinn - 2 1 2
P =" ) lim=—=0, im—=0
2n. n n_ QckilbKH =21 w1 33 TeopeMow 3.4
2sinn
lim——=0
n

IICTAEMO BIAIOBIAL:
Bigmosigs: 0.

O64ucnroemMo epaHuui nocsidoeHocmeu 3a
donomoeoro N3 Derive, Mathcad, Maple,
Mathematica

lMpouyedypa ob64ucrieHHs1 epaHuUub MnocriidoeHocmelu
3a donomMo2or 8idnoeioHuUX npaeurnl.

VY Teopii MexaHI3MIB 1 MallIUH JJI1 KIHEMATHIHOTO JOCTIIKEHHS
MEXaHI3MIB  3aCTOCOBYIOTbCA  rpadiyHUM  METOJl  BU3HAYCHHS
TpaeKTOpii pyXy TOYOK 1 MOOYAOBH IIaHIB MEXaHI3MIiB, IO 3aJlaHl y
BUTJIAA1 TIOCTIJOBHOCTEM Ta MeETOJ KIHEMAaTHUYHHX JiarpaMm 13
TOCHIKEHHSIM  TPAaHWYHOI  TOBEMIHKH  ITOCIIJOBHOCTEHM,  IIO
BU3HAYAIOTh MEPEMIIICHHS JaHOK MEXaH13MIB.

3.9. 3amaMo TpaekTOpii MEpeMilIeHHS JIAHOK MEXaHI3MIB 3a
JIOTIOMOT'O0 TIOCJTIZIOBHOCTEH Ta TOCTIAUMO iX TPAaHUYHY MOBEIIHKY.

. 5SnP+n’-=3
lim
i T’ —2n° +4

OO0YHUCHITH

Po3zé’azanns.
Kpox 1. Ilpu 7 = +© quceNbHUK 1 3HAMEHHHK ApOo0y

(e 0]
HEOOMEXEHO 3pOCTal0Th, TOMY Ma€ MICIIE HEBU3HAUYECHICTh BUTY [O‘J :
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Kpox 2. B maHoMy BUIaJIKy 3arajJlbHUH WiIE€H IMOCIJOBHOCTI €
npoOOBO-paIioHANBHOI (DYHKIIEI0 HATYpaIbHOTO aprymMeHty n. Jlis

o0

Takux (QyHKIIM HEBU3HAYECHICTH (OOJMO)KHa PO3KpUTH,  SAKIIO
PO3IIIMNTH YHCENILHUK M 3HAMEHHUK Ipo0y Ha "', ne k — HaiOiabIImii
3 MOKAa3HUKIB CTENCHIB 7, K1 BXOAATHh B JaHUW BHpa3. Y JaHOMY
NpUKIAAl PO3AUIMMO UHCENbHUK 1 3HAMEHHUK Jpo0y Ha 7,
Otpumaemo:

5n° +n* =3 St

1

_ n
n—>+w7n3_2n2+4 n—)+oo7_g
n

_3
7

3

n> 5+0-0
4 7-0+0
3

n
3
Bignosige: 7.
lMpouyedypa ob64ucrieHHs1 epaHUub MnocriidoeHocmelu

3a dornomo20r 8i0noeiOHUX rnpasusl Moxe 6ymu 3amMiHeHa
npouedypom 3acmocyeaHHs l1MN13 Mathcad.

«Hae4yaemo» ceili Kommn’romep 064uUC/IeHHIO
epaHuui nocnidoeHocmi 3a OOMOMO20K0
r1r13 Mathcad.

1. Bigkputu Bikao I1113 Mathcad.

2. 3a mgomomororo ommii Buo —
HEHHEJIE--- sin cos tan In log

lanenu — uncmpymenmos — — [°F rawy [ -

Ucuucnenus, Buo — Ilanemu | p = = g L ()¢ X
F 0

uncmpymenmoe — Kanvxkyaiamop || =
ta Buo — Ilanenu uncmpymenmog | I
—  Bouluucnenue BuHecTM Ha || % ’ c Ta
MaHEJIb 1HCTPYMEHTIB BKJIAIKH

(puc. 3.12):

H

w7
|
1

| w o w
n + = —

g
5
2
0

= = = —= = fx xf zfy xfy
Puc. 3.12. Bknagku nanerni
inctpymenTiB [1113 Mathcad
3. O6patu y Bruai Mcyucienue «/]8yxXCmopoHHss epanuyay.
4. Habpatu 3 knaBiaTypu Kanvkynsmopa 3agaHy MOCTIAOBHICTE Ta 13
BKJIAJIKK Boiuucienue odpata = .
5. OTpumaty 3HaYeHHS IPaHUIIl MOCTII0BHOCTI (puc. 3.13).
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aiin ka Bra doGaEnTn DopmaT MHCTPyMeMTH ChmBonmka OkMo  Crigaska
D-=2d &Y L - 5B = e 100% [~ Bl % 5t i M T men 73 v B8

NNNNNN ~ ] arial >0 [»] B £ ¥ === i=i= b D & @) b - 2
B || = | [ <2 51 «p - = = = (@ > fx xf = vl & 1 o rmiEm
% 2 | 1
; -~ - o ;:‘ sin cos t&an n og
]_'i_ﬂl Sl + n 3 - nl i =l
% - % - ef L (3 =2 Y
e R O
LB | =1 (=T
= 1 2 3 +
- . 0o — =

Puc. 3.13. Bikno I1I13 Mathcad: o6uncienHs rpanuili OCIiI0BHOCTI

. (n—1)!+3n!
lim

3.10. OGuncyirs "~ (1+n=1)1=(1-2)!

Posé sa3anus.

Kpox 1. Ins Toro 1mo6 no30aButucs (hakTopialiB, Kl BXOASIThH B
sanaHuii BUpas, BApasuMo ix wepes "~2) ToGTo wepes daxropiam
MEHILOrOo 3 yucen. Maemo:

A= Tim (n=1)!+3n! . (n=2)1(n—1)+3(n—2)!(n—1)n
oo (n+ 1) n—1)1=(n=2)! 1> (n+1)n-2)!(n—1)—(n-2)!

Kpox 2. Po3filuBiIM 4YHCENBHMK 1 3HAMEHHUK Ha (n-2)
OTPUMAEMO TPAHUIIIO APIOHO-paIlioHATBHOT QYHKIIII:

2 1
_ _ 2 3=——35 3 o_
e i ™ 1+3(n l)n:hm3n 22n I " non®_3-0-0_
n—>+o00 (n+1)(n_1)_1 n—>+o00 n _2 n—>0 1_£ 1_0
2
n

3

Bignosigs: 3.
lMpouyedypa ob64ucrieHHs1 epaHuUub MnocriidoeHocmelu

3a dornomo20r 8i0noeiOHUX npasusi Moxe 6ymu 3amMiHeHa
npouedyporo 3acmocyeaHHs 1113 Maple.
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«Haeyaemo» ceili Komn’romep 064uUcC/IeHHI0
epaHuui nocsidoeHocmi 3a 0OOMOMO20H0
r1r13 Maple.

1. Bigkputu Bikuo 1113 Maple.
2. 3a pomomororo ommii Insert-Execution Grope-Before Cursor

OTPHMATH y IOJI TIPOrPAMH MITKY ~ .
3. AxtuBi3yBatu 37iBa BKIagku Expression i Common Symbols Ta 3
(n—1)!+3n!

> (n+1)n—1)1-(n—2)!

OTpHMaHMX IMIa0JIOHIB BBECTH Ta CUMBOJI «;».
4. OTpuMaTH 3HAUYCHHS TPAHUII MOCIITOBHOCTI (puc. 3.14).

ap
File Edit  Yiew Insert Format Tools  Window Help

D2B S8 XomE S =EE = M1 OFE ¥ [Hexx 2 B
Drawing P .

"
| P> Favarites | =

n ) ¢ ) === ==
P Handuwriting | R D@y BIU =E= Bt =i

=
'

3 =
& | Fdx Z
a =%

El

ax

| — (rn-1) 1+ 3-n!

PR A T Y (1) (2!

1)

3

PO

n b
N | |:>

xxxxx

P Liriits (ST) |
P Liniits (FPS) |

& Common Symbols

e 1 jJj I »

~

~l < >

PI/IC 3.14. Bixno I1I13 Maple: o6uncieHHs TpaHuUIll TOCTITOBHOCTI

li 2n* +4n—1-~2n* +3n+2
3.11. O0uuciTe EEO(\/ o Van’ +3n+ )

Po3zé’sazanns.
Kpox 1. Y u0poMy BHUNAAKYy 0OpuU 7 —>1®°  OTPUMYEMO
HEBU3HAYCHICTh BUIY (OO‘OO), Ky MOKHA 3BECTH JO HEBU3HAYEHOCTI

o0

BULY (Oo) MHOXXEHHSM 1 TUICHHSM Ha BUPa3, COPSHKECHUN JaHOMY.
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Kpox 2. Takum ynHOM,
lim (Jzn2 +4n—1-+2n° +3n+2)=

n—>+0

(\/2112 +4n—1-+2n +3n+2X\/2n2 +4n—1++2n" +3n+2)_

= lim

nrte Vo2 +4n—1++2n% +3n+2

2n* +4n—1-2n* -3n-2 n-3

= lim = lim

"_’+°°\/2n A =142 43042 2% +4n—1 4420 e

3
= 1
= lim n =
> [ 4] 3 2 22
2+———2+ 2+—+—2
n n n n

1
Biamosigs: 2\/5 )

lMpouedypa ob64ucrieHHs1 epaHuUub MnocriidoeHocmelu
3a dornomo20r 8i0noeiOHUX npasusi Moxe 6ymu 3amMiHeHa
npouedypom 3acmocyeaHHs 1113 Derive.

«Hae4yaemo» ceili kommn’romep 064YUCIEHHIO
epaHuui nocnidoeHocmi 3a donomozoro 13
Derive.

1. Bigkputu Bikao I1I13 Derive.

2. BecTH 10 pPO3MISLY BHPa3 (‘/2”2+4”_1_*/2”2+3”+2) HaOpaBIIK
HOro 3 KiaBiaTypyd HIDKHBOTO TIOJISI TIpOrpaMud Ta 3pOOUTH MOTO
AKTUBHUM HATHCHEHHSAM KHOIKH —

3. 3a ponomorow omuii Calculus-Limit BUKINKATA BIKHO JUIS
3a3HAaYCHHS 3MIHHOI Ta JI0 SKOTO 3HAYCHHS BOHA MPAMYE i HATUCHYTH

KHOIIKY Simplify

4. OTpuMaTH 3HAYCHHS TPAHMUIIl MOCIITOBHOCTI (puc. 3.15).
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e ; :
Jom +dn-1- fi2n 43042

#1

i )
#2: T (J{E-ﬂ +4-n—l}—J’[2-n +3n+2)
M-+

Caleulus Limit 73

Yanable: | gp -

)

#3: o

Approach From
0 Lett
" Right
f* Boath

Limit Boint: |40

3.12. O0YHCTITh TPAHUITIO TTOKa3HUKOBO-CTEIICHEBOI YHCIIOBOI

MOCJTITOBHOCTI
P n+2
. ( 4n  —n+3 ]
111'1’1 _—

o\ dn® +2n—1

Po3s’sa3anus.
4n* -n+3 1

lim = lim (n +2) = +o0
. -
Tak sax "™4n +2n-1 = g 1o ,  Maemo
HEBU3HAYCHICTh BUY 1”), Jnst po3KpUTTS 11i€1 HEBU3HAYEHOCTI
. kla, _ k
lim(1+a,) " =e

MOTPIOHO CKOPUCTATUCS BAXJIMBOI TPAHMIICIO "+ ,

e % - HECKIHYEHHO MaJia MOCII0BHICTh. TOMY alirOpUTM pO3B’SI3KY
1Ti€1 3a/1a41 CKIAJA€ETHCS 3 TPHOX KPOKIB.

4n* —n+3
Kpox 1. UncinoBy nocnigoBHicTs 47° +2n—1 noTpiOHO ySABUTH y
Bl |4, ge % - HeCKiHYEHHO MaJjia MOCIiTOBHICTb.

1

Kpok 2. 'Y noka3zHuKy CTeNeHs BIIOKPEMHUTH MHOXKHUK BUAY “r .
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lim (1 +a )k/a” =t
Kpoxk 3. Ha ocHOBI1 opmymu 7>+ 00UHCIIUTH

3a7aHy TPAHUITIO.

TakuMm YMHOM, MAEMO:
4-3n
4201 \ 4201

(42 —ns3" 4-3 Y 43\ i
linf =2 i I | = i | 14— _
R 4n” +2n—1 A 4”4+ 2n—1 o 4n” +2n—1

BN

(n+2)

. nn
(43n)(n2) PR
lim 44—
n g

< 2 71 ;o ? —]
— lime 47+ =g dtil —p

n—>+00

. . -3/4
BianoBiab: e

lMpouyedypa ob64ucrieHHs1 epaHuUub MnocriidoeHocmelu
3a dornomMo20r 8i0noeiOHUX npasusi Moxe 6ymu 3amMiHeHa
npouedypom 3acmocyeaHHs M3 Mathematica..

«Hae4yaemo» ceili komn’romep 064YUC/IEHHIO
epaHuui nocnidoeHocmi 3a donomozoro [M13
Mathematica.

1. Bigkputu Bikao I1113 Mathematica.

2. 3a pmomomororo omii Palettes-Classroom Assistant BUKIHKATH
BKJIQJIKH 13 11ab0HaMu Jj1s1 HAOOPY CMBOIB.

3. AxkTmBI3yBaTH IpaBopyd y BKIaami Basic Commands KHOIKY

P =

@ 1 oopatn y BikHI Calculus 0OUNCHCHHS Limit ,

. L:i.lTI:i.t[expr s |var = value
4. YV nom mnporpamud 3’SBUTHCS Ia0JIOH ] 1S

3aIICy BUpa3y YHCIOBOI ITOCIIIOBHOCTI Ta MO3HAYaHHS, IO N —> ©,
3anucaTd BHpa3 MOCIIOBHOCTI 3aCTOCOBYIOYHM ITA0JIOHHM BKJIAJIKH
Calculator-Basic BUOKpEeMHUTH WOro Ta 3a JOIMOMOIOIO  OIIIii

. . . In[5]:= Ot [5]=
Evaluetion-Evaluete Cells BUKIAKATA 13 MITKaAMU

00YHCIICHHS TPaHMII TTOCIIJOBHOCTI.
5. OTpumaty 3HaYeHHS TPaHUIIl MOCTII0BHOCTI (puc. 3.16).
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i 2 2 42
nM-th’[L'Lt[((-i}{l'l —n+3)/(4xn +2xn—1)) ,n-}m] S -
v o =A@ e vst | 20| 0
1
Outfil= 1 a,: DDDDDD
o3 =
Puc. 3.16. Bikno I1T13 Mathematica: oOuncneHHs rpaHuili
MOCJTIIOBHOCTI
'*.:A@ Modentoemo npogpeciliHy disnbHicmb
N iH)XeHepa

3.13. 3anexHICTh MDK MBHAKICTIO Te4ii v (M/C) W 4YHUCIOM
o0epTiB # y XBWIMHY JJIsl TBUHTA MiJ 4ac PyXy TiAPOMETPUIHOI
BEPTYIIKA Yy CTOSYIA BOAI HAOMIKEHO BUPAXAETHCS (POPMYIIOI0
VEVe e e — Ta TPaHMIs IIBUAKOCTI, 3 SKOK TBHHT HE

obepraetbes. [loOyayBaTu rpadik 3anexxHocTi v Bijg 7 ipu o= 0,167 i
a=(0,0111. 3a rpadikom 3HaNAIT, HAOIKEHE 3HAYCHHS V IIpH 71 = 75.

0

Vo

\g\:. Iepeghopmynoiime YMOBY 3060aHHS
" mamemamuunoro  Mmoeorw. Illobyoyiume  epaghik

" sanexcnocmi VT 0,167+0,0111-7 3 sonomozomn
o “J III13. 3a epagixom 3natioimv Habaudicene 3HAUEHHs
vnpun=73.
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3.14. TemnepaTypy NpOBOJOKU JOBXKUHOIO B / M BUMIPIOIOTH Y
KOKHIM 1i Tour. SIKmio Temmeparypy BUMIPIOBATH y Tpaaycax 3a
[lensciem, a BiCTaHb BiJl OJTHOTO 3 KIHIIIB IIPOBOJIOKHU TO3HAYUTH Y
CaHTUMETpax S, TO OTPUMAEMO (PYHKIIIO

T(S):{ §?, sxmo 0<5<50,
(100-S)*, akmo 50 < S < 100,

[TooynyBatn rpadix 1miei ¢ynkmii. Sxy dyHkiiro Oyae
OTPUMAHO, SIKIIO TEMIIEpaTypy BUMIPIOBATH y rpaaycax 3a dapeHreii-
TOM, a BIJICTaHb y MeTpax? Haramaemo, 1o 3a1eXHICTh TEMIEpaTyp y

rpagycax 3a llemsciem (C) # y rpamycax 3a @Dapenreritom (F)

F:S-C+32

BHPAXAETHCSI CIT1BBITHOIMICHHSIM
L e Y .
\ N LY Tepegpopmynioiime YyMo8y 3a80aHHs
ii mamemamuuroro mogoio. Cxopucmatimecs [1113 ons
- odocnioxcenHs  Qyukyii, nobyoosu ii epagika.
» ( 30iticnimb nepemeopenus epagikie ynkyii npu
nepexoodi 6i0  epaodycie 3a Illenvciem (C) 0o epaoycie 3a Da-
9

. F=—.-C+32
peneetimom (F) 5 3a donomoeoro II113.

3.15. JlunamiuHa CaMOIHIYKIlSI AQHTEHW TMPU TOCTIHHOMY
MOJOBXEHH1 XBUJII HA OJUHHUINO JOBKHUHU BUPAKAETHCS (POPMYIIO0
tg(nd/A)
L=L =——
27l /A ' ' i L
T — e, L - nuHaMiyHa CaMOIHAYKIlA;, ~°— cTaTU4YHA

[

— JiIoYa JOBXHWHA aHTEHH; A — NOBXWHA XBUII
lim L
aHTEHU. 3HAWUTH 4%

Ilepedhopmynoiime ymo8y 3a80anHs mMamemamuiHoO

CaMOIHTYKIIiS;

l\‘ L5 moeoro. 3uauodims 2PAHUYIO nocaioo8Hocmi
‘ | .. tg(m-1/2)
: lim Lo 4

- A0 T 3a oonomoeoio I113.

» L
lim £ = LV2

BigmoBigp: 24—
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Tema 2. FPAHNLA ©YHKLII

[IpumnycTumo, 110 AesKe TIJI0 MOUYMHAE PYXaTHUCI Y MOMEHT Yacy
t=0 1o npamii minii (puc. 3.17). Hexall muisx, mio mpoiIuIo TiIoM 3a

yac !, BUBHaYa€ThC (DOPMYIIOI0 S=1 )

DOyHKITI10 s=/(t) HA3UBAIOTh
0 S(e) M A5 M, 3aKOHOM pyXy Tija. Po3risHeMo

Sle + 2 msix MM ipoiinennii Tinom 3a

. Bipi3ok dYacy |12+ 2] (
Puc. 3.17. Cxema pyxy Tuia qeaKkuu 3.17). Biu mopiBHIO€
HUIAX 32 ACSKHUI yac AS = f(t+At)- £(2)

puc.

SKIIO TIO pyXa€eThCsi PIBHOMIPHO, TO BiTHOIICHHS MPOWIEHOTO
HUISIXY JI0 Yacy

AS  f(t+nA1)- f(t)
At At
€ MIBUIKICTIO PYXY 1 HE 3alIeXuTh Big ! i AL,
VY pa3l HEpiBHOMIPHOTO pPyXy II€ BIJHOIIEHHS 3aJ€KUTh SAK BIJ

BMOPAaHOro MOMEHTY wyacy !, Tak 1 Bim mpupocty A! i Bupakae

CEepeAHIO MBHUAKICTh PYXY Y MPOMIKKY 4Yacy |51 +At]. YuM MeHIIHi

IPOMIKOK yacy A TMM 3 GUIBIIOO MiACTABOI MOXKHA BBaXKATH, ILO
PYX IPOTATOM 4acy Bix ! g0 ! + Al — piBHOMIpHHMIA.

Jlns oTpuMaHHA MUTTEBOI IMBUAKOCTI B MOMEHT dYacy !
3aCTOCOBYETHCS MOHSATTS TpaHuIll GYHKIIT B TOYII, 110 TTO3HAYAETHCS

AS _ iy SUHB)=ST)_

lim —
At—0 Af At—0 At

HeobXxiOHi 3HaHHS1 NPO 2paHuUyto
pyHKUiT 8 moYyi

Posrmsemo Qynkuito Y=/ (x), BH3HAYECHY B IEIKOMY OKOJI
TOYKH 13 KOOpJAUHATAMHU (¢ ()), KpiM, MOXKJIIMBO, CAMOI TOYKH.
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Def. Yucno A Ha3MBAIOTH 2panuyero Gyuxyii ¥ =/ (x) pu

X—>a gxmo ;s Oyap-skoro uncna €>0 icmye wmcmo O =5(2)>0

Take, MO IS BCIX X, SKI 3aJ0BOJIBHSIOTH HEPIBHICTH

‘x—a‘<6
bJ

npudoMy X # @, BUKOHYETHCS HEPIBHICTD

| f (x)- Al<e .

3amucyIoTh 1e TaK: lim /(x)= 4 aGo /()4 mpu X —a.
Ty y= ) O3naueHHs rpaHuIll QyHKINT Mae
i 7 / | pocTe 2eomempuine
4 :u | MAYMAYeHHs:. I BCIX TOYOK X,
P S i ik J_/Z_J| SIK1 BIAJAJIEHI Bl TOYKH ¢ HE
i i nami, Hix Ha O, rpadik QyHKii
O ass o« avs y=f)  ecurs ycepenuHi
Puc. 3.18. 'eomerpuune CMYTH IIHPHHOIO 2€, 0OMEKEHOT
TAyMa4eHHs O3HAUYCHHS TpaHuill MPAMHUMU y=d-e j y=dA+e

GbyHKLIT mpu X —>a (puc. 3.18).

N.B.

1. ns icHyBaHHs rpaHulll QyHKIT Ipu X —> ¢ HE BUMArarTh,
00 ¢yHKIli Oyna BU3HAUYCHA B TOYIN .
2. I'panung He 3al€XHUTh BIJI TOTO, 3 SIKOi CTOPOHW TOYKa X

HAOJIMKAETHCH 10 TOUKHU 4 .

A+ e

. ATTIX,
W /4411
~ y=Flx)

& ~(z) '

Puc. 3.19. . I'eomerpuune
TAyMa4eHHS O3HAYCHHS TPaHMUIII
GyHKIT Ipa X — ©

lim

[Ipu ubOMY NMULIYTH: =

f(x)

Def. Yucno A Ha3UBaIOTH
rpannueto Gyrkuii ¥ =/ (x) npu
X —> 0 SAKIO JUI  Oyab-sSKOTO
ancna £>0 jcnye wnemo M(€)>0
Take, IO JJIi BCIX X, IO

38/I0BOJIHSIOTH YMOBY [x[>M(e),
BUKOHYEThCS

[f)=4l<e (pue. 3.19),

HEPIBHICTh

=A

- a60 f(.X')—)A pu X —> 0

Tyt ¥ — % o3Havae, mo adbo ¥ > +%_ ado X —> —0,
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I Def. DyHKITTO y=r)
HA3MBaIOTh HECKIHYEHHO
geuKkolo Tpu * —ad  gKIO A
Oynb-skoro uucaa M >0 icaye

gucino 9 (M) Take, 110 JJIST BCIX
X#a, 1 TaKUX, K1
3aJJ0BOJILHSIOTh
Puc. 3.20. I'eomeTpuune HepiBHiCTB‘ X—a ‘ <3S ’
TIYMATCHHA OSHAACHITL BUKOHYEThCS HEPIBHICTH
HECKIHYCHHO BEJIUKOI (PYHKITI] /()] > M
(puc. 3.20).
lim f'(x)=o0

3anMCcyeThCs 1€ TaK: =

Def.  DyHKIIIO a(¥) HasupaloTh HeCKiHUEHHO Mamow pu

X—>a, ne @ - crana abo CHUMBOJI HECKIHUEHHOCTI, SIKIIO
limor(x)=0

X—>0

. Y= :
Tak, Hanpukaam, QyHKIISA X - HECKIHYEHHO BeJIMKa MpH

x—0; g cama QyHKIIIS € HECKIHUEHHO MaJa rpu X — £,

Heob6xiOHi 3HaHHs1
npo oOHOCMOPOHHI 2paHuuyi

TpamisitoTbest BUMAAKW, KOJMW TpaHUld (QyHKIIT y TOYIN
3QJIGKUTh BiJ TOrO, 3 SIKOI CTOpPOHM (JIIBOI YW MpaBoi) 3MiHHA X
HAOJIMKAETBCA 1O TOYKM 4. Tomy BUHHKae ToTpeda y BBEACHHI
MOHATTS OJTHOCTOPOHHIX TPAHUIIb.

Def. Yucno ‘. masusarots npasocmopoHHbOl0 TPAHULIEIO
lim f(x)= 4,

X—a

bynkuii (x) opu X —>d | gKIio , TOOTO IS JOBLILHOIO

ancia € >0 icuye uncio =9 (£)>0 TaKe, 110 JUIs BCIX X 3 IHTEepBaIly

(a, a+e) BUKOHYETHCS HEPIBHICTh

‘f(x)—Ai‘<g.
A

SIkmo “7 - IpaBOCTOPOHHS IPAHMI, TO TUIIYTh:
x1—1>ral:rlof(x): AH , a0bo f(a + O): AH .
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3a aHanoriero, aKkmo A - JIIBOCMOPOHHS TPAHULIS, TO1
lim f(x)= lim f(x)=f(a-0)=4,
Ao pyHKITisA /() y TOYIll ¢ Ma€ TPAHMINO, TO BUKOHYIOThCS
PIBHOCTI
lim f'(x)= f(a—0)= f(a+0)
1 :
Hanpukman, pus dyaKIi / (x)zzx y Touni *=0 oxHocToponni
4, =lim f(x)=0 4, =lim f(x)=+oo
TpaHUIll TakKi: x<0 , = . 3BiACH BUIHO, IO
rpanuns QyHkUii y rouni X =0 me ichye.

HeobxiOHi 3HaHHS1 NpPO ennacmusocmi
HeCKIHYeHHO Masiux
i HECKIHYeHHO eestuKux ¢hyHKUiu

1. Cyma HecKiHUYeHHO BeJUKOi GYHKIIT 1 OOMEXeHOI €
HECKIHYEeHHO Benvka (QyHkiis. CHUMBOMIYHO II€ 3aMHUCYIOTh TakK:
C+OO=OO.

2. Cyma JBOX HECKIHYEHHO BEIMKHUX (DYHKIIIA OJHOTO 3HAKa €
HECKIHYEHHO BeUKa (QPYyHKIIIS; © -0 =0

3. JoO6yToK 1BOX HECKIHUEHHO BEMKUX (QYHKIIN € HECKIHYEHHO
BeNuKa (YYHKITIsS: ®© -,

Ha BigmiHy Big HHOTO CyMa JBOX HECKIHYCHHO BEJIMKUX
GyHKIIH pI3HUX 3HAKIB HE 3aBXIU Oy/le€ HECKIHYEHHO BEJIMKOIO
byHKIIIEIO, TOMY I CyMa HAa3WBA€TbCS HEBU3HAUYCHICTIO BUTJISTY
0 — 00 |

4. JloOyTOK HECKIHUY€HHO BeMKOi (PyHKII Ha (yHKIIIO, 110
OuIbIIa 3a a0COMIOTHUM 3HAUYEHHSIM BIJ AEIKOrO JOJATHOI'O YMCIIA,
TaK0X € HECKIHYEHHO BEJIMKOIO (DYHKIIIETO.

YacTka ABOX HECKIHYEHHO BEJIMKUX (YHKIINA HE 3aBXKIU €
HECKIHYEHHO BEJIMKOI0 (DYHKITIEI0, TOMY APOOOBUM BHpa3, YNCEITLHUK

1 3HAMEHHHUK SIKOI'0 HECKIHYEHHO BEIMKI 3MIHHI BEJINYNHU, HA3UBAIOTh
o0

HEBU3HAYCHICTIO BUTTIIAY © .
5. Cyma CKIHYEHOTO 4YHCJia HECKIHYCHHO MaJIiX BEIHYHH €
HECKIHUECHHO MaJia BEJIMYMHA.
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6. JloOytok oOMexxeHoi GYHKIT Ha HECKIHUEHHO Majly €
HECKIHYEHHO MaJjia BeJTMYrHa.

YacTka BiJ JAUIGHHS JBOX HECKIHYEHHO MajuX BEIMYUH Y
3araJlbHOMYy BHUIIQJIKy HE € HECKIHUEHHO Majia BeJTU4YuHa. Y 3B’SI3KY 3

JRAZ0 I BiI[HOIHGHH}I ABOX HECKIHYEHHO MaJMX BEJIWYMH HAa3UBAIOThH
0

nesusHauenictio Buay 0. Te came crocyerhes HOOYTKY HECKIHYEHHO
BEJIMKOI HAa HECKIHYEHHO Mally BEJIWYHWHY, IIel T0O0YyTOK Ha3MBaIOTh
HeBH3HaveHicTio Buxy 0,

7. Hnst Toro, mo6 uucio 4 Oyno rpaHuIero QyHKIii /() npu

XX, HeoOXiAHO i JOCTATHLO, IO pisHUIA (x) -4 Oyia

HECKIHUEHHO MAaJIOK BEJIUYHUHOIO.

8. dxmo QyHKIis a(x) - yeckinuenno mana mpu ¥ 7% (a 7&0),

1

TO QYHKITIS a(¥) ¢ peckinuenno BemmKa npu ¥ 7 %, i HaBnaku, AKIIO
1
dyukuis A (¥) - meckimuenno memuka npu ¥ 7%, 10 () ¢
X=X,

HECKIHYEHHO MaJjia IpH

Heob6xiOHi 3HaHHs1
rMpPo OCHOBHI MeopeMu rnpo 2paHuyi

ChopmymroeMo TeOpeMH, K1 3HAYHO IOJCTIIYIOTh BiAITyKaHHS
rpa”uIll QyHKIII.

Teopema 3.6.

Hexaii kokua 3 QyHKuii / (%) 1a &) yae CKIHYEHHY I'PaHHIIIO

B TOYIIl ¢, TOJI B I[IM TOYIl BUKOHYIOTHCS PIBHOCTI:
1y () (o)~ tim (o) i ()

5y lim f(x)glx)=lim /{x)lim g(x).

L) lim /)
= (x) " lim 2(x) lim g(x)# 0
3) &S (npn )

4 lim( f ()" = {tim £ ()= |

5
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limef (x)=clim f/(x)

5) xa (c — cTana BeJIMYUHA).
. lim f(x)=4
Hosenemo, nHampukian, dopmyny (2). Hexait - ,

=5 i 0)=dvals) g)=B+px) o alt)>0 A0 mon
X —>a (muB. BIACTUBICTH 7 TIOTIEPEIHHOTO MYHKTY).
3B1JICH MAaEMO

f(x)g(x)=(4+a(x))(B + B(x))= 4B+ a(x) B+ AB(x)+ alx) Blx)
Bupas a(x)B + AB(x)+a(x)B(x) Ipu X =@ € HECKIHUECHHO MAJIOF0

GyHKITIEO, TOMY
lim £ (x)g(x)= 4B = Tim / (x)lim ¢(x)

Teopema 3.7 (npo epanuuyro npomisxcroi ynxyii).

Sxmo GyHKii g(x), f(x) 1a #(x) puspaueni B oxomi TouKH Yo,

limg(x)=limh(x)= 4

xo R HquOMy X*)XO X*)XO 1

KpIM, MOXJIMBO, CaMOi TOYKH

¢(0)= S(1)<h(x) 1o

X—>Xg

lim f(x)= 4

Teopema 3.8 (npo epanuyro monomonnoi ¢hynuxyii).

Slkmo gyukuis 7/ \¥) monoToHHa i 06Mekena ipn ¥ <%0 a6o npu

X>X 10 icHye ii JIBOCTOPOHHA TpaHMIA a00 ii HPABOCTOPOHHS

lim f(x)= f(x, —0) lim f(x)= f(x, +o).

rpaHI/II_[}I’ TO6TO x—xp—0 a60 XX +0

Buyumocsi ob4yucnroeamu 2paHuui
pyHKUiT 8 moYyi

OOGuuciTh TpanuIll GyHKIIIH.
: 2x* +2x -1
lim — .

3.16. 7 3x" =2x" +10x-5,

o0

Po3zs’s3anna. Maemo HeBU3HAYEHICTh BUTIAAY . [lomimBiim
. 4 .
YUCEIHHUK 1 3HAMEHHUK Ha X , JICTAHEMO

s 21
o 2xt+2x-1 . o T4 2
lim— . =Ilim =—
e 3xt = 2% +10x -5 =, 2 10 5 3
-t
X X X
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2
Biamosims: 3
lim 45 +x -5
3.17. > x'-1
Pose’szannsa. Y tounmi X=! upcenbHuk i 3HamMeHHHK JpoOy
00epTaloThCd B HYyJIb, iHINMMH cloBamH, dmcio Y=l - xopinb

YHCeJIbHUKA 1 3HAMEHHHKA. 3Ha‘-II/ITI:, Ma€MO HEBU3HAYEHICTD BUTIELAY
0

0. IIlo6 mo30yTHcs L€l HEBU3HAYEHOCTI, CKOPUCTAEMOCS TaKUM
TBEPKCHHSM.
P(4)= 0 10670 uncio 4 - kopiHb MHOTOUIIEHA
P(x)=a,x" +a,x" ++a_ x+a,

Skuro

>

TOIl MHOTOYJIEH Pn(x) TMATBCS 0e3 octadi Ha X —4 1 Horo Mo>KHA

IIOJATH Y BUTJISAII

P(x)=(x=2)0,.(+)

e 9o (x) _ muorowrer =1 - ro CTYyIIEHS.
VY Halomy BUNAJIKY
4’ +x=5=(x—1)dx+5) ¥ —1=(x=1)x’ +x+1),

Tomi
A" +x-5 _ (x—1)4x +5) _ 4x+S
x' -1 (x—1)x> +x +1) X +x+1
45 +x-5 4x+5
_ f(x):%_ g(x)zzx_
DdyHKIisA x =1 4 x*+x+1 mpu x#1 ToTOKHO

piBHI, mpHYOMy (QYHKILiS glx) y Toumi *=1 Busnauena:
(l): 4+5 _3
I+1+1

OCKUIbKHA h£n /()

TOYIll ¥ =4, TO

HE 3aJICKHUTh BiJ 3HAYEHHS (YHKIII B camiid

C4x*+x-5 .. 4x+5
lim ; =lim . =3
= xT =1 =l xt+x+1

Bigmosias: 3.
) «/3 - X — «/2x +6
lim .

3.18. 7' x +6x+5
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Po36’azanna. TlincTaBUBIIM Y YUCENbHUK 1 3HAMEHHHUK APOOY
3HaueHHs ¥ =1 mepexoHaemocs, 10 MAEMO HEBU3HAYEHICTH BUIIISLY
0

0, II{o6 po3kpuTd 110 HEBU3HAYEHICTL Tpeba M030yTHCS
ippallioHa IbHOCTI, SKa HECe I[I0 HEBU3HAYEHICTH, MJIA IHOTO
MMOMHOKMMO YHCEIbHUK 1 3HAMCHHHK Ha BHUpa3, CHOPSOKCHHUH 10
YyrceNnbHUKA. J{icTaHeEMO

V3-x—+/2x+6
m _

(oj:mnkm—x—wmx+6X43—x+vzx+6L:

li =|—
s X +6x+5 0) ! (x2+6x+5)(\/3—x+x/2x+6)
—3(x+1)

lim (3 — x) — (2x + 6) lim _
=1 (x? + 6x + 5)(x/3 —x +2x+ 6) = x4+ 5)x + 1)(x/3 —x +2x+ 6)
=-3lim 1 3 . —i.
S (x+5)3-x+2x+6)  4(2+2) 16

®akTUYHO y 1OMY TPHUKIAAlI, SK 1 B IOMNEPEIHBOMY, MU
BUJIy4Ya€EMO MHOXKHHUK (x+ 1), ockimekn X =-1 ¢ xopinp QyHKuii, 1m0
CTOSITh Y UACEJIIbHUKY 1 3HAMEHHUKY.

3

Biamosims: 16

V8+ x> =2

2

lim

3.19. x

Pos6’a3annsa. MHOXEHHS Ha CIPSKEHUN BUPA3 Y bOMY pa3y HE

BPSATOBYE CUTYAIlll0, TOMY TpeOa MOMHOXHUTH YUCEIbLHUK 1 3HAMEHHUK

Ha TaKun BHpA3, 100 CKOpHUCTaTHCS (dopMyIioIO:
(a-b)a* +ab+b*)=d’ -b"

1im3—"8+x2_2:(9j:hm(\/3 8+x" -2 3\/(84-7)62)24-23\/84—)(2 +4)
2 0/ (WM«/} 8+ x +4)x2
(8+X2)—8 ) 1

o (3\/(8+7x2)2+23\/m+4)x2 e VB+x*) +24/8+x° +4 i

1 1

T 41444 12

x—0 x

1
Bianosigs: 12,
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lim

['panuizo =0

sin x

Heob6xiOHi 3HaHHS1 NPO nepuwy saxsusy

2paHuuro

1
(3.3)

HA3HUBAIOTb nepuioro 6as;Ciu6oro cpaHuyero.

sin x

Bigmitaimo, o ¢yHKIS X

oo

gx

-w

Puc. 3.21. I'eomeTpuune

TIIYMAUCHHA JOBCIACHHSA (bOpMy.HI/I OMB .

(3.3)

y Touni * =0 mae HeBU3HAYEHICTD

HoBememo  opmymy  (3.3).
BizbMeMO Kpyr 3 OJIMHUYHUM
pamiycom  (puc.  3.21) 1

MO3HAYUMO pajilaHHy MIpy KyTa
0<x<Z
COB yepe3 x. Hexait
3anuIreMo CIiBBITHOIIIEHHS MiX
IUIOIAMM TPUKYTHUKiB OMB
OCB ta KpyroBoro cexrTopa

SAOMB < Scexmopa OMB < SAOCB
e
1 |
S wous =§OB-AM:§s1nx’
s 1
cexmopa OMB ZEOM ngx’
S —lOB-BC—lt X
AOCB 2 2 g :
: 1 1
—SINx<—x<—Igx
TO 2 2 2
X 1 sin x
I<——x< , cosx<——x<I1
3B1ACH sinx cosx (sinx>0Y) a60 x
i limcosx=1 . lim=1
OCKUIbKH ~ +0 1 =0 , TO0 3a Teopemorw 3.7 (mpo

2PAHUYIO NPOMIDICHOT (hyHKYIL) 1ICHYE TPAHULIS
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sin x

lim 1

x—0+0 X ) (3 4)
sin x sin(—x) sinx
§ o Sx)= o)
Hexaii teep ¥ <0, dynkmis X papHa: —X X
TOMY
. sinx
xll}lz)I}O - 1

x (3.5)

I3 popmyi (3.4) ta (3.5) BummuBae dhopmyina (3.3).

llepwy esadicnusy epanuyto TIUPOKO BUKOPUCTOBYIOTH IS
OOYHCIICHHS TpaHWIL BHPA3IB, II0 MICTITh TPUTOHOMETPHUYHI
dyukirii. 3a mormomoror Gopmyiu (3.3) MOKHA JOBECTH TPaHHIII:

lim sin kx ke lim tg kx ke lim arcsin kx ke
1) x—0 X 2) x—0 X 3) x—0 X
lim arctg kx & lim 1- cz)sx _ l
4) x—0 X 5) x—0 X 2

Byumocsi 3acmocoeyeamu repuly eaxJsusy

2paHuuo
. l—cosx
lim .
3.20. 7 «x
Po3zé’azanns. Maemo
— — 1 2
i ) c;)sx _ (9] lim (1 c;)sx)(l +cosx) _ lim— sin®x
=0 X =0 x*(1+cosx) =0 x*(1+ cosx)
. 2
fim| 32X i o LoD
=0 x =0 14+ cosx 2 2

1
BinnoBine: 2.
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lim cos’2x —3cos2x + 2
3.21. < COSX — COS3x

Po3e’azanna. Maemo

. cos’2x—3cos2x+2 (0) . (cos2x—1)cos2x—2)
lim =|—|=lIm ' : —
x>0 COSX —COS3x 0 x>0 2s8in 2xsin x
. 1-—cos2x . 2sin’ x . sinx .. 1 1
= lim— — = lim— — = lim— = lim =—.
=02g8in2xsinx  *02sin2xsinx  *20sin2x  *>02cosx 2
1

BignoBinp: 2.

sin5x

lim —

3.22. 7 sin2x,

Po3ze’azanna. TlepenyciM 3BepHEMO yBary Ha Te, IO B MEpIIin
BaKJuBik rpanuni aprymedt * =0, Tomy mig 3py4HOCTI BUKOHAEMO
saminy 7 — X =1, [Ipu npomy, axmo X = 7, 1o ¢ >0, Tomi
sin 5x _(Oj _sin5(z—t) . sin(57—-5t) . sin5t 5

0
5

Biamosigs: 2

hm - = = - = - — 1 - -
7 SIn 2x ~0sin2(mr —¢) 0 sin(2r —2¢) 0 —sin2¢ 2 .

lim(x — 2)e 22
323, b= 2he =5

Pos6’sa3anns. MaeMo HEeBU3HAYCHICTD (0- OO). Hexait x—2=1;
pH x—>2, t—>0, Tom

. TX .. 7r(2+t) : T Tt
Iim(x -2 tg—=lim¢t - tge———=lim¢-tg| —+ — |=
im(x - 2)ig === lim¢ - ;g =—— = lin g(z 4]

tcos— nt
. Tt . . t 4 . 4
=lim¢ — ctg— |=—Ilim 4 __lim =% lm—4 - =
t—0 4 t—0 .ot -0 Tt T t—0 Tt T
sin—— sin— sin—

Bigmosigs: 7.
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HeobxiOHi 3HaHHS
npo dpyay eaxJsiusy 2paHuUyro

&

ﬂpyZOFO 6AIHCIUBOI0 cparuyero HAa3UBAOTh I'PAHUILICHO

lim(l+l) =e
) (3.6)

Biamitumo, mo ¢opmyna (3.6) cnpaBeyinBa Sk mpu X =+ Tak

Y
S
1mpu * = —%, 'padik QyHKIi X/ 300paxkeHo Ha pwuc. 3.22.

Ji I BukonaBmm 'y ¢dopmym (3.6)
! 1
l —=t

_______ e -~ 3aMmiHy Y , gictaHeMO (HOPMYIY
| 1
|1 _//_— lim(l + t)? =e
I x =0 , AKY TaKOX HAa3UBAIOTb

! 0Py 2010 8AHNCTUBOIO SPAHUYEIO.
Puc. 3.22. I'padhix pyHKui Yucno € - TpaHCUEHAECHTHE YUCIIO,

(1, L ' oro HaONWXCHE 3HAYEHHA 3
I = X Tounictio g0 10  pmopiBHIOE
2,718281828459045.

Jlpyra BaxjiiBa TpaHMIIS TIOB’s13aHa 3 HEBU3HAYEHICTIO 1™ (11e He
ONIMHMIII B SKOMYCh KOHKPETHOMY CTEME€HI, a CHUMBOJ IS

: ()
CKOPOYECHOI'0 IIO3HAYECHHS TpaHHIll BHUpaly u(x) , Je “(x)—”,
v(x)—) © gkimo * - xo).

Hacninku 3 apyroi Ba)KIuBOi TPpaHMII:

!}E}(l + ﬁ) =¢" hmw =log e
1) X . 2) x—0 X .
x k
im® ! - Ina fim (L) =1
3) x—0 X ; 4) x—0 X
[Ipu @a=¢ dhopmynu 2) 1 3) HaOyBarOTh BUIIIAY:
hmM -1 lime—_l -1
5) x—0 X ’ 6) x—0 X
e =1 _

lim =1
x—0 x

JloBeeMO, HaNpHUKIAM, IO BukonaeMo 3aMiHy
e’ —1=1 3Bincu x=In(l+1), ITpu x>0 ¢ —1-0 omxke, 1 >0, Toxi
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7l et :
o0 x50 In(1+1) o0 In(1+¢) lim In(1+¢)
t t—0 t

1 1 1

= = = :1

imin(l+7) Inlim(1+¢)

t—0

Byumocs 3acmocoeyeamu Opyzay
eaxsiuey 2paHuulo

[Ipr po3KpHUTTI HesuzHauenocmi 6uensdy 1° BHKOPHUCTOBYIOTH
IPYTY BaXKJIMBY TPAHUIIIO 00 HACIIJIKY 3 HEd.

. (x—ZT”
lim
3.24, "\ x+1)

Po3zé’azannsa. Maemo

3x-2 3x-2 3x-2
lim(x ~2 ] - 1m(wj - lim(l _ 2 j =(1")=
el x+1 e x+1 o x+1

2 (3x-2
. 3 ST lim‘i(3x72) 1imf°“6 5
=lim|1- =e =g M =g,

=\ x+l

Bignosine: € .

N.B. Tlpu po3B’s3aHHI JAHOTO TMPHUKIAAY MU CKOPUCTAIIUCS
IPYrol0 BaXJIMBOIO TPAHUIICI0, a TaKOX BIJIOMOIO BJIACTHBICTIO
I'PaHHIIb

lim(/ ()" = fim £ (o)

2
. (3x+6jx+1

lim
3.25. 7\ x+4)

Posze’szanna. Tlpu X¥=-1 maemo HeBHM3HaueHicTh BUrIALy 1°.
JI71s1 3py9HOCTI IEpPETBOPEHD Mo3Haunmo X +1=7. Tomi

2 2 2 2 2
(3x+6]x+1_ 3(x+1)+3 “l_(3+3tj'+l_(3+t+2tj —(1+ 2t ]
x+4 (x+1)+3 341 341 3+1)

OTtxe,

~ |
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2 2
34 1344 ¢

2 +
. 3x + 6 x+l 2t 2 lim—t 4
lim =lim|| 1 +— = =3 =31/e*
> x4+ 4 10 3+¢

PosrasiHemMo HaiiOIbIn 3aradbHUM BUMAAOK. Hexail moTpiOHO

1 (x)
O0YHUCIIUTH TPAHUIIIO xlgl( (x)) , IIE “(x)—>1, V(x)_>oo 3a yMOBH

X=X,

BrkoHnaeMo nepeTBOpEHHS:

1\ w(x)-1)v(x)
lim (u(x))™ = lim ((1 + (ulx)- 1))m>_1j _

X—>X,

i @[
=e = Jim @) -D-v(x)=4,=

X — Xy (38)
Takum urHOM, 3a7a4a 3BE/ICHA 10 OOUMCIICHHS TPaHUII

lim( (x) — l)v(x)

)C*))C

Bucnosox. SIkio ”(x)_>1, v(x )_”O mpu ¥ 7 %0, 10
lim(ue(x )

X—)X

A =lim(u(x)— l)v(x).

He )C*))CO
. . 3 4
Bianosige: V€ .
OOyucHiTh TpaHUWIll, BUKOPUCTOBYIOYM HACHIAKKA 3 APYroi
BaXKJIMBOI TPAHUII.
. 4" -4
1 m sin x
3.26. ' 27 -1,
Posé’azannsa. Maemo

lim d o4 :(gjzlim(4xf1)_(4X_l):lim(4x _1)_( - _1):
x50 sy 1\ g) w0 2] =0 In2-sinx
—————sinXx
sin x
4" -1 47 -1
+
i X —x :ln4+ln4:4
x—0 1 2 y ln2 .
X

Tyr Mu ABIYl CKOPUCTAIMCS HACIIAKOM 3 JIPYTOi BaXKJIMBOI
T'PaHMIII:
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lim =lna
x—0 x

Biamosings: 4.

327, %ggx(ln(x + 1)— lnx).

Po3ze’az3anna. Maemo

limx(In(x +1)-Inx)= fim xIn L = limxln(l + 1] =[00-0]=

X—>00 X—>00 x X—>00 x
) IRy ) 1Y
= hmln(l + —] = lnhm(l + —] =lne=1.
X—>00 x X—>00 x
Bigmnosigs: 1.
3.9g, limlog.. (1+2")

Po3zé’sazanna. Maemo
2 2
limlogmx(l+x2):limM:(9j:hm ln(1+x ) _

+0 0 Incos2x 0 x>0 ln(l —2sin’ x)
In(1+x?) e
e LA ,
~ lim X “tim—* =1
x>0 ln(l—ZSm x)-(—ZSiIIZX) =0 —2sin’ x 2
—2sin’ x
1
Bignosigs: 2.
2-x) -1

lim -
3.29. 7 x -1
Po36’s3anns. JInsg 3pydHOCTI BUKOHAEMO 3aMiHy X —1=7; gxmio
x_)l,TO t—>0 Tom
fim 2% 1 (=g -1_
=P —1 o (Tt =1 20 e +2)

20— 2
TyT MH CKOpHCTAIMCS HACTIAKOM 3 APYroi Ba)KJIMBOI TPaHUIIi, a
came:
. (t+x) -1
fim %) =1

x—0 X

k

Bignosige: ~ 22,
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Heob6xiOHi 3HaHHST NPO NOPi8HSAHHS
HEeCKIH4YeHHO MaJsiux eesluduH ma
eKkegieasieHMHicmpb HeCKiH4YeHHO MaJsiux

pyHKUiU

JIBi HeckiHYeHHO Masi (YHKIIII TOPIBHIOIOTH MIX COOOH0 3a

JIOTIOMOTOF0 MOCIIKEHHS X BITHOIIIEHHS.

%

Hexaii a(x),ﬁ (¥) - neckinuenno mani Gyuxuii npu * > %o, 106TO

lima(x)=0 limB(x)=0 : :
x> , m . IIpunyctumo, 1m0 icHye CKiHYeHHa a0o

. a\x
11m£ =k
HECKIHUCHHA TpaHuIs B(x) , e k - miticue umcno a6o « . Tomi:
1) axmo k#0 i k€R 10 meckinueHHO Mam QyHKIT alx) i Ax)
HA3UBAIOTh HECKIHYEHHO MAIUMU OOHO20 NOPSOKY, IPH LILOMY

MUY Th: a(x)=0(B(x)).

2)akmo k=0 To HeckiHueHHO Maiy a(x)  pasusarots
HEeCKIHYEeHHO MAjlolo U020 NOPSOKY, HIK ﬁ(x), pU IIbOMY
MUY Th: a(x)zo(ﬁ(x));

3) akmo k=1, To HeckiHyeHHO Mai alx) i Ax) wasusarors

(x);

) Ha3UBarOTb

1
X)~

R

exesisanenmuumu. 11e mo3Ha4arOTh TaK: ol

)
Vommn
=

4) akmo k=°, To HeckiHYEHHO Maiy

hes

HEeCKIHYEeHHO MAloI0 HUNCL020 NOPAOKY, HIK (x), IpU [IbOMY

[UIIYTh: Blx)=ola(x)) X

5) pynkiiro ¢ (¥) HasuBaroTs HeckinueHHO MO Pp-20 NOPsOKY

BigaocHo B (x) npu ¥ 7%, gxmo

fim_ ()

e (ﬁ(X))p =k (k #0, k# oo)

3 ocTaHHBOI (POPMYJIH BUILIUBAE €KBIBAJICHTHICTD
a(x)~k-(B(x))"

Y 1mpomMy pa3i BCIHYHHY k-(B(x))  masuators  20m06mH010
yacmunoio QyHKIIII al(x),
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N.B.
fim 2)
1. SIxmio rpaHuLs = Blx) e icuye (1 He IOPIBHIOE ), TO
HECKIHYEHHO Masti (yHKIIi alx) i Blx) npu ¥ 7% nopisuaTH

HE MOXHa.
2. 3a TakMMHU X TpaBWIAMHU TOPIBHIOIOTH HECKIHYCHHO Malll
.- + .
GyHkuii i mpu ¥ >*© 1a ¥ 7 % 3 Takox HecKiHUEHHO

BEJIMKI BETUIMHM.
Cepen HECKIHUEHHO MauX (YHKIIM 0COOJIMBY POJIb BIAITPalOTh
€KBIBJICHTHI HECKIHUCHHO MaJTi.
[lepemiunmMo HaWBaXXIWBIII ©KBIBAJEHTI HECKIHUCHHO Malll
BEJINYHHU.
Hexait X =0 Toxi icHye HU3Ka €KBiBaIlEeHTHOCTEN
X ~sin x ~ tgx ~ arcsin x ~ arctgx ~ e —1~In(1 + x),

1 !
1—cosx~5x2, a* —1~xlna, (1+k) —1~kx,

log,(1+x)~xlog, e, saxwo x—>0.

[Ipu oOuucnaeHHI TpaHWIL IMUPOKO BUKOPHUCTOBYIOTH TaKi
BJIACTUBOCT] HECKIHUCHHO MAaJINX 1 HECKIHUCHHO BEIMKUX (DYHKITIH:

1. Sxmo a(x)~al(x)’ ﬁ(x)Nﬁl(x) npu x_)x0’ TO

i a(x)zl. o, (x)

=5 B(x) *ggﬁl(x) (3.7)
Hogeoenns. Hexait ¢ a(x)~a,(x ) Blx)~ ﬁl(x) u~ %, Toxi

poaly) ()0!1()1():
= B(x) Ly B(x)er, (x)B,(x)
i @) i A al) g e an()

Sua ()7 Bla) o B (x) e Ba) B (x)

[ls BmacTUBICT, Ja€ 3MOTy TIPU 3HAXOJKCHHI TpaHUIl
BITHOIICHHS JBOX 3aJaHUX HECKIHYEHHO MalnX (YHKIIN KOXHY 3
HUX (200 TIIBKM OJHY) 3aMIHSTH IHIIOIO HECKIHYEHHO MAaJjioro, sSKa
€KBIBAJICHTHA 3aJIaHIH.
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2. CyMa HECKIHYEHHO MajuX PI3HHMX TMOPSAJIKIB €KBIBaJCHTHA
J0JTAaHKY HUKYOTO MOPSIKY.

Hoseoenns. Hexaii a(x)_”), Blx)—0 npu ¥ 7%, npuuomy

a(x) _ weckimuenno mamowo BHIINIOTO TMOPSIAKY, HIXK ﬂ(x)’ TOOTO
. alx)
Iim——=<=0

oo ) Tomi

a0+ Bl) . (alx) ) alx)
LTS an(mx) 1] i 5

Ortxe, a(x)+ ﬂ(x)~ ﬂ(x) pu X=X,

3. Pi3HuIg 1BOX €KBIBAJCHTHUX HECKIHUCHHO MaluX (PYHKITIHA €
HECKIHYEHHO MaJjia O1JIbIII BUCOKOT'O MOPSIKY, HI’K KOXKHA 3 HUX.

4. CyMma HECKIHYEHHO BEJIMKHUX PI3HMX MOPSAKIB €KBIBaJCHTHA
JI0JTAHKY BHUIIIOTO TTOPSIAKY.

5. ko a(x)~al(x)’ )/(x)~)/l(x) pH x_)x0’ MIPUYOMY
() )

+1=0+1=1.

Buyumocsi 3acmocoeyeamu
eKkeieasieHmMHocmi HeCKiH4eHHO
Manux yHkyil

OOGuuciTh TPAHUIl, BAKOPHUCTOBYIOUH €KB1BAJICHTHOCTI.
. sin5x
lim————
3.30. " arcsin3x |
Po3ze’saz3amnms. HpH x—0sinS5x~5x , arcsin3x ~ 3x . 3a (bOpMyJIOIO
(3.7) mictaemo
. sinSx . S5x 5
lIlm————=lim—=—
0 aresin3x 7 3x 3
>
Bigmosings: 3.
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In(1+ x)+sin3x+e" —1

lim >
3.31. 7 arcig'x—x+1gdx

0

Pos3e’azanns. Maemo neBusHaueHicts Buriasagy 0. ITpu x—0
MPaBWIbHI €KB1BaJIEHTHOCTI:

ln(1+x)~x sin3x ~3x e’ —1~x2 arctgzx~x2
2 2 2 b

tg4x ~4x
Cruparodnch Ha TEOPEMH IIPO €KBIBAJIGHTHOCTI, JICTAaHEMO
_In(l+x)+sin3x+e” -1 . x+3x+x’ . 4x+x’
lim . =lim————=lim———=
=0 arctg'x — x +1g4x 20 xT —x+4x 0 x" +3x
. 4+x 4
=lim =—
=0 x+3 3
4

Bignosige: 3.

lim (sin 2x — sin x)’

3.32 ¥=0 th—SiIlX

Poss’sizannn. SIk 1 B momepeaHLOMY MPHUKIAAI, MAEMO
0

HeBusHauenicts Buriusaxy O. Posrmssemo uucensuuk. Ilpm * —0

sin2x~2x sinx~x, TOMY T'PaHHI He 3MiHUTBCS, SKIIO (sin 2x —sin x)3
3aMiHUTH Ha X . PosrmsHeMo Temep 3HameHHMK. Ilpu * =0 ¢yHKmii
X i sinx Mix coO00 ekBiBameHTHi. OCKINBKM pi3HUIA
CKBIBAJICHTHUX HECKIHYEHHO MajuxX (QyHKIIIH alx) § Blx) .
HECKIHYEHHO Majia BUIIOTO MOPSIKY, HIXK O‘(x), i BY) e TOPIBHIOE
HYJII0, HE MOXKHA y JTaHOMY TMIPHUKJIa/ll 3HAMEHHHUK 3aMIHUTH Ha X — X,

abo ¥ =¥ apo X —sinx_ [JepeTBOPUMO 3HAMEHHHUK TAK:
2 3

tgx—sinx:tgx(l—cosx):2tgxsin2£~2x-x—:x—
2 4 2
OTtxe,
. (sin2x—sinx)’ . x°
hm( : )zhm—3:2
=0 fgx—sinx =0 X
2

Bigmosigs: 2.
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. “ . . cee J— 2
3.33. IlopiBHs#Te HECKIHUEHHO Majl (GyHKII a(x)=x" +3x+2
Ta ﬁ(x):tg(x+1) npu X—)—l.
Poszé’a3anms. 3Ha17meM0 TPaHMUITIO BiI[HOHICHH}I TaHUX (PYHKITIH:

. X +5x+4 0 x> +5x+4
Iim—————= =lim———M=
x>l tg(x+1) 0 = x4+ ]

:hmtpmxx+®:hm@+4%ﬂ.
x——1 X+ 1 x—-1

Otxe, GyHKITII alx) jBx) npu X —~>-1 - meckimyenno mami
OJTHOTO TIOPSIIKY.

3.34. [lopiBHslTE HECKIHUEHHO MaTi QYHKILT a(x)=xaregx”
Blx)=(x=3)"" npu X = ©,

Po3ss’sz3annn. 3HaligeMo TpPAHUIIO BIIHOIICHHS HABEICHUX
byHKITIT:

. Xxarctgx xarctgx™
hrn—gf1 7 ‘x 3~ x‘ =lim———=— l‘i =
X0 (x _ 3) X—>0 X
. tgx” tgt t .
:llm%—‘ —t‘ arfg =lim—— =lim¢'"* =0.
X—»00 - t—)O /3 t—0 2/3 t—0
X t t
Otxe, a(x)z O(ﬁ(x)) npu X —> @
' . o T+x-1~2
3.35. JloBeniTh €KBiBaJICHTHICTB 2 gkmo *—0,

Po36’sazanna. JlocTaTHRO TIOKa3aTH, IO TPAHUIIT BiAHOIIEHHS
mx Gyskuii mpu X =0 nopisaroe 1. Maemo

Im——— I+x- 1—211m7—)1+x ! =2lim 2 =1
x—0 x—)Ox 1+x+1 x—)O,\,l_{_x_{_l 1+1
2

3.36. IlopiBHsiiTe HecKiHYEHHO Maii (QyHKIT a(x)=sinx 1,
ﬁ(x)=‘X‘ npu X—)O_

. sinx X
lim =lim—
x—0 ‘ x ‘ x—0 ‘ x ‘
Pose’azanns.
. sinx X . sinx .. X
lim = lim =—1 lim = lim —=1
x0-0 ‘ x‘ 00 _ x 040 ‘ x‘ 040 3
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Omxe, TpaHuLs BigHOmEHHA naHux (yHKUii mpu X —>0 ne

icuye. Ile o3nHauae, mo 3a3Hadeni Qynkuii nmpu X =0 mopisasaTu He
MOKHA.

. o . . e 42
3.37. IlopiBHsliTe HECKIHUEHHO BEIHMKI (DYHKIIII a(x)=x"+1 1,

3
ﬂ(x): 2x+3x+4

2x+1 HpI/I X —> 0 .
Po3ze’azanmsa. OCKIIBKH

1+i 2+l
lim x> +1 —lim ()c2 +1X2x+1)—lim x’ X)_4
X0 2x3 +3x+4 X0 2x3 +3x+4 X—>0 3 4
- = 2+ +—
2x+1 X X ,

TO 3a7aH1 QYHKIIIT IPU X — © eKBIBaJECHTHI.

EepucmuyHuti  mpeHaxep  «Limit» dornomoixke
080s100imu @MiHHSIM M0 064YUCIIeHHIO 2paHuUUb PYHKUiU.
1. 3anmycriTh nporpamy (puc. 3.23) Ta BUOEPITh 711 pOOOTH BKJIAJIKH

I. BUaHauTe, AKi 3 MYHKUIA € HECKIHYEHHO Marnol BeNMUMUYHMHOK, HEeCKIHYEeHHO
BeJIMKOI BeSIMYMHOK NpKr x — x,(x — =)
LI 2 p-sP xs—m 3 y=10000000000,x—w© 4 5 —g¥ x5 -
(1—xf
MEID  Aonomara
U )
x—B% Gy 4+ 9%
5 »=x" a2
a4 0 B2 OC oo
©D 3 CET1 CF IHwa
ot
Mownuei sianosial oy nwns §
R G S
A HeckiHusHHo Berm| 2. lim————5—— s = f
B. HeckiH4YeHHO mansa LT X" —x— 16 lim 57 L 4. (18] - L
T im (142157 2
C.oHe BiOHoouTECA I [ L L - isdaxt —8x 40 L -esx)
Hi 00 HECKIHYSHHO Ma) 2 =
~D -1 CE2 CF |
8 IfAm "Bz NG F TA-z OB 261
[CIT El [CTTL.§
~Ca o
3 lilll( 3 _ 1 = H C8 7T sianomine Doy "0 g T gimneriae
x~>1\x3 —1 x—
Srt -1 6 og) tm 1
“ & 1 CBOD @ 2 [16) ]j]“# L) Y=
T (X 7
D oon CE4 CF | (Zx4 1iGr—7)
Bin
. SA 1 00 g C€G
CAgy CB- ©OC:Z
€ e
D ~E 4 ¢ F fun
b 1 IHwa - ELONOELIE.
cue rt: rFDiJII’lﬂDIllL

Puc. 3.23. 3anyck TpeHaxepy «Limit» Ta BuOip BKJIaAKU

2. OtpumaiiTe BIKHO 13 3aBJaHHSM IO JOCHIJKEHHIO (yHKIII Ta
obuncneHHo ii rpanuil. OOupaliTe B 3aJIEKHOCTI B1J OCOOMCTOI
opieHTaIlil y 3aBHaHHIX «(OCHOBHOI yacmuHuy TPOMO3UIIT «Iai»
a0o fereMers: g pasi HeoOX1HOCTI JomoMorH (puc. 3.24).
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BLANOBIAL N -

. Ind+a0
14 lun#
A0 477 ]
ca 0 B ! ~c 1
i na
D INE 7 E Ind ¢ F  lhma
Bianoeins

: 10" -2
16 lim
nr= 10 4+ 5
1 Mpanuys yacmeu =
cadn B on o L - .
10 AXKINO KOAHA 3 PYHKLLT £(xX) Ta () Mae CKIHMeHY TPAHELEQ IIPH X —> X,
2 .
D1 CE_Z O F Inwa . L f(x lim £ (x — "
15 Binnosias (x — o) Ta limg(x) =0, 10 lim ) = — (£3) - 37'sAcyHTe, TOMY JOPIBHIO€
= 2()  lime(x)
g 1Ln>1E](4ZX —1) . UM MOZKHA 3aCTOCYBaTH Lie [TPABHIT0 (A AKIIO IPAHIHLIA THCeIbHHKA
x
16, lim (1 + rgx)* M opiBHIOE KOHCTaHTI C, C<00)7
x>0 e
CA1 CB on OC e

~“Dpo EE < F lumwa
Bianosine

BKAUKITE HOMeED IABIAHHA,
0 AKROr 0 TPpeda BiToSpAZHIH JOMOMOrY

. 1 14
17 lim x=
f2=% . _
Bucecru | Gaxpuru

S AD B on C +e
© D1 CE e ©F lnma

Bianoeiae

<< Hazan
|
I Io|

Komrponsnudi Te: or | Donomora Barpuru Zarpim !

Torosun

Puc. 3.24. BikHO 13 3aBHaHHIM [0 TOCI1KEHHIO
OOYHCIICHHIO Ti TPaHUII

- P =a

byHKIIIT Ta

O6uyucnroemMo epaHuuyi byHKUii 8 mo4uyi
3a donomoeoro N3 Maple

lMpouedypa o064YuUcneHHs1 epaHuUub yYyHKUiU 3a
dornomo2oro 8idnoeioHUX npaesuJl.

VY Teopii MexaHI3MIB 1 MallIMH JJI1 KIHEMATHIHOTO JOCTIKEHHS
MEXaHI3MIB  3aCTOCOBYIOTbCA  rpadiuyHUM  METOJl  BU3HAYCHHS
TpPaeKTOPii PyXy TOYOK 1 MOOYAOBH IIaHIB MEXaHI3MIB, IO 3aJlaHl y
BUTJISIZII HE TIIBKM TIOCTIIOBHOCTEM, ane ¥ (QyHKIIA Ta MeToA
KIHEeMaTHIHUX JiarpaM 13 JOCHIKCHHSIM TPaHUYHOI ITOBEIIHKH
(GYHKITIH, 10 BU3HAYAIOTH MEPEMIIICHHS JaHOK MEXaH13MIB.

3.38. 3amamMo TpaekTOpii MEPEMIIICHHS JIAHOK MEXaHI3MIB 3a
JOTIOMOTOr0 (DYHKITIH Ta JOCTIIUMO iX TPAaHUYHY MTOBEIIHKY.

) cosx \*
Ihm| ———
=0\ cos2x
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Po3zé’sazanns.
Kpox 1. MaemMo HEBU3HAUEHICTh BUIJIAY 17, U1 PO3KPUTTS

- lim(ue(x) = 1)v(x)

AKOT BUKOPHCTAEMO 3BEJICHHS 10 OOYKCIIEHHS TPAHUIIl %

COSX 1
3a Qopmynoro (3.8). V Hamomy BHIAIKy cos2x | ’
u(x)—)lj v(x)—>oo’ Ko X — 0.

) CoS X 1 . (cosx—cos2x
lim -1 — = lim > .
-0\ cos2x X x>0 X cos2x

2
Kpox 2. ]Jlng cHpoIIeHHS 4YHCEIbHHKA BHUPA3y X7 -cos 2x

CKOPHUCTAEMOCH TPUTOHOMETPUYHOIO TOTOXKHICTIO
cosa - cosfB =-2 -sin(a -ﬁ)-sin(a +ﬁ)

COS X -CoS 2x

, TICJIS YOT0 3aCTOCYEMO BJIACTHBOCTI

rpanuui GyHKUIT (K10 KOkHA 3 GyHKLH (%) ra (%) pae CKiHUEHHY
TPAHUITI0O B TOYIll ¢, TOAI B I TOYIl BUKOHYIOTHCS PIBHICTH:

lim 7 ()g(x)=lim 7 () lim (),

2sin3—xsir1f 3sin3—x sinf | 3

lim——2—2 — lim——2—-lim—2 - lim ==
x>0 x“cos2x =0 3x x—0 2X =0 cos2x 2

2 2

sin x B

lim 1
Kpoxk 3. 3a mepmioro BaxXIMBOIO TpaHHIEI0 > X MaeEMO
. 3x . X
3sin— sin —
lim——2 =3  lim
x—0 3x x—0

x
2 Ta 2

>

lim =1
Kpox 4. Sxmo *°cos2x 1o

. 3x )
3sin— sin — | 3
lim——2--lim—2 -lim ==,
x—0 x—0 P X x50 Ccos2x 2

X
2 2
Kpox 5. Sxmo u(x) > 1 v(x) = o0 npu ¥ % lim(a(x))"™ =
A =Tim(u(x) ()

He X—>Xq
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. x>0
Toxi CoS2Xx

Biamosigs: Je' X

1
2 3
) cosx |~ =
hm( j =e? =4/¢e’

lMpouedypa o064YuUcneHHs1 epaHuUub YyHKUiU 3a
dornnomMo20r0 8i0noe8iOHUX npaeusl Moxe 6ymu 3aMiHeHa
npouedypom 3acmocyeaHHs 1113 Maple.
«Hae4yaemo» ceil Kommn’romep
O0GHO4YacHoOMy 064UCIeHHIo epaHuui
¢YHKUii ma nobydoei mpaekmopii pyxy 3a
donomoeoro N3 Maple.

1. Bigkputu Bikuo 1113 Maple.
2. 3a pomomororo ommii Insert-Execution Grope-Before Cursor

OTPUMATH Y IO IPOrPaMH MIiTKy ~

3. AxtuBi3yBatu 37iBa BKIagku Expression i Common Symbols Ta 3
OTpUMAaHUX IIa0JIOHIB BBECTH B OKPEMHX JTY)KKax T'PaHUIN0 (YHKIII],
i1 CKJIAJIOBI Ta CHMBOJI (.

4. OTpuMaTH 3HAYCHHS TPAHUII TTOCJIIIOBHOCTI.

5. HatucuyTu knaBiury Enter Ta OTpUMaTH Kypcop ISl ONPaIlfOBaHHS
(b YHKITII.

6. BBecTu B OKpeMHX AyXKKaxX CKIaaoBl (YHKINI 13 3a3HAYEHHAM
IHTEepBaJliB, HAa SKUX Bac I1iKaBUTHh 300paKEHHSI TPAEKTOpIi PyXy B
style = point

7. 3a momomoroto omiiii /nsert-Plot-2D otpumatu JlekapToBy cuctemy
KOOPJWHAT, B IKYy CKOTIIOBaTH BUpa3 (PyHKIII].

8. OTpumaTtu TPAEKTOPIIO PyXy TOYOK JJid TOOYJOBM TUIaHIB
MexaHi3MiB (puc.3.25).

261



Eile  Edit uie: x Tools indow  Help
rrrrrr

= == W O o Eoa 2 @
o o ros
El== o =i=
s
k1
In(a) logg() = cos(x) 3 a
logy (=) sin(z) cos(a) ol cos(2 x) =
e
a
) (5] s Ee
(@ B) F=a—y 1
F=(a.5) —rz >
| xxxxx cos(x) x
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Puc. 3.25. Bikno I1I13 Maple: 3aganHs TpaekTopii nepeMiiieHHs
JAHOK MEXaHI13MIB 3a JOMOMOTO0I0 (DYHKIIIH Ta TOCHIJIKEHHS X
IPaHUYHOI ITOBEAIHKHU

- { Modentoemo npodgpecitiHy disnbHicmb
T iH)XxeHepa

3.39. MarepiasibHa TOYKa KOJMBAETHCA MO KONy OLIs CBOTO

— . _k't . 1 .
CEPEJIHHOI0 IMOJIOKEHHS 3a 3aKOHOM x=4-e Sin @ t, ne (4, k,
_ . lmx
®>(). 3HaU T
\ : "“'\\ Llepepopmynrotime YyMO8Y 30604HHS
l L MameMamuyHolo  MOB8010.  3Haudimv  epaHuyro
.'-. kt .
lim4-e sinw- ¢t
o “J Qyuryii * 7 3a donomoeoro I1113.
. ~ limx =0 .
Bignosigp: = - KOJIUBAHHS 3aTyXaro4i.
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3.40. Po3paxyHok poOodoro kosieca TypOiHU NPUBOJIUTH O
Iny=-k’-x’+iny,

PIBHSHHS 7€ y — TOBIIMHA KoOjeca Ha
BIICTaHl X B1J OCl oOepTaHHs, »0 — 3Ha4YeHHsA VY npu x= (. 3HANIITH
lim+-.

x—0 -0

E‘f"_\;'f.‘- Llepedhopmynoiime YMO8Y 3a80aHHs
A mamemamuunoio MOBO10. Crxopucmaumecbo
OCHOBHOIO  JI02APUDMIUHOWO — MOMONCHICMIO — MdA
A “J BIACMUBOCMAMU ~ CMeNneHs OJisl  BUPANHCEHHS

y
T k2 x? +Iny, —k*x?  Iny, —k% X2
. = = e - e =e .
sionowennn Yo - Y =€ Yo,
. p— 2. 2
lim e ™™™
3naiidime epanuyio ynxyii x>0 3a donomoeoio I1113.
lim> =1

. . Y
BinmoBige: X0 °

3.41. Bucora 4YacTMHM BEPTHKaJILHOTO CTPpyMEHs (OHTaHY
. H
HaOJMKEHO BUPAKAETHCS (POPMYIIOI0 I+¢-H  ne H — BenmunHa
Haropy Boad B Hacaikax (y MeTpax BOAsHOro crosma), ¢ -
KOE(IIEAT, [0 BU3HAYAETHCS J1aMeTPOM d (Mm) BUXITHOTO TIepepi3y
HaCaJIKu.
[ToOynyiite rpadiku 3anexHocTi A(H) npu pisHUX 3HaUYeHHAX ¥ :
?=0,023, ?=0,009, ?=0,004; mocnigite Ta MOPIBHANTE MOBEIIHKY
BIIMOBIIHUX (DYHKITIH.

3 " . ‘.:. ‘t‘ o
o ' Ilepepopmynionime 3a0auy mamemamuinoio Mogoio,
Y o

o AT
mo6bmo 3naiidime 1= TP 11 24 donomocoro II13.
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1

3uauenns yici epanuyi P exaszye na icnysanns 20pusonmanvhoi

h=t

acumMnmomu P (mpu ?=0,023, h = 43,48, mobmo wneobxioHo
0006yoysamu niniro y(x)=43,48) Jlna inmepnpemayii pezyibmamis
NOPIBHAHHA OMPUMAHUX 3dJedCHOCmell nooyoyiime 3a 00NOMO20i0
III13 epaghixu 3anexcnocmeri npu piznux snavennax ?, 3 ypaxyeanmam
moeo, wo 3a 3micmom 3aoayi h obmedicero giopizkom [0; H]
Bignosiae: npu 30inbmenni ? Bucora ctpymMeHs 3MEHIIYETHCH,

IpUYOMY 3MiHA BEJIMYMHM HAIopy npu 30iunbmienHi ¥ maiibke He
H _

lim 7o 7~

BIUIUBAE HA BUCOTY CTPYMEHS;, MpPH 3MEHIICHHI ¢ ,

TOOTO BUCOTa CTpyMeHs npsimye 110 H.

Tema 3. HENMEPEPBHICTb ®YHKLIA

Mogeni 3 HemepepBHUMHU 3MIHHUMH IIHPOKO BUKOPUCTAIOTHCS
IUIS OTIMCY ¥ aHaMI3y SBHUI HEIIHIMHOI IWHAMIKHA B MeXaHimi, (i3uii
PIJIVH 1 Tra3iB.

Yu € HenepepBHUMHU (PYHKITIOHAJIbHI 3aJI€KHOCTI JI1 peabHUX
BenuuuH? CuTyallisi 3 OHATTSIM HENIEPEPBHOCTI CTAaE HEBU3HAYEHOIO,
AKIIO MOBa MACThCA TMPO 1HTEHCHUBHI BEJIMYMHM, HAIMPHUKIIA]

MIBUAKICTB 3MIHU PO3MOLTY AKOi-HEOY b KBAaHTOBO1
. Ax .oxlt+At)—x\t
lim — = lim ( ) ():v(t) _

yacTuHKm, M0 At A0 At . SIkmo nificHO, BHMararty,

o0 Ar—0, TO (QYHKIIIS v(t) Oyme mpsmyBatH Ao t* a6o ~° (y
MOMEHT PO3MOLTy abo 3aru0eni YacTMHKU), a B MPOMIKKAX MIXK
pO3MOIJIaMA YaCTHHOK Oyje mpsMyBaTH 10 Hyms. OTXKe, TMOHSATTS

V(f), K HEeTepepBHOI (PYHKIIT, 110 3aJIeKUTh BIJ ¢, MOXHA BBECTH
TUIBKA HAOIMKEHO, SKIO PO3MNIAAATH KIHIIEBl, JOCHTh BEJIHKI
MPOMIXKKH Yacy At ¥ BIAMOBIAHI iM KIHIIEB1 IPUPOIIIEHHS Ax .
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| HeobxiOHi 3HaHHST NPO HernepepeHicMb
: pYHKUIT y moydyi

PosrusHemo rpadiku dynkwii ¥ =/ (x) j =g (x)’ 300paskeHi Ha
puc. 3.26.

R
f(xn) ______
iz //:iu g

Puc. 3.26. I'padiku GpyHkmii =fx) ; y=2glx)
3 pucyHka 3.26 BuaHO, 110 TpadikoM PyHKIIII /() € CyIIIbHA
KpHBa, SIKYy MOXKHa MoOyayBaTH, HE BIPUBAIOYM OJIBEIb Bij Mmarmepy.

Yo rpadik
X

H"If

& &y

I'padik dyakmii gx) HE € CYIUIbHOK KPHBOIO, Y TOYII

0

poouTh «cTpubOK». ToMy KaxyTh, MmO (QyHKIIIS Jlx y TOuIIi

HEerepepBHa, a gx) y TO4ILli 0 pO3pHBHA.
JlaMo cTpore o3HaueHHS HeMepepBHOCT1 QYHKIIIT y TOYIII.

Def. DOyHKIIO /(%) gasusarors Henepepenoio 6 m. o, AKIIO

BOHA BU3HA4YEHA B 11 TOYIIl i IEIKOMY ii OKOJI1 Ta

lim Ay =0

a0 T (3.9)
TOOTO HECKIHYEHHO MajoMy TMPUPOCTY apryMeHTYy BIAMOBIIAE
HECKIHYEHHO MaJiuil pUpICT QYHKIIII.
Ha puc. 327 A¥=x—X% _

MPUPICT apTyMEHTY,
Ay = f(x, +Ax)= f(x,) _
MPUPICT b yHKIIII.
ITepeTBOpUMO PIBHICTB
(3.9):

lim Ay =0

Ax—0

Puc. 3.27. 'eomeTpru4HE TIyMadyeHHS Jim, £ (x, +Ax) = £(x,)]= 0
HeTepepBHOI HYHKIIIT lim f(x, +Ax)= f(x,)

5
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lim f(x)=f(1im x):f(xo).

3 0CTaHHBOI PIBHOCTI BUILIUBAE, IO % ¥
OTxe, Mpu BIAIIYKAHHI TPAHUI HenepepHoi (PyHKIT MOXKHA
MepenTr A0 TpaHMIll mif 3HaAKoM (yHKIII, TOOTO y (PYHKIIIIO /()

) ) x, = lim x
3aMICTh QpTYMEHTY * MIACTABUTU 3HAUYCHHS BT

Chopmymnroemo 1€ OAHE  O3HAUCHHS  HEMEPEpPBHOCTI,
PIBHOCHJIbHE TIOTIEPETHHOMY.

Def. DYHKIIIO /() HA3UBAIOTh HenepepeHoio B TOUII Yo, SKIIO
BUKOHYIOTHCSI YMOBH:
1) BoHa BU3HAUEHA B I1ill TOUII 1 AESIKOMY 11 OKOJII;
. lim /()
2) iICHY€E TpaHUILIA “~% ;
3) 1 rpaHuLs JOPIBHIOE 3HAYEHHIO PyHKLIT B ToUli Yo, TOOTO
lim f(x)=_lim f(x)= lim f(x)=s(x,)
Byumocsi docnidxyeamu ¢hyHKUiTi Ha
HernepepeHicMb

3.42. JlocriniTe Ha HemepepBHicTs GyHKito ¥ =SNY

Pose'asanna. Oyuxuis Y ~SMY puspavena juig Beix aificHEX

3HAYCHb X.
Hexaii ¥ — noBinpHa Touka. PosrisHeMo npupict GyHKIIT y ik
TOMYIII:

Ay =sin (x + Ax)—sinx = 2sin%cos(x + %)
Tomi
lim Ay = lim 2sin£cos(x + gj =
Ax—0 Ax—0 2 2

= lim 2sin£- lim cos(x +£] =0-cosx=0
Ax—0 2 Ax—0 2

Omke, mag Oyab-1Koi ToukM XE€R geckiHueHHO MaloMy
IPUPOCTY aprymedty AY Bignosimae HECKIHYEHHO Malvil IPHPICT
byHKIi AV | 10610 3azaHa ¢GyHKIIIS HEmepepBHA Ha BCIH YHCIIOBIN
oci.
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sin x

3.43. JlocniaiTe Ha HETIEPEPBHICTH QYHKIIIIO x
sin x

Poss'azanns.  OyHKIIA X € BIJHOIICHHSIM JBOX

eneMeHTapHux ¢Qyskuiin Y 7SN 1a VT gki memepepsni mns Beix
xXeR

BignomenHs mux (QyHKIINA €

HETICPEPBHOIO  (DYHKITIEIO IS
> BCix X, kpiM Touku X=0, B gxiii
npi6 nmesmsHauenmit. Omxe, ¥ =0
— TOYKA PO3PUBY  3aJaHOI
bynkii (puc. 3.28).

Puc. 3.28. I'eomeTpuune

TIYMAY€HHS TOYKU PO3PUBY
sin x

byHKIii x

JlocaiguMo If0 TOUKY:

. sinx . sinx . sinx
lim = lim = lim =1
x—0 X x—0-0 X x—0+0 X

Orxe, X=0 — TOUKa yCyBHOTO PO3PUBY.
Sxmo nosusHaunTH QyHKLIO y Touri X =0, mokmapmm (0)21,
TO JICTAaHEMO B)K€ HEIIEPEPBHY (DYHKIIIIO
sin x
y=3 x
I, saxmgox=0.

, aKmo x # 0,

Eepucmuy4Hutu mpeHaxep «Continuity and Graphics»
donomorxke 080s100imu 8MiHHSIM MO OOCI1iOKeHHIO BYHKUYiT
Ha HernepepeHicMb.

1. 3amycTiTh mporpamy i poootu (puc. 3.29) ta o0epiTh 3aBIaHHS
JJIs1 OIIpalrfOBaAHH:].
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HocraimxeHHA (PVHKINH Ha HSIISPSPBHICTD . ‘

OSepPiTh 3aBTATHA ©

e Vo=
- 2
IToSvgosa rpadika pPyvHKINL .
= OGeplTh 3aBTaHA ©
- Vo=
o z
R
5
~ v o= - Vv = arctg
) 2 — x : = x — 2]
3
o v =
_ﬁ r {c:sx.x:()
o o= o fFx)=x"+10=x=1
J i ) .
O6Gepits X — < 1
L =1
x—3
3
ol = T o ()= 3
2 4 3 10g2|x +1‘
O6epirs Mpa®icu pymxuis

Puc. 3.29. 3anyck tpenaxkepy «Continuity and Graphicsy»
Ta podoTa 13 BKJIaIKaMU

2. OrtpumaiiTe BIKHO 13 3aBJaHHSIM IO JOCT/DKEHHIO Ha
HerepepBHICTh (yHKIIT. OOupaiiTe B 3aJIeKHOCTI BiJg 0COOMCTOI
Opi€eHTalli y HACTYMHUX JISIX MPOMO3MUIli 3wmawmn 300 Hemomora B pasi
HEOOX1THOCTI JIOMOMOTH (HENMPaBUIBHICTh BHKOHAHHSA 3aBJIaHHS
3a3HAYAETHCA YEPBOHUM XpECTUKOM) (puc. 3.30).

EEContinuity And Graphics - [M1] =
BHKOHAHHA Aonomora _ 5 =
Jocnig*eHHA Ha HENEPEPEHICTE | Mpadikd PyHILIEA |

L]

HeMas x=2, x=-2

TAH

o= 1HITTa BiA I OB

2
. y_xzfil-

Y lun s
x—=2+0 x2 — 4
Y lun s
x—2—0x2 _ 4

X=—o J XN= oD
e

iHIIAa Big O oBIOE

X=—o J XN= oD

=1 1HIITA BT OEITE

HEEE =8
5§
HE EE EE

-

L)
Y FNR— Sovoworat IR e
DyHELIA Mas [ 3 2 . 2> o s
=l ToMm K=2 lim — = lim — = BHEApospHSy Toum H=3
ARyt g4 A0y —2) - (v + 2)
. OOy CTaLTN eit)(rHHf;i_ — 1) 3HaMEHIIIK ITpsnye g0 O, BIsHatITe
2 '3 AKFIM 3HAKOM. xX=oD
x iy @ — 2}). BHKopHCTallTe: BeIrHHa odepHeHa et . .
x—=—Z+0 x2 _ 4 . - R
0 HeCKIHTIeHHO MATIOL € HeCKIH'IeHHO Homomora Zasaarmo _—

Nueucs AONOMOor y MNocnipxennna wyn| BCTIIIEA. [ ]

Puc. 3.30. BikHo 13 3aBHaHHIM 110 JOCI1KEHHIO
Ha HEMEePEePBHICTh PYHKITIT
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3. Pesyapratm mpaBwiIbHHX a00 HE IPaBUIBHHX IIEPETBOPEHD
JTOTIOMOXKYTh 00paTH MPaBHJIbHUHM MIJISAX IO JOCTIDKCHHIO (DYHKIIIT Ta
3aKIHIYMTH BUKOHAHHS 3aBIaHHS.

HeobxidHi 3HaHHS1 Npo po3pueu pyHKUiIU

ma ix knacucpikayis

Def. ko xouya O OoIHA 3 YyMOB HENEPEPBHOCTI (PYHKII B

X

TOYIl HE BUKOHYETHCA, TO (YHKIIS po3pueHa B mouyi o, a camy

TOYKY Y0 HA3MBAXOTh MOUKOIO PO3PUEY PYHKYIL.
Kiacudikariiito Touok po3puBy IpUBOASATH TaK:

x4
A
I
s, ?Eu i

Puc. 3.31.I'eomerpuune
TIyMA4€HHS TOYOK
PO3PUBY NEPILIOTO POAY

eI

X

9] %

Puc. 3.32. I'eomeTpuune
TIYMA4€HHS TOYOK

PO3PHUBY IPYTOrO POIY

1) sKmO0 1iCHYIOTH JIIBOCTOPOHHS 1
MIPABOCTOPOHHS TpaHUIlll (YHKIT B TOYII

X, , TO6T0 xl}glfof(x) =d , xlggrof(x) =b , 1€ a

i b — cxingenni uymcma, mpumuomy @ 7#b

(puc. 3.31), T0 TOUKy 0 Ha3HMBaIOThH
MOYKOIO PO3PUBY nepuioco poody;, B TOUIII

Yo cama (QyHKUiZ MOke OyTHM K

BHU3HA4YCHA, TaK 1 HEBHU3HA4YCHA,

lim f(x)

2) AKmo xo4da O ogHa 3 TpaHUIp * %~ ,
lim f (x) ) _

o0 He icHye abo JOpiBHIOE

HECKIHYEHHOCTI, TO TOYKY ~° Ha3MBaIOThH
MOUKOI0 po3pugy opyzozo pody (puc. 3.32);
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Az 3) stKamo xﬁg,of(x):xiiglof(x):“ a4 %00

5

| f5)#a 460 & il Toumi  (pyHKIs

HCBU3HAYCHA, TO TOYKY Yo Ha3UBarOTb

ycysHoro moukoio pospusy (puc. 3.33).

Tx

ol =

Puc. 3.33. I'eomeTpuune
TIIYMAY€HHsI YCYBHOI
TOYKHU PO3PUBY

VY nepmomy BUNAAKY KaXKyTh, 10 QYHKIIISA pOOUTh «CKIHYCHHUHN
CTpUOOK», a Y IPYTOMY — «HECKIHUCHHHU CTPUOOK»).

Byumocs docnidxyeamu hyHKUii Ha
HenepepeHicMb ma iCHyeaHHS1 MO4Y0K

pos3pusy
1
y=arctg—

3.44. JlocniaiTh Ha HEIEPEPBHICTh (DYHKIIIIO Xy TOYIll
x=0

Posze'azannsa. Ouesumno, mo B Touni X=0 ¢QyHkumis He Mmae
CEHCY.

li tg—=_"
im arctg—=

3HaiiieMo0  OAHOCTOPOHHI  TpPaHUIIi: ~ x 2
: I =«
lim arctg—=—
x—0+0 X 2

3rifHo 3 KIacH(IKaIi€0 TOYOK
pPO3pHBY POOMMO BHICHOBOK, IO
x=0 — ToYyka PO3PHUBY MEPILOIO

\9: pony (puc.3.34).

Puc. 3.34. I'eomeTpuune
TIIYMAU€HHSI TOYKHU PO3PUBY

byHKIT
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Heob6xiOHi 3HaHHSI NPO OCHOBHI
o eJslacmueocmi HerepepeHUX y moYuyi
pyHKUiU

X

1. SIxmo ¢pyHKIil /(x) i8 (x) HETEPEPBHI B T. 0, TO B Iiil TOYII

Sx)
HerepepBHi QyHKuiT (x)ig(x), / (x)'g(x), g(x) (oCTaHHS 32 YMOBH
g(xo);tO).

2. SIkmo (GyHKIis u=g(x) HelepepBHa B T. 0, a (QyHKIsA

u

y=r) HerepepeHa B T. 0=/ (x, , T0 ckasena Gpynkuis Y=/ (p(x,))

HelepepBHa B T. o,
3. Beska enemenTapHa (QyHKITiS HETIEpepBHA B KOXHIN TOUII, B
SK1/ BOHa BU3HAUYCHA.

_ HeobxioHi 3HaHHs1 Npo enacmusocmi
- ¢pyHKUil, HenepepaHUX Ha 8iOPIi3Ky

Def. Sxmo (yHKLIS HENepepBHA B KOXHIM TOUIl 1HTEpBaILy

(a5 6 ), TO BOHA HA3WBAETHCS HETIEPEPBHOIO HA IILOMY 1HTEPBAJII.

Def.  DyHKLIS HENEpPEpBHA Ha BIAPI3KY o b], AKIIO BOHA

HeTepepBHa Ha (a:0) i, kpimM Toro, HemepepsHa crpasa B Toumi 4 i
3;iBa B TOUM b,

CdopmymnroemMo TeopemMu TIpo HemepepBH1 (PyHKITI.

Teopema 3.8 (nepwa meopema bonvyano-Kowi). ko

;] i Ha MOro KIiHIISIX

HaOupae 3HAYEHb PI3HUX 3HAKIB, TO BCEPEIWHI BIiJIpi3Ka | ]
3HAWIETHCS X049a O 0JIHa TOUKa X =C, B AK1A (PYHKIIIS TOPIBHIOE HYIIIO.

Teopema 3.9 (dpyea meopema borvyano-Kowi). Hexait
la; b

bynxuis Y=/ (x) HelepepBHa Ha BiApi3Ky la

dynkuis ¥ =/\¥) yenepepera na Binpisky I HaOyBae Ha HOro

KIHISIX PI3HUX 3HAYCHD: / (a);t / (b ) Toml Wi MOBUIBHOIO 4YHCIIA
pelfla) 1)) 3HAHIEThCA TaKe Yucio © e(as b ), mo / (c)=u.
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Teopema 3.10 (Beiicpwmpacca). Sxmo ¢ynxuis Y=/ (x)
HeTIepepBHA Ha BIJIPI3KY | b ], TO cepen 1i 3HaUeHb Ha IIbOMY BiApPi3Ky
ICHy€ HalO1IbIIe 1 HAatMEHIIIe.

I3 111€1 TEOpEMH BUILIUBAE, 110 HETIEPEPBHA HA BIAPI3KY PyHKIIISA

oOMexeHa Ha I[bOMY BIZIPI3KY.

L :’ Hocnidxyemo ¢hyHKuii Ha HenepepeHicMb
y mouuyi 3a donomoezoro I3 Gran2D

lMpouedypa docnidxeHHs1 byHKUiI Ha HernepepeHicMb
y mo4uyi 3a dornoMo20r 8idrnoeioHuUx rnpaesurl.

PiBHSAHHS  HEpPO3PUBHOCTI  (HEMEPEPBHOCTI)  BHUPAKAIOTH
OJHAKOBY 1/ICI0 HEMEPEPBHOI 3MIHM JI€IKOi BEIMYWHU. PIBHSIHHSA
HETICPEPBHOCTI B meopemuyunili Mexaniyi 3aCTOCOBYETBCS  SIK
JOKallbHA (popMa 3aKOHIB 30epiraHHs. Y erexmpoounamiyi PIBHIHHS
HETIEPEPBHOCTI 3aCTOCOBYETHCS /I PO3PAXYHKIB IIUILHOCTI CTPyMY.
Y meopii xeunv PIBHAHHS HEIEPEPBHOCTI BHpaka€ COOOI0 3aKOH
30epiraHHsg  eHeprii B €JIeMEHTapHIM  o0jacTi, B  SKIH
PO3IMOBCIOKYIOTBCSI XBUJII OyAb-AKOI Tpupoau. Y 2idpoounamiyi
PIBHSHHS  HEMEPEPBHOCTI  1HOJAI ~ HA3UBAEThCS  PIBHAHHAM
HEPO3PHBHOCTI Ta BHpaka€e CcO00K 3aKoH 30epiraHHs MacH B
eJeMEeHTapHI 00y1acTi, TOOTO HENMEepPEepBHICTh MOTOKY pPiauHU abo
razy. B onopi mamepianie omHe 3 OCHOBHHMX NPUNYIIEHb €
MPUIYIICHHS PO CYIUIbHY (HeTepepBHY) OyAOBY Tij, IO J03BOJISIE
BUKOPHCTOBYBaTH MaTEMaTUIHHH armapaT HENEPEPBHUX (YHKITIMH.

o ox=2

3.45. Tocnigite QyHKIIiO YT 3xe2 Ha HEIEPEPBHICTD IS
MOJIAJIBIIIOTO  PO3PAXyHKY MPHUKIATHUX 3aBAaHb (BHYTPIIIHBOI
Hanpyry, AedopMmariii i Tak mai) y toukax B =0, X =1 % =2
Poss'azanus.

Kpox 1. 'Y toumi ™ =0 QyHKLig BusHaueHa: ¥ (O):_l, 3HAYUTh,

BOHA HETIEPEPBHA SIK eJIeMEHTapHa (PYHKITIA.

X

Kpox 2. TlepeBipumo TOYKy * =1y IbOMY pa3l 3HAMECHHUK

GyHKLIT 00epTacThCA B HYIIb, OTKE, 2 =1 _ rouka pO3pUBY.
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X Kpox 3. Po3risHeMO MOBENIHKY
i rpadika GyHKIII B OKOJI TOYKH
N S X, =1(puc. 3.35).
i Kpoxk 4. 3naiineMo oqHOCTOPOHHI
1 .
: rparuni opu X~ 1£0:
1

Puc. 3.35. [loBeainka rpadika

dyHKLii B okomi Toukn *2 =1

x-2 . x-2 1

x—2 ) 1
im ————— = lim —— =+o
x—1+0 xz —3x+2 x>0y _]
OOuBi TpaHUI JOPIBHIOIOTH HecKiHueHHOCTI. OTxe, X=1 —

TOYKa PO3PUBY APYroro poiay.

Kpox 5. Y touni %~ 2 QyHKLis HeBHM3HAYeHA, TOOTO ™3~ 2 _

TOoYKa po3puBy. OOUHCINMO OAHOCTOPOHHI TPAHMIII:
x—2 : 1 : x-2 1
m ————= lim —=1 m —————=lim —=1
X—)2_0x2 _3x+2 X—)z_()x_l X—)2+0x2 _3x+2 X—)2+0x_1
9
lim f(x)= lim f(x)=a . . :

x>%=0 X% +0 , azo (x)*a 1g i TouIli (YHKILisA
HeBH3HAYeHa, OTKe, %2 — 2 — TouKa YCYBHOTO PO3PHBY.

lMpouedypa docnidxeHHs1 byHKUiT Ha HerlepepeHicMb
y mou4yi 3a dornomMo20r0 8i0noeidHUX npaesusi Moxxe 6ymu
3amiHeHa npouyedyporo 3acmocyeaHHs 113 Mathcad.

«Hasyaemo» ceili komn’romep 064YUC/IE€HHIO
epaHuui nocnidoeHocmi 3a donomozoro [113
Mathcad.

1. Bigkputu Bikao I1113 Mathcad.

2. 3a gonomororo omilii Buo — I[lanenu uncmpymenmos — Ucuucienus,
Buo — Illanenu uuncmpymenmos — Kanvkynsmop, Buo — Ilanenu
uHcmpymenmos — Buiyucnenue ta Buo — [lanenu uncmpymenmos —
I'pagpuxu BUHECTH HA TaHEb IHCTPYMEHTIB BKIaaku (puc. 3.36):
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3. OOparn Ha BKJIaJKax IIaHEII ene T |
. . sin cos tan In log
IHCTPYMEHTIB [ paguxu 1o0ynoBYy o] [0 meer
KPHBOI = RS B (B
. . w7 8 9 /
4. Ilicna oTpumaHHS y 1Ol I E ” N
IPOrpaMu 300paKEHHs JE€KapTOBOI Bl s 23
vf = o — =
CUCTEMH KOOpJHWHAT, 3allOBHHUTH - , ,
MiTKy JiBoro kyrta B Bupaszom = = = o e fxaf oy sy
x-=2

it & & F] o L 55
Puc. 3.36. Bximaaku nanent
iHcTpyMmenTiB [1113 Mathcad

. . . cee 2 .
BiAMOBiAHOT QYHKIHIY —3x+2 i3
3a3HAYEHHSIM 3MIHHOI, 3a SKOIO
B1JI0YBA€ETHCS AOCIIHKCHHSI.
PosrusHbTe noBeiHKy rpadika GyHKuii B okomi Towok N1 =0, %2 =1
x, =2
5. O0paru y Brnaaui Acuucienue « OOHOCMOPOHHSAS SpAHUYA .

6. Habpatu 3 knaBiatrypu Kanokynamopa 3anaHy (QyHKIiO Ta 13
BKJIQJIKU Buiuucnenue odpatu — .

7. OTpUMaTH 3HAYEHHS OJHOCTOPOHHIX I'paHMIb QyHKLii mpu ~ L

x—>2"

Ta 1 3poOuTH BiAMOBIAHI BUCHOBKH (puc. 3.37) .
D~ S_Y & BBER o e = & 100% [ [l %, > bl @@ M M7 men £F fxF Eu
= & A D % E i L 22
|| A Eel| == T <2 57 =2 = = E o = o s
Xx—2

TocmmpxerHA moBeHEH rpadika gyHko lim e S G ¥

. .0 - o
X =3-x+2 , lim _ x—2 1
16783 - 101 1 x> 2 xT 342
—16.783,
,20 L I 1 sz

— >
X—>2 X —3x+2

|

12

)
E
\

- x—2
lum
X—>0x"—3x+2

— -1

Puc. 3.37. Bikno I1I13 Mathcad: nobynoBa rpadiky GyHKii ans
JOCJIIIPKEHHS 11 00UYHCIIEHHS OJJHOCTOPOHHIX TPAHUIIb

BN =0 % Mathead - [Bestmann. .
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— Modenroemo npodgpeciliHy distnibHicMb

—— iH)XeHepa

3.46. KinpkicTh eJeKTpOeHepTii, I0 MPOTUKAE Yepe3 SKHil-
HeOy b mepepi3  IPOBIIHHKA, BBa)KAIOUH B JIESIKOTO

MMOYaTKOBOTO MOMEHTY, € HemepepBHa (PYHKIlIS BiJ 4acy: Q=00
Buznauutu BeIMYMHY TOKY B MOMEHT ! JIJIsl TIOCTIMHOTO ¥ 3MIHHOTO
TOKY.

_5"{‘- llepepopmynroiime ymo8y 3a80aHHA MAMEMAMUYHONO
- moeow. Bpaxoeyrouu, wo cepeons eeruuuna mokKy

A Q
lo=" A 1 , MooeJloltme ymMogy 3a80aHHS 860054U
e A o oo
@DYHKYIOHANbHI 3A71€IHCHOCII Q=0() PI3HO20 U0y

I3 O0CJLIOJCEHHAM IX HA HenepepsHicCmb 3a O0NOMO20H

11I13.
BiamoBigp: BenMYmMHA TOKY B MOMEHT 4Yacy ! ISl IOCTIHMHOTO
. A
1= hm—Q . .
TOKy — 4-0 At (mocrtiliHe 3HAYEHHs), A 3MIHHOTO TOKY —
A
i = 1im 2€ — o(1)
A0 At (QYHKLIOHAIIbHA 3aJIEKHICTB).

3.47. VY310Bxk Oankyd HEIMEPEPBHO PO3IOJIICHE HaBaHTAKCHHS
p. HaBanTtaxxeHHs, 110 TOBOJUTHCS HA JIISHKY Oajku Bif il MOYaTKy
710 Kpamku 3 abciucoro x, 0yae GyHKIIOHAILHOIO 3aJICKHICTIO BT X!
p = p(x), HENEPEPBHOIO MO BCIM JTOBXKMHI Oanky. Bu3HauUTH cepeaHio
IHTCHCHUBHICTh HABaHTaXCHHSA JJIi JOUISHKH X W 1HTCHCHUBHICTD
HAaBaHTAXXEHHS B Toulll x. SIkoro Oyjae IHTCHCUBHICTh HaBAaHTAKCHHS
IIPY PIBHOMIPHOMY PO3MOILII 117

_5"{‘- llepepopmynroiime ymo8y 3a80aHHA MAMEMAMUYHONO
Moeot0.  Mooentwtime ymMo8y  3a80aHHA  B8800YU

dynxyionanoni  sanencnoemi P = P () pisnozo
r su2nsA0y 13 OOCNIOJNCEHHAM IX HA HenepepeHicmb 3a
o oonomoeorwo 11I13.
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. . . . qc N
BiamnoBiab: cepenHs 1HTEHCUBHICTH HABAHTAXKCHHS " Ax
. A
. . g=lim L =g(x)
[HTEeHCUBHICTh Y Oyab-SKOMY Tiepepisi A0 Ax , a Ipu

piBHOMIpHOMY po3mozini HaBanTaxenus 7~ €O,

Tema 4. NOXIAHA ®YHKUII

[IpunycTumMo, 10 B MOMEHT 4Yacy ! po3MOYMHAETHCA XIMIYHA
peakiiis. KinbKicTh peUOBHHH, SIKa BCTYMIJIA B PEAKINIO 10 MOMEHTY

gacy !, TO3HA4YUMO clt). Kimskicts pPEYOBUHHM, sIKa BCTyNUJa B

[t t + At]

PEAKIIIO 32 MPOMIXkOK 4acy , JOPiBHIOBATHME clt +At)—clr),

Bignomenus
c(t + At)—c(t)
At
XapaKTepHU3ye CEPEIHIO IMIBUIKICTh PEaKINii, a TPaHMIIS
. clt+At)—clt
M, ( At) J

HA3MBA€THCS IBUAKICTIO XIMIYHOI peakilii B MOMEHT dacy !Ta

BM3HAYAC TTOHATTS MOXiaHOT QyHKIIT, o 3amaHa y Bursami 7 € (t) :

Heob6xiOHi 3HaHHS1 PO
O3HaYeHHsI NoxioOHOI

3amamo Qymkuito Y=/ (x) BU3HAYEHY HA IPOMIKKY (a:0),

BizsMeMo Oynap-sike 3HAYEHHS X 13 IBOTO MPOMDKKY 1 HagaMoO HOMY
npupocry Ax,
Pi3nuirio
Ay = f(x+Ax)= £(x)

Ha3UBaIOTh NPUPOCMOM PYHKYIL 6 mouyi X .
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IIpupict aprymenty Ax#0 moxe HaOyBaTu SK JOJATHUX, TaK i
BiJl’€MHMX 3HA4yeHb, aje TaK, [0 3HAueHHs X +AX He BUXOIUTH 3a

MeXi 06J1acTi Bu3HaueHHs GyHkiii (x)

Def.  Iloxionow Gyuryii > = f(x) y mouyi X Ha3HBaIOTh
IPAHUITI0 (SIKIIO BOHA ICHYE) BITHOMICHHA MPUPOCTY GYHKIIIT
Ay = flx+Ax)- f(x) 0 MPHUPOCTYy apryMeHTy AY, Koid ocTaHHii
npsMye 10 Hys, TOOTO

by A £
A0 Ay Axs0 Ax
DyHKIIIIO0, SIKa Ma€ CKIHYEHHY MOXIJHY B TOYIll *, Ha3WBaIOTh

ougepenyiiiosanoro B 1 Toumi. OOYHCICHHS IMOXITHOI HA3WBAIOTh
nudepeHIIIOBaHHSIM.

dy df
[To3HaueHHs noXigHOI: ¥ ’(x), f'(x) (3a Jlarpamxkem), abo dx , dx

!
(3a JIeiOHinem). 3 03HaYEHHS MOXiHOT BUILIMBAC, IO MOXimaHa » (x) y
TOYIl * € YHCIOM. AJie SKIIO TaKe YHCIO ICHYE JIs KOXHOI

BHYTPIIITHBOT TOYKH MPOMIKKY (a5 6 ), TO TOXIJIHY MOXHa PO3TJIAIaTH
AK (QYHKITIIO TOYKH X 13 JAHOTO MIPOMIXKKY.
: x+Ax)- flx
s, |
Sxmo * Ax , Tomi pynkuig /YY) mae B Toumi
X HECKIHYCHHY TOXI1JIHY.
BigmiTiiMo, mo 3 audepeHIiioBHOCTI (PYHKINT B ASAKIA TOYII
BUIUIMBAE HEMEPEPBHICTh y I Toulll. OOepHEHE TBEPKEHHS
HEeTpaBUIbHE.

Byumocs ob4ucnroeamu noxioHy 3a
O3Ha4YeHHSIM

3.48. Kopucryrounch O3HAYCHHSIM TOXIJAHOI, ITOKaXITh, IO
_3 /
moxigHa QyHKIii y=NX y Touni X =0 me icHye.

3/
Poss'sizanna. Jlna Gyskmii Y=NX BusnaueHoi i HEIIEPEPBHOL
Ha BCili YMCIoBii npsamiii, y Touni X =0 maemo:
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Orxe, rpamung npu Ax—=>0  geckinuenno 3pocrac. Tomy

noxigHa ¢Gyskiii Y =4x y Touni ¥=0 me icmye. Tak camo MOXHA
OKa3aTH, 10 HellepepBHa Ha BCil 4McIOBil mpamii yHkmis =[]
TAKOK HE Ma€ MOXigHoi B Toumi X =0,

Bucnosok. Sxmo (QyHKIA HemepepBHa B TOYIll Y, TO HE
000B’3KOBO BOHA Ma€ MOXIAHY B Mii Todrl. [Iporte, skmo GyHKIisA
nudepeniiiioBada (ICHye MoXiJHa) B TOYIll X, TO BOHA 1 HETIEpEepBHA B
A TOYIIl.

Heob6xiOHi 3HaHHS1 NPO
2eomMempuyHuUU, izuvyHuUl
ma MexaHi4HuUU 3micm noxioHoi

JlamMo reoMeTpruyHe TIIYMAa4eHHS TOX1IHOI.
74 Posrnsnemo rpadixk  dyHKIil

i + Bz} g P et sy y=f(x) 5 oxomi Touxu % (nuB.

puc. 3.38). Hexaii B — Touxa

KPHUBOI 3 KOOpAWHATaMU
(oo £ (x, )), a P — touka rpadika
3 KOOpJIMHATaMU

(x, + Ax; f(x, + Ax)) Ipsimy,

MIPOBEJICHY YE€PE3 TOUKHU £ g P,

Puc. 3.38. I'eomerpuyne HA3HBAIOTE CIYHOIO.
TIIyMa4€HHs IOX1IHO]

Axmo npu HeoOMexxeHoMY HaOmkeHHI Touku P 3a rpadikom

P PP

bynkuii Y=/ (x) 10 TOYKH '° ciuHa HaOJIMKAETHCS 10 TIEBHOTO

rPaHUYHOIO MOJIOKEHHS (TpsAMa LK ), TO 1Ie¢ TPAHUYHE TOJIOKECHHS

CiuHOT HA3MBAIOTH domuuHoio 1o kpusoi ¥ =/ (x) y touri 0.
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3ajaMm0 @ — KyT, SIKHM YTBOPIOE JOTHYHA 3 JIOJJATHUM

PP

HampamoM oci OX, a B — kyr mix ciunoro i Biccro Ox, 3

OPsIMOKYTHOI'O TPMKYTHHKA ROP BUILIUBAE, 10
tgﬁ:g:g:f(xo +Ax) - f(x,)
PO Ax Ax

Toni icHye TpaHUII

' (x,)= lim fla+ 4= 1) lim 1g f=1ga

Ax—0 Ax (P—>P0 )

Xo

I'eomeTpuuHMi 3MICT NMOXiAHOI: nOXiOHA /(%) y mouyi
O00pIBHIOE KYMOBOMY Koeiyienmy O0omuynoi 00 epaghika @yHKyii
y=7k) ¥y mouyi, abcyuca skoi 0opiénioe o, T0OTO

f'x,)=1ga
e @ — KyT MiK JOTHYHOIO Ta Biccro OX

PiBHSAHHS JOTHYHOI, IpoBeaeHol 10 rpadika GyHkiii » = /(x) y

Touri 5 (% 0), Ma€ BULIISA
y=yo =) -x,), (3.10)
e Yo=/ %),

Hopmannio 10 KpyuBO1 Ha3UBAKOTh NPAMY, 10 TPOXOJIUTH YEPE3
TOYKY JIOTHMKY, MEPIEHAUKYIIPHO J10 NOTUYHOI (Ha puc. 3.38 — 1e
npsma BN ).

PiBHSIHHS HOpMaTi:

Y=o =7~

1
f’(xo)( °), 3.11)

®izuunmii 3mict moxignoi. Skmo dynkuis Y=/ (x) OITUCYE
4
neskuil pi3MYHUI poIec, TO MoXigHa ¥ € MIBHUAKICTIO 3MiHH IBOTO
nporiecy. [HmuMu cimoBamu, 5Ky O (i3UdHy 3aJ€XKHICTh HE
Ay
BimoOpaxkana QyHKisg -~ =/ (x), BigHOmEHH AX MOKHA PO3MIIANATH
K CEpPENHIO IBUIKICTH 3MiHM (DYHKIHT Y BiIHOCHO aprymeHTy X, a
!
MOXIJTHY f(x) SIK MUTTEBY IIBUJIKICTh 3MIHH ITi€i yHKIIII.
Mexaniunuii 3mict moximHoi. Skmo ° =S() _ 3aKOH DPYyXYy
MaTtepiajibHOi TOYKH (TOOTO 3aJICKHICTh MPOMACHOTO TOYKOIO MIJISAXY

!
S Bim wacy ?), To moxigHa S (t) — II€ IIBUAKICTE Y TOYKA B MOMEHT
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4
yacy !; apyra moxigHa () _ vurrese IPUCKOPEHHSA ¢ TOYKHU B
_ Qo o
MOMEHT !, TOOTO =S t), a=8"(t)=V(1)

. HeobxiOHi 3HaHHSs1 NPO
: OCHOBHI npaeursa dughepeHuyitoeaHHs

Hexaii “(x), "(x), wlx) nudepenuiiiosani B Touni X ¢ynkuii, C
— crana. Toal npaBwibHI HOPMYIH:

S!
v

!

1) (u+v),:u'+v'; 4) (Cu) :Cu’;
2) (u —,v) :u'—v'; (ﬁ] :u'v—zuv' (v0)
3) (wv) =u'v+uv'. 5)\Y v ;

!
(wvw) =u'vw+uv'w+uvw
0) :
JloBememo dopMyny s OOYHMCICHHS IOXigHOI A0OyTKy. 3a
03HAYCHHSIM ITOX1JHOT MaEMO

(u v), _ lim A(u v) _ lim u(x + Ax)v(x + Ax) - u(x)v(x) _
A—0  Ax Ax—0 Ax
_ lim (u(x) + Au)(v(x) + Av) - u(x)v(x) _
Ax—0 Ax
_ lim u(x)v(x)+ Au - v(x)+u(x)- Av + Au Av —u(x)v(x) _
AAHE)+()A+AA AXA Av A
= lim . = lim (E v(x)+ u(x)E + EAV] =

=(x)- lim &'FU(X)' lim &4— lim Au lim Av =
Ax—0 Ay A—0 Ax A0 Ay Ax—0
:u'v+uv'+u'(x)-O:u'v+uv'.
30kpeMa, Ko QYHKITISA v(x)= €. 1to6TO0 v(x) _ cTaja, TOAl
(Cu) =C'u+Cu'=0-u+Cu'=Cu’"

AHaJIOT19HO AicTaHeMO HOPMYITy
! !

@) e e
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- HeobxiOHi 3HaHHS1 NpPoO
& mabnuyro noxiGHUX eneMeHmMapHuUx

pyHKUilU
Tabnuuys 3.2
Popmynu audcepeHUirtoBaHHSA OCHOBHUX efleMeHTapHUX
doyHKLiN
(C), =0 x") =nx""
! 1 !
Jx) =— 1) -2
( x) 2x . =
(ax), =a"lna (e")’ =e"
' 1 I} 1
1 = ——
(log, x) =— insf =
(sinx), =COoSsX (cosx), =—sinx
() =— (etgx) =——
cos” x sin” x
(arcsin x)’ = (arccos x)’ ___
1-x° 1-x°
(arctg x), = N +1x2 (arcctg x), =— N +1x >
(sh x) =ch x (ch x) =sh x
' 1 '
(th x) = T (cth x) = R
thzex_eix Chx:e)‘+e’)‘ thx:Sh—x cth :ch_x
Tyr ’ ’ ch x sh x

rirmepOoIiyHl PyHKITII.

Byumocs ob64ucnroeamu noxioHy 3a
npaesunamu ughepeHuyitoeaHHs

3HalAITh TOX1AH1 QYHKINHN 32 MpaBuIaMu AudEpEeHINFOBaHHS.
3.49 y=4)C5 —3x* +1
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' ' ' '

Pose'ssani. V' =(4x" =3x* +1) =(4x") —(3x*) +(1) =

!

—4(x) —3(x*) =45 345 =200 — 120"

s 2
350. * Ax
TS R

Po3ze'azanns. X X

:3()(72) _(xfl/Z) :3_(_ 2))(7271 _(_1/2))(71/271 _

6 1
=—6x"+(1/2)x7 " =——
SR
x2

Y=
3 51 SIn x
Po36'a3auns. 3a MOX1THOT YaCTKU MAEMO
[

!

!
, ( x’ ] _(x*) sinx—x*(sinx) _ 2xsinx—x’cosx

sin x (sinx)’ sin® x
3.5), y=arcsinx-igx
!’ !’

Poze'szanms. y' = (arcsinx - g x) =(arcsinx) -tgx +

!

: 1 :
+arcsinx - (tg x) = 1g x +arcsinx -

1
NI coszx.

y=e -Xx

=

3.53. 3Haiinite ¥ ,(O), AKIIO

!

r_(,x) . X x ' _ 0, 0 _
P036'ﬂ3aHH}Z.y_(e) Xte -x=e-xte. y'(0)=¢’-0+e 1

Bigmosigs: 1.

Heob6xiOHi 3HaHHS1 NPO
% noxiOHy cknadeHoi ¢pyHKuil ma mabnuuro

noxiOHuUXx cKradeHoi PyHKUiIT

Def. Sxmo pynkrgis “ =& () Mae HOXiJHY B TOYIl X, a (DyHKIIis
y=rflu) _ y BignosigHid Toumi “T& (x), TO CKIaaeHa (yHKIIis
y=1(gk) nudepeniiioBaHa B TOULi X, IPUUOMY

Y=fu)g' () (r=yiu
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[HIIMMU CIIOBAMM, MOXigHA CKIaneHoi QyHKiii ¥ =/ (u), u=g(x)
TOPIBHIOE JOOYTKY MOXIZHOI Bif 30BHIMIHBOI (DYHKI(Ii, B3SITOI IIO
BHYTPIIITHBOMY apryMEHTy ¥, 1 TOXIAHOI BiJ] BHYTPIIIHKOIT (PYHKIII],
B3ATOI 10 HE3AJIEKHINA 3MIHHIA X .

Hexaii ulx) _ mudepeniiiioBana B Todmi X (PyHKISA, TOII

BUKOHYIOThCS Taki GopMyinu AudepeHIlitoBaHHs CKIaACHUX (yHKIIIH
(Tabm. 3.3):

Tabnuuys 3.3
Popmynu gucpepeHuUitoBaHHA CKnagaeHnX (pyHKUiIn
n ,_ n-l, 1 \/_ ’ — 1 !
(u ) =nu""u ( ”) 2\/;“
(a“) =a"Ina-u’ (e“) =e"u'
i 1 I} 1
1 - ‘ _1,
(log, u) ulnau (Inu) uu

! !

(sinu) =cosu-u' (cosu) =—sinu -u'

’ 1 , ’ 1 ,
(tgu) = —Uu (ctgu) =———u
cos” u sin” u
arcsinu) = u' arccosu) = — u'
1 1
1—u’ 1—u’
' 1 , ' 1 ,
(arctgu) = e u (arcctgu) = —1 e u
(sh u),:chu-u' (ch u),:shu-u'
’ 1 , ’ 1 ,
(thu) = e uu (cth u) = uu

Byumocsi o64ucriroeamu noxioHy
CK1adeHoi pyHKUiIT

3acTOCOBYIOUH MPaBUIIO AU(DEPEHITIIOBAHHS CKIaJAeHOT (QYHKITIT,

3HAWIITh TOX1AH1 (PYHKITIH:
3
354, y= +1)

Poze'azanna. 1lo3Hauyumo

u=x2+1’ TOI[i y:(u(x))3_ 3a

npaBWIOM Au(dEpPEHINFOBaHHS CKJIaIeH01 (DYHKIIIT MaeMO:




!

y'=(u3), =3u’ -u'=3(x2 +1)2 -(x2 +1) =3(x2 +1)2 -2x:6x(x2 +1)2.

3.55, y=sin’x

Pose'szanns. Tloznauumo ¥ =SNY o V= (u(x)), Jlami Maemo
v =(u’) =3u® -u' =3sin’ x - (sin x) =3sin’ x-cosx

3.56, V=VaT a4l

Pose'sazanns. Y nanomy pasi ¥ :*/;, me u=x"+x"+1 Toni

4 4 3 ' 3 2
) (M) _ 1 = (x +Xx +1) _ A +3x
2u  2xt+x 1l 2xt e+l

Y 2
3.57. o8 X,

Po3zg'azanus. 3anumemo gaHy (QyHKIIIO y BHIJIST
Tomi

i y=cos”x

u=cosx y=u"
b b
! !

V' =(u?) ==2u” -u'=—2cos” x-(cosx) =2cos” x-sinx

sin x

3.58. V=3

Pose'szanns. MaeMo cxianeHy (QyHKIO =5 je u=sinx
Tomi

! !

y'=(5") =5"In5-u'=5""In5-(sinx) =5""In5- cosx

3.59. V=1ge
Po36'a3anns. Maemo cknageny ¢ynkmito ¥ = €% ne u=e" Toni

X

' 1 1 '
y'=ligu) =——u'=———fe") =——
Cos™ u cos”e cos e’

3.60. V= arcsin /x - y/arcsin x

Po3ze'azanusa. BuxopuctoByroun ¢GopMmyay I 3HAXOMKEHHS
MMOX1IHOI B1JI I[O6YTKy IBOX (DYHKIIIH, TICTAHEMO

!
(arcsmx/_) - Jarcsin x +arcsinx/;-(1/arcsinx) =

Jl_—(\/% JJarcsinx + arcsin~/x - m(arcsinx), =
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1 1
ZJarcsinx \/1 —x’

1 . .
=——— . Jarcsinx + arcsmx/; .
2\/;\/1 -X

3.61. y=In(" +1),

Pose'azanns. Maemo ckiageny QyHkumiro Y =10% e u=x*+1,
Tomi
| 1 ' 2x

"—(1 — g = 241) =
y'=(Inu) uu x2+1(x+) x?+1

3.62. V= arctg(log, (x + cosx)).

Po3g'azanns. Maemo ckiameHy OyHkmiro Y- YCi8Y | ne
u =log, (x + cosx)

npoMiXKHA (PYHKITIS TaKOXX € CKJIaJCHOI, TOOTO

u=log,w w=Xx+C08X y oMy pasi MOXiAHY 3HAXOMMMO TaK:

1
l+u”> win2

, ] 1 , 1 ]
y =(arctgu) =1+u2u =1+u2(log2w)

!

(x +cosx) _ l-sinx
(1 + (log, (x + cosx))’ )(x +cosx)ln2 (1 +1log? (x + cos x))(x +cosx)ln2 '

3.55, V=arcctg’ (x3 — 2).

Po36's3ammsl. y' =2arcctg (x3 - 2)- (arcctg ()c3 - 2)) =
~1 , Y 6x’arcctg (x3 — 2)
_9) =_
1+ (x* —2) b -2) 1+ (x* —2)

_ Heob6xioHi 3HaHHSs nNpo
- noxidOHy o6epHeHoi PyHKUiT
Hexaii ¥=/(x) j x=2g(y) _ apa B3a€MHO OO€pHEHHX (DYHKLIiN
(HaramaemMo, 110 rpadiku 1ux GyHKINN 301Tat0ThCs ).
ChopmymoeMo TeopeMy MpO 3B'SI30K MK IOXITHAMH ITAX
byHKIIH.
Teopema 3.11. Skmo bynxuis ¥ =/ (x) CTPOro0 MOHOTOHHA Ha
a, b

= 2arcctg(x* - 2)

1HTEepBal (a;0) 1 Ma€ BIAMIHHY Bij HYJs TOXIJIHY f'(x) y JOBUIBHIN
TOYLI LLOTO IHTEpBaNly, TOAi icHye oOepHeHa (QyHKIiA * =gy ), AKa

TaKoXk Mae noxiguy & ), IPUIOMY
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1 1
g'\y)=— Vo=
) %) a6 %

s popmyna mae Takuii eeomempuunuu 3MmicT. Hexalt kpuBa
3agactbesd QyHKIiEro Y = /(%) a60 00epHEHOI0 (PYHKIIIEIO x=g(»)
(puc. 3.39).

», Toxi f'(x)=tga (@ — Kyr Mix

JOTUYIHOIO IO KPUBOI Ta BICCIO aOCIIHC),
g'(v)=1gp (B — kyT M TOTHYHOIO 10O
KpUBOi Ta BicCio opauHaT). OCKIIbKH

O

#

wa=ig| Z-pl=cgp=—1
Puc. 3.39. 'eomerpnunuii X8 SCerE tg B
3MicT popmyiun ’

Byumocsi o64ucriroeamu noxioHy
06epHeHOoI hyHKUIT

' 3
3.63. 3uHaiimite moxinay Vs, sxmo =V T3V,
Po3zs'sazanns. Maemo

o 1

X =3y 43, 2 3y +1)

3.64. 3Haiixite moximHy 7, sxmo Y =¥ +e
Posé'azanns. Toximaa ¥ =11¢ >0 ppy nosimeromy *€R i

dyukmis ¥ ) crporo monoronna. Tomy mist dyHkuii (x) icaye
1 1

’
X =—
y !

obeprena QyHkmis ¥ = x(y ), ii moxinma ~ Yx 1te€

3.65. JloBemiTh, 10

(arcsin x)’ __
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y =arcsinx xe[-1;1]

, € 00EpHEHOI0 0
—/2;7/2)

Hoeeoenns. OyHKLIA
bymkui ¥ =Ny VE [-7/2;7/2]

byHKITISA 3pOCTa€ 1 MOXiaHa , TOOTO BC1 YMOBH
TEOpEeMH TIPO TMOXiAHY o0OepHeHO1 (YHKIT BHUKOHYIOTHCS, TO
JIICTAHEMO

ae
. OckiIbKY Ha 1HTEpBai (

. r
X=siny Xy—COS)/>0

(arcsinx),: L _ ! _
cosy ,fl-sin’y \/1—x2_

Heob6xiOHi 3HaHHSI NPO
dughepeHuiroeaHHs1 HesIBHOI OYHKUT

Hexaii HesBHa QyHKIisS (x) 3anaHa piBHAHHAM (x, J’):O, He

PO3B’A3aHUM BiJHOCHO 3aj1€KHOI 3MiHHOI ¥ . 100 3HANTH MOXigHY

!
Y, moTpiOHO BUKOHATH TaKi Mii:
1) posm(epeHIioBaTH 0OH/BI YacTHHN PiBHAHHS | (r, 7)=0 34
3MIHHOIO ¥, He 3a0yBal04M P EOMY, 10 » € QYHKIIE0 3MIHHOT ¥,
!
2) po3B’s3aTd OfiepXKAHE PiBHIHHSA BiJHOCHO V .

[ToxigHa HesBHO 3aaHO1 (QYHKIINT BUPAKAETHCS Yyepe3 3MiHHI X
Ta V.

Byumocsi o64yucriroeamu noxioHy
HesiBHOI ¢byHKUiT

' 2 2
3.66. 3Haiimite moximay ¥ , sxmo ¥tV =1,
Pose'azanns. DyHK1is y(x) 3a7aHa HESIBHO.
2x+2yy'=0

[IpoaudepeniiiroeMo piBHIHHS 3a X: , 3BIJICH JICTAEMO

-

- 2
V. Ilpu nudepeHIitoBaHHI BPaxOBYyeMO, IO 2 — CKIaJeHa
byHKIIIS 3MIHHOT X,
' 2 2
3.67. 3uaiimite moxinny Y , sxmo ¥ 2Ty =2,
Poss'azanns. Tlpommbepenmiroemo 3a X 0o0WABI YaCTHHHU

piBHSHHS, He 3a0yBarouu, o » € QYHKIHEO Bix X :
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2x+2(y+xy) -2 =2 260 Xty +x —»'=1
3B1JICU 3HAXOIUMO
' l-x- Y
(e=y)=1-x- ey
YW=Y)=1=X=Y 10610 xX=y
y 2 2
_ ' arctg=—=1In /x"+y
3.68. 3naiinite ¥ , AKII0 X .
Pos3e’szanns. IlocnigoBHO MaeMO

(3 )
d yy_d(1l (., yz(xj 2(x* +57)
dx(arctng—dx(zln(x +y )]’ 1+( ]
X Yx—y 2x+2y
=

X +yt x 2(x2+y2)’ y'x—y:x+)/y” y'(x—y):x+y,
3BI1JICU

, X+
y===2
X—Yy .
HeobxiOHi 3HaHHST NPO
c dugpepeHuyiroeaHHs1 ¢hyHKuill, 3a0aHux
napamMempu4Ho

Def. Hexaii QyHKIIIOHATIBHA 3aI€KHICTh MiX aprymeHToMm X i
ynkuicro ¥ (x) 3aj1aHa PiBHAHHIMU
x=<0(f), y=l//(f), (3.12)
ne ! — mapaMmerp, IO HAJIEXKHUTh IPOMDKKY (o, B ) Y mpomy pa3si
KaXyTh, O QYHKIS (x) 3a/1aHa napamempuyto.
BeaxxatMeMo, 1m0 QyHKIIi ol ), 40 nudepeHIiioBani B ToUII

w'(t)£0

tela, ﬁ), PHYOMY i ¢dyskmis ~ =0l0) vae oOepHeHy

dyukiio ! =glx) 3, HpaBUIOM TU(PEPEHIHIOBAHHA OOEPHEHOI
byHKIT
1
ld — —’
xt
dyuknito Y=/ (%) moxHa PO3IIIAIATH K CKIaaeHy (YHKIIiIO
y=v(g (x)), HOXi/HA SKOI
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V=l (el =31 = (0)- /(1) =2
¢'(t)

Otxe, noxigHy (yHKINT, 3alaHOi mapaMeTPUIHO, OOUUCITIOIOTh
3a (hOPMYIIOIO

dy
dy _ar _y'(0) ,
dx dx ¢'(1) yizy—j
dt abo Y (3.13)

Byumocs dughepeHuyiroeamu ¢hyHKUYiT,
3a0aHi napamMempu4yHo

y=asint,

3.69. 3HaﬁHin Vs , SIKILIO {X =bcos t.

Oyukuis Y (x) 3aJaHa  [apaMeTPHYHO.

Po3zs'sazanns.
3actocoByroun dhopmyiy (3.13), micranemo:
, _ acost ——ﬁct p
y'(t)=acost x'(t)=-bsint ~* —bsint b g
{ y=t> =20,
' i 2
3.70. 3uaitnite V-, axmo (X =2+

Pozs'a3annsa. 3HAX0IAMO TTOX1THI
y'(t)=2t-6 x'(t)=2+2¢

TO/1
, 2t—617 -3

YT T

~ HeobxiOHi 3HaHHs1 NpPoO
' nozapugpmiyHe dugpepeHyiroeaHHs

VY neskux BUIMaAKax MPH BIANTYKaHHI IMOX1THOI JOIUIBHO 3aaHy

GyHKIII0 croYaTKy mposiorapudMyBaTH, a MOTIM 3HAWTH MOXITHY SK
Bil HesBHOT (yHKIii. Taka omepariisi Ha3UBAETHCS JIOTAPUDMIYHIM

nudepeHIIiIOBaHHSIM.
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3okpeMa,  jorapudmiuHe — AudEpeHIiIOBaHHSI  JOIUILHO
BUKOPUCTOBYBATH, SKIIO (YHKIIIS 3a/1aHa Y BUTJIS/IL:
K k K
o @) () e, ()
2) v (x)-v,% (x) v " (x) . 6) yzu(x)v(x).

[Tokaxkemo, SK 3HAUTH TOXIAHY TOKa3HUKOBO-CTEIICHEBOT

oy =u(x)" u(x) v(x) . : e
byHKITIT , IIe , — mudepeHniiioBadi QyHKII Big X,
u(x)>0

Bukonapmm sorapudMyBaHHs, 11ICTAHEMO

' ' —y':v'lnu+vlu'
lnyzln(u”):vlnu. (Iny) =(vinu). y u
M 9 9
1 .
y'=u' (v'lnu - v—u’] =u’ -Inu-v'+vu'" -u'
u

Bucnosox.  IloxigHa  MTOKa3HUKOBO-CTENEHEBOI  (DYHKITIT
JOPIBHIOE CYM1 TIOXIJTHOi IMOKa3HUKOBOI (PYHKIII 3a YMOBH, IIIO
u=const 1 10XiHOI CTETICHEBOI (PYHKIIIi 32 YMOBH, 1110 V = CONst ;

v—1 !

y=u"-Inu-v'+vu" -u

3azHaunMo, 1O Tpud  JUQepeHIitoBaHHI  MOKa3HUKOBO-
CTEIeHEBOi (PYHKINI CTYACHTH JOCHTh YacTO ITOMHISIOTHCA,
BBA)Karo4uu i1 abo JIMIIIE CTENEHEBOIO, A00 JIUIIIE TOKAa3HUKOBOIO.

B4yumocsi 3acmocosyeamu
nozapugpmiyHe dugpepeHyiroeaHHs!

X’ (3x-2)e

3.71. 3uaiinite noxigny Gyskuii ~ SNX V2x+l
Pozg'azannsa. 1o QyHKiro MokHa aAudepeHIioBaT 3a
npaBwiIoM nudepeHIioBanHs 4acTku. [Ipore Takuii cmoci® s
JAHOTO  TPUKIAAY  TPOMI3OKHM.  3acTocyeMo  Jjorapudmiune
nudepeHiritoBanHs. Maemo:
Iny=In x*(3x—2)e" B ' 1
sinx-~2x+1 lny—21nx+ln(3x—2)+x—lns1nx—§1n(2x+1)

(lny), =(2Inx+In(3x—2)+ x - Insinx —%ln(Zx +1))

5
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1, 2 3 1 1

—y' ==+ +1———cosx -
y x 3x-2 sin x 2x+1
, 2 3 1 1
y=yl—+ +1———cosx -

x 3x-2 sin x 2x+1

5

,_x(3x—2)ex(2+ 3 1 )

= +1—ctex—
7 sinxa/2x +1 &

abo

x 3x-2 2x+1

__ .CoSXx
3.72. 3HaiiaiTh OXiTHY QYHKITIT Y= )
Poss'azanns.  Ilepwuii  cnoci6. 3actocyeMo norapupMidHE
nudepeniritoBanHa. Maemo

! !

Iny=cosxlnx (Iny) =(cosxInx)

Iny=Inx*"
9
!

y . | ( . 1]
—=-sinxInx+cosx— y'=y|—sinxlnx+cosx—
v X X

5 5

TOOTO

Cos x : 1
y'=x (—smxlnx+cosx—
X

Jlpyeuti cnoci6. CKOPHUCTaBIIMNCh OCHOBHOIO JIOTapH(PMIYHOIO
. logab _ . .
TOTOXHICTIO ¢ * =D 3anmmemo nany QyHKIiO y BUIIIAAi

cos X ( Inx )COSX _ ecosxlnx

y=x " =le
Tomi

’

!
yl — (ecosxlnx) — ecosxlnx (Cosxlnx) —

o ) 1 ) COSX
=" (—smxlnx+cosx-— =x“"| —sinxlnx +

&

Hexaii Ha iHTepBai (

Heob6xiOHi 3HaHHS1 NPO
noxioHi suwux nopsiokie

a;b) 3amaHa audepeHniiioBana (QyHKIis

_— * sese . , .
y=r (x), Toi ii moxinna (x), AKY ILE HA3UBAIOTh NOXIOHOIO NEPULo20
nopsoKy, ab0 nepuioro NOXiOHo0, TAKOK € (QYHKINE Big X .
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Def. Sxmo PyHkuis f'(x) nudepeHiiiioBada, TO i MOXIIHY
Ha3UBaIOTh Opy2oio noxionow (abo0 noxionoiwo Opy202co nopsoky) i
IT03HAYAIOTh OJHUM 13 TAKUX CHMBOJIIB:

dy df i(@]
y'S) Ca axt | dxldx
Jpyra moxigHa Ma€ Takui MexaHIYHuM 3MmicT. Skmo pyx

MaTepiaabHOI TOYKH BiOYBAETHCS 32 3aKOHOM S=7 (t ), To moximua S’
— 1€ IIBUJIKICTh y JaHUI MOMEHT 4acy, a S — IIPUCKOPEHHS B TOii ke
MOMEHT Jacy I .

Def. [ToximHy B Apyroi MOXIJHOI, SIKIIO BOHA ICHYE,
Ha3UBaIOTh NOXIOHOI0 MpPemb0o20 nopsoKy, TOOTO 3a O3HAYSHHIM

m_i dzy
4 _a’x(a’x2 )

Def.  Iloxionorw n-20 nopsaoky Qyskmii = /(x) Ha3UBaIOTh
MepITy MOXiAHY, SKIIO BOHA ICHYE, Bl MOXI1IHOI (1 — 1)-ro mopsaKy:

, y(n) :i(dnly)
Y=0"") | ago dx\ dx"

[Tox1aH1 TOPSIAKY BHIIE TIEPIIOTO Ha3UBAIOTh MOXITHUMH BHIIIHX
MOPSIKIB.

Byumocsi ob4ucriroeamu noxioHi
euwux nopsiokie

3.73. 3HalimiTh MOXIAHY TPETbOro MOPSAKY  GyHKIIIT
y=x'-2x"+3x-5

Po3ze'azanuns. T1ocaiioBHO 3HAXOIUMO
y'=4x’—4x+3 y'=12x" -4 y"=24x

3.74. 3Hai1A1Th TOXIAHY APYTOro MOPSAKY (PYHKIIIT

2
yzgx/xz -a’ —%ln(x+x/x2 —az)

Po3zs'sazanns. Tl PO3B’sI3aHHS JTAHOTO MPUKIIAAY
BUKOPUCTOBYEMO TIpaBmwia AudEpeHIliioBaHHs pi3HUI (QYHKIIIH,

, a=const

292



n00yTKy, MOXITHOI CKIaaeHoi (PYHKINi, a TaKOXX TaOJHMYHI ITOX1JIHI.
Maemo

2

= A= = |- ke ) -

1 a’ 1 )\
—2 - ! 2 2 —
X —a’ x] 2x+«/x2—a2(x+( v )j

2 2

1 —— X a X
_2( “r x2a2]2(x+x/x2a2)(l+ xz—aZ]_
X -a+x az( xz—a2+x) B
N 2(x+«/x2—a2)\/x2—a2 -
2x’ —a’ a’ x'—a’ —

= = =X —a

- 2x> —a’ - Wx2—a> X —a

" /2_2,_ 1 2_2'_ 1 — X
g (x a)_Zm(x a)_Z\/xz—azzx_x/xz—az_

~ HeobxiOHi 3HaHHSs1 NPO
' ¢gopmyny Jlelibriya
Hexait V=4V, ne ulx) 4 v(x) _ 4 pa3 audepeniionani
dbyukiii. Tomi

(u v)(") = ZC" p ")
k=0

5

Cf n!
ne | (kMK n=1-2.3-(n=1)-n 0=1,
30kpema,

!

(wv) =u'v+uv' -1
” (n=1)
wv) =u"v+2u'v +uv" (n=2)
b
"t

(uv) =u"v+3u"V +3u'V' +ur” (n=73).
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Byumocs 3acmocosyeamu ¢hopmysiu
JletibHiuya 0o ob64ucsieHHs1 MoXiOHUX Nn-
20 rnopsioky

3.75. 3HaiA1Th OX1AHY #-TO TIOPSAKY (QYHKIIIMH:
1

a) ¥=¢'; §) ¥=a'; gy y=sinv, Ty

Po3zs'sazanns:

2) y'=eX’ y'=e" y =e.

5t ’

6) y'=a'lna y"=a"ln’a y=aIn"a.
b 9 ** b

, : 7T y : : T
y :cosx:sm(x+—] y :—s1nx:s1n(x+2-—j
B) 2 ’ 2

m__ e T (n) _ T
y" =—cosx =sin x+3-5 y" =sin x+n-5

r) y'= —xfzj y'= 2x*3’ y" = —’23;641 ’ yW=2.3.4x" ’
y=(=1)"-2-3-4-on-x " =(=1) nl- x Y .
3.76. 3HaiAITh TOX1AHY #-TO TOPSAKY (PYHKIII1
3x+1
xP+2x-3

9 ey

y:

Poss'sizannsn. Po3kimagemo gaHy (QYHKIIO Ha €JIeMEHTapHI

apoou:

3x+1 3x +1 A B Alx+3)+B(x-1)

x’ +2x—3:(x—1)(x+3) 1 x+3 (x=1)(x+3)

3BiacHU

3x+1=A(x+3)+B(x-1)
Hexait X=1, toni 4=44, 10610 4=1. dKmo X=-3, 0 ~8=—4B,

B=2,

OTtxe,

B
4 x-1 x+3

BpaxoBytouu pe3yibTat nmonepeaHboro myHKTY, JiCTaHEMO

1 1
" =(-1) nl——m + 2(- 1) H———
y ( )n(x_l)nH + ( )n(x+3)n+l .
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Heob6xiOHi 3HaHHS1 PO
064ucrieHHs1 NOXiOHUX euwux Nopsiokie
¢pYHKUilU, 3a0aHuUx napamMmempu4Ho

Axmo ¢dyHKIA 3a7aHa TapaMeTPUYHO PIBHIHHAMHU x:x(f),
d_y d’ y d } y d"y
T,odx’ . d  oBuncmoroTh 3a

y=y (t), Tomi moximmi dx, dx
dbopmynamMu

Q:y_j dzy_(d.X't

dc x dx’ x!

Gl
d’y _\dx*) dy _\dx"")
dx’ x! dx" x!

Byumocsi ob4ucriroeamu noxioHi
euwux nopsiokie

3.77. 3maiimite dX° | gxmo ¥ = 2€08? y=3sint

Po3ze’azannsa. Maemo
dy _ (3sint), _ 3cost 3

T . =—cigt
dx (ZCOSt)I —2sint 2 .
3 ! 3 ’
dzy:(_20tgtj, _2sin’r 3
dx’ (2cos t),, —2sint  4sin’¢

3.78. Ckmanmite pIBHSHHSA JOTHYHOI J0 €irnca, 3aJaHoro

piBHsHHEAME ¥ =287y =308t v roqp Mo(l;yo), ne %00 (puc.

3.40).
Po36's3anns. PIBHSHHS JOTHYHOL ¥~ Yo = () _xo).
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YA =1

3a  yMmoBOIO o 3uaiinemo

YT° opauHaTy TOYKH TOTUKY Yo,

1=2sint

Po3B’si3kamMu  piBHSIHHS 3a

|

|

|

| L. .

ol 1 |2 = YMOBH t€(0:27) ¢ spauenns 1=7/6 1a

t=357/6_ BpaxoByloun OOMEKEHHS

%020 10610 ©057>0  rictaemo

3

Vo = COS(7T/6):7

-3

Puc. 3.40. 300paxeHHs t=7/6_Toxi
JOTUYHOI 0 eJirca

BuznagaeMo moxigHy f'(x,) IapaMeTPUIHO 3a1aH01 (DYyHKITIT:
y'(t)=-3sint x'(¢t)=2cos ¢

Tomi

O64ucrnroemMo noxioHy pyHKUii y moyuyi 3a
donomoeoro N3 Gran2D

lpouyedypa ob64ucnieHHs1 NoxiOHOI byHKUIT y mo4yi 3a
dornomo2o+o 8idnoeioHUX npasuJl.

3.79. 3anexHiCTh KUIBKOCTI TEIIOTH (J, 1O OTPUMaHa TUIOM
NPy HarpiBaHHi, BiJ TeMIlepaTypu ? BHU3HAYAETHCS 3a 3aKOHOM
Q=024-7> +e"" r=4°C

Posg’szanns.
Kpox 1. TennoemHICTh ¢ XapaKTepU3y€e MIBUIKICTh 3MIHH

. 3HANIITh TETNIOEMHICTD ¢ T1JIa TIPU

. _ /
Tertory Tina. Lle o3Hauae, mo ¢ =¢ ()
Kpox 2. Jlng oOumciaeHHS IOXiTHOI 3aCTOCOBYEMO IIPaBHIIO

nudepeHIiloBaHHs  CYMH (w+v) =u'+v' bopmyu
nudepeHIiroBaHHs CKIaAeHNX (YHKITIH
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(un)' —nutt (e )' —e'u’
Opxe Q '=0,48-7 + 0,4 ™" 260

Kpoxk 3. 3Hannemo 3Ha4YeHHS

c(4)=0,48-4 + 0.4- """ =3 90121302259

Biymosip; ¢(4) ~3.9012.

lNpouyedypa ob64ucrieHHs1 NoxiOHOI pyHKUiT y moyui 3a
dornnomMo20r0 8i0noe8iOHUX npaeusi Moxe 6ymu 3aMiHeHa
npouedyporo 3acmocyeaHHs I3 Gran2D.

s

c(r)=0,48-7 + 0,4- eo"”_

«Hasyaemo» ceili komn’romep 06YUC/IEHHIO
noxiOHoi byHKUii y mo4yi 3a A0nomMo20r0
r1r13 Gran2D.

1. Bigkputu Bikao I1113 Gran2D.

2. 3a pgomomororo omuii O6uucnens-lIloxiona BIIKPUTH BIKHO
Obuucnenns Ta 00paT B HbOMY BKIAAKY [loxiona.

3. HaGpatu 3 kiaBiaTypy BiKHA 3aJI€KHICTh JJISI KUTBKOCTI TEIJIOTH M
3a3HAYUTA TOYKY, NpPH SAKIA HEOOXITHO OOYUCIUTH 3HAYCHHS
TEIMJI0EMHOCTI.

4. OTpuMaTH 3HAYEHHS TEIUIOEMHOCTI © (4)=3.90121302259 (puc.

( L e H

Srmverns pupasy | Irre rpan

fLl= |I1 2 P2 )+ E mpl0 475 e

sint | asing] Emoc| o] (] 1] 8] ~ <—- oa
L 7]
Ce=( | aCoat| Lesr] .| ) Dal enl i ormi j+]

B
A gl -

Tal | aTar| Lnl i 3 ral=f |+ ral |+
0 A e ] ] =L |

CTal|acTal Lo | A=ar| 2 — = e

Abs(| Sarti| Iee( | Deai| s real

G

=] = || Homa
al /| Ena
o] ~l=]|r"

(ml=RE= 1) y R E Li-io |

—reT =0

Puc. 3.41. Bikuo I1113 Gran2D: o6uucn
GyHKIIT y TOYIN

W Granzd

€HHS ITOX1THOT
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lMpouyedypa o64YucneHHs1 NoxiOHOI @YHKUii 3a
dornomo2o+o 8i0noeioHUX npasuJl.

p— . - kt . 1
3.80. Touka pyxaeTbcs 32 3aKOHOM S=4-e " sinot , e A, k,

®> (), 3HalITh MBUAKICTb, IPUCKOPEHHS TOYKH B OY/Ib-SIKHA MOMEHT
qacy ¢ Ta CHIIy, MiJ] JI€I0 K01 BIOYBAETHCSA PO3IIISTHYTHH PYX.

Pose'sazanns.
Kpox 1. PosrmsiHyTHii  pyX Ha3MBAETHCS  3aracar0yum
limS=0 . :
KOJIMBAHHSAM, TOMY IO t—= i TOuKa, X04a ¥ KOJIMBAETHCS OIS

CEepPEIHBOTO TOJIOKEHHS, BCE K TaKU MparHe J10 30iry 3 HUM.
Kpox 2. 1IBuaKicTh ¥ MPUCKOPEHHS PyXy TOYKH 3HAHUIEMO SIK

mepury W Opyry moxigmi  Bin uwisxy 3a  wacom V=S (t)’

a=S"(t)= v'(t):

L= % =—Ae M (wcoswt —ksinwt),

2 _ . .
a= ‘é’t—g =—Ae™™ (w0 sin wt + 2wk cos ot — k* sin o)
Kpox 3. Jlomaroum ¥ BiAHIMaO4Yd B Oy)XKaxX I BHpPA3y

2 .
IPUCKOPEHHS @ aneH K~ SIN@! ricng neperBopeHb OTpUMaEMO

a=—-Ae " (0 +k*)sinot + 2k(coswt — ksinot)) = —(o” + k*)S — 2kv.
Kpoxk 4. Cwuna, mig aiero sSKoi BIIOYBA€ThCS PO3TISHYTHU PYyX,
_ . _ 2 2 _
JIOPIBHIOE F=m-a Opxe I =—(o" +k")mS —2kmv.

Ak Oaunmo, BOHA CKJIAJIA€THCS 13 JBOX CHJI — CHJIM, IO
MpPOIOpPIIHHA  BIACTaHI TOYKH BIJ CEPEAHBOTO IIOJIOKCHHS M
CIIPSAMOBAHOI JI0 IOTO CEPEIHLOIO TMOJIOKEHHS (K y BHUIAJKY
TapMOHINHOTO KOJIMBAHHS), W CHJIH, IO TajJbMy€ PYyX, MPOMOPIIHOT
MIBUJIKOCTI ¥ CIIPSIMOBAHOI MPOTHJIEXKHO IITBUIKOCTI.

lMpouyedypa o64YucneHHs1 NoxiOHOI @pYHKUii 3a
dornomMo20r0 8i0noeiOHUX npaeusl Moxe 6ymu 3amMiHeHa
npouedyporo 3acmocyeaHHsi I3 Maple.

<
: «Hasyaemo» ceili komn’romep 06YUC/IEHHIO
noxidHoi ¢pyHkyii 3a donomozoro 1113 Maple.

1. Bigkputu Bikuo 1113 Maple.
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2. 3a pgomomororo omii Insert-Execution Grope-Before Cursor

OTPUMATH Y IO IPOrPaMH MiTKy ~ .

3. AKTUBI3yBaTH 3/iBa BKJIaaAKu Expression i1 Greek Ta 3 OTpUMaHUX
ma0IoOHIB BBECTH OOYHUCIEHHA AudepeHIlialy 3a BiAMOBITHOIO
3MIHHOIO / Ta B OKpEMHX JIy>KKax BUpa3 QyHKIIIT i1 CUMBOJI ;).

4. OtpumaTu 3Ha4YCHHS AudepeHIiany QyHKIii.

5. Hatucuytu xnaBimty Enter Ta oTpuMaTH Kypcop IS HACTYIMHHUX
MEepEeTBOPEHD 13 (PYHKIIIE€I0 — 0OUMCIIEHHS TOXIIHOI (PYHKITT APYroro
nopsnky (puc. 3.42).

File  Edit  View Tools  Window Help

= oWl OB ¥ [Ewme 2 P
Plat  Animation

iren e |l

J)(z v B[I|u [E]l== EhGh =i=

logy (=) sin(«) €  sSubsection
wan) () s
Sl ) fma—y

piece:
B Linis (FPS) J

Tsin(w 7) +4 efktcos(w t) w @

v
0
g
3
E
g
5
o
)
2
7
g

> d2 -kr .
17 (A-e -sm(m-t]];
I @)

s Akzefktsin(m'r)—ZA ke i ki

A

w|* I8 [z
]
E]
I i

1

agrren £MIN

cos(wi?) w—4e “Fsin(wr) w2

§»3D<0~
DE o & dRU

R < @0 KT

ploAmDHZT

Slltarxme~mo

e = === uerose =

Puc. 3.42. Bikno 1113

Maple: oOunciIeHHS 3HAYSHHS
nudepeHniiany QyHKIii

- ,6 Modenroemo npogpecitiHy disinbHicmpb

—_ iH)XxeHepa

3.81. Tino pyxaerbcsa NPAMOMIHIAHO MO 3adadid  dopmyri

oy —_ . 2 —_ . o o . .
S(t) =29 - 31 61 M. SIKkMM NUISX OPOMILIO TUIO 3a 4Yac Bl
MOYaTKy PyXy 10 MOMEHTY, KOJIU IIIBUJIKICTh MOT0 pyXy CTajia pIBHOIO
Hy10? YoMy TOpIBHIOE MPUCKOPEHHS B 1€l MOMEHT 4acy?
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e 5\":‘ Llepedhopmynoiime YMO8Y 3a80aHHs

b mamemamuynow MOBO10. Crxopucmaumechw
. MeXauiuHum  3Micmom  NoXiOHoi. 3Haudimb U
A “J obuucnimsv 3a oonomoecoro IIII3 neputy u oOpyey

_ 2
ROXIOHI (hyHKyil St)=29-3-1" =61
S =32m; a(l)=—6 m/c’ .

Biamosigs:

3.82. KiIbKICTh €JeKTpOeHEPTii Y MPOBITHUKY BUMIPIOETHCS 3a

Ot) =21 —4-t o

3aKOHOM Kn. 3naliiith: a) cepeaHio BEIMUNHY
TOKY 3a TIepIi 1Bl CEKYHIW; 6) BEIWMYMHY TOKY B KIHII Jpyroi i
HAIPUKIHII 1T’ ATOi CEKYH/I.

I Ilepegpopmynioiime YMO8Y 3a80aHHs
mamemamudHoro MOB0I0. Ckopucmatimecyo
3A1EIAHCHICINIO Q' (=1 (3miHa  KinbKOCmi
elleKkmpoenepeii  8Ka3ye Ha  BeIUYUHY MOKY Y
NPOBIOHUKY).

3naidime i obuucaims 3a donomoecoro I3 3nauenns neputoi

Or)=21-4-1
ay I, =0, 6) [(2) =4a; I(5) =l6a.

NOXiOHOT hyHKYIT

BiamoBigs:

3.83. Maca T HCOJHOPIIHOTO CTEPIKHIO PO3MOIUIIETHCSA 3a
T=0I"+3-1+5

3aKOHOM , Ie [ — JMOBKHWHA CTEPIKHIO. 3HANIITH.

@) CEpEeIIHIO JIHINHY IIUIBHICTh CTEPKHIO JIOBXKUHOK 5 CM, PaxyrOdu
B1JI IOT0 TIOYATKY; 6) MIHIMHY IIUIBHICTh CTEPXKHIO IpU [ =5 cmu [ =
=10 cm.

I Ilepegpopmynioiime YyMO8Y 3a80aHHs

Mamemamu4Ho0 MOBOI0. Ckopucmaiimecs
/(7 —

3ANeHCHICMIO r'()=o() (3mina macu

HEOOHOPIOHO20 CMEPIHCHIO BKA3VE HA U020 JIHIUHY
WIIbHICMb.
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3naudime i obuucaims 3a donomozcor I3 3nauenns neputoi

T:lz+3-l+5_

NOXiOHOT hyHKYIT
BinmoBigp:
a) 0., =9 e/cem; 6) 6(5) =13 2/cm; 06(10) =23 2/cm.

Tema 5. QAUOEPEHLIAI ®YHKLYI.
OCHOBHI TEOPEMMU
ANOEPEHUIAIIBHOIO YACINEHHA

Hepo3puBHy mBHAKICT U (M/c) PyxXy BOAM B KaHajl

OJIEPXKYIOTh 110 popmymi =0k™, e Vo HEPO3pHMBHA IIBUIKICTh
MOTOKY Ha IMOWHI /M, kK — 4YucelbHE 3HAYCHHS CEPEIHBOT TITMOMHU
MOTOKY 3aJlaH0 y M. 3HaTH HaOMMKeHe 3HA4YCHHS HEPO3PHUBHOI
IIBUIKOCTI TIOTOKY Ha TMOUHI k = 2,5m, mokaBmm o= 0,6 m/c.
Hepo3puBHa MBUIKICTE V' (M/c) pyXy BOJIU B KaHAI — II€ TakKa
MIBUAKICTh, IPH SKIM BHKIIOYAETHCS BHUITAJAHHS 3BaKEHHUX Y BOJII
4acTOK (HEe BiIOYBAETHCS 3aMYJICHHS) i BUKJTIOYAETHCS] PO3MHUB CTIHOK
kaHaiy. [l o6uncieHHs: HaOmmKeHOro 3Ha4eHHs (DYHKITT TOCTaTHbO

f(xo +Ax)zf(x0)+f'(x0)Ax,

%

Hexait pynkuis ¥ = /(x) nudepeniiiiioBada B Toulli X, TOOTO B
I1M TOYIIl Ma€ MOX1THY

HeobxioHi 3HaHHS1 Npo dughepeHuyian ma
o020 2eomempu4HUlU 3mMicm

() = Tim 2.
f'(x)= gg} Ax
V 3arabHOMy BANAKy ()#0 o

A
—yzf'(x)+a
Ax ’I[eOl—)OHpHAX—)O’

3BIIKH OpUPICT PYHKITIT
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Ay:f'(x)Ax—l-an. (314)

[lepimuii i3 mKOmAHKIB BUpasy JiHIHHMN BigHOCHO AY | npyruii

JOJaHOK — HECKiHUEHHO Majia (YHKI(is BHIIOIO MOPAAKY, Hik Ax,

TakuM dMHOM, TIEPITUI T0JAHOK CKJIaIa€ TOJI0BHY YaCTHHY IMPHUPOCTY
byHKIII, SKa 1 HOCUTh Ha3BY audepeHmian GyHKIIi.

Def. Tupepenyianom ¥ pyuxuii ¥ = f(x) y TOUli X Ha3WBAIOThH

rOIOBHY, IiHilMHY BimHOCHO AY | yacTuHy mpUpOCTy (YHKII /() B
i¥ ToYIi: dy = f'(x)Ax

Def. Judepentrian Y yazuBaroTe TaKOK ougepenyianom
nepuio2o nopsoxy, adbo nepuium oughepeHyianom.

Skmo V=¥, o Y=A=XA=AX 10610 nudepenmian

. . . eoee f— !
He3aeXHOT 3MIiHHOT * 36iraeThes 3 ii npupoctom. Tomy &=/ (x)dx.
I'eomempuunuii 3micm nudepeHiiana 3po3yMITUNA 3 PUCYHKa
3.43.

J Maemo
Sl +Ax) NP = Ay, NQ=MNtga = Ax- f'(x)=
= f"(x)dx = dy

Otrxe, Ougepenyian Gynkyii
! (x) /(x) IPH 3aJaHUX 3HAYEHHAX X
i Ax nopismioe mpupocty V€

OpPIWHATH JOTUYHOI MQ, sIKa

npoBeeHa 10 KpuBoi = /() B
Puc. 3.43. l'eomerpuunmii 3mict ~ Todui M, xomum  aprymesr
mudepeniiana OTpuUMYye npupict Ax

: HeobxiOHi 3HaHHS1 MPO OCHOBHI
: eslacmueocmi OyHKUii

Hexaii u(x), vix), fu) _ mudepenmiiioani  ¢yuxmii. Toxi
BUKOHYIOTHCS PIBHOCTI

1. 4C=0 (C =const). 2. d(u+v)=du+av.

3. d(uv)zudv+vdu. 4.d(Cu)=Cdu .
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d(gj _ vdu—zudv, v£0
5. \v % ] 6. df (u)= f'(u)du, u=u(x)
JloBeaemo, HanpuKiad, TpeTio Gopmyiy. 3a O3HAYCHHIM
nudepeHIiaia MaeMo:
d(uv) = (uv)dx = (w'+u'v) dx = wv'dx + vu'dx = udv + vdu .
OcTaHHIO PIBHICTh HA3UBAIOTh BJIACTUBICTIO I[HBAPIAHMHOCHII
(He3minnocmi) hopmu ouepenyiana nepuioco nopsoky, siKa IoNATae
B ToMy, 10 ¢dopMma audepeHIiiiagy He 3aJeKUTh B TOro, € X
HEe3aJICKHOI0 3MIHHOIO, UM JICSIKOI0 TU(EePEHITIHOBAHOO (DYHKITIETO.

Byumocsi 3Haxolumu ducghepeHuian
pyHKUIT

_ 2 ,
3.84. 3uaiimite qudepenmian dyrkmii ¥ = T 2¥ y touni x=2.

Poszé’sazanns. Ilepwuii cnocio. Ockinbku qud)epeHIiai — 11e
rOJI0BHA, JIiHilHA BiTHOCHO AY | yacTHHA NPUPOCTY QYHKLIT y TOUIi
X, 3HalgeMo pupicT ganoi GyHkKLii y Touni X =2, 10610

Ay =y(2+ Ax)- y(2)=(2 + Ax)" +2(2 + Ax)— 8 = 6Ax + (Ax)".

JIiHiHO0 YaCTUHOO MPUPOCTY € Bupas 6Ax, Omxke dy(2)=6Ax.

Tlpyeuii cnoci6. Ockinbku ©=1" MY 16 vaemo
y'=2x+2, y'(2)=6, dy(2)=6dkx.

. . ®ee o —_— 2 1
3.85. 3Haiinite tudepennian Gynkuii Y =VI—x" +Insinx

Po3é’az3annsa. Maemo

dy=dW1=x* +Insinx|)=W1-x* +1nsinx,dx:( al +ct x]dx.
34 ( ) ( ) m g

Heob6XxidHi 3HaHHSI PO 3acmocyeaHHs
R dugpbepeHuiany e HabnuxxeHux
064ucIeHHsIX ma 8 meopii MOMUJIOK

I3 popmyiu (3.14) BumnuBae, 1o npu Maaux AX npaBuibHa

HaOImKeHa hopMmyia
Ay ~dy, (3.15)

abo
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S+ Ax)= flx)+ 1" (x)Ax.

HudepeHirian 3a3Bu4ail BIAIIYKY€ThCS 3HAYHO MPOCTIIIE, HIXK
npupict GyHkIi, Tomy ¢Gopmyny (3.14) 3pydHO BHKOPHCTOBYBATH
TSl HAOMMKEHUX OOYHCIICHh 3HaUY€Hb (DYHKITIT.

Hexait »=/ (x), Opd IOMY BEIMYHMHA X BU3HAYAETHCS
HAOIMKEHO, TOOTO 3 NEAKOI aOCONIOTHOW HOXHOKOWw AY | Toni
sHaueHHs (yHkmii Y MaTtuMe CBOKO aOCOIIOTHY IMOXHOKY Ay
BignocHa nmoxu0ka nmpu oGuKcIeHHs 3HaYeHHs QYHKIIT ¥ Moxe OyTH
HaOMIMKEHO BU3HAYCHA 3a JOIOMOTOI0 AudepeHItiaiga, To0To
M|
vyl

~
~

Buyumocs ob64ucriroeamu Habsnu)xeHo 3a
dornomozor dughepeHuiany

3.86. O0uncITiTh HAOIMKEHO 32 JOIOMOTO0I0 TrdepeHIriaia

3HauenHs V195

Pos3e s3anns. Hexait / (x):‘/;, [Toknanemo X =16
x+Ar=15 Ax=-1

_«/x+szx/;+LAx, \/Ez4+L(—l)=£
Toni 2Vx 7 a6o 2-4 8 . OTxe,
41—%:3,875.
Biamnosiap: ~3,875.

3.87. O6UHCIIITh HAGIMKEHO 3HAUCHHS 824 .

Po3zé’sa3anns. Po3ristnemo QyHKITi0 S (x)=tex . Tomi

' tg(x + Ax) = tgx + — - Ax.

tg(x + A)C) ~ tgx + (th) A)C, a60 COS X
IlepeBenemo rpagycu y paaiadu (000B’ I3K0Ba Tisl IS
_S54n 3m

180 10

Ax!):

(@)
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T T
X

Hexait 4 (38 X MO)XKHA TaKOX B3STH 3HAYEHHS 1),
vt A= A F_T
10 10 4 20, roxi
ot T 1 1314
10 4 2 20 10
COS
Binnosins: &4 ~1.314
: HeobxidHi 3HaHHST Npo dughepeHuyianu
: euwux nopsiokie
Def. Hudepeniiiaiom  Apyroro  MHOPSAKYy  JBidl

nudepeniiosanoi Qyukuii Y =/¥) Hasuparors nudepeniian Bix

nudepeHIriany nepioro NopsaKy QyHkIi / (x), TOOTO
d’y=d(dy)

Def. Bszaraii, " -m mudepenuianom 4"y ago nudepeHiaioM

n n

-TO  IOPAAKY pas mudepenuiiiosanoi Qymxuii Y=/ (x),

Ha3WUBaIOTh AUdEpeHIiai Bia audepeHiiana (n=1)_ro MOPSJKY:
d"y= df)d“y)

Komu X — He3anexna 3MinHa, audepenniany QyHkii ¥ =~ / (x)
00U CITIOIOTH 3a opMyIaMu

d’y=f"(x)dx) (3.16)
d*y=f"(xNdx),.....d"y =f(”)(x)(dx)".
Skmo xx X — mesika yHKITISA Bl 3MIHHOI !, ToAl
d’y=d(dy)=d(f'(x)dx)=d(f"(x))dx + f'(x)d(dx) =
= /"(x)dx)” + f'(x)dx

Skimo * — 3anexHa GYHKIIS He3aIeKHOI 3MiHHOT /% = x(t ), TOMI
d?x=x"(¢)dt)
i Pr= O - OO
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[TopiBusiBu dopmynu (3.16), (3.17), mepekoHAEMOCH, IO IS
ckmagenoi  Qyukuii Y=/ (x)’ ne x:x(t), BUIJISI  JPYroro
mudepentiana (3.17) BiapizHSAETbCS Bia BUrAy ¢opmymm (3.16)

' " 2
HASBHICTIO sofanKa’ (o) (e )ee) Ile o3Hawae, MO Oughepenyianu
opyeoeo i suue nopsaokie (Ha BIAMIHY Bif AudepeHIliamB IIEepIIOro
MOPSAKY) He Maromsv IH8APIAHMHOL 81ACMUBOCHIL.

Byumocs ob4ucnroeamu
dughbepeHuianu suwux nopsiokie

3 —
3.88. 3naiiite ¢V, sxuo ¥ =083
Po36 ’s13anHA. 3HAIEMO TTOX1THI
y'=-3sin3x, y"=-9cos3x, »'"'=27sin3x.
Tomi

d*y =27sin3x(dx)’ _

2 _ -x?
3.89. 3naiimits ¢ ¥ (0), axmo V=4
Po3z6’s3anna. 3naiinemMo NoX1AHY IPyTroro NopsAaKy B TOYII
x=0, Maemo

y'=4" In4(-2x), y'=-2In 4{(4-)“2 ) x+47 } =244 [-2x"In4+1]

OTtxe,

&=

OyHKIii, SKI Ha TEBHOMY TPOMIXKY MalwTh TMOXIJIHY,
BIJI3HAYAIOTHCS IIUIKOM TI€BHUMH BJIACTHBOCTSIMH, 3HAHHS SKUX
JomioMarae  JIOCHI)KYyBaTH TOBEIIHKY (YHKIIM Ha TPOMIKKY
nudepeHIiioBaHOCTI.

d*y =27sin3x(dx)’.

HeobxiOHi 3HaHHS1 Npo Oesiki meopemu
dughepeHyiaribHO20 YUCJIeHHS

Teopema 3.12. (Depma). Hexaii dpyHkIis /() HETepepBHA HA

1HTEepBal (a,0) 1 HaOyBae CBOTO HaWOUIBIIOrO ab0 HAMMEHIIOrOo
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3HAYEHHs y JIeIKiM TodIll ¢ IbOro iHTepBamy. Tofl, SKIIO B TOYIi ¢
. . ' 1 —
icHye noxinna / (C), 10 /'(€)=0,

IIs Teopema Ma€e MOCUTh IMPOCTE TEOMETPHYHE TIYMAdCHHS.

Skmo B Toumi X=c¢ ynkuwin J (*) carae maiiGinpmoro a6o
HaliMeHIoro 3HadeHHs (puc. 3.44 ta 3.45 BIANOBIAHO), TO JOTHYHA
1o rpadika i€l GyHKmii B ToUIi (c; f (C))HapaneﬂLHa Bici abcruc.

Teopema 3.14. (Ponrs). Slkmo ¢yukuis / (x) HEIepepBHa Ha
Bipi3Ky l b], Mac MOXifHy B KOXHIH TOYILli iHTepBaIy (0) § ya
KIHIIAX BIAPI3Ky HaOyBa€ OJHAKOBUX 3HAYCHb fla)=71 (b), TO ICHYE
IpUHANAMHI 01Ha TOUKa © e(a;b ), g i /'(€)=0.

['eomeTpuyHe TIIyMadeHHS 1€l TECOpEeMH 3po3yMine 3 puc. 3.46 -
3.48.

y y
"

|
|
|
|
O a c b X 0O

SfF-—--F--
AN |===

S ===

~

Puc. 3.44. I'eomeTpuune
TiiymayeHHs teopemu Oepma

Puc. 3.45. I'eomerpuune
TiiymaueHHs teopemu Oepma

L Y Y
y :_\ /
I | |
L T e .
| | | ! : |
| | | P !
| | | - | L
0| a c b ¥ ola ¢ p ?
Puc. 3.46. Puc. 3.47. Puc. 3.48.
['eomerpuune I'eomeTpuyne ['eomMeTpHyHE
TIlyMaueHHs TEOPEMH ~ TIYMAYEHHS TEOPEMHU  TiryMadyeHHS TEOPEMH
Ponnsa Pomns Ponnsa
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Teopema 3.15 (Jlacpanoica). SIkmo GyHKITIS /() HeTIepepBHA

Ha BiApi3Ky [a; b], nudepenniioBana B iHTEpBAaIi (a; b), TO BCEPEIMHI
IIbOTO 1HTEpBaIy 3HAMAEThCS Xo4ya O OJHA TOYKa Ce(‘“b), B SIKIM

BUKOHYETHCS PIBHICTH
b)—
f(b) f(a):f'(c)
—a .
o cl)ppMyny HA3UBaIOTh (DOPMYIIOIO CKIHUEHUX NPUpoCcmis
Jlazpanoca. i 3a1IUCYIOTH IIIE TAK:
Sx+Ax)= f(x)=f"(x +OAx)Ax, 0<O<1

I'eomempuynuu 3micm meopemu
Jlaepanoca

B

Skmo QyHKIis /(x) 3a7J0BOJILHSIE
yMOBUA Teopemu JlarpaHnxka, TO Ha
rpadiky 1i€i QyHKIIl 3HAUAETHCS
xoua 0 oJfHa TOYKa, B KM JOTUYHA
1m0 rpadika mapajeiabHa XOpi, 1o

o] 4 4 €20 X CIIOIyYy€ KiHIIl KPHBOI Aa; f(a))

B(b; f(b
Puc. 3.49. T'eomerpuune (6: 16) (puc. 3.49).

TIIyMaueHHs Teopemu Jlarpanxka

3 Teopemu Jlarpanka BHIUIMBAIOTH KIJIbKa KOPUCHUX HACTIIKIB:
. ' = . .
1) sxmo moxigHa f'(x)=0 JUIL BCIX TOYOK IIPOMDKKY, TO
f(x)=const.
9
. f'(x):c . .
2) SKIO TMOXIJHA JUIL BCIX TOYOK IIPOMDKKY, TO

flx)=cx+ 2 10610 PyHKLIA € JHIHHOW;
3) AKI10 MOX1/IHA B JAESAKIN TOYIl JoaaTHA (B1J’ €MHA), TO B OKOJI
1i€l TOYKu (PyHKITIS 3pocTae (crmamae);
4) sx11o QyHKIT £(x) 5 £) nudepenIiifioBani B iHTepBai
( b), £1x)=1. 2'(x), y Toukax @ T1a b Qynkuii HemepepsHi, Toxi i
(QYHKLIT BiAPi3HAIOTECS CTAIIO0 €, TOOTO fil)=flx)=c
Teopema 3.16. (Kowi). Skmo dynxuii / (x) 1q 8(x) HETepEPBHI
| b ], nudepeniiiiosani B intepsai (a;0)

Ha BIIPI3KY , IPUUIOMY
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a; b)

g'(x)# 0 xe ( b), TO icHy€ X04a O oj1Ha TouKa © & , B AKii

BUKOHYETHCS (hopMyIIa

=

Hns mocmimkenHss GyHKIN (BiAMIyKaHHS 3HAYeHHS (QYHKITIT,
rpaHuIll (PyHKIIIT TOIO) B Psi/il BUMIAJIKIB BUKOPUCTOBYIOTH (OPMYITY
Tennopa.

fb)-fla) _ f'(c)

glb)-gla) g'(c).

HeobxioHi 3HaHHS1 npo ghopmynu Tedlsnopa i
MaknopeHa

Teopema 3.17. Hexaii pynxuis (%) mae B Touri Yo i gesKomy
il OKOJII MOXIJIHI J10 (n+1)_ro MOPSIIKY BKJIFOYHO 1 HEXal X — JOBLJIbHE
3HAYCHHS apTryMEHTY 13 BKa3aHOTO OKOIY (x ixo). Tomi MiXk TOUKamMu

%o | X 3HalieThCs Taka TOYKaA €, 0 BUKOHYETLCS opmyna Teinopa.

1= o)+ L) L e

)y R ()

n!
f(n+1)(c) -
R (x)= _
e o(x (n+1)! (x xo)
c=x,+0(x—x,), 0<O<I.
Bupas

— 3aMuIIKOBUM 4jieH y Qopmi Jlarpanxa,

Pw)= )+ LN Sy

HasuBarotb muocounenom Tetinopa. Otxe, popmyna Teitmopa
CKJIQAEThCA 3 JIBOX YACTUH: MHOroujeHa Teinopa Ta 3aJMIIKOBOIO

yjaeHa. BenuunHa R,(x) MIOKa3ye, SKy IIOXHOKy MH PpoOHMO,

samiHtoR04n QyHKi0 | (*) i Meorounenom Teiinopa.

Dopmynor Maknopena HazuBaroTh popmyny Telnopa npu
x, =0.

f'(O)x+ f”(O)x2 ot X"+ x"™

f(x)=£(0)+ T ol ! (n+1)

ne Touka ¢ Mictuthes Mix 01 x.
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HaBememMo poskimagyd JesIKuX eleMeHTapHuX GYHKIIA 3a
dbopmynoro MakopeHa:

=+ + v b+ 1R (x)
o2t 3 n!
x3 xS . x2n+1
s1nx:x—§ i (-1) (2n+1)!+r2n+l(x),
2 x4 . x2n
cosx:l—a o (-1) (2n)'+R2n(x),
2 3 n
n(l+x)=x-—"—+>2 —+(1)"Z+R (x
3 h ) (3.18)
- __3 x5 (_1)” w2 R ()
arctgx = x 3 + 1 2041\ X )5
(1+x)m =1+ m(m—l)x2 m(m—l)(m—2)x3 +
2! 3| )
N m(m - 1)(m - 2)(m - (n - 1))x” +R (x),
n! (3.19)

3okpema npu 7 =-1 maemo popmynu
1

- =l-x+x*—x"+..+(=1)"x"+R (x),

=

(3.20)

=l+x+x"+x° +..+x"+R (x)

1-x (3.21)

Byumocs po3sknadyeamu ¢hyHKUii y psio
Telnopa i MaknopeHa

Posknamannas Gyskmii 3a dopmynoro Teinopa (un MakitopeHa)
JacTO TPHU3BOJAWTH JO TPOMI3AKUX TiepeTBOopeHb. Ha mpakTuii
HAMaraloThbCsl BHUKOPHCTATH IS IILOTO TOTOBI PO3KIAIU OCHOBHHX
eJeMeHTapHuX (QYyHKITIH.

3.90. Po3knaaite 3a popmynoro MakiopeHa GhyHKIIII:

1
) f(x):4+x2; 6) f(x):ln(2x2 +7x+3)

Po3zs’s3anna: a) 3amuieMo GyHKINIO Y BUTTISI1
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1

o

Toxi 3a popmytoro (3.20) maemo
flx)= i{l - GT + GT -t (- 1)”(32” iR, (x)}

0) BUKOHAEMO TIEPETBOPEHHS
In(2x* + 7x +3)=In(1+ 2x)(x + 3)=In(1 + 2x) + In(x + 3) =

flx)=7

N | =

=In(1+2x)+ ln(l + g] +1n3.

CkopucTaBiuch 1Bivi popmysoro (3.18), nicranemo

In(l+2x)=2x — (2;)2 + (2§)3 et (1) % + R (x),

e R (AR PV

n (_ k—1
In(2x* + 7x+3)=1n3+ Z%{zk + %)xk +R (x).
k=1

& Heo6xidHi 3HaHHS npo npasusio Jlonimans

0 o0

Hocuts wacto HeBusHadeHocti 0 Ta © poskpuBalOThL 3a
JIOTIOMOT OO TTOX1HHUX.

Teopema 3.18. (npasuno Jlonimansa PO3Kpummsi
0

neeusnavenocmi 0). Hexait ¢ynxuii 7 (x), gx) 3a710BOJILHSIOTh
YMOBH:

1) Bushayeni i audepeHLiiioBaHi B OKOIi TOYKH o, 3a

X, (x)=0

'
BUHATKOM, MOXJIMBO, CaMOi TOYKH 0, mpuuomy &

OKOJII;

B I[bOMY

i f(x)=l. g(x)=0
\m \m , TOOTO f(x), glx) _ OJTHOYACHO Malll

npu XX,
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. . lim—;
3) iCHY€ CKIHYEHHA rpaHunsg % & (x)
o
. . . oo lm .
Toni icHye rpaHuusg BiAHOWIEHHS  QYHKIID % gx)
LI )

=lim—=-
X—>X( g(X) X—>X( g ()C)
Hoseodenns. Hexait Yo — ckimuenHe umcno. SJIkmo B Touwi ™o

bynkuii 7 (*) 1a &%) pepusmaueni a6o me JIOPIBHIOIOTH HYIIIO,
BBAKATHMEMO, 110 7 ()= glx; ) =0 (Take IPUITYIIEHHS HE BIUIMBAE Ha

sHaveHHs rpanuii). Toxi ni GpyHkuii OyayTh HemepepBHi B Touli Yo Ta

ii okxom. BiseMeMmo Bimpizok Moo*l i3 mporo okxomy. 3a Teopemoro

celx; x)’ IS SIKOi BUKOHYETHCS PIBHICTH

Sx)=flx) _ f(c)
g(x)-glx,) g'le)
Ockimsiu /(%) =g(%)= 0 10 popmyna HaGysae BUrISITY
Sx)_ /'(e)
glx) g'le)

3 ymoBu * %o BumnuBae, mo ¢ ¥o (puc. 3.50).

Kot 3Hainerscsa Touka

L Tomi BpaxoByIOUH TPETIO YMOBY
Xo c X TEOPEMH, TICTAHEMO
Puc. 3.50. 'eomeTpuune /(x) £e) o /6

Im—===lim===lim~—=-
e i’ ~Hm ~lme
TIyMadeHHS YMOBHU 0 3 IKOI

BUIIHBAE, o ¢ Yo

N.B.

1. Teopema mpaBuIILHA 1 B TOMY pasi, Koau o
2. [HKONM CTYAEHTU MPUTYCKAIOTHCS 2pYO0i NOMUAKU, TIYKAIOUN
!

AC)) /()
. . lim : 1 ( )
3aMiCThb IpaHuIl % 8 (x) rpaHuio % \&W))

=00
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f'(x) 0

. ' . N
3. Sxuo BigHOMIEHHS & (¥) ¢ 3HOBY HeBu3HaueHicTio 0 i

e ' 1
bynkuii S (x), £'(x) 3a7I0BOJILHSIOTE YMOBH TEOPEMH, TO IPABHIIO
JlomiTanms MO>KHa 3aCTOCOBYBATH ITOBTOPHO, TOTI
L S) ) ()
lim =lim~3=lm" =
X—>X() g(.X') X—>X() g (.X') X—>X() g (.X')
[IpaBuiio JlomiTans Ha3BaHO iIMEHEM MaTeMaTHKa, SIKUW yriepiie
floro omyOJsiKyBaB, aje Horo Bmepmie BiakpuB l.bepHymm, Tomy
npaBmio JlomiTals me Ha3uBalTh IIpaBuiIoM beprymmi-JlomiTas.

ChopmymroeMo TeopeMy, 3a SKOO MOXKHAa PO3KpUBATH
o0

HEBU3HAYEHOCTI BUTISIAY © .
Teopema 3.19 (npasuno Jlonimansa po3kpumms He8U3HAUEHOCMI
o0

;). Hexait dynkuii / (x), g(x) 3a7]0BOJILHSIOTH YMOBH:

1) BusHaueHi i mudepeHniiioBani B OKOJIi TOUKU *0;

lim /(x)=limg(x)=o, g'(x)#0 .
2) X230 B I[[bOMY OKOJII;
o lim -
3) iCHy€ CKIHYEHHA rpaHuls >+ & (x)

i)

P . cee 1m .

Toni icHye rpaHuULd BIIHOIEHHS (PYHKIIIT % & (x) §

lim L&~ i L),

xX—>xq (X) x—xg & (X)

[IpaBuiio Jlomitans 6e3mocepeHbO 3aCTOCOBYIOTh 10 PO3KPUTTS
0 00

HeBu3HaueHocTed Burusaay 0 abo ©, gKki Ha3MBAIOTHCS OCHOBHHMMH.

0 0
0-00, 0—o00, 17, 07, o

3BOJATH 10O OCHOBHHX.

lim.f (x)g(x)

1. HeBusnavenicte 0°%° (T06TO MaeMo rpaHuIo % ,

[HI1 HEBU3HAYEHOCTI

lim/(x)=0 limg(x)=oo 0 =
b1 (SRRl , X7 ) 3BOAATH 10 HeBu3HaueHocti 0 aGo ©
Tak:
10)= L8] -8 -(2)
glx) abo 1)
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lim(/(x) - g(x)) lim f(x)=

2. HeBm3nadeHiCTp © —© (% KO %
limg(x)=c0 9
anal ) 3BOAATH 10 HeBusHaueHocTi O Tak:
1 1
e BERECwoR)
O B e e e ()
S(x)g(x)
- 17, 0°, °

3. HeBu3HaueHOCTI1 3BOJATH 10 HEBU3HAYEHOCTI 0.0

3a JIOTMIOMOTOI0 TOMEpPeaHbOro JiorapudmyBaHHs abo MOAaHHS

(x) . x)In f(x
(bYHKHll [f(x)]g Y BHIUEAI1 eg( Jinf ) (TYT BUKOPpHUCTAHO OCHOBHY

Ina

jgorapuMiuHy TOTOXHICTE & = €

Buyumocsi ob4ucnroeamu e2paHuui 3a
donomoeoro npasuna Jlonimans

OO6YuCIITh TPAHUIl BUKOPHUCTOBYIOUH MpaBuiio JlomiTas.
sin x

3,01, 1M

0
Po3z6’sazanns. Maemo Hesusnauenicts 0 3acrocoByroun
npaBuio JlomTans, gicTaHeMO

lim sinx ~lim (sin x) —lim COSX 1:1.
>0 X 0 X' PEGE | 1
BigmoBins: 1.
i lnx
3.92, o ¥’
o0

Po3s’s3anna. Maemo HGBI/ISHaUICHiCTB © | TOMI
In x ln x 1/ X _ 1

— = — =0
him~ l,gzlﬁ lim~ -~ hma =70

Bigmosias: 0.
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i e +e -2
3.93. xl—)nol l-cosx |
Pos36’s3anns. besnocepenus migcranoska X =0 mgae

0
nepu3Hauenicts 0. 3acTocoByroun npasuio JlomiTans, gicTaHeMoO
. e +e’ =2 . e —-e"
Im——————=lm—_———
v0  1—cosx 0 SInX
0

3u0By MaeMo Hepu3HaueHicTh 0. Tpasuio JlomiTans
3aCTOCOBY€EMO III€ pa3:

. e —e " .oet+et 1+1
lim———=1lim = =2
x>0 SN X x>0 COSX 1
Bigmosigs: 2.
lim>—(ne N.a>1)
1m—— )
3.94, >~ a .
o0

Po3zs’sazannsn. Tyt HeBu3HaUeHICTh . Tomdi
Coxt L xYy L mxT
Iim—=lim, - =lim—;
(a) Ina

x—o A X—>00 X—>00

o0
3HOBY AiCTalM HEBU3HAUCHICTh . [loBTOpIOIOUM mporec #
pasiB, IICTAHEMO

X" oo™ on(n=Dx"? oo
Im—=lm——=lm————F—=|—|="=
v d e a'lna 50 a'ln”a o0

. n! n!
o a In"a oo
Bigmosigs: 0.
- limx’Inx
3.95. O04HuCIITE *>+0 )
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Po3é’s3anns. Y npoMy pasi Maemo HeBusHadeHicTs 0
o0

[lepeiinemMo 10 HEBU3HAYCHOCTI ®° 1 3aCTOCOBYEMO IIPABHUIIO

Jlommirans:

. . Inx . (nx) . 1/x 1..
lenx: = = —_ x2:O

lim<* =l = limy = lim— 7 = 5 i

N.P. llepexkoHalTech CaMOCTIIHO, IO TIEPEXi 10
0

nesusHaueHocti U jumre yckiaaaaioe 3agauy.
Bigmosigs: 0.
X +sinx

3.96. O0yucCIiTH lxllg

o0

Po36 ’az3anna. MaeMo HEBU3HAUEHICTh © . 3HAWIIEMO

+ sin x)'
]imm =]lim({ +cosx)=1+]jymecosx
X

X—>0 X—>0 X—>0

Ocranns rpaHuns He icHye. Toal sk
. X+sinx . sin x
lim———=lim{+

X—>0 X—>0

)=1+0=1

f(x)

Buchogox. T'panuris BigHomeHHs 180X dyrkmiin €) moxe
f'(x)
icHyBatH i Toxi, Ko BixHOmIeHHS moxigHux € (¥) rpanumi He Mae.
ALY
lim—;, .

IcuyBanns rparumi % € (X) e THIIe OCTATHBHOI YMOBOO ICHYBAHHS

. f(x)

lim

rpanumi o £
Bigmosigs: 1.

N1+ x°

3.97. OGuucHiTh o x :

Po3z6’a3anna. et npukiaz € e oOHIEI0 UTIOCTPAIIEI0
HEMOXJIMBOCTI 3acToCyBaHHs npaBwia Jlomitansa. Crpasi,
VI+x® (o) . (W1+x?) . x (o) .. 1+ x
N -(gj-lxang—x' —IXL@—W-(;HL@—X

2
Iim

X—>0

1T. I
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Tom sk

. 1+ x° 00 ) 1
hm—=(—)=hm —+1=1
X 00 .

X—>00 X

Bigmosigs: 1.

im (tgx —secx)
3.98. O0uucITh xlgrl/lz

Po36’sa3anna. Tyt HEBU3HAYEHICTh © —©, 3BEIEMO 1i 110
0

nesusHauenocti O, micag yoro 3acrocyemo npasuiio Jlomiras:

. . 1 . sinx—1 (0
lim (fgx —secx) = |im (lgx ———)=lim———= (—j =
x—on/2 x—>n/2 COSX x—-r/2 COSX 0

. (smx-1) _. cosx

=lm———=1lim——=0.

vz (COSX) xr/2—SINX

Bigmosige: 0.

. 71_ _ 2x COSX.
3.99. O0yucCIiTH xlgrr/lz( )

X=—
Po3zé’azanns. 1IincTaBuBIIM y BUpa3 3HAYCHHS 4,
. 0 .
IEPEKOHAEMOCS, 10 MaeMO HeBM3HadeHicTh O . J[s 3pydHOCTI

.t
xX= 5 ,COSX = S8in—

BUKOHAEMO 3aMiHy 7 —2x =1t tomi t >0, 2. Orxe,
. . limsin(¢/2)inz
lim (72' . 2x)COSX — limtsm(t/Z) — limesm(t/Z)lnt — 0 — eA
x—n/2 t—0 t—0
.. 1.. Int
A= hmsm(t/Z)lnt = [O . oo] =—lim—=
t—0 2 t—0 1/t
o) 1. (Inf) 1 1/t 1
= — |=—11 =—14 =——14 t:().
( j Zimiyy =7 im Ty =5 lim
lim (7 —2x)*" =€ =1.
x—n/2

Bigmosigs: 1.
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O6yucnroemMo Habnu)xxeHe 3Ha4YeHHS
¢yHkuUii 3a donomoezoro 113 Gran 2D

lMpouedypa HabnuxeHo20 0O64YUC/IEHHSI 3Ha4Y€HHS
¢yHKUiT 3@ Aornomoz20r0 8i0noeiOHUX npaeurl.

3.100. Hepo3puBHYy MBUIKICTH U (M/c) PyXy BOAM B KaHall
OJIEPKYIOTH 1O (PopMyii D=0k, e Vo HEPO3pHMBHA IIBUIKICTh
MOTOKY Ha IMOWHI /M, kK — 4YuceNbHE 3HAYCHHS CEPENHBOT TITMOMHU
MOTOKY 3aJlaH0 y M. 3HaTH HaOMMKeHe 3HA4YeHHS HEPO3PHUBHOI

IIBUIKOCTI MMOTOKY Ha rmbOuHi & = 2,5m, moknaBmu %= 0,6 m/c Ta

®ee eeee

Posgé’sizanns.
Kpox 1. Hepo3puBHy MBHUAKICTh U (M/c) pyXy BOAM B KaHam
. 0.2 ) .
onepkyiorh o dopmymi U =Pk Heobxinmo 3maiiti mabmmiere
0,6 - (2,5)"

3HAUYEHHS YHUCJIOBOIO BUpPaA3y . Ile yncno MokHa BBaXxaTu

OHHM i3 3HaueHs QyHKiii /& =06 (23)"

(Cu) =Cu’

Kpoxk 2. 3naiigemo moxigHy i€l QyHKIN, KO0 Ta

(@) =a'lna e £/ =06-25" 25
Kpox 3. 3acrocyeMo HaOMMKEHY PIBHICTH IJIS IPHPOCTY
byHKITI

f(xg +Ax) = f(x))+ f (x,)Ax,
mpu ¥ =0, Av=0 2 M) =06 (25" f'(x)=06-25" In25 qouvacmo

0,6-(2,5)" ~0,6-(2,5)" +0,6-(2,5)"-In2,5-0,2=0,7.
Takum yuHOM, HaOJMKEHE 3HAYEHHS HEPO3PHUBHOI MIBHIAKOCTI
Ha TIMOuHI 2,5m ipu Yo = 0,6 m/c nopiBHIOE (), 7 M/C.
Bignosins: 0,7 m/c.
lMpouedypa HabnuxeHo20 064YUC/IEHHSI 3Ha4Y€HHS
YHKUii 3a dornomo20r0 8i0NoeBIOHUX npaesusi MoXxe 6ymu
3amiHeHa npouyedyporo 3acmocyeaHHs 113 Gran2D.
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«Hasyaemo» ceili kommn’romep 3Hax0O0XXEeHHIO
HabnuxeHo20  3Ha4YeHHs1  (pYyHKuUii  3a
donomoeoro N3 Gran2D.

1. Bigkputu Bikao I1113 Gran2D.
x)=0,6 - x"

2. TloGynyBatu rpadik ¢yHKIIii ft
Oyze rmmOrHa OTOKY:

— 3a gomoMmoror ommii 06 ‘exkm-Cmeopenns-I pagix  ¢hyukuii
BUKJIMKATH BIKHO PYHKYIOHAILHA 3A/IeHCHICb,

— JUIS TUIy 3aJeKHOCTI s6Ha BBECTH 3 KjaBiaTypu (QYHKIIIIO,
HAaTUCHYTH KHOMKY Ok.

3. Otpumatu 300pakKeHHS KPHBOi, 3a SKAM Ma€MO MOXJIUBICTh
3HANTH 3Ha4YCHHS QYHKIIIT U1 OyAb-SKO1 TTTMOMHU TTOTOKY:

— A TIMOWHM 2,5M 3HAWTH KypcOpoOM Ha KPHUBIM TOUKy, aOcIuca
SAKOi JopiBHIOE 2,5. AOcmmca 1 opAaumHaTa TOYOK BIOOPAXKYETHCA y
JNiBOMY HMKHBOMY KyTi BikHa nporpamu (opausara touku ~ 7).

4. SIxmo gt GyHKINT 3MIHHOIO 3pOOUTH 1HIITY KOMIIOHEHTY, B1J I[bOTO
il 3HaYEHHS HE 3MIHUTHCS IS 1€l K rmmouau (puc. 3.51).

, IUISL SIKOI 3MIHHOIO

‘‘‘‘‘‘‘‘

””””” phHa; }=X[T ), Y= (T

e o =

oz 7] -] pe

al al Pi 2| 8| *| Home

Lot | Radt| 4| 5| /| Ena
=gl -

29 NEEY AR 000 277 -

2
7
H
§
5
Hl H
HIl B

¢

=:.5 =072

‘s AYCK e <

Puc. 3.51. Bikuo [1I13 Gran2D: 3Hax0omxeHHS HAOIMKEHOTO
3Ha4YeHHs (QyHKIIIT 3a rpadikom

X, aranzd
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3acmocoeyemo U 064ucIrLeEMO
dugpbepeHuian ¢hyHkuii 3a donomozoro 13
Mathematica

lMpouedypa ob6uucrneHHs1 OughepeHuyiana ¢yHKUii 3a
dornomo2oro 8idnoeioHUX npaesuJl.

3.101. ITepiog xonMBaHHS MAasATHHKA T =27v1/980 «, nel =
20 cm — nOBXHMHA MasTHUKA. SIK  TOTPIOHO 3MIHUTH JOBXKUHY
MasiTHUKA, 1100 Mepio/i KOJUBaHHSA 3MeHIHBCS Ha 0,1 ¢?

Pozsé'sizanns.

Kpox 1. TlozHaunmo 3MiHY TIepioay KOJUBaHHS MasiTHUKA dT ,

a 3MIHU JOBXHWHH MasiTHHUKA dl .

Kpox2. 3unaiizeMo 3MiHy Nepiofly KONUBaHHs MasTHuka 947,

. N
ko df(u)=f"(w)du, u=ulx) 24u , OT’KE
27 dl 2w dl 7w dl
dT: = =
2- 9807 /980 249801 /980 -1
w dl

dT =
Kpox 3. Bupasumo 4! 3 piBHsHHS V9801

{9801 dT
dl=———.
Otpumaemo T

Kpok 4. llincraBnsiemo B oTpuMaHe criBBigHOMIECHHS [ = 20),

dT = =01 (3gak MiHyC 03HAYa€ 3MEHIIEHH), OEPKHMO

dl= 1 446 cn
71. .

Binmoime: ¥~ 46 e

Taxum YHMHOM, HIO6 HCpiOI[ KOJIMBAHHA MadATHHUKA 3MCHIIINBCA Ha
0,1, #ior0 TOBXHHY HEOOX1THO 3MEHIINTH Ha 4,46 cm.

lMpouedypa ob6uucneHHsi OughepeHuiana ¢yHKUii 3a
dornomozoro 8idnoeiGHUX npaeusi MoXxe 6ymu 3amiHeHa
npouedyporo 3acmocyeaHHs 113 Mathematica.
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«Haeyaemo» ceili kKomn’romep 064YUCIIEHHIO
dugpepeHuiany yHkuyii 3a donomozoro 113
Mathematica.

Hns 3aBmanns  3.101. Kpox2 wmoxke OyTH BUKOHAHUN 3a
nomomororo I[1I13 Mathematica.
1. Bigkputu Bikao I1113 Mathematica.
2. 3a pmomomororo omii Palettes-Classroom Assistant BUKIHKATH
BKJIAJIKH 13 IIa0JIOHaMH 1151 HA0OpY CHMBOJIIB.
3. AKTHBI3yBaTH MpaBopyd y BkIaAl Basic Commands KHONKY

'=H@I2)) 1 o6partw y BikHi Calculus 06umncnenns % °

. a expr
4. V momni mporpamMu 3’SIBUThCS IIa0JIOH — “ |I[JI$I 3aMucy BUpPA3Y
GyHKIiT 27aN17980 ¢, 14 nosmauamms 3MiHHOL nudepeniiroBadss /
3anucati BUpa3 (PyHKIID 3aCTOCOBYHOUM IIA0JOHM  BKJIAJIKU
Calculator-Basic BUOKpEeMHUTH WOro Ta 3a JOIMOMOIOIO  OIIIii

. . . In[5]:= Ot [5]=
Evaluetion-Evaluete Cells BUKIAKATA 13 MITKaMU

oOuucIeHHs nudepeHIiany.
5. Otpumatu Bupas nudepenmiany (puc. 3.52).

File Edit Insert Format Cell Graphics

i Sz (2x.=:r x~N 17980 }

oue[i]=

145 /1

Puc. 3.52. Bikno I1I13 Mathematica: o6uucnenus audepeniiany
byHKIii

321



- 1‘/ Modemntoemo npodgpecitiny dissnbHicmb
—_— iH)XeHepa

3.102. [Ins oGunciieHHs JOBXUHHU L Ba)KKOTO MpoBoIy (KaHaTa),
[0 IMABIMICHOTO0 3a OOWABa KIHIL, BHUKOPHCTOBYIOTh HAOIMKEHY

L= (1+§ h—)

bopmyy 3 a 1€ a— JIOBXKHHA MPOIBOTY, I — CTpina
MPOBHUCY. BcTaHOBHTH 3B’S30K MIXK 3MIHOIO JOBXHHH L ¥ CTpLIH
NpOBHCY h SaMlHI/IBHII/I BIATIOBIIHI TMPHPOCTH Ju(epeHIIaATIaMHU.
= 2 Iepegopmyniotime YMOBY 3a80aHHs
MAMeMamuyHorw  Mogoi.  Ilepenecimo  anzopumm
3acmocy8anHs ti obyucienHs oughepenyiany QyHKyii
o X Ha cmpykmypy 06’ ’exmy. NO3Haume 3MIiHy 008cunu L -

, 4 3MIHU CIMPIIU NPOBUC) d h
3HAUOIMb 3MIHY — 0O0BIHCUHU dL , SIKWo df ( )_ f ( )du, U= u(x ) 3a
oonomoeorwo I1113; supazimo dh 3 OMPUMAHO20 DIBHAHHA.
164
d L=——=dh

BigmoBigs: 3a

Tema 6. 3BACTOCYBAHHHA I'IOXI,L]HOT
A0 AoCNIAXEHHA ®oYHKLUII

Omip Ha BHTHH OaJKH MPSIMOKYTHOT'O TOIEPEYHOTO Iepepi3y
3aBJIA€THCS SIKOIOCH (DYHKITIEIO.
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y Axi moBuHHI OyTH pO3MIpHU
NepeTuHy Oaiku, BUPI3aHOI

\ 13 Kpyrioi TpyOu 3amaHOro
X aiaMeTpy, mob ii omip Ha
\ @ v BUTMH OyJ0 HalOUIbLINM,
ToO0TO 1m0 Oanka Mana

HaWOUIBIy MIIHICTE (pHC.

Puc. 3.53.CxematnuHe 300pakeHHs 3.53)?
0aJKu IPSMOKYTHOI'O MTOIEPEYHOIO

mepepizy

Sk Moxe OyTH MPHCTOCOBAHA TOXIAHA JJIS JOCIIIKECHHS
BHpa3y, IO 3aBJa€ Omip Ha BUTHH Oanku? B sxoro Tumy 3amad
MOXiHA CIPOIIy€E IOCTIHKCHHS (YHKINI, IO 3aBAae Iporec ado
SIBUILIC?

| Heob6xiOHi 3HaHHST NPO 3POCMaHHS
: U cnadaHHs1 ¢pyHKUIT

Def. DynHKLIIO /() Ha3UBaIOTh 3pocmaroyoro (cnadHorw) Ha

Yota Y2 i3

1HTEepBaIl (a; b), SKIIO JUIS JOBUIBHHUX JIBOX TOYOK

BKa3aHOT'O iHTepBajly TakMX, o ' <%, BUKOHYEThCS HEPIBHICTH

f)<rl)  (F)> f(x,)

JlocTaTH1 03HaKU 3pOCTaHHS Ta CMaJaHHs QYHKIII:
Teopema 3.20. Hexaii dynkuis 7 (x) nudepeniiiioBana Ha

iHTEpBaN (a5 b ) Tomi

(x)>0 a; b)

1) sixmo ' s Beix e ( , To dynkuis (x) 3pocTac Ha

(a; b)

2) sixuo (x)<0 ms Beix ¥ € (a b ), o dynkuis / (x) crajac Ha

(a; b)

3) K110 /'(x)=0 JUIsl BCix e (a; b), TO (DYHKI[is /(x) cTajia Ha

(a; b)

5

5
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!
JloBeneHHs MPOBEAEMO JJISI BUITAAKY, KOJIM / (x)>0. Bi13smemo

X (xl <x2)

noBinbHi Toukn 1 ta *2 3 IHTEpBaTY (a b) Toni Ha Bimpisky

[x; x,] BHKOHYIOTHCS YMOBH TeopeMu Jlarpamika, OTKe,
Sx)= )= fe)x, = x) pe e€lesx,)

Ockinbku 32 ymoBoto / ’(C)>O, X,=%>0 1o f (e), _xl)>0,
10610 /%)= /(x)>0 Lle osnauae, wo Qynkuis/ ) wa iHTepBani
(a: b) 3poCTac.

AHAJIOTIYHO JOBOIATH TBEPKCHHS TEOPEMH IS BHIIAJKIB,
ko /(1) <0 454 f(x)=0

Teopema 3.21 (reobxiona ymosa 3pocmanus (cnadarHH:)
Qyukyii).

Sxmo mudepeHmiiioBaHa Ha 1HTEpBal (a: b) (GYHKIIIST 3pOocTae
(cnazgac), To f'x)20 f'(x)<0 IS BCIX xe(a; b),

J— 3 co cw . oo
Hanpuknan, ¢yakuis ¥~ 3pocrae Ha Beiii umciosiit oci, ii

q V' =3x">0

OXiH s Beix X#0 1 Y =0 gxmo x=0,

Buumocsa gocnigxyBatu oyHKUitO Ha
3pOCTaHHA i cnagaHHA

3.103. 3HaiiaiTh iIHTEPBAIM 3pOCTAHHS Ta ClIaJaHHs (YHKIIIT
x*+1
(x=1)"

o0y 1)U (1; o), 3Haii 1eMo

Po3ze’sazanns. O0macTh BU3HAUYECHHSA (
MTOX1THY
_2x(x 1) =21’ +1) _ 2(x+1)

(x-1)° __(x—1)3_

TMoxinna / (x) nopiBHIo€ Hymo B Touni X =1 i me icHye, axmo

f(x)

x=1Omxke, *=5 1 - kpurnuni Touxn dynxuii f(x),

324



Fe): W ITo3dHagaemo 11 TOYKM Ha
Y 5  4MCNOBIM mpaMiil (Ipu LBOMY

e Nt SN\ nam’aTaeMo  1Opo  00JacTh

Puc. 3.54. BuzHaueHHs 3HaKy BU3HAYCHHA yHKLIT) i

MOXi/THOT HA KO’KHOMY 3 iHTepBaylip BH3HAYa€MO 3HaK IOXIIHOI Ha
KOXKHOMY 3 1HTEpBaliB (pHuC.

3.54).

xe(—oo; l)u(l; oo)

Otmxe, GyHKIISA Ccragae, SKIO , 1 3pocTae Ha

iHTEpBaITi (=1 1),

Heob6xiOHi 3HaHHS1 NPO JI0KaslbHUU
eKkcmpeMyM QQYHKUiT

Def. Touxy 0 HA3UBAIOTH MOUKOIO JOKALILHO20 MAKCUMYMY

(uinisymy) dynxnii 7 (x), AKINO ICHYe Takuil OKin 0<[x—x,|<5

TOYKU Yo, SKUI HAJIEXKUTH 00JIacTi BU3HAUEHHS (YHKII, 1 11 BCix X
3 ILOT'O OKOJIy BUKOHY€ETHCSI HEPIBHICTh

f)<fx)  (f(x)>f(x,))

TI'eomempuunuil 3micm O3HA4YCHHS 3pO3yMiTul 3 puc. 3.55 Ta
3.56.

f(xn) _______
6 |-

I
L
L | )
o | £le0)
o |
al x, —Iﬁalc J::o x, +8 : o x,—d x xy xo+8
% T TouKa MAKCUMYMY Yo~ Touka MiHIMyMy
Puc. 3.55. T'eomeTpnaHuit Puc. 3.56. 'eomerpuuHuii 3micT
3MICT O3HAYEHHS O3HAYEHHS

Def. ToUKH JOKAIBHOTO MAaKCUMYMY 1 JOKQJIBHOTO MIHIMYMY
HA3UBAIOTh MOUYKAMU JIOKANbHO20 eKCmpemymy, a 3HaueHHsT QYHKIIT y
IUX TOYKAX HA3WBAIOTh BIAMOBITHO JOKAIbHUM MAKCUMYMOM 1
JIOKATbHUM MIHIMYMOM a00 JOKANbHUM eKCIPEMYMOM.

3’s1CyeMO YMOBH 1CHYBaHHS JIOKAJILHOTO EKCTPEMYMY.
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Teopema 3.22 (HeobXxiOHa yM0OBA IOKAIbHO20 eKCIMPEMYMY ).

X

Axmo yHkIisa /() Ma€ B TOYIl “° JIOKAJILHUN EKCTPEeMyM 1

nudepeniiiosana B wiit Touri, To (x,)=0

Hoeeoenns. Hexaii o - Touka MaKCUMyMYy. 3T1HO 3 O3HAYEHHAM

e O3Hayae, II0 B OKOJNi TOYKM ~° BHUKOHYETHCS HEPIBHICTH

&:f(xo+Ax)_f(xo)<0
f(xo)>f(x0+Ax)_ Tomi Ax Ax , gkmo Ax>0

akmo Ax<0, 3a  yMoBOIO TeopemM icHye TOXinHa

f’(xo)—’hmﬂzumf(xo+Ax)—f(xo)

Ax—0 Ax Ax—0 Ax

Y 3Bincu BummEBae, mo (x)20 I
I Ax >0 1 f'(x)SO IS AX<0
| 7=/6)  3anpmaerses €IMHA  MOXJIUBICTh
| '
I A (xo):O_
| x I'eomempuunuu 3micm meopemu 3.22.

17 x 4 . .
0 Sxmo (QyHKIs /(x) Mae B TOUIl o
Puc. 3.57.

JIOKAJIbHUN EKCTPEMYM 1
nudepenIiiioBana B Iid TOYIIl, TO B Ik

FCOMGTPHIHEHH SMICT TOYI[l ICHyE JOTHYHA 10 Tpadika
HEOOX1/IHOI YMOBH y= f(x)

byHKITI , 1 11 J0TUYHA
JIOKAJIbHOTO EKCTPEM :
PENYMY napanensHa oci O (puc. 3.57).

! — .
VYmona / (x,)=0 € HEOOXI1IHOI0, ajie He
: JIOCTAaTHHOIO TUIS TOIO, o0
nudepeniiiosasa B Touri o QyHKIlis
Masa JIOKAJIbHUU EKCTPEMYM.

‘FH

3
Hanpuknaza, moxigHa ¢QyHKIIii y=% g
touni * =0 nopiBHIOE HyIIIO, ale HE Mae
Puc. 3.58. I'padix B Iiif Touli exctpemymy (puc. 3.58).
(bYHKHﬁy:x3 [IpoTe icHyOTh (PYHKIII, SKI B TOYKAX
EKCTPEMYMY HE MAIOTh TIOX1THUX.

=[]

Tak, Qynkuis ~ mac B Touri X =0 mimimym, ane He mac B

co . . .o . —3
il Touni moximuoi (puc. 3.59). e oxun npuxian. Oyukmis ¥ =3x
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nHequdepenmiiioana B Touni *=0 i He Mae B 1il ToUIi eKCTpEMyMY
(puc. 3.60).

- A

y=x|

"FH

o

Puc. 3.59. I'padik Gpynxuii ~ =[] Puc. 3.60. I'padix Gpynkmii
y=4x

Def. Touku, B AKUX TOXiJgHA JAOPIBHIOE HYIIO, HAa3WBAIOTh
cmayionapHumu. TOYKH, B SKUX TOXIJHA JOPIBHIOE HYIIO a00 HE
ICHy€, Ha3WBaIOTh Kpumuynumu. KpUTHYHI TOYKHM — 1€ TOYKH
MO>KJIUBOTO €KCTPEMYMY.

Bucnosoxk. Skimo QyHKIlSI Ma€ B TOYIll JIOKATHHUN €KCTPEMYM,
TO IIs1 TOYKA OOOB’SI3KOBO € KpUTHYHOIO. [IpoTe He BCsika KpUTUYHA
TOYKa € EKCTPEMATHHOIO.

Teopema 3.23 (nepwa Oocmamusi ymo8a  JIOKAILHOZO
eKcmpemymy).
X, _ xpurnuna Touka QyHKui / (x)’ JKa B I TOYIl

x,~08; x,+0) touxu Yo

Hexan
HEeTepepBHa, 1 HeXail ICHyE OKLJI ( , B SIKOMY

4
byHKLis Mae noxinny (x), KPiM, MOKJIUBO, TOUKH 0. Toxi:

1) sxmo B iHTEpBa (x, =83 x,) noximua '(x)>0, a B iHTEpBaJi
(x5 x, +6) noxinaa / '(x)<0, TO TOYKAa ~0 € TOYKOK JIOKAJIHLHOTO
maxcumymy dyuxuii / (x);

2) SKIIO B iHTEpBai (x, =83 x,) noximma 7 '(x)<0, a B iHTEpBaJi
(x5 x, +6) noxinaa / '(x)>0, TO TOYKA ~0 € TOYKOK JIOKAJIbHOTO
minimymy bynkuii/ (x);

(xo_é; xo) 1 (xo; x0+5)

3) sxmo B 000X iHTepBajIax moxXigHa

!
') Mae TOM caMMil 3HAK, TO TOYKA 0 HE € eKCTPEMAIILHOIO TOYKOIO

bynkuii 7 (x)

[HmMME clnoBaM|, SKIO MPH TEPEXOJl 3jiBa HAMpaBO depe3

4
KPUTHYHY TOUKy o 3HaK moxigHoi 7 () aminroerses 3 mmoca Ha
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X

MIHYC, TO ¢ — TOYKa JIOKAJLHOTO MaKCUMYyMY; SIKIIIO 3HAK IMOX1THOI

3MIHIOETBCS 3 MiHyCa Ha IUIIOC, TO Y0 — TOYKA JIOKAILHOIO MIHIMyMY;

AKINO TOXiHA HE 3MIiHIOC 3HAKY, TO B TOUL 0 EKCTPEMYMY HEMAE.
Hocmiaut (QyHKII0O HA EKCTpEeMyM O3Ha4a€ 3HAWTH BCl 1l
EKCTPEMYMH.
MNMpaBuno pocnigxeHHA (PyHKLUiT HA eKCTPpeMyM

{06 3HaNTH JIOKAIbHUHN eKcTpeMyM (DYHKITI Jlx , Tpeba:
1) 3HaWTH KPUTUYHI TOYKH (byHKui'l'f *). Jlng 1uporo ciif

pO3B’sI3aTU PIBHSIHHS f'x)=0 1 cepen Moro po3B’s3KiB BUOpaTH
TUTBKH T1 KOPEHI, SIKI € BHYTPIIIHIMH TOYKaMU 0OJIacTi 1CHYBaHHS
GbyHKIII1; 3HAWTH TOUKH, B IKUX MOX1HA HE ICHYE;

2) SKIO0 KPUTHYHI TOYKH €, TO Tpeba JOCTIAUTH 3HAK MOX1THOI B
KO)KHOMY 3 IHTEpBaIiB, Ha SKI pO3OMBAETHCS O0JACTh 1CHYBaHHS
[IUMH KPUTHYHUMH TOuKaMu. JIJIs 1bOTO JOCTATHbO BU3HAYUTH 3HAK
MOXiAHOI B SIKIM-HEOYJb OJHIM TOYIl 1HTEpPBAy, OCKUIbKH IOX1THA
MOK€E 3MIHUTH 3HAK JIUIIIE TIEPEXOATIN Yepe3 KPUTHUHY TOUKY;

!
3) 3a 3MIHOIO 3HAKa /') MIpHU TEePEXo/ll Yepe3 KPUTUUHI TOUKH
3]iBA HAMpPaBO BH3HAYUTH TOYKH MAKCUMYMIB Ta MIHIMyMIB 1

o0UHCIUTH 3HAYEHHS (PYHKITIT /() B IIMX TOYKAaX.
Teopema 3.24 (dpyea Oocmamhus ymoea  JIOKANbHO2O
eKcmpemymy ).

Hexaii *o — cranionapna Touka dyHkwii 7 (x), To6To / ,(xo):O, i

X

B OKOJII TOYKH “° ICHYE Jpyra HeIlepepBHA IOXIJHA, MNPHIOMY

" "
f"(x,)# 0. Sxmo (x0)>0, TO Y0 — TOYKA JIOKAJILHOIO MiHIMyMY;

(x,)<0

4
SAKITO f , TO Yo — TOYKaA JIOKAJIbHOI'O MAKCUMYMY.

"
Crpasmi, HexXau 11 BU3HAYECHOCTI f"(x,)> 0 Ockinbku

£ )= tim LA 0) e o, £ A
= Ax w0 Ax ,
f ’(xo + Ax) -0
TO Ax B JIOCTATHBO MAaJOMy OKOJi TOYKH o,
npuaoMmy axkmo Ax<0 o f,(xo+Ax)>O; akmo  Ax>0 1o

f'(x0 +Ax)<0.
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OrmKe, IPHU MEPEXOIi Uepe3 TOUKY o mepiua MOXiJHa 3MiHIO€

3HaK 3 MiHyca Ha Imnoc. Lle o3Hawae, mo *o — TOYKa JIOKAJILHOIO

MIHIMYMY.
Teopema 3.25 (mpems oOocmammus ymosa JIOKAIbHO2O
eKcmpemymy).

Hexaii B oOKoJli cranioHapHOi TOYKM *o iCHye HemepepBHa

HOXiI[Ha f(n)(x)’ PpUIOMY f(”)(xo);t()’ a f,(xo):f”(xo):“':f(nil)(xo)zo
Tomi

. £ . .
1) sikmmo # — napre i / (x,)< 0 1o dynxuis / (%) mae B Touri o
JIOKAJTbHUN MAKCUMYM;

0

. £ . .
2) sk # — napHe i / (x,)> , To dynkuist / (%) mae B Touri o

JIOKaJTbHUM MIHIMYM;
3) 5K # — Hemapue, To QpyHKuis / (x) 5 TOYLi 0 JIOKAJILHOIO
eKCTPEMYMY HE Mae.

Byumocsi docnidxyeamu ¢hyHKUiO Ha
JIOKasibHUl eKcmpeMym

3.104. 3HaiiaiTh TOKAJIbHI €KCTpEMyMHU (PYHKITIT
fx)=x-x"[5
00, 00

Posze’azanna. OO0Onacte BU3HAUEHHS (_ ’ ) 3HanIeEMO
KPUTHYHI TOYKH:
f'x)=1-x"  f'(x)=0 <:>(1+x)(1—x)(1+x2)=0<:>x:i1.

Omxe, Touku X ==*l - kpurruni (cTamionapHi) TOUYKH.

£ W ] BuszHaunMo 3HaKu MOX1JHOI HA

1HTEepBajIax 3HAKOCTAIOCT1
N 1 SN dynxuii (puc. 3.61). Sk BuAHO
Puc. 3.61. 3Haku MOXIAHOI HA 3 ppcyHky, Ha iHTepBaiax

IHTEpBaJIaX 3HAKOCTAJI0CTI (— oo _1)’ (I; o) yHKITIA
criajzae, a Ha iHTepBai (=11) .
3pocTae.

3a Teopemoro 3.22 poOMMO BHMCHOBOK, moX=-l - Ttouka

JOKAJIbHOTO MIHIMyMYy, X= . Touka JOKAIBLHOTO MaKCUMYMY,
npugomy Ve =V(D)==4/5 3, =y(1)=4/5
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2
AV x

. . L Sx)=
3.105. 3HaiaiTh JOKaIbHI EKCTPEMYMU (QYHKIIIT xX+2,

Poszé’szanns. OOMacTh  BH3HAYECHHS. (-oos —2)u (-2 OO).
3HalIeMO KPUTHUYHI TOYKU:

2 -1/ /
gx : 3(x+2)—x2 } _2x71/3(x+2)_3x2/3 _

(x+2)  3(x+2)
_ 2x+4-3x _ x—4
Cax(x+2) Wx(x+2)
Pipnsuns '(x): 0 Mae equHUM Kopinb X =4, [ToxinHa He icHye B
toukax X=-2i x=0_ JIpu mpomy B Toumi X=-2 (yHKIis
HeBU3HAueHa, a B Touli ¥ =0 - BusHauena.

Fl): W Bu3Haunmo 3HaKM MOXiAHOI Ha
1 3HAKOCTAJIOCTI

f(x)=

IHTCpBaJIax
flx): 2 \\" 4
NN bynkii (puc.3.62).
PI/IC 362 3HaKH HOXII[HOI Ha Hepexoﬂﬂqn qepeg TOLIKy x=0
IHTCpBAJIaX 3HAKOCTAJIOCT1 (3HiBa Ha HpaBO), HOXiI[Ha

3MIHIO€ 3HaK 3 MiHyca Ha ILIIOC.
ToOTo Ha iHTEpBai (-2 0) dbyHKINSA criagae, a Ha IHTEpBai

(0;4) _ 3pocrac. BpaxoByroun, mo X=0 ¢ynkuis HenepepsHa,
JOXOAUMO BHCHOBKY, mo *=0 - Touka IOKaIbHOrO MiHIMyMYy.
AHaJOriuHO IEpeKoHyeMocs, MmO *=4 - Touka JIOKaJILHOIO
MakcuMyMy. BigmiTumo, 10 Touka X =—2 He € KPUTUUHOIO TOUKOIO (Y
11i TOYIll (PYHKITIS HEBU3HAUCHA).

1o V=3x"+4x" —12x" +2

3.106. Jocmiaite GyHKIT Ha EKCTPEMYM.

Po36 ’si3anns. O01acTh BU3HAUCHHS (= o0; OO). [ToximHa 3amaHoi
r_ 3 _ 2 _ . ] _
byuxuii ¥ =12¥ 12X =24% P g3yemo pisnstans (x)=0.
122" —12x° =24x=0, 12x{x’ ~x-2)=0,
=-1 x=0"x=2_ CTallilOHapHI TOYKHU.

"_ 2 _ 2
Jlpyra moxigHa Y =30% —24x-24= 12(3x* ~2x - 2). Buznaunmo

snak ¥y cTaIioHAPHUX TOUKAX:
y'(=1)=123+2-2)=36>0 »"(0)=-24<0 »"(2)=72>0
b b °
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-1 2

3 Teopemu 3.24 BUILUIMBAE BUCHOBOK, 10 ¥ ~ ' 1a 3 = - TOYKa

JIOKAJILHOIO MiHiMyMy, a 2 = 0" rouka nokanbHOrO MaKCUMYMY.
N.P. 3BUYaiiHO NOCTAaTHI YMOBH €KCTPEMyMy MOXKHa Oylo O
3’gCyBaTH 1 3a Teopemoro 3.23.
3.107. Jocniantn Ha ekcTpeMyM y Touni X =0 Qynkiro
f(x)=sin’ x - x’ +1
Poseé’si3anns. 3actocyemo teopemy 3.24. Maemo
f'(x)=sin2x-2x  £'(0)=0.
f"(x)=2cos2x-2  f"(0)=0.
f"(x)=-4sin2x  f"(0)=0.
S(x)=-8cos2x  f(0)=-8<0

Omxe 3agana Gynkiis Mae B Touni X =0 nokansamii MakcuMyM.

HeobxiOHi 3HaHHSs1 Npo Halibinbwe ma
HaUuMeHwe 3Ha4YeHHs1 PYHKUiT

He cnmig tutyratd JIOKaIbHUH MakCUMyM (MIHIMyM) 3
HaWOLTBIIUM (HAaWMEHIINM) 3HAaYeHHSAM (DYHKIIIT, SKOTO BOHA JIOCATAE
Ha BIAPI3Ky. JIOKAIBbHMX MaKCUMyMIB 1 MIHIMYMIB (YHKIIS MOXe
MaTH KiJbKa, TOMI SK HAWOLIbINE 3HAUYCHHS (MOro Ie Ha3HWBAIOTh
a0COTIOTHUM MaKCHMYMOM), SKIIO BOHO icHye, eaumHe. lle came
CTOCYETBbCS 1 HaWMEHIIOro 3HayeHHs (abCOMOTHOTO MIHIMYMY)
(byHKITII.

[1{06 3HaiiTy HailGibIIe i HaiiMeHIIe 3HaYeHHs QyHKuii ¥ =/ (x)
Ha IPOMIXKKY s & ], OTPiOHO:

!

1) 3HaliTH MOXigHY ') 1 BU3HAYUTH KPUTHYHI TOYKH JAHOI
dyHKwii;

2) 00UHMCITUTH 3HaYeHHS (PYHKINT B TUX KPUTHYHUX TOYKAX, IIIO
HAJIEXKATh IHTEPBAILY (a b ), a TAKOXK y TOUKax 4 i b;

3) cepen onepKaHUX 3HAYEHb BUOPATH HAMO1IbIIE 1 HAWMEHIIIE.
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Buyumocs docnidxyeamu ¢hyHKUirO Ha
Haubinbwe ma HaliMeHuwe 3Ha4YeHHs

3.108. 3HaiiaiTh HaWOUIBIIE Ta HaWiMEHIEe 3HA4YeHHS (YHKIIT
— 2 . . .
y=x"Inx ya ginpizky [ e],
Po36’sa3anna. 3naiineMo moxiaHy
y' =2xInx+x=x(2lnx+1)

Ockinbky (QyHKLis BusHayeHa mpu X >0 10 KpUTUUHY TOUKY

s _ 1
xX=e = ——
3HaxoauMo 3 yMoBu 2Inx+1=0_ spinkum mictaemo Je | L

TOYKAa HE HAJEKUTh IPOMIKKY [ e]. Tomy 3rimo 3 1m. 6.3
0o0UYHCITIOEMO JIMIIIEe 3HAYeHHs (YHKIII Ha KIHIAX BiApizka. Maemo:
W)=0_ sfe)=¢".

ax f(x)= f(e)=¢’ minf(x)=f(1)=0

m
OT)KC, xell; e] xell; e]

3.109. 3HaiiaiTh HaWOUIBIIE Ta HaliMEHIEe 3HA4YeHHS (YHKII

)= x+1
x* +1 ga BigpisKy 0: 3],
Po36’sa3anna. 3naliieMo KpUTUYHI TOYKHU:
,_x2 +1—2x(x+1)_—x2 —2x+1
(x2 + 1)2 (x2 + 1)2
—x'=2x+1=0, X =—1—«/5, x,==1+~2
Touka % =71 -2 HE HAJICKUTHh MPOMIKKY [O' 3]. O6umncIMMO
1+4/2
x,)=fl=1+42)= f
3HAYEHHS fe) f( ) 2 f( )= L e ) 5 . OTxe,

max £(5)= 7(-12)- ”f m[g]ﬂx):f(s):g.
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| HeobxiOHi 3HaHHs1 Npo onykricme i
: 82Hymicme Kpueux ma mo4ku rnepe2uHy

Def. Kpusy ~ = /() HA3UBAIOTh ONYKJIOK HA THTEPBAII (a: b),

JOTUYHOI Ha IIbOMY 1HTepBal (puc. 3.63).

Def. Kpupy ¥ = /() HA3UBAIOTh 62HYMO Ha THTEPBAI (a: b),

JOTUYHOI Ha IbOMY 1HTepBai (puc. 3.64).
Def. Toukolo nepecuny Ha3UBaIOTh TaKy TOUYKY KPHUBOi, sKa
BIIIUISIE T OMYKJTy YaCTHUHY BijJ BrHYTOI (pHC. 3.65).

~
v
M
| |
| |
| |
| |
|
. |
A |
Y
]
a

I |
! |
! |
4] a K i’

l
|
| x
M

|

|

|

|

|
. |
| r
P o« b

0
Puc. 3.63. Puc. 3.64. Puc. 3.65. I'padix
I'pacdix omykitof ['padik BrayToi KPHUBOI 3 TOUKOIO
KPHBO] KPHUBOI1 IIEPErUHY

Jlns nocnimkenns rpadika GyHKINT Ha OMYKJIICTh Ta BTHYTICTh
3aCTOCOBYIOTH APYTY MOXIAHY (PYHKIIII.

Teopema 3.26. Hexaii ¢ynxuin 7=/ () ¢ nBiui
nudepeHIiiioBaHOI0 Ha (a: b)), Toni

1) sxmo f”(x)<0) xe(a b), o rpadik QyHKLii y=rf)
ONYKJIU Ha (a5 b );

2) AKII0 f”(x)>0) xe(a b), TO KpHBa y=rf) BTHYTA Ha (a b)

Hoseoenns. Tlo3HaunMo JOBLIBHY OpAMHATY KPHBOI uepe3 V', a
notuaHoi yepe3 ¥ (puc. 3.66).
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¥ PiBHSHHA JOTHYHOI 10 KPHUBOI Y
Touri notnky M (03 %) mae BUTJISLT

Y= f(x)+ £ N —x,)

3amumemo popmyiy Teiimopa
v= ps) £+ LDy

7€ TOYKa € JISKUTHh MIK TOYKAMH X

i %. 3Bincu micraemo
Puc. 3.66. I'eomerpuune f”(c)( y
—x—x,

TIyMa4eHHS TEOPEMHU y-Y=

. " . .
Hexaii na inrepBaii (a3 ) f"(x)<0 Tomi mns JOBIIBLHOIO
xe(a b), X#X, gukonyerses Hepisricts ¥ Y <0, e osnauae, mo

xpusa ¥ =/ (*) 4a iHTEpBaNi (a5 b) OIYyKJIA.

"
AHAJIOTTYHO JOBOASATH TEOPEMY ISl BUTIAAKY f(x)> 0
3 TeopeMH BUIUIMBAE, IO B TOYIl TMEpPEruHy Apyra MOXiJaHa
JOPIBHIOE HYJIIO, SIKIIO BOHA iICHY€E. OHAK TOUYKaMU MEPETUHY KPUBOT

y=rf&) MOKYTb GyTH TAKOXK i TOUKH, B SKMX Apyra roxigxa / (*) e
. e = 3
icHye, HanpuKiaz, Touka * =0 kpusoi / (x)=¥x (puc. 3.60).

Touku, B sKuX Apyra moxigHa S JIOPIBHIOE HYIIO a0o0 HE
ICHy€, Ha3WBalOTh KPUTHYHHUMH TOYKAMH JPYroro poay QyHKIi

y=r) Omxke, akmo Yo — abcupca TOYKM IEPETMHY, TO 0 €
KPUTHYHOIO TOYKOIO JIpyroro poxay 1iei ¢ynkiii. OO6epHeHe
TBEPHKCHHS HETPaBUIIbHE.

CdopmymnroeMo 10ocTaTHI YMOBH 1ICHYBaHHS TOUKH TEPETHHY.

Teopema 3.27. Hexaii * — xpuruuna TOYka APYroro pomay
bynxuii (x) SIKIO TMepexoasyu 4epe3 TOYKy o apyra IoximHa
/") amimoe 3HAK, TO TOYKA (0 /() ¢ Touxoro HEPErHHY KPHUBOI

f(x).
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Byumocs docnidxkyeamu Kpuei Ha onykricmab
i B2Hymicmb ma moy4ku nepe2uHy

3.110. 3nHaiiaiTh 1HTEpBadX OIMYKIOCTI 1 BTHYTOCTI Ta TOYKH
[IEPErMHY KPUBOI1
flx)=3x" —4x" +1

Po36 ’s13aHHA. 3HAXOIMMO TIOX1JIHI
flx)=12x" —12x°
9

f"(x)=36x" —24x= 36x(x - %)

2 2

, 36x(x——j=0 x. ==
P03B’S13yeMO piBHSAHHS / (x):O, 3 , n=0," 3
KPUTUYHI TOYKH JIPYyroro poay. BuzHaumMo 3HAK JIpyroi MOXiJHOI:

sxkmo *<0, 1o J (x)>0 KpUBa BTHYTa; SIKIIO xe(0;2/3)

f"x)<0 _ KpHMBa ONYKJIA; SKIIO >2/ 3 10 / "(x)>0 _ KpHBa BrHYTA.

2
X, =—
IIpu mepexom uepes Toukn =0 i~ 3 npyra moxigHa 3miHioe

3HaK. 3BIJACH BUILJIMBAE, 10 TOYKHU (0; /(0)) Ta (2/3: 7(2/3 )), TOOTO
(0:1) 15 (2/35 11/ 27) ¢ rouxamu nepernty kpugoi / (x)

~ HeobxioHi 3HaHHSs1 Npo
: acuMnmomu Kpueoi

Def. Acumnmomoro KpuBoi = f(x) Ha3WUBaIOTh MIPSAMY, JI0 SKOi
HEOOMEXKEHO HAOJMKAETHCS TOYKAa KPUBOI NP HEOOMEKEHOMY
BiJIIaJIeHH]1 1i BiJI MOYAaTKy KOOpJAWHAT. ICHye TpW THIIM aCHUMIITOT:
8ePMUKAIIbHI, NOXUJIL TA 20PU3OHMATIBHI.

x=c

| [Ipsma X=¢ - gepmukanbHa aCUMIITOTA
|
| (puc. 3.67), sxiio
| . . 2
/ :

' 5 lim f(x) = +o0 lim f(x)= o0

a60 x—>c—0
Puc. 3.67. IIpsama X =¢C -
8epMUKaIbHA ACUMIITOTA
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- Mpsma  V=kx+b €  NOXUI0IO
g T acumnToToro  (puc.  3.68),  gKIIO
\JT’ e ICHYIOTh CKIHUE€HHI TPaHHIII
? S T YAC
Puc. 368. [lpsima Y =kx+b ™" X ; Ae (k=0) Ta
TIOXHMJIa ACUMITOTA lim(/(x)—kx)=b _
3Haiinemo Bupasu g K i b, Hexaii
M(x ) _ JIOBIIGHA TOYKA KPHBOi
y=r(x)
BukopucrtoByroun ¢opmymny (2.11), 3anuimemMo BiJICTaHb BiJl
wi€i Touxy 10 npsimoi Y =KX+ b,
g ‘ kx—y+ b‘

k*+1
3a ymosoro 4—0, xomu Touxka M (5 ) Bimansersca y

HECKIHYEHHICTH (X = ). 3BIJICH BUILIMBAE, 110
lim(kx—y+b)=0
m(kx=y+6)=0 (3.22)

a6o kx—y+b=alx) pe alx)>0 womu x—>w. Posginumo oGuasi

yacTuHM piBHOCcTi Y =h X+ —alx) ya x HeperIeMo 10 TPaHuIl pH
X —> 00 qiCTAaHEMO:
hm1=m4}+9—39n=k

X—>00 X X—>00 X X
5

é—>0 @—m

OCKUJIBKH X , X , Ko X — % OTKe,
= tim L)
X (3.23)
Toni 3 (3.22) BuniuBae, 1o
b=l —k
fim(y - kx) (3.24)
N.P.

1. Y dpopmyna (3.23), (3.24) moTpiOHO PO3MISAATH BUIIAAKU SIK
.X'—)+OO’ TaKi X —>—0

2. Slxmo oxna 3 rpanmin (3.23) abo (3.24) He icCHYye, TO MOXHIIA
aCHMIITOTa HE ICHYE.
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3. Topusonmansioro acumnToToro rpadika dynxuii ¥ =/ (x) pu
X =+ gasparote mpamy ¥ =2 (puc. 3.69), komm

lim £ (x)=b{lim £ (x)= b).

X—>+00

3po3yMiio, MO TOpHU30HTAJIbHA
aCUMIITOTa € OKPEMHM BHIIAJIKOM

MOXHJIOI aCUMIITOTH (k = 0).

o
»
P

Puc. 3.69. I'opuzoHTanbHa
acummrora ¥ =

Byumocs 3Haxolumu acuMnmomu Kpueoi

x3

. YT
3.111. 3HalIITh AaCUMIITOTH KPUBOT x =4,
Po36’s3anns. PIBHSHHS MOXWJI01 aCUMITTOTH ITYKAEMO Y BUTJISII

y=kx+b 33 popmynamu (3.23), (3.24) nicraemo:
/() X !

k:Iim—:limx( T ):lim =1

X—>0 x X—>0 X—>0 4

3 3.3
bzygg(f(x)—kx):gg( = 4—x)=1imL;4x: im 4"4:0.

Omxe, Y =% - piBHsgHHA moxuiaoi acuMmnrotd. Jlami, OCKIIbKH
3

X
x| x-4 —12
byHKITIS X —% B TOUKax X =<4 mMa€e po3puB Apyroro poay, To
npsaMi X =—2 ta ¥=2 - BepTUKaIbHi aCUMITOTH 3a1aH0i KPUBOI.
3
(lim = oo)
['opr30oHTaNBbHUX ACUMIITOT KPUBA HE Ma€ T :
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Heob6xiOHi 3HaHHS1 PO
3az2asibHy cxemy Q0CI1iOKeHHS1 PYHKUiT
ma nobyadoey ii epachika

[Io6 nocmiautu ¢yHKIi0O Ta moOyayBaTu ii rpadik, Tpeba
BUKOHATH TaKi Mdii:

1) 3HaliTH 00J1aCTh ICHYBaHHS (PYHKITIT;

2) 3HAWTH (AKIIO II€ MOXKJIMBO) TOYKH IMEPETHHY rpadika 3
OCSIMH KOOPJWHAT;

3) nmocmauth (PYHKIIIO HA MEPIOJAUYHICTh, MAPHICTH 1
HETMAapHICTh. 3ayBakKUMO, 110 Tpadik mapHOoi (QYyHKIT CUMETPUIHUN
BIJIHOCHO OCi opjauHat, a Tpadik HemapHOi (PYHKIII — BIIHOCHO
MOYaTKy KOOPAUHAT;

4) 3HANTU TOYKU PO3PUBY Ta BCTAHOBUTH 1X XapaAKTEP;

5) 3a mepmior IOXITHOK 3HAWTH I1HTEPBAIM MOHOTOHHOCTI,
TOYKHU JIOKAJIbHUX €KCTPEMYMIB Ta 3HAYCHHS (DYHKIIIT B IINX TOYKAX;

6) 3a JOpyror MOXIAHOK 3HAWTH I1HTEPBAJIM OMIYKJIOCTI,
BTHYTOCTI Ta TOUKH MIEPETUHY;

7) 3HaTH ACUMITOTH KPHUBOI;

8) HOCHIIUTH TOBEMIHKY (PYHKII B HECKIHYEHHO BIIAICHUX
TOYKaX;

9) obumciuTH, AKIO HEOOXIAHO, 3HAYCHHS (DYHKINT B KUIBKOX
KOHTPOJIbHUX TOYKAX;

10) mobynyBatu Tpadik PyHKINI 3 ypaxyBaHHSIM pe3yjIbTaTiB
MOTepPEeHIX MyHKTIB.

Byumocs docnidxyeamu ¢hyHKUir0 ma
6ydyeamu ii epacghik

Cxt+1

.. .Y N :
3.112. JlocmiaiTe QyHKIIIIO x—1 rta moOynyiire ii rpadik.
Poss’azanna. 1) O0nacTh BUBHaAUEHHS — BCSl YUCJIOBA MpsAMa, 3a

BUHATKOM Touku * =1, 10610 © (¥)=(=o0: U (l; o)
2) Ipadik pyuxuii »=/ (x) IIEPETHHAE BiCh OPIUHAT (SKIIO II€
MOKJIMBO) B TOYILI (0; 1(0), y HALIOMY BUIAAKy (O):_l, OTIXKE,
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A(0; -1) TOYKa MEPETUHY KPHUBOI 3 BICCIO Oy [I{o6 3HAWTHU TOYKHU

nepertuny rpadika 3 Biccro OX, morpibHO po3B’sA3aTH PIBHAHHSA =0
x*+1 0

to0ro *—1 | Ile piBHAHHS He Mae NIHCHUX KOPEHIB, TOMY (DYHKIIis
HE TIepeTHUHAE BiCh aOCITHC.

3) ®ynkIis HenepiognyHa. Po3risHemo Bupas

Flex)= (cx)+1_ x*+1
-x-1  —-x-1

oTxe, | (x)=f(x) § S=x)=—1(x) Ile o3Hauac, 1m0 JaHa QYHKIA HE
€ Hl ITApHOI0, HI HEIMAPHOI0, TOOTO € (PYHKITIEIO 3araIbHOTO BUTJISTY.

4) dynknisg B Touni * =1 mae pospus mpyroro poxy, nmpuaomy

o oxt+1 . ox 1

Iim = —0 lim = +00 . . :
-0 3 — ] ; e | . B yC1X IHIOHMX TOYKax (I)YHKLIIH
HernepepBHa.

5) 3HaxoauMO MOXITHY
L 2)(()(—1)—()(2 +1)_ x*=2x-1
S Y o
i poss’s3yemo piBusrHs ¥ =0, aGo ¥’ —2x-1=0 3igku micraemo
x =1-+2 Ta

x, =142, Kpim Toro, moximHa

HeBM3HaueHa npu X=1. Omxe, © :1_*/5, x, =1+ */5, x, =1
Kpumu4Hi mouku, ado TOYKH MOKIMBOTO €KCTPEMyMY JaHOi ()YHKITII.
[{i Toukum pO30MBAIOTH YHCIOBY IMpPsSMY Ha YOTHPU IHTEpBAIU

(oo 1-+2) (1=v2;1) (5 1+42) (14425 )

4
iHTepBaiB moxigHa ¥ Mae NEBHUH 3HAK, SKMH MOXKHA BCTAHOBUTH 34
MeToJaM 1HTepBaliB a00 OOYMCIICHHS 3HAY€Hb MOXITHOI B OKPEMHUX
Toykax (0 OJHIA Todmi 3 KOXKHOrO iHTepBanmy). Ha iHTepBamax

(— o0; 1—«/5) Ta (1+«/§; 00) MIOXiHA JToJaTHA, OTXKe, (PYHKIIiS 3POCTaE;

o xell=v2;1)u (i 1++2)

noxiiHa Big'emHa. Ilpum mepexoml uyepe3 TOUYKY
B1IOyBa€ThCs 371iBa HAMpaBO) MOXiJHA 3MIHIOE 3HAaK 3 IIOCAa Ha
MIHYC, OTXKE, B I[Id TOYIll (PYHKITIS Ma€ JTJOKaNbHUNM MakcuMyM. Toi

V. :y(l—\/i)=£ll__—://_2§2_L+11=2—2\/§.

CTalllOHApPHI TOYKHU

Ha xkoxHOMy 3 mux

dbyHKIsA crmamae, 00 Ha IUX 1HTEpBAIAX
x =1- V2 (pyx

HJ1
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IIpu mepexomi depes TOUKY 2 =1+42 MOX1/Ha 3MIHIOE 3HAK 3
MiHyca Ha IUIIOC, OT)KE, B Il TOYIl ICHYE JIOKaJbHUA MIHIMYM,

IIpUiIOM
’ ’ . (1 \/5)_!14-\/5!24-1_ \/—
ymin_y + - 1+ﬁ_1 _2+2 2

Touka X=1 me € Toukorw excrpemymy (B Liii Touwi (yHKIis
HEBU3HAYCHA).
6) 3HalaeMo ApyTy MOXiaHY

, (X =2x-1) (@x-2)x-1) (x> —2x-1)-2(x-1) 4
g ( (—1) ] (1) R

Ha iaTepBami , OTXKe, Ha IIbOMY 1HTEpBaJIl KpHBa

(—o0; 1) »"<0

OIYKJIA; SKIIO xe(l OO), to V" >0 _ xpusa Brayra. V tounmi *=1 -
BEepPTUKAIbHA aCUMIITOTa KPUBOI.

7) I3 pesynbraris 1.4 BUIIIMBAc, mo npsama X =1 - peprukanbHa
ACUMIITOTA KPUBOI.

OcK1IbKH

TO TOPU30HTAILHUX aCUMIOTOT HeMae. OOUHNCIMMO TPaHMIT

2 2
Xty X—>+o0 xz - X , Xm0y X—>—00 _xz —X
2
bzlim(f(x)—kx):lim(x +1—x]zlimx—+1:1.
k :1 x—>+o0 x—>+o0 x_l x—)ioox_l

Takum umboM, mpsima Y =x+1_ poxuma acummTora maHOl
KpUBOI. [HIINX aCUMIITOT HEMAE.

8) O0uncmMMO AOJAaTKOBO (X04a II€ 30BCIM HEOOOB'SI3KOBO)
KiJbKa 3Ha4eHb (QYHKI{l: » (3)=5 , Y (_1):_1. OTXe, TOYKHU B(3; 5),
C-1 ~yanescars rpadiky.

9) [lincymoByIouM MPOBENEHI AOCTIKEHHS, OyayeMo Tpadik
(puc. 3.70).
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| o

|\//

I =
2422 [ S r=xtl

- ¥

x*+1
y =
Puc. 3.70. I'padix ¢pynkmii x—1

. . . —_— 3 — 2 (V] sese

3.113. [ocmigite ¢yHKIio » = VX' =2x g noOymyiTe Ti
rpadik.

Po3zs'sazanns. 1) O61acTh BUBHAUEHHS — BCSl UMCJIOBA MpsMa,
10610 P1)=(=; ).

2) TOUKH mepeThHy 3 OCsMH KoopauHar: skumo X=0, to V=0,
sxmo ¥ =0, to ¥=0 ago ¥=2. Omxe, KpHBa MPOXOJUTh Yepe3 TOUKHU
(0;0); (2 0),

3) OyHKIIiA HI TapHAa, HI HEeTapHa.

4) Touok po3puBY 1 BEpTUKAIHHUX ACUMIITOT HE ICHYE.
, 1 3x"—4x x(x—-4/3)

5) 3HaiieMo MOXigHY 3 3\/()8 -22°f V(e -2y ; KpUTHYHI
Toukn - X=0; 4/3 ; 2. II1 Toukn po30MBaIOTh YHCIOBY MpSMYy Ha
4OTUPH iHTepBaJII/I(_ % O), (0; 4/ 3), (4/3; 2), (2 %) Ha KOXKHOMY 3
nUX idTepBayiB moximma Y 'Mae IIEBHUM 3HAK, a caMme:. SKIIO
x e (=00 O), 1o V>0 dymkmis spocrae; o™ € (0 4/3), 10 V' <0__

. . ' .
(GYyHKLIS crmagae  AKIIO xe(4/3; 2)0 (2 OO), 0 V>0 _ GyHKIis
3pocrae. Ilepexomsaun yepes Touky *=0, moximna 3MiHIOE 3HaK 3
Ioca Ha MiHyc, omke, ¥*=0 ¢ TOYKOI MakCcUMyMy, NPHUOMY
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Y sax :J’(O):O. Ilepexonsiun 4epe3 TOUKY x=4/3 , TIOX1JIHa 3MIHIOE

3HAK 3 MiHyca Ha IUTI0C, OT)KE, B ITil TOUIIl ICHYE MIHIMYM:

ymm=y(4/3):V(4/3)2(4/3—2)=—VW=—2'jZ

ITepexonsuu 4Yepe3 TOUKYy X=2, moximHa He 3MIiHIOC 3HAKYy,
OTXKeE, 1151 TOYKa HE € TOUKOIO EKCTPEMYMY.
6) 3HaliieMo Apyry MOXiaHY

~—1,1.

!

V= x(x—4/3) _ x—4/3 _
Yxt(x-2) Yx(x - 2)
2
3 x(x_2)2 _(x_4/3)(x—2) +x2(x—2)
3.3x*(x—2)
Yx’(x-2)
_9x(x-2) —(Bx-4)x-2)3x-2) _ 8 (x-2)
9.3x*(x-2) 93x*(x-2) '

Jpyra moxigaa He icuye y Toukax X¥=0 ta ¥=2_ Omke, TOuKH
x=0; 2 — KPUTWYHI TOYKH APYrOro pomay. PO3IIsHEMO NPOMIKKH
(= O), (0:2) § (2 ) Ha inTepBamax (=0 0) § (05 2) »">0 _ KpHBa
xe(2; o) "<0

BIrHYTA; SIKIIO , TO ¥ - KpuBa OmykJjia. Toyka neperuny

Mac KOOPJUHATH (2, 0)
7) 3HailIeMO TOXWITY aCUMIITOTY:
k= hmM — hmM =

X—>00 x X—>00 x

1

b =lim(/(x) - kx)=limR/x" 22" —x)=
: x'=2x* X’
=lim

mewLx-mntxz )

y=x-2/3

Orxe, npsima - IOXWJIA aCUMITOTa JAHOI KPHUBOI.
[HIIMX acUMOTOT HEMAE.
8)BpaxoByrouu mpoBeaeHI JOCHTIIKEeHHS, Oy 1yemMo Tpadik gaHoi

bynkmii (puc. 3.71).
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‘VH

Hocnidxxyemo ma 6ydyemo epaghiku
¢yHKuiu 3a donomoeoro N3 Mathcad,
Maple, Mathematica

lMpouyedypa JocnidxeHHss ma nobydoeu epadpika
¢pYHKUiU 3a ornnomMo20+r0 8idnoeidHUX ripasurnl.

3.114. SIlxumu moBUHHI OyTH NOBXHMHa TBipHOi | #1 miamerp d
THUINA ITAIIHAPAYHOI €MHOCTI, MO0 MmpH 3agaHoMmy ii 00’emi V
3arajlbHa JIOBXXKMHA 3BapeHUX IIBIB BHSABHJIACS MIHIMAJIBHOIO?
VYpaxyBaTu, 1110 3BaploBaTH MPUXOAUTHCS Kpai CTAJICBOrO JUCTA, IO
3ITHYTO B MWIHAP MO TBIPHIM, a MICAA A0 OTPUMaHOI TpyOHu
MIPUBAPIOBATH JHUIIIA.

Posg¢’szanns.

Kpox 1. Y mno3HaYeHHSX, MO0 HAMHW MPUUHATO, 3arajibHa

noBxkuHa L 3BapCHMX IIBIB BHPAXKAETHCA CITIBBIIHOIICHHIM
L=I1+2nd

Kpox 2. MHoXHHA TPUIYCTUMUX PO3B'S3KIB  3aBJAHHS
BM3HAYA€ThCsl cucreMoro oomexenp >0 4>0 11 ymoBu HaknazeHi
Ha KOXKHY 13 IIYKaHUX 3MIHHUX, TOMY IIIO 1€ BUMIpH Tija.

Kpox 3. 3naiinemo yMoBY, 110 3B’si3y€ 3MIHHI OJ[HY 3 OJIHOIO.
Skmo emHICTh HUMHAPHIHOI ¢GopMHu, TO 3a (GopMyIor 00’emy

5 ] r:i V_ir-dz-l
V=p-r Ta 2 . Omxe 4

IATIHAPA MAEMO
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Kpoxk 3. Bupazumo 3 ocTaHHbOI YMOBH 3MiHHY [ 4epe3 d , OTKe

4.V

/= 5
p-d

. [ligcTaBuMO Ti 3HAYEHHS y crmiBBigHOMEHHS L = [ + 2nd

Kpox 4. Opepxumo (GyHKIIOHAIbHY 3aJCKHICTh 3arajibHO1
JOBXXUHU 3BApEHUX IIIBIB BIJ JAlaMeTpa THUIIA MIPU 3aJaHOMY 00’ €Mi
€MHOCTI:

4v

wid?

L= +27d.

Kpoxk 5. 3mnaiinemo MiHiMyM (DyHKIIIT, III0O OTpUMaHa, 3a IPyroko
JOCTaTHBbOIO YMOBOIO JIOKAJIbHOTO EKCTPEMYMY.

Hexaii *o — cranionapna Touka dyHkii (x), To6To / ,(xo):O, i

X

B OKOJl TOYKH °° ICHY€ Jpyra HelmepepBHa IOXiJHA, MPUUOMY

" "
f"x,)# 0. Sxmo (x0)>0, T0 Y0 — TOYKA JIOKAJILHOIO MiHIMyMY;

(x,)<0

4
SAKITO f , TO Yo — TOYKa JIOKAJIbHOI'O MAKCUMYMY.

Kpox 6. lTloximHa ¢yHKIII BHU3HAYAEThCSA 3a IIpaBUIAMU
!

!

(+v) =u'+V' (x) =nx"" Omxe

8-V

3

L =- +2r

mw-d

3
ko L' =9, 1o d =V4/7" ye xpurnuHa TOUKA.

Kpox 7. Jpyra moximHa (yHKII BH3HAYAETHCA 3a THUMH XK

L// _ 24 ° V
- 4 /_
HpaBUIaMy, 110 ¥ Iepiia pd” (Qr) =0
L// _ 24V > O
- 4 [ 2
Kpox 8. Sxmo pd , TO KpUTU4YHA To4ka d =N/’ ¢

TOYKOIO0 MIHIMyMY (DYHKIII1.

Kpok 9. IlinctaBumo oTpuMmaHe 3HaueHHS d y BUpa3 JTOBKHUHU
oAV
. w .2 . . ... .
tBipHOi P ¢ . JloBkMHA TBipHOI y TOWI MiHIMyMy JopiBHIOE | =

NanV

Kpox 10. TlopiBHsieMo 3Ha4ueHH: [ Ta d (3HANIEMO BITHOIICHHS
ix BHpaziB). baunmo, 110 3arajibHa JTOBXXKMHA 3BapEHUX IIBIB Oyje
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MIHIMAJILHOIO TIPH [ =nd , TOOTO KOIM JIOBkHMHA TBipHOI y /U pasis

OimbIIe AlaMeTPy JHHUIIA.

lMpouyedypa ob4ucrneHHs1 nepwoi i Apya0oi MoxiOHuUx
YHKUii ma 3HaxOO0XeHHSsI KPpuMu4YHUX MOYOK 3a
dornomMo20r0 8i0noe8iOHUX npaeusi Moxe 6ymu 3aMiHeHa
npouedypom 3acmocyeaHHs 13 Mathcad.

«Hae4yaemo» ceili kKomn’romep 3Hax0O0XeHHI0
Kpumu4HuUx mo4oKk 3a donomozor [113
Mathcad.

1. Bigkputu Bikao I1113 Mathcad.

2. 3a pgomomororo ommii Buo - Illanem uncmpymenmos —
Kanvkynamop BUHECTH Ha MaHeTb IHCTPYMEHTIB BKJIAJIKY.
4V
. L= ~+2r-x
3. BBectn BUpa3 OJis1 AOCIIIKCHHS (byHKuu T-X , H1CId

4oro  BUOKPEMHUTH  3MIHHY X, 3a  SKOW  BigOyBaeThcs
nudepeHITitoBaHHA.

4. 3a gomomororo omitii Cumeonuxa-lIlepmennas-/ugpgdpenyuposamo
OTpUMAaTH BHpa3 MEPIIoi MOX1AHOI (PYHKITII.

5. Buokpemutu 3MiHHY X, 32 SIKOKO HEOOX1JHO PO3B’S3aTH PIBHSHHS
LI'=0, 33 [OMOMOrOK Ol Cumeonuxa-Ilepmennas-Pewumso

. . 3 2
OTPUMATH 3HAYEHHs TOYKH, 10 € ITi103piJI010 Ha ekcTpeMyM V4/7°

6. 3HalTH APYyry MOXIAHY BiA (PYHKII 3a aHAJOTIEIO 3 IEPIIOI0 I
L// :245 > O 3 :

OTpHMATH pd” 1o kputhuHa Touka x =V¥/7 ¢ TOUROW

MIHIMyMYy QYHKINI (puc. 3.72).
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=0 @

————— ——aTTa T

uc. 3.72. Bixno I1I13 Mathcad: nocmimxenus QyHkiii

e

lMpouedypa docnioxxeHHs1 byHKUiIT Ha eKcmpeMyM 3a
dornomo2o+o 8idnoeioHUX npasuJl.

—_—

3.115. Tino sarowo 1 , MO JICOKUTh Ha TOPU3OHTAIBHIN

e

IUJIOUIMHI, TOBUHHE OYTH 3pYIIEHE CHUIIOIO F , 110 TIPUKJIAJICHA [0

Hporo (puc.3.73). Ilig skum KyToM 70 00pit0 HEOOX1THO MPUKIACTH
1[I0 cuity, o0 ii 3HaYeHHs 0y0 HalMEeHIIUM?

Poss'sazanns.

Kpox 1.

—

Ha Tino, xpiM BiacHOi Baru Py

—

MPUKJIAAECHOI 10 HHOTO CHJIA F ,

|
¢ P
| ) R ..
> JIE Cujla TepTA . Bennuuna el

J/7 7777V 7/ /777  cwmnponopiiiHa BeIMYuHi CHIIH,
1[0 NIPUTHCKAE TiJIO JI0 TJIOIIMHM 1

—

R

i

v P CIIpPSIMOBaHA MPOTH pPyXy, TOOTO
Puc. 3.73. Cxema 3pymenns ~R=p-(P=Fsing) 7o H
P F KOe(IIIEHT MPOMOPIIHHOCTI, IO

TiJIa Baroro CHJIOKO .
Ha3UBAETHCI KOS(PII[IEHTOM TEPTS.
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Kpox 2. OCKilbKH cHia TepTs X TOBMHHA BpiBHOBA)XYBAaTH

—

FOPU3OHTATBHOK CKIAM0BOI0 1 €98 @ cpyp I

R =F-cosg0.

, TO BCIMYHMHHU ITUX

CHJI piBHI MK CO00I0, OTXKE
Kpoxk 3. IlpupiBHIOEMO TIpaBl YaCTHHH 000X PIBHOCTEH IS R,
u-(P—F-singp)=F-cos ¢ , 3BiIKH
pu-pr
CoSQ+ 1-sing
Kpok 4. Il dyHKIIS gocgarae CBOro HaMMEHIIIOrO 3HAYCHHS B

OJICPI)KIMO

F=

T
0; —} . . _ .
Till 3K TOUIl IPOMIXKKY [ 2], B axiit pynkmis Y — OS¢ T 4 SmP
puiiMae CBOE HaMOLTbIIIEe 3HAUCHHS.
. / — . _ 1 .

Kpox 5. Tloxigua Y “H COS @ = SIMP  nopigHIoe HYO, AKIIO
gp=H a60 ¢ =arcig I . gyr Teprs, OCKiJIbKH
y' =-p-sin ¢ — cosp <0

Kpox 6. Tlpuknamaté cuiy F I KYTOM TEpTs BUSBISIETHCS
HaWOLIbIIIe BUTIAHO, TOMY IO MPU IHOMY ii BeIWYWHA Oyje
HaMMEHIIOKO.

Tak, HampukiIam, SKIIO TUIO MEPECYBAETHCSA MO JACPEB'STHOMY

0
HacTwm, o H = 0,4 5 ¢ =22

lMpouedypa docnldmeHHﬂ pYHKUiT Ha eKcmpemMyM 3a
dornnomMmo20r0 8i0noeiOHUX npaeusi Moxe 6ymu 3aMiHeHa
npouedypom 3acmocyeaHHs 1113 Maple.

«Haeyaemo» ceili kommn’romep A0C1iO)KeHHIo
YHKUii Ha ekcmpeMmym 3a dornomozoro I3
Maple.

1. BlI[KpI/ITI/I BikHO [1I13 Maple.

2. 3a momomororo omii Insert-Execution Grope-Before Cursor abo
[*

BUKJIMKY B PSAJIKY I1HCTPYMEHTIB KHOIIKH OTpUMATH Yy TIOI

IPOTpaMH MITKy ~

3. BBectu koMaHay solve(), 10 J03BOJUTh BUKOHATHU PO3B’SI3yBAHHS
HEPIBHOCTEW Ta HEOOXIMHMX PIBHSIHBL Mij Yac MOCTIIKCHHS (PYHKIIIT
Ha EKCTPEMYM.

4. Jlna obuncaeHHs noxiguux Qyskuii Y = €08 @+ H-SIMQ pin yac
JOCIIIPKEHHS] KOPUCTYEMOCH KOMaH0t0 diff(...).
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5. AxtmBi3yBaTH 37iBa BKIaaku Expression, Common Symbols i
Greek Ta 3 oOTpuMaHuUX 1IA0JOHIB BBECTH BHpa3 (QYHKIII
y = COS @ + - sing npu pn=04

6. Ilicms oOuyuciaeHHS  1HTEpPBaJIIB  MOHOTOHHOCTI  (PyHKITIT
(3HAXOMATHCA MPOMDKKH, J1¢ MoxXigHa (yHKIII IpuiiMae J0AaTHI U
BiJI’€MHI 3HAYCHHS) BU3HAYUTH TOYKH MIJ03PUII HA €KCTPEMYM, IJIs
4Oro NMoXiiHy (QYHKIT IPUPIBHATH 0 HYIIS.

7. OTtpumaTH  €AWHE 3HAYEHHA KyTa y pamianax 00,3805, 1o
Biznosimae 22" (puc. 3.74).

Untitle p

File Edit View Insert Format Tools  Window  Help

DSESS Xmid 5S¢ TG _EE «= M1 Oo%s o BEax & &
] b % b 1l -\_‘[!:"lzDleh [:in‘::magN::;omanm“:_iﬁl\.z; BIlu [E|== Shih :=i= "
@ @y d@
Ve lal @™
e In(z) logyg(=) _
b‘gb“z))‘“‘“) costa) : > solve(diff (cos(@) + 04-sin(p), ¢) >0, 0); o
I RealRange( Open( -2.761086276), Open(0.3805063771))
e f T > solve(diff (cos(@) + 0.4-sm(p), p) <0, 0); @
> ; FE=- I RealRange(Oper (0.3805063771), Open(3.522099031))
ijijfi > solve(diff (cos(g@) + 0.4-sin(0), ) =0, 9);
S22 anl 03805063771
QZzZ®Rg=I [=
Tk — % &
= - -V

Corpanents
’
——
ATB E

z
™M
=
w
€
1
3
(o]
X

faaxvmwe~=mo
cg¥3m=< 0~
D E O H IR
tR LUK TR

Rdzen oA e DHZm

Puc. 3.74. Bikno I1I13 Maple: nocmimkenns GyHKIT Ha eKCTPEMyM

lNpouyedypa ob64ucneHHsT eKcmpeMmymy yHKUil 3a
dornomo2o+o 8i0noeioHUX npaesuJl.

3.116. Onip Ha BUTHMH OalKd NPSIMOKYTHOTO  IOIEPEYHOTO
nepepizy MNpomopIidHui AOOYyTKY WIMPUHU IILOTO Tepepidy Ha
KBaJpaT MOT0 BUCOTH. SIKMM MOBUHHI OyTH PO3MIpH Tepepizy Oaykwu,
10 BHPi3aHOi 13 Kpyrioi TpyOm miamerpa d , mo0 ii omip Ha BHTHH
OyB HalO1IBIIINM, TOOTO 1100 Oaka Majia HaUOLIBITY MIITHICTH?
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Poseé’szanns.
Kpoxk 1. 3a ymoBO10 3aB/aHHs ommip Oaaky Ha BUTHH (MIIHICTB)

_ 2
BU3HAYAETHCA BUpazom O = A5 e

y X — mupuHa Oanku, y — Ti
BHCOTA, k Koe(iIieHT mpo-
MOPIIHHOCTI, IO 3aJICKUTH Bij
Matepiany (puc. 3.75).

x Kpox 2. Ockinbkun  3a
TEOPEMOIO [Tidaropa

2_ 32 .2 .
Y =d"=X" 10 HneTbcs MoBa

Ipo  HaWOUIbIIE  3HAYCHHS

Puc. 3.75. Cxema Oanku & = k(d” —x7)

MPSIMOKYTHOTO TONEPEYHOTO BUpasy Ae
nepepisy xe(0;d)
.o o =k(d?-3x7) o -
Kpok 3. llepuia noxigHa JOPIBHIOE HYJIIO B TOYIIl
x=d3/3 _

Kpok 4. Jlpyra noxigaa ©''=—0kx mpu x=d+/3/3 npummae
BiJ’€MHE 3HAYEHHS, OTXKe, B I Touri O mocsrae MakCUMyMmy, a 3

HUM i HaitGLIbIIOrO 3HaueHHs. [lpu ¥ =4 V3/3 paemo ¥ =4 J6/ 3,

0 d+y-=+ x:\/§+\/3+].

Kpox 5. 3 pucynky Oaunmo, 10 Jid TMOOYAOBH TaKOTO
MPSMOKYTHHKA HEOOX1THO J1aMeTp PO3AUIMTH Ha TPH PIBHI YaCTHHH,
y TOYKax AUICHHS MOCTAaBUTU TEPHEHIAUKYISIPU M TOUKHU TEPETHUHY
UX TEPHEHIUKYISAPIB 3 KOJOM 3’€AHATH BIIPI3KAMH MPSIMHUX 3
KIHIISIMHU J1aMETpYy.

v OymiBHIN crpasBi 3a3BUYal BUKOPUCTOBYETHCS

J2=14.

TakK

11,

pigHomenngY T ¥=77% 9 Ile € HaOAMKEHUM 3HAYCHHAM

Bimmogims: ¥ T X=7%9

lMpouedypa o64YucneHHs1 ekcmpemMyMmy QYHKUII 3a

dornomMo20r0 8i0noeiOHUX npaeusl Moxe 6ymu 3amMiHeHa
npouedyporo 3acmocyesaHHs 113 Mathematica.
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«Haeyaemo» ceili komn’romep 064YUCIIEHHIO
ekcmpemymy ¢yHKuUii 3a donomozoro 113
Mathematica.

1. Bigkputu Bikao I1113 Mathematica.

2. 3a pomomororw ommli Palettes-Classroom Assistant BUKIHKATH
BKJIAJIKH 13 Ia0JIOHaMH 1151 HA0OpY CHMBOJIIB.

3. V Bkuanui Classroom Assistant 3HaTH MeHIO Basic Commands

. & ..
AKTHUBI3yBAaTH KHOIIKY I Z B OTPMMAHOMY BiKHI BUOpaTu y

mabJIoHax KOMAaH]I [ Mare z BIiJIMTOB1THO

= FindMaxirnurnfexpr, fvar, esfimafe}]

4. TIlicns BBeA€HHS 3a JONOMOIOK IIA0JOHIB BUPa3y (yHKIIT

2 2
foe(d” —x )HpI/I SKUXOCh 3aJlaHNX 3HAUCHHSAX k=06 Ta d=5 3a3HAYUTH
3MIHHY X ¥W 3 SKOrO 3HA4eHHS MOXKHA PO3IMOYaTH IOIIYK
MaKCHUMAaJILHOTO Ta 3a momomororo orii Evaluetion-Evaluete Cells

. . 5= oufs)=
BUKJIMKATA 13 MITKAMU OOYHUCIIEHHS] MaKCHUMAaJIbHOTO
3HAYEHHS X.

5. OrpumMatd MakcUMyM (QYHKIIII Ta MakCMMallbHE 3HaUY€HHs X (pucC.

3.76)

% Wolfram Mathiematica 7.0 - [Untitied:

(1= Fincﬂfa}cj_mmn[s XX (52 —xz) s {x, 7]]

e {288.6751345948129° , {x - 2.8867513464680634 " }}
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— Modentoemo npogpeciliHy disinibHicmb

— iHXeHepa

3.117. MarepiaibHa TOYKa KOJMBAETHCS MO KOJY OL1s CBOTO

CepelHbOr0 MONOKeHHs 3a 3akomom ~ = A -S(@-f+a) g0 g

®>()), 3HaiaITh HAWOUIBII 3HAYEHHS MIBHUIAKOCTI W MPHUCKOPESHHS
pPyXy TOYKH B Oyab-IKHM MOMEHT dYacy ¢ (Take KOJHMBaHHS
Ha3WBAEThCSI TApMOHIMHHMM, A¢ A - aMINNTyda,® - 4YacTrora, @ -
T04aTKOBA cbasa)
\ N ! Ilepepopmynioime YMO8BY 3A80AHHS.
k mMamemamuyHor Mmoeor. Illepenecimov anecopumm

- 00Cniodcen s YHKYIl Ha HaAUOIbUe 3HAYEHH Ha
& o X CMpYKmypy 00 ’ekmy. 3HaUOIMb WEUOKICMb PYXY 5K

NOXIOHY WIIAXY 3a uyacom ckopucmasuiucy 11113,

3HAUOIMb KpUumuyui mouxku Qyuxyii ma oocaioime epa@ix yuxyii
noxioHoi 3a donomoezoio IIl13; 3natioimo Opyey noxiony 6i0 @yHKuyii

WXy OJisl OMpUMAanHs QYHKYII NPUCKOPEHHs, NPOaHaizylime eupas
x=A-sin(w-t +a)

OMPUMAHO20 NPUCKOPEHHSL, OJISl IKO2O y6edimbw
Macy mamepiaibHol mOYKU ma CKOPpUCmMaumecs 3aKOHOM HbiomOHa
F =ma

BigmoBigp: cuima mig gi€r0 K01 BigOyBa€ThCsS TapMOHIMHE

_ 2
KOJIMBaHHS NIPUIMaE 3HAUEHHS F=-mo’x qy 6aunmo, sona 3asxau

ClIipsAsMOBaHa 10 CCpGI[HBOFO ITOJIOKCHHA (TOMy mo Mac 3Hak,
3B0pOTHI/II/I 3HAKy X 1 HpOHOlePIHa BlI[I[aJ'IeHHIO TOYKHU BII[
CCPCAHBOI'O ITOJIOKCHHA.

3.118. I[lotyxHicTs W riipaBaidyHOTO KoOJieCa BU3HAYAETHLCS 32

W=(y/g) o, v, (,-V)v .7 _ pyroma sara IOTOKY

@,

dbopmynoro
PITMHA ¢ — TIPUCKOPEHHS BUILHOTO TAJIHHS, — JKMBUHU TIepepi3

CTpYi, 110 Maja€e Ha KOjeco, Y0 — MBHIKICTh CTPYi, ¥ — IIBUIKICTh
PYXy JIOMAaTOK KoJjieca. 3HAWAITh HAHO1IBINY MOTYXHICTh, III0 MOYKHA
OTpUMATH 1] 9ac o0epTaHHS T1apaBIIdYHOTO Kojeca.
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N epedpopmymoiime YyMO8Y 3a80aHHs
- mamemamuuHoio Mmoeoiw. Ilepenecimo ancopumm
00Cniodcen s YyHKYIl Ha HaAUOIbUe 3HAYEHH Ha
A “J cmpyKkmypy 06 ’e€kmy: 3Hatdims neputy noxiomy eio

Gyuxyii nomyosicnocmi W 2iopaeniuno2o xojieca cKOpUCmasuiucy O0s
iv oocnioxcenns  IIII3; 3nauidimv Kpumuuni mouku OyHKuyii,
IHmepean 0ocniodcenHss Qynkyii  ma Ooocnidime 2epagix GyHKyii
noxioHoi 3a oonomoeoro I1113.
2 3
W :(7/°COO Uy ) v,

max

Binmnosizp: 4g npH 2

3.119. SIxi HaWOLIBII BUTIAHI PO3MIPH 3aKPHUTOI IIUCTEPHU, IO
Mae ¢GopMy MPSIMOTO KPYrOBOTO IMIIHAPY paaiyca R #t Bucotu H,
SIKIIO TIJI0IA 1i TIOBHOI MOBEPXHI 3a7aHa U TOPIBHIOE S?

Hait6ib11 BUT1HOO (POPMOIO ITUCTEPHU € Ta, TIPH SKii i1 00’ eM
V 6ynme HaltO1IbIINM.

N epegpopmymoiime YyMO8Y 3a80aHHs
- mamemamuuHoio Mmoeoiw. Ilepenecimo ancopumm
0ocnioxcentss QyHKyii Ha HaAUuOIbUe 3HAYEHH Ha
A “J cmpykmypy 00 ’ekmy: 3Hatoims neputy noxiomy 6io

dyuryii 06’emy yucmepnu, wo mac gopmy yuninopa, V=7 K -H
ckopucmaswiucy 0na ii  oocnioxcenns I3, 3naiidimo Kpumuuni
Mmouku QyHKyii, inmepean OocCuioNceHHs @QYHKYii ma 0o0cnidimo
epagix ¢ynxyii noxionoi 3a oonomoeoio 11113.

BiagmoBiap: V gocsrae MakCUMyMy IIpH H:R= 2,

R= |2
61

3.120. Ilpsma / ainuTh TUIOMIMHY Ha aBa cepepoBuima [ 1 1/
(puc.3.77).

Ac
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A c | Y  cepemoBumii [/ TOuKa

|
1 1
I T3 G| pyXaeTbes 3 WBUAKICTIO 1, a
al . c-X | . .
! < S d_Je—> B cepemoBumyl Il — 13
Al ~ M B, [ mBuakicrio'2. Ilo  sxomy
1 B\ b Vv, LUBIXy Ma€ PyXaTHCh TOYKa,

100 HAWIIIBUIIE TICTATUCS 3
TOukn A cepenopuma [ y
TOUYKy B cepenosuia /1?7

Puc.3. 77. CxematuuHe 300pa>keHHS
| pyxy TOYKH Y CEPeIOBHINAX

‘\ " 3posymino, wjo sax 6 cepedosuwyi I, max y cepedosuuyi
; Il Hatikopomwuii wiisix mae Oymu NpAMOJIHIUHUM,
&« ane wiasax no npsamit AB wuatikopomwum He 0Oyoe.
& o X Omorce, HQUKOPOMUIUL WITSAX CKIAOAEMBCA 3 080X

npamoninitinux  6iopiskie AM i MB, npuuwomy mouxa M€l
llepenecimv  ancopumm  OocniodcenHs @Gyuxkyii Ha HauoOiibUe
3HAYEHHs HA CMPYKmMYpYy 00 '€KmMY. 3a He3aNedCHYy 3MIHHY X ubepimo
abcyucy mouku M (* T AM ) i 3Hati0emo uac t, 3a AKUU pyxoma mouxda

nepetioe 3 MOUKU A 8 MOUKY B:
2 2 2 2
tzf(x)zAM+MB=\/a +Xx +\/b +(c—x)

iV ¢ V2 Of1sl —©<X<+%0..  33qUdimo
neputy U Opyay noxioHi 3a odonomoeoro IIII3; 3uautidime KpumuyHi

MouKU  QYHKYIL / ,(x):O; 3a oonomozoro IIII3 npoananizyiime

’ 14
NOBeOIHKY 3HAKOCMANOCMI S 1 f1x). 3’acyume 2eomempuydHul

3MICM  3HAUOEHUX pe3yibmamié 3a OO0NOMO20K CHIBBIOHOULEHb Y
AM  MB sina v

NPSAMOKYMHOMY MPUKYIMHUKY

BianoBiaes: oTpumMaHOo BigoMuil 3 (I3UKH 3aKOH 3aJIOMJICHHS CBITJA:
3aJIOMJICHHSI CBITJa BIIOYBA€ThCA TaK, Ha4ye MPOMIiHb CBITIA oOupae
HAUIIBUAIIMNA 4ac 3 TOYOK OJHOTO CEPEIOBUINA B TOUKU Apyroro. Llen
pe3yabTaT MOBHICTIO Y3TOKYETHCS 3 BIIOMUM Yy ONTHII MPUHITUTIOM
depma: 13 BCIX MOKIIMBUX IIIAXIB, SIK1 HIyTh 3 4 B B, IpOMiHb CBITJIa
obupae Takuid, SKUM BIH TPOXOJAUTh 3a HaWMEHIIHN dac.
HaifkopoTminii miisx CKJIAJA€TbCs 3 JBOX MPSAMOJIIHIMHUX BIAPI3KIB

AM 1 MB, 1. M 3HaXOIUTHCS MK TOYKaM 4 By,
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T HudpepeHyianbHe 4YucneHHs

g ‘ . - PYHKY T OeKinnbKOX 3MIHHUX.
4 5 2 KomnnekcHi yucna

gﬁmﬁ ynb 4

Tema 1. OyHKUIA [eKinbKoX 3sMIHHMX.
MpaHWyA Ta HenepepeEHItTh
chy HEUIT.

Tema 2. MoxigHi i gndhepenuiann dyHKUIT
OeKiNeKoX tMiHHMX.

Temal. OeAaki 3acToCYBAHHA YacTHMHHMX
noxigHux.

Temad., KoemnnekcHi Ymena.

] 5
Z a7 Kpammni W PYHKYIT
= Padu /. iHmezpanu "l kKomAnekcHoi
~  imeopia nona 3MiHHOI
f i TeopemuyHa L[; B:l;'-' Onip
13UKa MexaHika {1 Mamepianie

% EnekmpomexHika

0 enexkm Po-
“@ yemamekyeaHHA

Teopin L B Teopis
nnac mudHoi i 3eaprosankHUXx
dehopman,ii npouecie

Teopia B KosanecbKo-
thopmyeaHHA Fa wmamnyeaneHe
- |
FXs

gidnueok eupobHUymMea
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BMIHHA, HA AKUX BA3YETbCHA BMIHHA, AKI ®OPMYIOTbCA Mg YAC
BUBYEHHA MOOYNA BUBYEHHA MOOYNA

BuxonyBatn ycHi I NMHCBMOBI 004YMC/ICHHS; BHKOHYBATH 3HaxoquTH 00JacTh BH3HA4YeHHsI (yHKUii JBOX 3MiHHHX;
NepeTBOPeHHs HUINX, PaliOHAJbHUX, ippamioHAJILHUX 3HAXOJAUTH YACTHHHI MOXi/IHI MePIIOro Ta BUIIUX NMOPSAKIB IBHO
BUPa3iB; 3aJaBaTH dynkuiro; 3HAXOAUTH 00J1aCTh 3a1aHol (YHKIii; 3HAXOAUTH MOXiIHI CKJIAJEeHUMX Ta HeSABHHUX
BU3HAaYeHHs M o0JacTe 3HavYeHHst QYyHKOil; 3HAXOOAUTH (yHkuiii; 3HaxoauTH NMOBHI AudepeHUiaJn MepHIOro i APyroro
rpaHuil0 (QyHKOil HemepepBHOI0 AaprymeHry; OyayBaTu nopsaAKiB QyHKLil ABOX aprymMeHTiB; 3HAXOAUTH 0e3yMOBHi H
rpagiku  (QyHKOiid, 3acTOCOBYBATH iX  BJIACTHBOCTI; YMOBHI excTpeMymMH (yHKunii; 3HaXoguTH HalOlIbIIEe Ta
004N CJIIOBATH 3HAYEHHA (PYHKIIT Yy TOYLi; 3HAXOAUTH MOXiAHI HaliMeHIIe 3Ha4YeHHs (PyHKIii B o0Me:xkeHili 3aMKHeHiH o0JiacTi;
eJleMeHTApHUX QYHKIiH, MOXiIHYy cKIageHol GpyHKuii, moxiaHi OynyBaTH piBHSHHA [JOTHYHOI IUIOIIMHH Ta HOpMaJgi [0
BHIIMX MNOPSAKIB; PpoO3B’si3yBaTH 3a4a4yi 3a J0NOMOIOI0 NMOBEPXHi; O0YMCIIOBATH MOXiIHY 32 HaNpsIMOM W TIpagieHT
NOXiIHOI; BMKOHYBATH il HAJ KOMILIEKCHUMHM YHCJIAMM; (yHkuii; BuUKOHYBaTH il 3 KOMIUIEKCHUMH YHCJIAMM;
pPoO3B’sI3yBaTH  JIiHIiWHi, panioHajgbHi, ippanioHaJbHi, 3acrocoByBatu IIII3 Mathcad, Derive, Gran 3D puas podoru 3
TPAHCUEHACHTHI PIBHAHHA Ta IX CHCTEMH; 3aCTOCOBYBATH (yHKUIi€I0 1eKiIbKOX 3MiHHMX, OTPMMAHHS 300paskeHb i 00JacTi
CHIBBITHOLICHHS Mi’K CTOPOHAMH il KyTaMH B IPSIMOKYTHOMY BH3HAYeHS Ta 3HAYECHHSI; 00YMCIeHHs NOXIAHMX, AudepeHnianis,
TPUKYTHHKY, (¢Gopmyan miaomy ¢iryp Ta  00’emiB eKCTPeMYMiB, HAMOLIBIINX Ta HAWMEHIIMX 3HAYEHb; MO0YI0BH
reOMeTpPUYHHUX TiJl. AOTHYHHUX IJIOIIMH TAa HOPMAJIi 10 MOBEPXHi.

BMIHHA, LLO HABYBAE CTYAEHT AnAdA BUBYEHHA IHHKEHEPHUX AUCLUUNNIH

3acrocoByBaTH QyHKIiI0 JeKiTbKOX 3MiHHHMX M/l Yac PO3paxyHKiB NOTEeHUIHUX CHJIOBHUX MOJIiB; BUBYATH PyX MeXaHiYHNX CHCTEM 3
reOMeTPUYHUMH B’SI3IMH 3a JONOMOrol0 piBHAHHA Jlarpanxka (PiBHSIHHSI pyXy CHCTeMH B y3araJbHEHMX KOOPAMHATAX); BUBYATH
MaJli KOJMBAHHS CHCTeMH HABKOJIO MOJIOKEHHS CTiliKkoi piBHOBaru (Teopema Jlarpan:ka-Jlupuxiie); po3paxoByBaTu KOHCTPYKUII 3a
3aKOHOM MiHiMYMYy NOTeHLiNHOI eHeprii Aedopmanii (MpUHIKMI HAHMEHIIOI po60oTH).

3acTocoByBaTH KOMILIEKCHI YHCJIA VI JTOAABAHHA i PO3KJIady HMIBHAKOCTEH Ta CHJI; PO3PAXOBYBATH JAHIIOTH 3MIHHOIO TOKY (MeTOX
KOMILUIEKCHUX aMILIITYA); 00po0JsiTh HHQPOBi CHrHAIH; AHAJI3yBaTH KOJIMBAJIbHI IPOLECH B TIeHEPATOPHHUX CHCTEMAaXx;
AJITOPUTMI3YBaTH CTHCHEHHS iHdopMalii; BHKOPHCTOBYBATH Teopilo dpakTaaiB y KOMII’'IOTEPHOMY JH3aliHi.
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Tema 1. ®YHKUIA OEKINIBKOX 3MIHHUX.
rPAHUUA TA HENEPEPBHICTb ®YHKUII

Hanpukinm XIX cTomiTra ¢izukaMm cTajio 3p0o3yMiuio, IO s
XapakTepUCTUKHU Jedopmaliiid, 1HepIIii mpu 00epTOBOMY PYcCi, 3yCHIIb
y nedhOopMOBaHUX TBEPAMX TLIaX Ta IHIIMX MPOIECIB HEOOXiTHI
BEJIMYMHU 1€ OUIBII CKJIaAHOT MaTeMaTH4HOi mpupoau. Taki
BEJIMYMHU HA3BaJIM TEH30paMu. 3 1HIIOTO OOKY, PO3BUTOK KITBKICHUX
METO/IB TIOKa3aB, IO Ta * cama (i3WYHA BJIACTUBICTh Y PI3HUX
TOYKax 00'€KTa, IO JOCTIIKYETHCS, MOXE MPUUMATH Pi3HI 3HAUCHHS,
1 TOMYy IJii MaTeMaTUYHOTO OIKCY HEOOX1THO 3HATH CYKYIHICTh
3Ha4YC€Hb BIAMOBIIHOI BEIWYMHMU B yCiX Horo Ttoukax. Tak y ¢izmiri
3aMpPOINOHYBAIM TMOHITTS MaTeMAaTHYHOTO TOJISI-001acTi MPOCTOpY,
KOXKHIM TOYIll SIKOTO BIATOBIZA€ TEBHE 3HAYEHHSA JEAKOl (Hi3UdHOT
BEJIMYMHH.

[Tomnst OyBarOTh CKaJISIpHI, BEKTOPHI i TeH30pHI1. KOXKHE 3 HUX, Y
CBOIO 4epTry, MOXe OyTH CTallloHapHUM (SKIIO (i3UYHA BEIMYMHA B
KOXKHIH TOYIll 00JacTl 3T0JI0M HE 3MIHIOEThCS) a00 HECTaI[lOHAPHUM.
CramionapHe mojie € (PyHKITIS, IO 3aJICKATHh B KOOPAHWHAT X, V, Z

TOYOK IIPOCTOPY i MOKe OyTH TO3HAYEHOO y BUIIIAAL % ~ f(x,p,2)

Heob6xiOHi 3HaHHS1 NPO OesiKi OCHOBHI
noHsmMms QPyHKUii OeKirnbKox 3MiHHUX

Hexaii 3a1aH0 MHOKUHY D yHoOpsiIKOBaHUX Tap 4ucen (X, y).

Def. Sxkmo KoxkHIM mapi yucen 3 D 3a NMEBHUM IPaBUIOM
CTaBUTHCS y BIAMOBIIHICTh €IUHE MIMCHE YHCIO Z, TO KaXyTh,IIIO Ha
MHOXHHI [ BHU3HAYCHO DYHKYIIO Z 6i0 080X 3MIHHUX X ma y 1

z=f(x)

3aMUCYIOTh :
[Ipy 1pOMY 3MIHHY Z Ha3WBalOTh 3aJEKHOIO 3MIHHOIO
(dyukyiero), a x Ta y — HE3ANCKHUMU 3MIHHUMH (ap2yMeHmamu).
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Def. MHOXUHY TIAp (x.y ), VIS SIKUX  (DYHKITIS 2=/ (%)
ICHy€, Ha3UBaIOTh, 001ACMI0 8U3HAYEeHHs (icHYsaHMs) 1€l QYHKIUI 1

nosmauarors 2/ ), abo D.
MHOXVHY 3Hau€Hb 3MIHHOI z Ha3UBaIOTh 00IACMIO 3HAYEHD

i€l pyHKITIT MO3HAYAIOTh E(f ), abo E.

KoxHill yIOpsAAKOBaHi mapi uucen (x.7) y OPAMOKYTHil
JICKapTOBIM CHUCTEM1 KOOpPJAWMHAT B3a€EMHO OJHO3HAYHO BIAMOBIJAE

rouka M (¥)  mnommmn O Tomy Gyukuio -/ (x2)  yvowua
po3risiiaTy K GyHKuiro Touxu (x.7) § sarmcysatn -~/ (M),

3uavenns Qynkmii © -/ (=3) g roumi M%) nosmavarors
=Z

rax: %=/ (030) ago 2=/ (Mo) 460 %0 iy

OO6mnacTio BU3HAYEHHs (PYHKIII ABOX 3MIHHUX ~ =f(x») € nesKa
MHOKHMHA TOYOK KOOPAMHATHOI IUIOIMHYA R® (rommuun 9%),
Def.  bynp-iKUil yNOpsAKOBaHUA HAOIp ” NIHCHUX YHUCEI

Xy Xypeeny X M (x5%x,5...5%,)

n mo3Ha4aroTh 0¥ %s) | aGo , 1 HA3UBAIOThH

TOYKOIO ™ -BUMIPHOTO KoopJHMHAaTHoro mpocropy R". UYucna

Y15 %20 Y HasPBAOTE KOOPAMHATAMY TOYKH M |

: 1 L
Ipoctip R - me MHOXHMHA BCiX JiHCHHUX 4dHCeN, TOOTO

2 . o
KOOpAMHATHA Tpsama; R~ - MHokMHA ycix AilicHuX map (x.y ), TOOTO

3 . o cu
KOOpAMHATHA IUIOmKHA; R - MHOXKMHA BCiX HIMCHUX TPIHOK (xy ’Z),
TOOTO KOOPAWHATHUI IIPOCTIP.

: : M(x;x;.0x ). M (xo;xo;...;xo)
Biacrasp Mixk TOukaMu ( 122> ’”) 1 o\t m

BH3HAYAIOTH 3a (HOPMYIIOI0
p(M,MO) :\/(x1 —xlo)z +...+(xm -x) )2

MHOXUHY BCIX TOYOK M, KOOPJAWHATH SKUX 3aJI0BOJHHSIOTH

uepisuicts PM-M)<¢  pasppators ¢ - oxosmom touku Mo, Tak, ¢ -

oxin Touxu Mo(%:30) _ vuoxmHa Beix TowOK IJIOIIMHH, K1 MICTATBCS
BCEpeIHHI KoJIa pajiyca ¢ 3 meHTpoM y Touri Yo,
Def. Jlinito, 1m0 oOMexye 00JacTh D, HA3UBAIOTh SPAHUYEIO

oonacmi euznavenus. Touku o0OJaCTi, SIK1 HE JIEKATh HA 11 TPaHMII,
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Ha3UBaIOTh GHympiwHimu. OOIaCTh, KA MICTUTH JIWIIE BHYTPIIIHI
TOYKH, HA3UBAIOTh 6i0Kpumor. SIKIO X A0 00JIacTi BU3HAUYEHHS
HajgekaTh 1 BCl TOYKM TpaHUI, TO TaKy OOJIaCTh Ha3WBAIOTh
3AMKHEHOIO.

Skmo Bcl Toukm 007acTi D MICTATBCSA BCEPEAWHI IESIKOI 7 -
BUMIPHOI KYJIi, TO I[t0 00JIaCTh HA3UBAIOTh 0OMENCEHOO.

O6nacTe D HA3WBAIOTh 36 $3HOM, SKIO JBl JOBUIBHI il TOYKU
MOKHA 3’€JTHaTH HEMEPEPBHOK KPHUBOKO, YC1 TOUYKU SIKOT MICTATHCS B
obnacTi D.

Hanpuknan, kpyr — 1e 3B’si3Ha 001acTh, a 00’€qHAHHS JBOX
KpYTiB, IKl HE MalOTh CIIJILHUX TOYOK, — HE3B sI3HA 00J1aCTh.

Hamani mig okojoM TOYkM M OyaeMO PO3YMITH JIOBUIBHY
BIJIKPUTY 3B’ SI3HY MHOXHHY, SIKa MICTUTh TOUKY M .

VY3aranbHUMO TOHSATTA (YHKII Ha BHUIAJO0K TPhOX 1 OLIbIIE
HE3aJICKHUX 3MIHHHUX.

co L B 3
Def. SIKIO KOXKHINA Tpidui umcen (. ’Z)ED, Dc R 55

IIEBHUM IIPAaBUJIOM BiAIOBigae eguHe ducio Y, To kaxyTh, IO Ha
MHOXHUHI D BH3Ha4deHO ¢yukyiro Y 6i0 mpvox sminnux x, y ma z, i
_ _ 3

3aIUCYIOTD =f(x Z), a6o ”‘f(M),z[e M eR"

Tyr ¥ - 3amexxna 3miHHa (PyHKINS), a X, V, Z — HE3AJICKHI
sminni(aprymentu). O6nacts icnyBanus ¢ynxuii =/ (3:2) _ negxa
MHOXHMHA TOYOK mpocTopy R'. Camy (QYHKIIO T'€OMETPUYHO
300pa3uTH MOKJIMBO TIJIBKH 3a JOIIOMOTOI0 TIPOTpaMOBaHKX 3aCO0IB.

. . . . . m

Def. SIKIIO KOXKHIN TOUITI M (x5x25-5%,) i3 opmacri D © R
CTaBUTHCS 32 MIEBHUM IPABHJIOM Y BIAMOBITHICTh AESKE YHUCIIO %, TO
KaXyTh, 110 HAa MHOXHWHI D BHU3HA4Y€HO (YHKIIIO ” 3MIHHUX, 1

MUITYTh u:f(xl,xz,...,xm)’ 260 u:f(M)’ de M e Rm.
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Byumocsi 3Haxodumu obnacmi
@U3Ha4YeHHs1 ma 3Ha4YeHHS1 bYHKUiT
OeKiflbKOX 3MiHHUX

1

z =

. *ee 2 —_ 2
4.1. Buznaute obsacth icHyBaHHs QyHKIii X TV
Po3zé’azanns.

v 1
d 2_ 2 .
S 7 Bupaz * 7V  wmac 3mict, axmio
N 2 2
/ _
b > X =y #0 10610 X*V Ta¥*V,
L70 N\\ X OGnacTio  iCHyBaHHS  JaHOI
Fg
/ ~ ¢ynkuii € Bes mmomunaa 9%, 3a
BHUHATKOM IpsiMuUX Y =% Ta V=%,
Puc.4.1. O6nacTh icCHyBaHHS [lykana 00J1acTh €
gl HEOOME)XEHOI0,  BIAKPUTOIO 1
cos 2 2
[11)7250:91 0V I He3B’s13HOIO0 (puc. 4.1).

4.2. 3HaiaiTh 00J1aCTh BUSHAUCHHS (QYHKIIIT
z =36 —4x* =97

Pose asanna. Oynxuis =57 ) Busnauena B yeix Toukax (%Y ),
VIS SAKAX IMAKOPSHEBUN BHpPa3 HEBIA €MHHH, TOOTO BHKOHYETHCS
HEPIBHICTH
36—4x2—9y220.

2 2
I'panuus xaHoi o6iacti omucyerses pisHsHHaM ¥ 9V =36
x2 y2 _1
ske 3anuiiemMo Tak: 9 4 . Ile piBHAHHS BU3HAYa€ B IUIOMMHI O

JIIC 13 IIEHTPOM Yy TTOYATKy KOOPJMHAT 1 MBOCAMHU ¢=3 1 b=2 gxwmid
TIIATH TUIOIIMHY Ha AB1 YaCTHUHU. J[JI TOYOK OMHIET 3 ITUX YaCTHH
BHKOHYETBCSL yMoBa 30 ~4% =97° >0 3 g jumof - 364 =9° <0 [1[06
BUSIBUTH, SKa 3 IIUX YaCTHH € 0OJIAaCTIO BH3HAYCHHS JaHOI (PYHKII,
JOCTATHBO IepeBipuTH yMOBY 36-4% =97 >0 npg onmiei noBiIBbHOI
TOYKH, SIKa HE HAJICXKUTh CIIIIICY.
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l L]
1 (0;0)
Touka , SKa JICKUTb
A yCepearHl eirnca, 3aJ0BOJIbHSIE
nany ymoBy. Otxke, 001acTio

~ > BHU3HAYCHHA € MHO>XHMHA TOYOK
SN, ’
_2

2 2
. x_+y_:1

oOMeXeHHnx eimncom, 9 4
[Ipy mpoMy cam elinc TaKoX

Puc.4.2. O6macTs BUBHAYEHHS HAJICKUTh O00JIACTI BH3HAYEHHA
7 = \/36—4)62 _9y2 (pI/IC. 4.2).

byHKITI

Bigznauumo, 110 nrykana o01acTh 3aMKHEHa, OOMeXeHa 1 3B’ s3aHa.
4.3. 3naiaiTe 00J1aCTh BUBHAUYCHHS (QYHKIIIT

2 2

. +
Z=4/y—x+2 + arcsin = 4y

Po36’a3anna. Obnacte BU3HAUCHHS 11i€l (DYHKITT BU3HAYAEMO 13
CHUCTEMH HEPIBHOCTEH:

y=x+220,

2, .2 y=x-2,
BRI AP {2 )

4 aGo XtV <4

.

-

I'padgiuaumM 00pa3oM HEPIBHOCTI

y2x-2 ¢ QIBIUIONIMHA, PO3MillEHA

/ HaJ OpsAMOKO ¥ =*~2 pa3oM 3 Li€ro
> mpsmoro.  HepiBmicte ¥tV <4
BU3HAYa€ B IUIOMMHI KpYyr 13
IIEHTPOM Yy TMOYaTKy KOOpAWHAT 1
paxiycoMm 2. IlepeTuH mux MHOXUH
1 € o00macTi0O BU3HAYECHHS JaHOI
¢ynkmii  (puc. 4.3). Ilykana

]
L
1
N
‘J i
L
=

L

s

Puc. 4.3. O06acTth BU3HAYEHHS

byHKIT
I MHOKHWHA € 0OMEKEHOIO,
Z=Ny-x+2+aresin— 3aMKHEHOIO i 3B’ I3HOIO.
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HeobXxiOHi 3HaHHS1 NPO 2paHuUyto
pYHKUYiT 080X 3MiHHUX

Hexait ¢ynxuis >~/ (%) 3anama B mesixiit obmacti D i Touxa

M M,eD M,¢D

0- TpaHWYHA TOYKa 001acTi D, TOOTO TOUKa abo , alle B
TOBUIBHOMY OKOJI ITl€l TOYKH MICTHUTHCS NpPHUHAWMHI OJHA TOYKA

MHOXHHH D, BigMinHa Binx Touku Yo,

Def. Uucno b HasuBaoTh 2panuyero Qyukyii (M) y
CKIHYEHHIN TOYIl M o(xo,yo)’ SIKIIO JUIA JOBUIBHOTO SK 3aBIOJIHO
Majioro yucia € >0 icHye Take yucio 9 >0, 110 11 BCiX TOYOK M (x,y ),

0<p(M,M,)<5

K1 33/I0BOJILHSAIOTH YMOBY , BAKOHYETBCS HEPIBHICTh

|f(x,y)—b|<8.
li =
fim /()= lim f(M)=b
[Ipu 1bOMy TUIITYTH: *% , 200 MM

N.PB. Cuig mam’siTaTy, MO TpaHUI (PYHKIIII, SIKIIIO BOHA 1CHYE,
HE 3aJICKUTH BIJ MUIAXY HAOIMKCHHS 0 TOYKH, B SKIM I TPAHHUII
ITyKA€ThCA. [HaKIIe TpaHulld He iICHYE. [[1s1 0o8edenHs He ICHY8AHMHS
epanuyi GyHKYii 0eKiibKOX 3MIHHUX OOCMAMHbO 8KA3AMU X04ad 6 MAaKi
06a wwisixu Habauxcenns mouku M 0o mouku Mo, 630060c siKux
epanuyi Habysawms pizHUx 3HA4eHb.

OOunciieHHsT TpaHUIp y OaraTbOX BHUIMAAKAX JOILIBHO

BUKOHYBATH y TaKi¥ MOCI1IOBHOCTI:

1. IlepenecT MOYATOK KOOPJIAMHAT Yy TOUKY Mo (%) (K10 HE

Bci koopmuHati Touku o nopiBHIOIOTH Hymo). Tak, skmo 79,
BUKOHYIOTh 3aMiHYy
X—X,, Akuwo x, # 0,x, # 00,
r=491
—, AKWO X, = 0.
X
M(x;y)_’MO(z;oo), TO micas 3amiam 4 =¥ 72,

Hampukiman, sxiio

1
to=—
Ty IICTAaHEMO M(tlafz)%Mo(O;O).
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[aKOoMM  HEOOXIMHO TepedTH 10
MOJSIPHUX KOOPJUHAT 13 TOJIOCOM Y

TOYIIl M, (xn) HOJISIPHOIO  BICCIO,
HampsiM  AKOI  30epiraerbcsi 3
TOJAaTHUM HAIPsSIMOM OCl alcIuc,
TOAl Tepexiy BIA HOPIMOKYTHHX

JIEKApTOBUX  KOOPIUHAT (x3) 5o

Puc.4.4. Teomerpnuna TOJIIPHUX KOOpJAMHAT (p.9)
IHTEpIpHTAaLlisd IePEeXOLy BIl  3milicHIOEThCs 3a (opmynamu (puc.
IPAMOKYTHUX JCKapTOBUX  4.4):

KOOpAHHAT (x.5) J10 TOJIIPHUX X=X, =pCosQ, y—y,=psing

KOOPIMHAT (p-0) Ae

p:\/(x—x0)2+(y—y0)2, 03(/)327[.

. _ lim f(M
N.B. Orxe, 3amaua BIANIYKaHHS TPAHUI Mo 3BOJIUTHCS

_lim £ (M .
a0 00YMCIIEHHS I'paHHIIl p=0 ( ), J1C P e OJHI€I0 3 KOOPpAUHAT TOYKH

M | a iHIIa KoopJauHaTa (KyT ) BBaXKA€ThCS NOBIILHOMO. [lpu yvomy
Kazamu npo ICHYBAHHSA 2PAHUYL MONCHA MITbKU MOOI, KOJU ICHYE ma

cama epanuys npu PV npu 6yov-axux sanesxicnocmsx ¢:¢(p),
0=0(p)

Byumocs 3Haxodumu 2paHuuyi pyHKUii

080X 3MiHHUX
linol (x2 +y’ ) arctg X
4.4. OGuuCIITH 0
X T X T
. arctg— ——<arctg—<—
Poszé’szanns. OyHKuis Y obmexena 2 y 2. Ilpu

2 2 .
x>0 1ta Y20 cyma ¥*Y € HECKIHUEHHO MAaJOI0 BEJIMYHMHOIO.
OckinbkM TOOYTOK HECKIHYEHHO Majoi BEJIMYMHU HAa OOMEXEHY €
HECKIHYEHHO MaJIOI0 BEJIMYHNHOIO, TO

x—0,
y—0

lim(x2 +y’ )arctgi =0
y
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4
XYy

lim
x—0, x8 + 2

4.5. JloBeiTh, o »° °  He icHYE.
Po36’sa3annsa. PO3riisiHEMO CIOYATKY TPAHUIIIO 32 YMOBH, 110

y=kx (k:const)'MaeMO

4 5 3
lim——2— = lim 8’”‘2 _=1lim 6’”‘2:0.
Ryt o0 +x°kT 20X 4k

[IpoTe me me He O3HadYae€, MO ITyKaHa TPAHUIA ICHYE 1 TaKOX
TOPIBHIOE HYIIIO.

o : : . — 4
Hexaii Touxa (%) pSMY€E 10 TOYKH (9:0) B3nom KpHBOi V=X,
TO1
xty b 1
lim———=lim———-p=—
=20, x" HyT 0 x4 xT 2

y—0

OTxe, 3HaYCHHS TPAHUII 3aJICKUTH B1JI IIJIAXY HAOJMKEHHS

JIOBLILHOI TOUKHU (%) 710 TOYKH (0;0), a TOMY TpaHMIIs HE iCHYE.

i e —e
) XI_I}Ol, 2 _yz :
4.6. O0uucIiTH »°

Po3zé’a3annsa. Maemo

44

4 4 4 4 4 _
. e —e el(er T =) et =1 | xt-yt 50
hmﬁ lim 5 > hm—2
x—0, — x—0, — x—0, — 44 4 4
o XY 350 X T —y0 X TV et T -l xt -yt o

4 4
.oX = )
hm—2 y2 )1(1_1)101 (x2 + yz) =0

x—0, —
—_— y—)O x y — y—)O

Heob6xiOHi 3HaHHST NPO HernepepeHicMb
pYHKUYiT 080X 3MiHHUX

Hexaii Touxa M0(%%) panesuts obmacri BusHauenms byHKii
u=f (x, y)

Def. Dyukiito “ =/ (%) yasuparors nenepepsnoio B Touni Mo,

SKIIO BUKOHYETHCS HEPIBHICTH

lim f(x, )= f (%, )

X=X,

Y=o (4 1)
TOOTO
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lim f(M)=f(M,)

M—-M,

M

NpUYOMY TOYKA M TMPpSIMy€ 0 TOYKH "0 TOBUIBHO, 3aJUIIAIOYUCH B

00J1acTi BUBHAYCHHS (PYHKIII].
[ozHauumo ¥~ % =% Y =% =& Toni popmyiy (4.1) MoxHa
3amucaTH TakK:
lim [ £ (x,) =/ (%) ]=0

Ax—0,
Ay—0

abo
lim Au=0

Ap—0
9

2 2
Ap =+J(Ax) +(A : )
e p=(Ax) +(4y) BIICTaHb MK TOUYKaMu M Ta MO, e

Au =S5 ¥) = /(X0 ¥0) . gasuBaroTh MOBHUM IPUPOCTOM (GYHKIIT B TOYL]
MO

Def. DyHKLIIO, HETIEPEPBHY B KOXKHIM TOULl JESKOi 00JacTi,
HA3WBAIOTh HEMEPEPBHOIO B I11#1 00J1aCTi.

Slkmo B meskii Touri Mo He BUKOHYETBCS YMOBA HENIEPEPBHOCTI

(4.1), To IO TOYKY HA3UBAKOTh MoOukorw pospusy. Lle nocsraeTbcs y

TaKHUX BHIIaJIKaAX:

1) GyHKIA BU3HAUEHA B YCiX TOUKAX AEAKOTO OKOMy Todku Mo,

3a BUHATKOM camoi Touxu o ;

2) GyHKIA BU3HAUEHA B YCiX TOUKAX AEAKOTO OKOMy Todku Mo,

lim f(M
ajie He ICHy€ M%Mof( );

3) (yHKLisS BU3HAUCHA B YCiX TOUKax okomy Touku o

Jim 70 tim 7(01) = £ ()

ChopmymnroeMo  BIaCTUBOCTI  (DYHKIIIA  HEMEPEPBHUX Y
3aMKHEH11 0OMEXKeHii 00J1acTi.

, ICHY€

Teopema 4.1. SIkmo QyHKIis * =(x.y) HEIepepPBHA Y 3aMKHEHIM
oOMexeHii obmacTi D, To BoHa 0OMeXeHa B Il 001acTl, TOOTO 1ICHYE
Take yuciao M >0, mo namg BCiX TOYOK 00JacTi D BHUKOHYETHCS
HEPIBHICTh

| 7 (=, y)| <M '

Teopema 4.2. Sxmo QyHKIis z=f(xy) HeTepepBHA y 3aMKHEHI!
o0JiacTi, TO B Il 00JIaCT1 ICHYIOTh TOYKH, B SAKUX (DYHKI[isI HaOyBae
HaWOLTBIITOTO Ta HAWMEHIIIOTO 3HAYECHb.
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Teopema 4.3. Slkwo dyukuis =~/ (x.5) HETepEPBHA Y 3aMKHEHIH

obMexeHil obmacti D To icHyroth Touku 1 i M2 y miii obmacri, B

AkuX (yHKIis HaOyBae 3Ha4YeHb pi3HOro 3Haka, TooTo /(M1)-/(M;) <0
10 icuye Touka Yo €0 g sxoi / Mo) =0,

Byumocsi docnidxyeamu Ha

HenepeesHicMb OyHKUiI0 OeKiNlbKOX
3MIHHUX

4.7. locniaiTh Ha HEMEPEPBHICTh (PYHKITIO

X+
, Akwo x—y #0,
f(an’): X=y
0, akuwyox—y =0.

y TOYII (0:0)

Poz¢’sizanns.  3uaiinemo /(0.0 | ggmo ¥~y =0-0=0_ g
J0,0=0"" Posrnsmemo  rpamMmo gaHOi  QYHKIII  B3IOBK

KOOPAWHATHOI oci opauHaT. /g mporo mokmagemo X=0 Tomi
. +

ll_r(l)’lx Y.
yoo X Y

OCKITbKH 3HalIeHa TpaHWIS BiAMIHHA BiJ 3HAYCHHS
byHKIIT y TOYII (0:0), ~1#20_ 10 poOMMO BHCHOBOK TIpO T€, IO JIaHA
GyHKILsSA Y TOYI (0:0) PO3pHBHA.
4.8. JlocniiiTh Ha HEMEPEPBHICTh (PYHKITIO

sin(x2 + yz) .

—— 2 axwyox-+y- #0,

f(xa J’) = Xz +y2 W Y
1, akuwyox =y =0.

Po3zé’szanna. lana GhyHKIS BU3HAUCHA Y KOYKHIN TOYIT
momman 9% . KpiM Toro
: 2 2
_osin(x"+y ‘
hm% = ‘sm(x2 +y2) ~x +y’

x—0, x4+
y—0 Y

2 2
= lim="2_=1=1(0;0)
R

2
: 2 2 : 2 2 . 2 2
. osin(x"+y7) osin(x, +yeT)  sin(x,” +y,”)
lim — lim > > - .
X=X, X=X,
Yoy X ty —yoy Ko TVo = Xy 1t

2 2
uist BUHagKy %t # 0,

3rifHo 3 o3HaueHHsM HemepepHocTi (4.1)  dynkuis 7 (x.5)
HerepepBHa y KOKHil Touri momunu %
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Bbydyemo obrnacmb eu3Ha4YeHHs1 QOYyHKUiT
OeKinbKoX 3MiHHUX 3@ O0ONMOMO20H0
rri3 Gran1

lNpouedypa nobydosu obnacmi eu3Ha4YeHHsI YHKUIT
OeKinnbKoXx 3MiHHUX 3a 00NMOMO20H+0 8i0No8iOHUX nNpaesuJl.

4.9. [HOYKTUBHICTH OJHOIIAPOBOI KOPOTKOi KOTYIIKH Ha

I 0,04r*w*
HU3BKIM 4acTOTI TPHOJU3HO BHU3HAYAETHCA (YHKIIEIO 9r =100
Ie r— panlyc BHUTKIB; /| — JIOBJXMHA KOTYIIKH, ® — YHCJIO BUTKIB

KOTYyIIKA. BBaxarounm @  mOCTIHHUM, TMOOyayBaThu  00JIACTh
BU3HAYCHHS L.

Po3ze’azanus.
0,04’ w*

Kpox 1. Bupaz  97-100  mae 3wmict, sxmo " ~19#0  1o6T0
P p

riml
9

Kpox 2. Slxmo r— paniyc BUTKIB; /! — JOBXHHA KOTYIIKH, @

— YHCJI0 BUTKIB KOTYIIKHU (¢ TMOCTIiiHE), TO HEOOX1THO BBAXKATH, 11O
r>0 pq (>0

Kpox 3. Obnactio icHyBaHHS AaHOi (PyHKIi € [/ —I1a 4BEepTh

momuHu Oxy, 3a BUHATKOM MPSIMUX, IO BII0OpaxyroTh oci Ox , Oy

riml

Ta MOpsIMOi 9 . Omke mykaHa o00JacTb € HEOOMEXEHOIO,
BIJIKPUTOIO, HE3B’ SI3HOIO.

lNpouedypa nobydosu obsracmi eu3Ha4eHHs1 OYHKUiT
I - 0,04r’w’
9r—10/ 32 dornnomMo20r0 8i0N08IOHUX nNpasusi Moxxe 6ymu
3amiHeHa npouyedyporo 3acmocyeaHHs 113 Gran1.
2

«Hae4aemo» ceili komm’romep nobyodoei
obracmi  eu3Ha4YeHHs1  (PYHKUii  3a
donomoeoro lNMN3 Gran1.

1. Bigkputu BiksHo I1I13 Granl.
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2. ITobynyBaTu 0061acTh ICHYBaHHs JaHoi QpyHKIii. [le € / —11a uBepTh

riomuHN Ox), 3a BUHATKOM MPAMHX, 10 B1I0OpaxytoTh oci Ox , Oy
10

L r#E—I

Ta MPSIMO]
— 00patu y BikHI Cnucox 06 exmig |fsna v=1i) ;
— 3a pornoMororo ormiii 06 'exkm-Cmeopumu y BiIKH1 BeedenHs supa3zy

- e Y (x)=(10/9)*x .
3a/1edcHOCmi BBECTH BUPa3 QYHKIII ;
— y IIbOMY X BIKH1 BeedeHnus supa3zy 3anescHocmi 00paTy HaliMEHIIIe
IpaHU4YHE 3HA4YCHHSI A=0" Ta  MOXKIUBICTD Hee'sanysam Touu sigpioraty;
— 3a jgomomororo oniii I pagik-Ilob6yoysamu oTpuMaTh 300pakKeHHS
00JacTi, 110 € HEOOMEXKEHOI0, BIIKPUTOIO, HE3B s13HOIO (pHC. 4.5).

£
OE'erT | BunpaenerHA T

A4 [ 2L Creopamn... ===

=T 65 ===
SHIHMTH. ..
T e v > ~]o|1]|2[2|4|s]s|7|
Mir BrnyanTi
-~ _ _ . . _ _ : 8ls|.|-[p[Dlela]
| | evamocrenss e [
-+ : Cnmook of' ek TiE . ) ) ) . - # ) p
| ” 7 =3
Mg | . pd
M | u ’ Eg
| L p7
Mo | | P i
| _ _ _ _ _ IEE]:[mzsl*x na
| 27 B=10
L g Mirty=0
w |1 . - - : O - . . | I amv=11.111
I 2" BEEAEHHA EMPAZY 3aNe3HOCTI ==
. ~ . . .
i : s vi<)- [ DEEER ~ Al
= | R mn
(=N s L J |
I S £ i . : : A= |0 - Sin{ | Cos[ | Tal | (| 1] 6] | ® [
| . - E= (10 - ASin[| aCos(| ATal| 1| 2| 7| /| P <- .
| P e . - . e . Exp(| Ln[ | Log[| . 3| 8| + Cel
! s Sat(| It | Pi | .| 4] 9] -] Home | NN
1oL i i : i i : Craf|acTal abs(| E| 5] o] ~| End
JL/ _________________ E-Te TT noGyo o9
MinY=-0. 1307 Maxs=10.116 v He 3'eaHyBaTu To4KK BiOpiEKat9 ,ﬁ o
A [EEE=D) |
Puc. 4.5. Bikno III13 Granl: mo6yaoBa 06yacTi icHyBaHHS J1aHO1
byHKITIT
[r— -\ - -
: Modenroemo npodgpeciliHy distnibHicMb

T iH)XeHepa

‘o .y .

4.10. IIpy HaI3BYKOBIM MIBHAKOCTI * Yy MOTOIl Ta3y BUHHUKAE
CTpUOOK yIIuIbHEHHA. [Ipy 1IbOMYy HIIIBHICTH CTPHOKA YIIIJILHEHHS
(ymapHa XBWIISI) Y 3BEPHEHOMY PYCl Ma€ Ty K IMIBUAKICTh HMOIIHPEHHS
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JmPZ kp,
Vlz - = =

Prtpr P TyT BiAMOBITHO B P tuek i IIIBHICTH Ta3y 10
cTpuOKa, a b i P2 — micns ctpuOka. OOYHCIITh IIBHAKICTH

MOIIUPEHHST CJIa0Koi  yaapHOi XBWI, TOOTO B TMPHUIIYIICHHI,
H10p2 _>P1a P> F
B MRA Hepeqbopjwymoume YMO8Y  HA  MameMamuyHy.
 Ilepenioimb 00 2paHuuHO20 3HAYEHHS UWIEUOKOCHII
NOWUD EHHSL cnabkoi yOapHoi X6ui
o “J npuP: 2P BB g obuucaenns  epanuyi
ckopucmaumecs moxcausocmsmu 11113.

BigmoBigs: P , IIBUAKICT, IIOMIHAPEHHS CIa0KOi
yAapHOI XBHIII CHIBOAAA€E 13 MIBUIKICTIO 3BYKa.

4.11. JIB1 MeTasieBi JiKK, BEPIIMHHU 1 OC1 CUMETPIi SIKUX JIKaTh

Ha OJIHIN mpsAMii, nepeOyBalOTh y MOBITPi, 3BEPHEHI BICTPSAMH OJHA
70 OJHOI W He cTukarThcs. [loTeHmianu mepmioi W APyroi JiHok
sigmosizao ? =0 it 2= ¢ HanpyxeHIiCTb eIeKTPUYHOrO IONS B

B=- % o

Rsin 0(ln tg—*—Intg lj 0 . 0

IPOCTOPI Mik JHiHKaMK 2 2/, ne % i Y2— xyrm,
[0 YTBOPEH1 TBIPHUMH JIIHOK 3 JOJATHUM HAMPSIMKOM OCl CHUMETPii

nifiok. 3Hakmite, npu axkux % i Y icnye ¢ymxyis manpyscenocmi
EREKMPUHOZO NOTA E, sixkmo 0<0 <7 R>0
NN [epegpopmynioiime  ymosy HA Mamemamuuiy.

3eadaiime obracmv  BUBHAYEHHA  J1O2APUPDMIUHOT

[g(@/z j (g(@/zilj
o “J 2(6,/2) ma Opoboso-payionansuoi 82
GdyuKyiil.

Il  euxonamHs pizHO20 6UOY O0OHUCIEHb CKOPUCAUMECH
moacausocmamu LI 13.
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0<6’1<£; £<91<£;
4 4 2

0<92<£; £<92 <Z
4 4 2

Biamosigs:

Tema 2. MOXIAHI TA AU®EPEHLUIAINU
OYHKUII AEKINTbKOX 3MIHHUX

K 3MIHUTBCS TMOBHA MOBEPXHS 3aKPUTOTO MITTHAPUYHOTO Oaka
13 3aJJaHUM PaZlyCOM OCHOBHU W BHCOTOIO, SKIIO PajJilyC OCHOBH M

BUCOTY 301JBIITUTH Ha KiJIbKa CAHTUMETPIB?
[Ilykana 3miHa TIOBHOI IOBEpXHI Oaka MO3Ha4YaeTbcsa AS 1

MPpUOJIN3HO JOPIBHIOE TOBHOMY Audepenitiany hyHKIIII.

HeobxiOHi 3HaHHS1 NPO YacMuHHUU i

noeHul npupocmu PYHKUYiI OeKirnbKox
3MiHHUX

Hexait Ha nesikiit MHOKUH] D 3aano GyHKuio -~/ (x5 § TOYKY
M (x, y) eD
Def.  I[losnum npupocmom GyHKIil * =/(x.) y Toumi M

Ha3UBaIOTh (DYHKIIIIO
Az=f(x+Ax,y+Ay)—f(x,y)

Def.  Yacmumnnum npupocmom dymxuii * =/ (x.5) y Toumi M,
KWW BIATIOBIZA€ MPUPOCTY AX apTyMEHTy *, Ha3UBAIOTh (DYHKIIIIO
Az=f(x+dny)=f(xy), Jie y — He 3MIHIOEThCH.

3a aHaJIOrI€IO,
Ayz:f(x’y+Ay)_f(x’y), YaCTHHHUM IPHUPICT 3a 3MIHHOK Y , JIe X — HE

3MIHIOE€TBHCS.
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N. B Tlosuuii npupict ¢pynkuii >~/ (%) _ e (GYHKIS IBOX

AZ _ byHkuis oxHiel 3MiHHOT ¥, a

Az # AxZ-l-AyZ

3MIHHUX ¥ Ta Y, TOJl K MPUPICT

A . . .
»* - (pyHKIig 3MiHHOT Y. Y 3arajJbHOMY BUNAIKY

Byumocsi 3Haxo0umu YacmuHHUU i
noeHul npupocmu PYHKUiI OeKirnbKox
3MiHHUX

4.12. 3HaiiiTh TOBHUM 1 YACTUHHUM MNPUPOCTH (YHKIIIT
z=x"+xy—-2y y TOYIT M(O;l) npH Ax=2 : Ay=-1
Pose szanns. OGuucmamo 3nauenns *(%)
z(0;1)=0"+0-1-2-1=-2,
HOBI1 3HAYEHHS 3MIHHHUX OyTyTh TaKi:
X+Ax=0+2=2, y+Ay=1-1=0; z(x+Ax,y+Ay):z(2;0):4,
z(x+Ax,y)=2(2;1)=4, z(x,y+Ay)=2(0;0)=0.

OTtxe,

—(2)=6,A,z=0-(-2)=2.

Heob6xiOHi 3HaHHST NPO YaCMUHHI NOXiOHi
pYHKUIT OeKinbKOX 3MiHHUX

Hexaii dynxuis >~/ (%) Busnauena B JESIKOMY OKOJII TOYKHU
M (x, y)

Def. Skio icHye rpaHuLs
fim A _ piy LX) = f (x.)
A—0 Ax Ax—0 Ax

5

TO 1l HA3WBAIOTh YACMUHHOIO NOXIOHOIO  GYHKIUI S (%) y TOYIII
0z 0
Z;, f;’ —_ _f

M (x.) 3d 3MIHHOIO * 1 TI03HAYAIOTh ox Ox

3a aHaJIOrI€IO,

Az , YAy ) — ,

2 = tim 2 - i L)~ (2 0)
Ay—0 Ay Ay—0 Ay
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wacmunna noxiona gpyakuii 7 (x.5) y Touri M (29) 34 sminnoro ¥ .
0z

1106 3HaliTH YacTHHHY NOXigHy %, MOTPiOGHO B3ATH 3BUYANHY

noxinay ¢ynkuii =/ (%3) 33 3minmor0 X , BB@XKAIOUM 3MiHHY Y
0z

cranoro. AHanoriuno, % — He moOXigHa 3a 3MiHHOK Y (yHKIi

2=/ (%) npu  (IKCOBAaHOMY 3HA4YeHHI Y. 3BiJCH BHUIUIMBAE, IO
JaCTUHHI  TOXIJAHI 3HAXOAATh 3a 3BHYAWHUMH  IpaBHJIAMH
nudepeHiritoBaHHs QyHKINT OHIET 3MIHHOT.

Juis Qynkuii “=/ (% 2%mm3) proce iCHyBaTH " 4YaCTHHHUX

MOX1THUX
Oou - ou ou
ox, Ox, ox,,
, s eeen s i
ou
0x, 3HAXOMATh, SK 3BHYAMHY IOXITHY

YacTuHHY TOX1IHY

GyHKIii u(2:%02%) 33 3miEHONO Y, BBaKalOYM PEIITYy 3MIHHHX
CTaJIAMH.

YacTuHHI MOXigHi ckiaageHoi GyHkiii =/ (xl’xz""’xm)’ e

X=X (0 by ) 1=120m  3paxonsTh 38 GOPMYIIAMAL.
Ou Ou Ox, Ou Ox, Ou Ox,,
— =l — =24
ot, Ox, ot, Ox, Ot Ox, Ot
Ou Ou Ox, Ou Ox, Ou Ox
— = — 2+
ot, Ox, Ot, Ox, Ot, x,, Ot

30kpeMa, AKIIO ~ :f(”’v), ae 4 =u(x, »),v=v(x, ), MaeMo TiJIBKH

MOX1/THY 32 3MIHHOIO X :
o _Gou dzov @ _Gou v

ox oudx ovox Oy oudy ovoy ) (4.2)

T dynkuii 2=/ (),
MOX1/THY 32 3MIHHOIO X :

e “:“(x), V:V(x), MAa€MO TUIBKH

dz _0z0u 5z
dx ou ox py ox

[ro popmyny Ha3uBarOTh (OPMYIIOIO 11T OOYMCIICHHS ITOBHOT
dz 0z
4x (ma BigMiHY Bifl YaCTHHHOT MOXifgHOT % ).
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SIkmo QyHKITis T 3aJ1aHA HESABHO CITiBBIHOIIIEHHSAM
F(xl,xz,...,xm,u(xl,xz,...,xm)) =0.

oF
—=0 . . o
IpU4IOMY ou , TOJl 4YacTUHHI MOXIAHI MOKHA OOYHCIUTH 3a
dbopmymamMu
or oF
%—_axl ou __6xm
ox, ai"",axm ai ‘
ou ou
HaHpHKHaI[, AKIIO F(x,y,z(x,y)) =0 . TO
oF oF
0z o Oz oy OF
— = 2= (#0)
ox 6i oy ai ( Py )
- = 4.3)

Byumocs 3HaxoOumu YaCMmuHHi NOXiOHi
pYHKUIT OeKinbKOX 3MiHHUX

4.13. 3Hali1iTh YaCTUHHI TOX1AH1 (PYHKIIII:
z=x"y"+2y’ —x—4.
Po3e’s3anus. Maemo:
1) = =/ ) ¢ (GYHKITIEIO BiJ ABOX 3MIHHHX X Ta Y, TOMY Ma€ JiBl
/ 82 / 82
. . LA TS5 :8_
YaCTHUHHI ITOXI1/IH1 0x Y
2) 2=/(%¥) ¢ cyMOI0 4OTHPBOX JOJAHKIB, JBA 3 AKUX 3aJI€KATh

L
BiJI X, 3HAWIEMO 0 X | BBa)KAal04H ) — CTAJIO0 T4 BUKOPUCTOBYIOUH,
110 (a-x") =a-n-x"".
M
2 /_ 82
. o y T A,
3) ABa JOMAHKM CYMHU 3aJI€KaTh BIJI ), 3HAWJIEMO oy,
n\ _ . Loyl
BBAKAIOUM X — CTAJIOK Ta BUKOPUCTOBYIOUHM, mio (¢V") =a-n-y" .
, 0z 4 2 , 0z 5 2
z =—=5x"y" -1, z, =—=2x"y+6y".
. y S y+6y

4) oTxke

4.14. 3HaiigiTe 4YacTHUHHI mOXimHi QyHKIT (x.7) , 3aIaHoi
HESBHO PIBHSHHSIM
x>+’ 2 +xyz =0.
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Po3zs’sazanns. 3a popmynamu (4.3) gictraemo

F=x’+y’z" +xyz, aa—F:2x+yz,
x

a—F:2yz2 +xz, 6_F= 2zy° +xy.
oy 0z
Toni
0z  2x+yz Oz __2yz2 +xz

a__2zy2 +xy’ 5_ 2zy° +xp
4.15. 3HaiiAITh YaCTUHHI MTOX1AH1 QYHKIIIT
z= f(x+2y,x2y).

Posé’szanns.  Maemo  cknmageny  Gyakmio 2o/ (.7) , €
u=x+2y,v=xy.
3a dhopmymamu (4.2) 3HAXOAUMO:
E_Y Yoy E T T o

ox oOu Ov & oy Ou Ov
4.16. 3Hai11Th YaCTUHHI MTOX1AH1 QYHKIIIT

z=(2x+y)r.
Po3zs’sazannsn. 3actocyemo morapudmiune audepeHIfitoBaHHS.
Maemo

Inz==In(2x+y); (Inz) = (iln(h”)j ;
y ’ x

y
l%:lln(2x+y)+£ 2 ;ﬂzz lln(2x+y)+ﬁ 2 .
zdx 'y y2x+y dx y y2x+y
OTtxe,
%=(2x+y);l In(2x+y)+ 2 .
ox v 2x+y
oz
YacTrHHAY NoXigHy % 3HAXOIMMO TaK CaMo:
(lnz)’r=[iln(2x+y)j L X (2 y) i
Yy y z dy y y2x+y
dz x x ¥
—=—(2x+y)r|-In(2x+y)+ .
& X))
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HeobxidHi 3HaHHS1 NPo noeHuli dughepeHuyiarn
PYHKUiT OeKinlbKoX 3MiHHUX ma U020
3acmocyeaHHs1 00 HabnuxeHux ob64ucrieHb

Po3risiHeMO HoBHUIT pupict Gpyrkuii =~/ (x.5) y Touri M ().
Az=f(x+Ax,y+Ay)—f(x,y)

Def.  Dynxuito *=/ (x3) wasuparors oupepenyiiiosanoro y
TOYII M(x.y ), SKIIO 11 TOBHUHM IPHUPICT y MM TOYIl MOXKHA IOJATH Y
BUTJIAI1

Az = ANx+ BAy+¢,(Ax,Ay) Ax + &, (Ax,Ay) Ay. (4.4)
, )

ne 4 1 B - mgesixi mezanexwi Big A ta & uucna, a &(A%A) >0

Ax,Ay) —>0
82( y) ’HKH_IO Ax—)()’ Ay—)O.

Def. Jupepenyiarom & dynxuii Z=/ (*%) yasusarots T'OJIOBHY
NiHiMHY BigHOCHO AY Ta & wactuny ii mpupocTy, TOOTO
dz = ANx+ BAy.
Sxmo Gpyskis * = /(%) mudepenmiioBana y TOUIli M(x.y ), TO
_I(xy), S (xy)
ox oy
V BUMajKy, KOH Y - He3alexHi 3MinmHi, AY = dX | Ay=dy 1oni
dz = g dx + g dy.
& o (4.5)
dopmyiny (4.4) Terep MOXKHA 3alTUCATH y BUTIISII
Az =dz+ g Ax +¢&,Ay

dz Ay.

3BIJIKM BUTIJIMBAE HAOJIMKEHA PIBHICTh

AZ ~ dZ
abo
£+ Axy+Ay)= £ (x,0)+ df(x,y)AH af(x,y)Ay'
o o (4.6)
I{s1 HaGamKeHa piBHICTh TUM TOYHIIIA, YUM MEHII BETHIUHN AX
Ay
Ta .

®opmyny (4.6.) 3acTOCOBYIOTH A0 HAOMMXEHUX OOYUCIICHB
3HaYeHb (YHKINN, OCKUIBKH Oughepenyian ¢yuxyii obuuciumu
npocmiuie, HidC il NOBHUU NPUPICM.
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Jlnst pymkmii =/ (% %0%) ot mudepeHIriag 00UNCIIOIOTE
3a (hOPMYIIOI0

du =%8xl +a—u8x2 +...+a—”axm.
ﬁxl axz axm
Tndpepenian cxanenoi bynxmii 2=/ (+)| g *=3(w),
y=2(%7) | oGunciioroTs 3a GopMyIIoN
dz = g +g oy,
o O @.7)
dx =@du +ﬁdv, dy —Qdu +ﬂdv

I[e au av u av

B4yumocsi 3Haxoo0umu nosHuUu
dugpepeHuyian ¢pyHKUYii OeKinnbKoX 3MiHHUX
ma 3acmocoeyeamu lio20
0o HabnuxxeHux ob4yucrsieHb

4.17. 3HaitniTh NOBHUN nudepeHiiian GyHKITIH:
z=e"y’.
Po3zé’azanna. Maemo:

1) 2=/(%¥) ¢ (QyHkuiero Bif ABOX 3MIHHHX X Ta y, TOMY
.9z /.92

x z, =
0 x Y0y
b b

zZ
HEOOX1JHO 3HAWTM Bl 4YaCTUHHI MOOXIIHI

x\/ _ x nN/ -1
BpaxoBytouy, o (¢) =e  (ay") =a-n-y".
4) oTxe dz=(e'y’), dv +(¢'y’), dy=d z=e"y dx + 3¢"y*dy.

4.18. O0uncIIITh HAOIMIKEHO (0,92) (1’04)2.

3.2
Po36 azanns. 3actocyemo dopmyny (4.6) mist dyskrii / (.y)=xy",
F(L1)=1, Ax=0,92—1=-0,08, Ay =1,04—1=10,04.

5

TOJII 3HaMAEMO YaCTHHHI
NOXigHI QyHKIT (%) y TOYIL (L1).
%23)52)/2’ % |0y =3 %=2x3y, % [y =2
OTtxe,
(0,92)° (1,04)* =1+3(~0,08)+2-0,04 = 0,84,
Bigmosins: ~ 984,
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Heob6xiOHi 3HaHHST NPO YaCMUHHI NOXiOHi
ma dugpepeHuyianu suuwyux nopsiokie

Hexaii Gpynxuis >~/ (%) 3anama B o6macti D i mae wacTummi
0z Oz
moximmi X & g yCiX TOYKax (x.y)eD Tomi 1l TOXiJAHI MOYXKHA
PO3TIIAATH SIK HOB1 (DYHKIIIT, 3a/1aH1 B 001acTi D.

Def. Sxuo icHye yaCTUHHA MOX1/IHA 332 3MIHHOIO ¥ B QYHKIIIT
dz

ox | TO il Ha3WBAIOTh YACMUHHON NOXIOHON OpY2020 NOPSOKY BiJ

GyHKIT z=f(xy) IBiYi 3a 3MIHHOK * 1 MO3HAYAKTh OJHUM 13
cumBome: o " ago 2 =(2).
OT1xe, 3a 0O3HAUEHHIM

0’z 0 (GZJ ,
—_— | — " __ !
ox>  ox\ ox 260 2 _(Zx)x )
AHaJIOT1YHO BU3HAYAIOTH MOXIAHY APYTOTO MOPSAKY Bia (PyHKITT
z=f(xy) NIBIYi 33 3MIHHOIO Y :
z_0(¢& Y
oy>  oy\ oy 260 Zyy :(Zy)y
o
Def. Skmo icHye YacTMHHA moximHa Bijg (QyHKIEl O 3a
3MIHHOIO Y, TO M0 TMOXIJHY HAa3UBAIOTh MIUUAHO YACTHHHOIO
MOX1THOI0 JIPYTOro TOPSIAKY Bif (PyHKITI 2=/(%Y) § nosmauarors
o’z
s ny
Ox0y

OT1xe, 3a 0O3HAUYEHHIM
o) |
oxdy  Oy\ox) 460 v (z2) y

JUis GyHKuii nBox 3minEmx -~/ (%5) mose iCHYBaTH YOTHPH
MOX1/TH1 APYTOro MOPSAJIKY, Cepesl IKUX JIB1 MOXI1IHI MiIIaHi.
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Teopema 4.4 (ripo mimani moxigmi). SIKII0 B OKOJI TOYKH (x.5)
0’z 0’z
bymxis 2=/ (%) Mae nenepepsi wacTHrHI moximHi % Ta ¥ 1o
BOHH PiBHI MiXk CO0OIO.

Juis dymkmii “=/ (0 2%2%,) Vroxke icHyBaTM ™  4YAaCTUHHMX

Pu 0 oz

ox,0x, ox,\ox, ) i k=12,...m
: :

MOX1THUX JIPYTOTO MOPSIAKY:
AHAJIOT1YHO BBOASTHCS MOHATTSA YaCTHHHUX IOXITHUX TPETHOI'O
1 BUIIUX TTOPSIAKIB.
Def. Jpyeum ougpepenyianom 4’z Qynxuii =/(x.) y TOUYIII

M(x.y)  yasuparots mudepeHIian Bijg mepmioro audepeHmiaza 9z,
TOOTO

d’z=d (dz)
SIkimo *, Y - He3aneKH1 3MIHHI, TOI
2 2
d’z = O°f dx? +2 s dxdy + %dyz
ox’ o0y % . (4.8)

Def.  Tupepenyianom n-ozo nopadky 'z dymxuii =7 () y

rourd (%) wasusarots mudepeniian Big gudepeHmiaga (7=1) 1o
nopsaky 4"z, To0TO

d'z=d(d"'z). (4.9)

VY Bumaaky, koiau X, Y - He3alekH1 3MiHHI, ¢opmyny (4.9)
MOJKHA 3aITHCATH TaK:

d " f _ k
d'z= C,f—dxkdy” k C,=———
; ok oy . ze k'(n—k)

CuMBOIIYHM 3anHC 111€1 (OPMYITH TaAKHM:
d"z= iabc—kia’y f
ox oy

N.B. Dopma nudepeHIiagiB APYroro 1 BHUIIUX TOPSIKIB
3MIHIOETBCS 3aJICKHO B1J TOrO, € X 1 Y He3aJeKHUMU 3MIHHUMH YU
nudepeHIiioBaHUMHA (PYHKIISIMU 3MIHHUX ¥ Ta V.

n!

377



Byumocsi 3Haxo0umu YaCMuHHiI
noxiodHi yHkKuii ma dughepeHyianu
euwux nopsiokie

4.19. 3Hali1iTh YaCTUHHI TOX1IHI APYTOro MOPSAKY (PYyHKITIHN:

ey 4 sin 2y
z=2x"y +sin2y——; Y
a) y 6) zZ xz—yz.

Po3z6 s13anuAa. T1ocnioOBHO 3HAXOIUMO:

2
%:8x3y3—2£,%=6x4y2+2cos2y+x—2,
a) Ox y 0Oy y

2

8 f :i 8x3y3 _2£ =24x2y3 _2

0 x ox y y

bJ

2 ) 5
6_§=i 6x4yz+20052y+x—2 =l2x4y—4sin2y—2x_3,
oy 0oy y y

2

0z 8(82) 8[83 3 2xj:24x3y2+2_)2€,
oxdy oOy\ox) Oy y y

82 X

8x 2 /x _ /xz_yz ’
82 1 —y
- - _zy — :
Gy 2 /xz_yZ( ) xz_yz

-y —x

&—i X _ xz—yz _ —yz

2 > 2 | 2 2 = B
X" Ox| 4Jx*—y XXy (x2_y2)2
6_22_ 0 -y —x

2 T A = T

AR eSS (v =)

. . — 2 .
4.20. ITokaxiTb, mo GyHKIiA Z=* Y 3a10B0ABHSE PIBHIHHS

d*z B d’z
oxdy Oyox
Pozé’azannsa. Maemo
d’z 0 2x d*z o[ x* 2x
2 (2xiny) - )z
Oxdy 8y y ~ Oyox 8x y

378



110 1 Tpeda OyJI0 JOBECTH.
4.21. 3HaigTe YacTHHHI moxigmi @ Oxdy GyHKuii, 3amaHoi
HESBHO PIBHSHHSIM Xayaz=l
Po36 ’s13anuns. Maemo:

1) ¢ysknisa  3agasa  y  Buroami L2 =0" 10610
oOF oOF oOF
Fex4yiezt -1 jox ey e
=x"+ v+ 2 =1 g gxoi 90X , 0y z .

5 5

dz_ 2x_ x 0z_ 2y y

ox 2z z oy 2z  z.
9

5

2) MOCIIIOBHO JICTAEMO:
3) oTxe:

dx+2: 0, E Xy E g E Y,
Ox ox z oy oy z

0z X
&z a(_fj V% x( zj Ears

ox’ 25 z z’ z’ 22’
_&z oy
Oz _Of x\__ . »_ »__ x_—W
oxdy Oy\ z z’ z’ z’ -

4.22. 3uaimiTe audepeHiian apyroro mopsAaky QGyHKIil

Z:(3x—2y)4 ¢ Tou M(3;4).

Po36’azanna. OOUUCIIOEMO TMOXITHI APYTrOTO TOPSAKY JaHOI
byHKIIT y TOYI M :

0z 3 3

—=4(3x-2y) (-2)=-8(3x-2y),

y
&23(12(3)6_@)3)=36(3x—2y)2.3=108(3x—2y)2,
ox®  ox

o’z 0 3 2 2
—=—-8(3x-2y) |=-24(3x-2y) (-2)=48(3x-2y),
= 2 (s(ar-20) )= 24207 (2) = 483320
o’z 0 3 2 2
= 2 (12(3x—2y) ) =36(3x -2y )} -(=2) = -72(3x—2))’;
oy ay( (3x y)) (3x-2y) -(-2)=-72(3x-2y)
2 2 2
0 ZZ =108(3x— 2y)|x=3. =108,a—22 =48, 0"z =—72.
Ny y=4 y 0xdy|,
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[ligcTaBuBIIM OJACp)KaHI 3HAYEHHS YACTUHHUX MOXIJTHUX JIPyroro

nopsaaKy y popmyiny (4.8), 0CTaTOYHO JICTAHEMO
d*z(M)=108dx" —144dxdy +48dy”.

V) 2 — 3 2
4.23. 3HaWOITh 9 v, KO 4 =X V+Xz-

Po36 szanns. s pynxuii “ =/ (%72 ), ne * V-7 - He3anexHi
3MiHHI, ApyTruii audepeHiiai 3HaxoquThes 3a hopmyitoro (4.10):
, O f . Of . O,
d u= —2d X —2d y —2d z
o0x oy 0z
+ + +

2 2 2
2-afdxdy 2-afdxdz 2-afdydz
+ 0x0y + 0x0z + 0)oz .
3Hal1IeMO YaCTHHHI IMOXI1IHI TIEPIIOTO MOPSIKY:
of of _ s of _

_:3x2y+22 — = X = 2xz
0x . 0y . Oz

9 9 *

3HaliIeMO YaCTHHHI IMOXI1IHI APYTOTO MOPSIKY:
2 2 2 2 2 2
d {=6xy;%=0; 2 j; =2x; of =3x7; of =2z; s .
ox oy 0z Ox0y Ox0z 0y0z
OTxe,

d’u = 6xydx® + 2xdz” + 6x’dxdy + 4zdxdz.

4.24. 3naiinite 4’z y TOYII M(—2;0;1)’ AKIO (QyHKIIiS z(x,y)

. 2 3 _
3a/10BOJIbHSIE PiBHSAHHS 2+ +2+2 =0,

Po36’s3anns. 3naiigeMo 9acTUHHI HOX1IHI APYTOro MOPSIKY:

5 5 8—le; a—F=2y; 8—le +3z7;
F=x+y 4z+z;0x oy 0z
oz__ 1 . o__ 2y .
ox  143x* oy 14327
6 oz
g 1) Ve e
o ox\ 1+327) (14322) (14322)
oz
5 6z—
2_@(_ 2y j__z 1 Ty |2 24
o> oy\ 1+37 143z (1+3zz) 1+32° (1+3zz)3’
5 62%
62_%(_ 1 j_ oy 12yz
oxdy v\ 14327) (14322) (1432)
V touri M (2% yaemo
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0% z 3 0% z 0% z
2

ox’ 32’ 8x8yM_ " 0y

[TigcTaBisseMo 3HaUYCHHS YaCTHHHUX MOX1THUX y popmyiy (4.8):

d’] _Sae L
Mo3) _

M M

2

O64ucnroeMo YacCmuHHI NOoxiOHi pyHKUIT
OeKillbKOX 3MiHHUX 3a OOIMOMOR20H0
r1r13 Mathematica, Maple

lMpouyedypa nobydoeu obsiacmi eu3Ha4YeHHs1 ma
o64ucrsieHHs1 4YacmuHHOI noxiOHOI  (PYHKUii OekinbKox
3MiHHUX 3a O0NMNOMO20H+0 8i0No8IOHUX rnpasul.

4.25. VYV HeCTUIIIOMY CEpPEHOBHINI ITOTEHINal IIBHIKOCTI

MIPOCTOPOBOTO JKEpesa, IO PO3TalloBaHO B Toull M (xo’yo’zo), 3

IHTEHCHUBHICTIO 9 BU3HAYAETHCS 3a hopMyII0I0
_ q
4ay(x=3) +(y-2) +(z-5) -16

ol(x,y,2)=
3HaITh 00J1aCcTh
BU3HA4YeHHs (QyHKuii #(*--2) Ta ii yacTHHHI MOXi/Hi.

Po3zs'azanns.
Kpox 1. ®yukuia ?(%:7-%) pyspadeHa B ycix Toukax M (6 2),
TSI SAKUX M1IKOPEHEBU I BUpAa3 JOTaTHUM

(¥ =3+ (=2 +(2-5"~16>0 (pypa3 nigKopeHeBHil Ta 3HAXOAUTHCS Y
3HAMEHHUKY), TOOTO BUKOHYEThCS HEPIBHICTD:
=3+ (=2 +(-5"-16>0 T'pauuus jgaHoi 06NACTI OMHCYETHCS
piBasHEsM (¥ =3+ (/=27 + (=57 =16 [{¢ piBHsHHA BU3HAYAE Y
npoctopi Oxyz chepy i3 nentpom y toumi M3 %5 ta pagiycom
R=4

Kpox 2. MHOXWHA TOYOK, 110 JIEKHUTH 1M03a c(Peporo y mpocTopi
HaJeXuTh obOnacti Bu3HaueHHs @Qynkii. Cama cdepa obmacti
BM3HAYEHHs He HajexuTh. lllykaHa o6iacTh HEOOMEXKEHa, BiJIKpUTA,
HE3B’SI3HA.

Kpok 3. ®ynkuis ?(57-9) - cknagena. OTxe YaCTUHHI OXiJHI
CKJIafieHO1 (hYHKITT MalOTh BUTJISI;
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o q 1 1 2y/
v __ 4 | __. ((x=3 =
4 { 2 J((x—3>2+(y—2)2+(z—5)2—16)3J((x "

= i-()5—3. 1
4 \/((x—3)2+(y_2)2+(z_5)2_16)3
op _ q | 1 | N
oy 4n| 2 ((y-2 =
i 4 { 2 \/((X—3)2+(y—2)2+(z_5)2_16)3J (y=2)")

9 (y_2). !
4r Y )J((x—3)2+(y—2)2+(z—5)2—16)3 .

op q 1 1 2\/
— 7 4 | __. -((z-5 =
0z ar { 2 \/((X—?))z +(y_2)2 +(Z_5)2 _16)3 J (( ) )

= —-(z-95): !
i J(x=3)+(y=2)" +(z-5)" -16)’
lNpouyedypa nobydoeu obsracmi eu3Ha4YeHHs1 ma
3Hax00)XeHHs1 4YaCMmUHHUX MOXiOHUX 3a OOMNoOMO20H0
eidnoegidHuUx npaesus Moxe 6ymu 3amiHeHa npoyedyporo
3acmocyeaHH,q r1r13 Mathematica.

«Hae4aemo» ceili komn’romep nobydoei
obs1acmi eu3Ha4YeHHs1 ma 3HaxOO)XeHHIO
4YaCMUHHUX MOXiOHUX 3a OOMOMO20H0
r1ri3 Mathematica.

1. Bigkputu Bikao [1113 Mathematica.

2. 3a pomomororw ommli Palettes-Classroom Assistant BUKIHKATH
BKJIAJIKH 13 ITa0JIOHaMH 1151 HA0OpY CHMBOJIIB.

3. AKTHBI3yBaTH TOJIe TIporpamMu 3a gornoMororo omiii Graphics-New
Graphics.

4. Y Bkaanwmi Classroom Assistant 3HaTH MeHIO Basic Commands 1

3D

. B orpuManOMYy BiKHI BUOpAaTH BiAIIOBI1AHO

= ContourPlot3 0] fmefion

aKTUBI3yBaTH KHOIIKY

, Win, maxl,

{vars, min, max!

Plot3D-More madnou : i
5. ITicas BBEICHHS 3a JIOTIOMOT OFO 1a0JIOHIB

2 2 2 . .
(x=3)"+ (=27 +(=-3)"-16=0 3a3paypTn iHTepBamM, Ha sKUX Bac
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I[IKaBUTh 300pakeHHs MOBEPXHI Ta 3a JOMOMOrorw omilli Evaluetion-

. . In[5]:= BRI cere .
Evaluete Cells BUKIIUKATH 13 MITKAMU 1 noOyaoBYy ii rpadika.

6. Otpumaru 300paxenHs cdepu 3 nearpom y touni ¥ 3 2 3) (puc.
4.6). Cama cdepa oOnacti Bu3HadeHHA He Hanexuth. lllykana
001acTh HEOOMEXKEHA, BIAKPUTA, HE3B SI3HA.

# wolfram Mabematica 7.0 - [Untitled-1 *] =I=Es
Fle Edt Inser Format Cel Graphics Euiistion | palettes Window Help

Evaluate Cels ShiFt-+Erter

Basic Math Assistant =
¥ Calculator @ -

[oa~ lEamad
x «

# Untitled-1 *

i
Gl
3l

Evahuate Notebook
Evaluate Initiskzation Cells

v Dynamic Updsting Enatied
Conwert Dynamic to Liersl

el COntOUIPlOt.SD[(X - 3)2 + (y-2)2 +(z _5)2 -16=0, {x, -10, 10},
{v, -10, 10}, {z, -10, 10)]

Puc. 4.6. Bikno I1I13 Mathematica: mo6ymoBa 300pakeHHs C&)éﬁlg

7. Y Brunamm Classroom Assistant 3HaiiTi MeHto Basic Commands
#[3

aKTUBI3yBaTH KHOHKi . B orpumanomy BikHI BUOpATH BIMOBITHO
More mabnon :
8. [Ticns BBEJICHHS 3a JIOTIOMOT OO m1a0JIOHIB

q 1

_4_. 22 72 2 .
T J@=3 0=+ G5 16 saapaupy 3MiHHY, 3a sKOW Bu
IIyKaeTe YacTUHHY MOXiJHY Ta 3a Jaonomorowro omniii Evaluetion-

. . . . Owfl
Evaluete Cells Buxkaukatu 13 miTkamua "7 i O0YMCIICHHS

YACTHHHMX NOXimHumx QyHKuii ?*-Y-2) 33 KOXHOI i3 3MIHHEX (pHC.
4.7).
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46 Untitled-1 * @@Eaﬂc Math Assistant

In1:= ¥ Caleulator (@)

Basic | Advanced

hm:D[ = P x]

4n\/(x-3)2+ (v-2)2+(z-5)2-16

o (@ (=3+%)) /(47 (-16+ (-3 +:) 2+ (-2+ )% + (-5 +2)2)7")
-q
\n[-’)]:D[ ,y]‘
4n\/(x-3)2+ (v-2)2+(z-5)2-16
q(-2+v)
47 (-16 + (-3 +x)% + (-2 + )2+ (-5 +=z)2)7"" 5 =

ouefs}=

= =
- q Sum CSolve
= D [ : =] 5.0 BueD

47(\/(x—3)2+ (v-2)2+ (z-5)2_-16
g (-5 +z)

owfEl=

A7 (16 + (=3 +x)2+ (-2+¥)% + (-5 +2)2)°"?

Puc. 4.7. Bikno I1I13 Mathematica: 064nCI€HHS YaCTUHHOT MOX1THO1
byHKITI

lMpouedypa 3HaxoO0)XeHHs1 MNoB8HO20 OdugepeHuiany
pYHKUIT OeKiflbKox 3MiHHUX ma 3 (020 3acmocyeaHHs1 00
HabnuxeHux ob64ucrnieHb 3a 0OONOMO20i0 8idnoeioHUX
npaeuri.

4.26. SIx 3MIHUTBHCS TIOBHA MOBEPXHS 3aKPUTOTO IUIIHAPUIHOTO
Oaka 3 paaiycoM OCHOBH 2 M 1 BUCOTOI /() M, SKIIO pajilyC OCHOBU
301MpIIUTH HA [ cM, @ BUCOTY Ha 3 cm?

Posé’szanns.

Kpok 1. lllykana 3MiHa MOBHOI TTOBEPXHI 0aka MO3HAYAEThCS AS
1 npubau3HO  JOpIBHIOE TOBHOMY  audepeHmiany  QyHKIii
S =27(R*> + RH).

Kpox 2. lloBuuit audepenmian ¢GyHKIIT OOYUCTIOETBCS 3a

bopmynoro
oS oS

dS=—AR+—AH
OR oH
. ﬁz27[(2R+H), ﬁ:27rR,
OcCkKUIBKH dR oH TO
AS=2rn((2R+ H)AR + RAH )

Kpoxk 3. Ilicns mactanoBku 3Hadedb R =2 m, H = 10 m, AR =
0,01 m, AH=0,03 m oTpuMaeMo
AS ~27(14-0,01+2-0,03) = 0,47 =1,2566 ;2
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BianoBiae: mpu 301IbIIEHH] pajiyca OCHOBU Ha [ cm ¥ BUCOTH
Ha 3 c¢m TIOBHa IIOBEPXHS 3aKpUTOr0 MHIIHAPUYHOIO Oaka
301IBIIY€EThCS PUOAU3HO Ha [,2566 +°. TouHe 30iIbIIEHHS HOBHOI
noBepxHi 0aka cTaHOBUThL 1,2592 M’ (0OGUMCIIIOETHCS 3a JOMOMOIOKO

dbopMy TIOBHOI TOBEPXHI 3aKPUTOTO ITWIIHAPUYHOrO Oaka:

S, =(27-R-H + 27-R*) (27 -(R+0,01)-(H +0’03))). BinHOCHAa TOIpPiNIHICTH

MIPU 3aMiH1 MTOBHOTO 301IbIIIEHHS TOBHUM JIU(EpeHIliaioM CTaHOBUTh
nipubnu3Ho 0,2 %.

X3 «Has4yaemo» ceil KoMmn’romep
' 3Hax00)XXeHHK [M0B8HO20 dJucghepeHuiany
YHKUii OeKinbkox 3MiHHUX ma 3 U020
3acmocyeaHHs do HabnuxeHux
o64ucneHb 3a donomozoro 13 Maple.
1. Bigkputu Bikao 1113 Maple.
2. 3a momomororo omii [nsert-Execution Grope-Before Cursor abo

. . . =
KHONKKM ” OTpUMATH y IIOJI IPOrpaMu MiTKy ~ .

3. AxtuBi3yBatu 31iBa BKIagku Expression i Common Symbols Ta 3

. . _ 2 .
OTpUMaHMX a0NIoHIB BBecTH (yHKIit0 S = 27(R"+RH) 3anicTe 3HaKa
«=» 3aCTOCYBAaTH CUMBOJ «:=». HalpukiHI[i KOXKHOTO psjKa CTaBUTH

. . =
«;» Ta HATUCKYBATH KJaBiy Enfer. 3 IBISIETHCS MITKA ~ .

4. 3a n0omoMoror IIa0JOHIB BBECTH (GOpMyTy il OOYHCIICHHS
8s &S

. AR +—AH
IIOBHOTO mdepeHmiany oR oH | 'V HacTymHOMY pPSIKy Oynae
OTpUMaHO  BHUpa3 TOBHOro  audepeHmiany  QyHKI, 110
27((2R+ H)AR + RAH )

TOCIIIKYEThCS
5. IlpucBoitTm mIykaHii 3MiHI TIOBHOI TIOBepxHI Oaky AS 3a
JIOTIOMOTOI0 CHMBOJIY «:=» BHpa3 IMOBHOTO nudepeHIiany QyHKIii
27((2R + H)AR + RAH )

6. I migcTaHOBKHU 3aMICTh CKIIAJIOBUX OCTAaHHBOI'O BHpPa3y 3HAYCHB
R=2,H=10, AR = 001, AH=0,03 3actocyBaTu KOMaHIy
subs(..., AS). Ilicims HaTHCHEHHs KiaBimn FEnter 3’SIBUThCA IITyKaHa
Binnosims %47 (puc. 4.8).
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Untitled (1)* - [Server 1] - Maple 13 (=1 (<)
1

Fle Edit Wiew Insert Format Tools window  Help

DE2ESS XM S TEIEE «= W] Ose & Bos 2 @
BN Text Dra Plot Animation

W Expression Hide

(_C 20 1mput =) (Timestiewroman ¥) (12 ) B[Z|Uu [E]== Bhlh i=i=

5 7
[ dx
[rax J;f >

f[kf Ll >S==21t-[R2+R-H,;

E s=2n(R*+RH) B
ab g & >LS-AR+1S-AH;

@ a, a aR oH

Ve oal k|| 2n (2ZR+H) AR + 2R AH @
1n;:(a) l:sl)ligul:((:)] :> AS:=2mn (2R + H) AR + 21 R AH,

w1 [z] Fla) L ASZZQ,TE(Q,R +H)AR+2TERAH @)
Flab) f=a—y > subs(R =2, H=10, AR = 0.01, AH = 0.03, AS);

F=lab) =z
040 1 @

xxxxx

G Py | [
S b il
P Liniks (ST) |
P> Linits (FPS) |

T

CXW O <N MWa=|E

3

! A Dm

“BO</hAN MaAg
L ~joIR
dH=2Z>N1 ACS8

s+ NKQIAY Za
w2l W R =

+

.
a
-z
z
2
2
z
Bl
g
=
&
S
£
g
a
&

S | NI - e [P Ebromen.. | B3 iwoa it B o W e e @ <R 10z
Puc. 4.8. Biknao 11113 Maple: o6unciierHs moBHOTO AudepeHItiamy
byHKIT
— Modenroemo npodgpeciliHy disinibHicMb

—~ iH)XeHepa

4.27. TopusonTanbHa cKiafnoBa /1 HampyXeHOCTI MarHiTHOro
A

H=———
T-\/sing
9

MOJISI 3€MHOTO MarHETU3MY BH3HAYA€THCS 32 (POPMYIIO0
ne T — mepiof KOIMBAaHHS MAsTHHKA, ¢ — KyT BiIXMICHHS
MasiTHUKa 1 A — peska mocTiHa. AOCOIOTHA TOTPINIHICTh TPHU
BU3HAYCHHI TPUBAJOCTI OJHOrO KoIMBaHHS mopiBHIoe 10~ cex. Kyt

BIAXWJICHHS MOXXHA 3HAWTH, SKIIO PO3TIISIaTH HaBEACHHS W BIIJIK 3
. / o e . .
TounicTio 1o %2 . 3HalifiTh BUKIMKaHY UM norpimHicts AH  mpu
9=25" T=35" Ap=1=29-10"°
bJ

YyMOBaX: pao, M=10"cex
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v 3 E‘f"_\;'f.‘- Ilepenecimo CMPYKMypy 00 'exmis, wo
b nponomyiomecs y  3a60amHi, 6 IHW  YMOGLU.
Cropucmaiimecb HOHAMMAM NOBHO20 OUPePeHYIaALy
oA “J OJ151 HAOIUNCEHUX 0OUUCTIeHD.

Il obuucienHs  4aCMUHHUX — NOXIOHUX — CKOPUCMAUMECH
moancaueocmamu LI 13.

H 1
AH:HAT +5|H-ctg(p|A(p

_ -3
Biamosins: ; AH=10" oo. Faycca.

4.28. Ilig yac BUMIPIOBaHHS TEMIEPATYpU PEATbHUX TIJI
MIpOMETp IMOKa3ye TaKk Ha3WBaHYy ONTHYHY (SICKpaBHY) TeMIepaTypy,
0 TOB’s3aHAa 13  ICTUHOIO  TEMIIEPATYpOI0  BHUPAXKEHHSIM:

1A 1)
e In— .
C &
o "o , 16 0 — onTu4yHa Temneparypa 3a °K; L
icThHHA TeMmriepaTtypa 3a °K; 4 — JOBXXHMHA XBWII IipoMeTpa, IO
€y

3aBJIaHO Y M, — TIOCTIAHMM Koe(irieHT. 3HaWIITh YaCTHUHHI

noxiaHi1 QyHKIIT T, 1o TO’)“’E.

B T S . B . . .
L Tlepenecimb @hynxyii 06 'exmie, AKi 6dice no6y006aHi,
6 IHwi ymosu. Jnsa oouucienHs NoXiOHUux yHKyitl
3p0Oimb IX 3aNeHCHUMU MIIbKU 80 OOHIEI 3MIHHOI,

——Z In=

(1 A 1}1
HANPUKIAo LIT)_T,x)=\x ¢ &)
llo3naume 051 noxionoi muny ((f (x))_l)/ =—-(f (x))_z f /(X)

-2
supas (f(x)" =4 s obuucnenHsi 4ACMUHHUX — NOXIOHUX
ckopucmaumecs moxcausocmsmu 11113.

dT, 1 dT, 1 dI, %
dT, T} dA Co de cye

BigmoBigs: Je
A= —(i - ilnl)‘z.
I, ¢ e
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4.29.B enexTpoHHIA TeOpii M1 HAWUMPOCTIIIOTO BHUIAIKY
aTOMIB, 10 HE BIUIMBAIOTh TOMITHO OJWH Ha OJHOTO Ta MAalOTh

HEC3HAUHC BHYTpiIHHG 3aracaHH51, MOXHa 3altucatTu
OF OF ox
e == L Ax . Nex—— . ,
St St 5t e E=FE;-sm2mvt,  x=A-sin2nt,
y e- Lk,

— JIIeTIeKTpUYHA TMPOHUKHICTD; Ey
aMILTITy/la 3MYIICHOI TapMOHIWHOI XBWJII, m — Maca EJIEKTPOHA;
Ne— 3arabHHUH 3apsa €IeKTPOHIB B OJWHMIN 00’€My; YV — 9acToTa

xommBaup. Busuauits€(V) |

5 Iepegpopmymioiime  ymosy Ha Mamemamuimy.
g o
ot

3Haudimv YACMUHHI NOXIOHI ol QyHKYii

d’x ox

E=E,-sin2avt X =A-sin2nvt

ma %! ons Dyukyii
s obuucnens  YACMUHHUX — NOXIOHUX — CKOPUCMAUMECh
moowcaueocmsamu I1113. Tliocmasme 3nauenHss YACMUHHUX NOXIOHUX Y

OF OF o x
5_ =—+47 - Nex —
PLBHAHHS t t g , CNpOCMIimb 1020 mMa Upasimo
snavenna ().
2
& (V) =1+ — > o
BinmnoBias: mr(vy = V')

4.30. IlokaxiTth, 10 (QYHKIIS MOTEHIIATY IIBHIKOCTI
7

2 2 2
MPOCTOPOBOTO  JKEpeEna (x=a) +(y=b)f +(z-c) ,  sfKa
pO3MIISIHYTa B TeOpli E€JIEKTPUKH ¥ MarHeTu3My, 3aJ0BOJIbHSIE
do d*¢ d’
20 + 20 + 20 =0
dx dy dz

olx,y,z)=- ]

piBHsHHIO Jlamaca
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Ilepenecimo ynkyii 06 ’exmis, saKi 8dce noOYO08aHi,
8 iHwi ymosu. J{ns oouucieHHs YaCMUHHUX NOXIOHUX
0py2020 nNOpsA0Ky ma CHPOWEHHSI OMPUMAHO20
supaszy nicis niOCMAHOBKU 3HAYEHb YACMUHHUX
NOXIOHUX cKopucmaumecs modcausocmamu I113.

4.31. V Teopii TEMIoMpoBITHOCTI BAKIUBY POJIb TPA€ PIBHAHHS

2
b _ 4y
dt dx” | TIokaxiTh, IO LOMY PIBHSHHIO 33J0BOJbHAE (DYHKIIis
y=e*" sinx
: 5\’ Ilepenecimo CMpyKmypy 00 'exmis, wo
NPONOHYIOMBCA Y 3A680AHHI, 8 [HULL YMOBU. SHAUOIMb
dy d’y
. . ’ 2
o “J qacmuHHZ NOXIOHI dt dx onsa  QyHKyii
-sinx
Hidcmaeme 3HAYEeHHS YACMUHHUX NOXIOHUX y
dy _, d’y
: B 2 . . .
DIBHAHHA dt dx U cnpocmime  tioco. Jlna  obuucieHHs

YaCMUHHUX NOXIOHUX cKopucmaimech modxcausocmsmu 11113.

4.32. Y TeopetnuHii (izuil (HaAIpUKIAL, B aKyCTHIl U Teopii

d_zy =k d_zy

KOJMBAaHb) BAXKIIUBY POJIb I'Pac PIBHAHHS df’ dx* . TIokaxiTh, 1O
IIbOMY PIBHSIHHIO 33/10BOJIbHAE QyHKIig Y =@ O+k-O)+y-(x—k-1)  ne
¢ ¥ — Oynb-ski naudepeHIiioBani (QyHKIIT BiJ BIAMOBITHUX
apryMeHTlB

A3 _:’ Ilepenecimo CMPYKmMypy 00 ’exmis, wo
| NPONOHYIOMBCA Y 3A680AHHI, 8 [HULL YMOBU. SHAUOIMb
dy d’y

o “J wacmunni - noxioni  dt dx’ ona  Qyukyii
y=@-(x+k-)+y-(x—k-1)
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Iliocmasme 3HaueHHsT YACMUHHUX NOXIOHUX V  DIGHSHHS
2 2
d’y _ 42 dy
dt? dx?

U cnpocmime wo2o. /s 0OYUC/EHHS YACTMUHHUX
NOXIOHUX cKopucmaumecs modcausocmamu 1113

JlJIs1  KOBaJIbCHKOTO

Tema 3. JEAKI 3BACTOCYBAHHA

YACTUHHUX NOXIAHUX

3aimi3a  JOCHIIHKEHHS Jad  HACTYIHY

Ta0JIUITI0 3AJIKHOCTI 3YCHJIUIS pi3aHHs P Bij rMMOWHU pi3aHHS a MPU
nofayi / mm:

a, mum 3 4 5 7 10
P, kH 5,34 7,55 8,82 12,26 16,96
3a JOIOMOIOI  Memody  HAuMeHWux Keaopamié  BUPA3UTH

EeMITIPUYHOI0 (POPMYIIOI0 3ajIekKHICTh P Bif a.

B ocHOBI Merony HaWMEHIIMX KBaJpaTiB, IO IMIHPOKO
BUKOPUCTOBYETHCS TiJ Yac MiAOOPY eMIipUIHUX (POpMYJ, JICKHUThH
JTOCIIDKEHHST Ha eKCTpeMyM (QYHKINT JCKUTBKOX 3MIHHUX, SKe
MOB’s13aHe 13 OOYMCIICHHSAM i 3aCTOCYBAaHHAM YaCTUHHUX MOX1THUX.

Heob6xiOHi 3HaHHST NPO GOMUYHY NMIIOWUHY
ma HopMalsib G0 NMo8epPXHi

Def.  Jomuunoro naowuHolo A0 TOBEPXHI y TOUIl JOTHKY

M, (%0:30:%0)  yaspBaroTs IUIOIIMHY, IO MICTHTH y cOOi BCi JOTHYHI
psMi B touri™o 110 KpUBHUX, IO JIKAaTh HA MOBEPXHI 1 IMIPOXOIATH

gepes Touxy Mo,

M

Def. Hopmanmo 10 MOBEPXHI y TOULl *'° HA3UBAIOTH NPIMY,

[0 TMPOXOJUTH Yepe3 TOUKY M,
TUTOLLIMHU B I[1H TOYII.
PiBHSIHHS TOTHYHOI Ta HOpMaJTi 40 MOBEPXHI ITOAAHO Y TAOIHIIX

4.1 ta4.2.

MEPIECHAUKYIAPHO 10 JOTAYHOI
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Tabnuuys 4.1

PiBHsHHA PiBHAHHA 4OTUYHOI NJIOWMHN A0 NOBEPXHi
MOBEPXHI
Flr.z)=0 B oo E ) Bz
My + © + 9% 1w,
: f(x,y) z -z, =—5 fa(); L) “(x—x,) —a fa();’ . (=)
+
Tabnuuys 4.2
PiBHSHHSA PiBHAHHA HOpMari A0 NOBepPXHi
MOBEPXHI
F(x,y,z)zO X=X, Y=Y zZ—z,
o F o F o F
ox |y, _ oy |, _ oz,
z:f(x,y) X —X, Y=Y
ﬂ ﬂ zZ-z,
0X |y, yy) = 0V lisyy) = —1

Buyumocsi cknadamu pi8HsIHHSI O0MUYHOI
naowuHU ma HopmaJsli 00 No8epxHi

4.33. CxmanaiTh pIBHSHHS JOTHYHOI INIONIMHHA Ta HOPMaNl 0
. _ 2 3 . .
nmoBepxHi =X VY y oyl MY,

Xy =

Poszé’sizannsa.  3a ymMOBOIO 2 %=1 3paxomumo arIiKaTy

2 3
TOYKHU JTOTHUK BN o TP OOYUCIIIOEMO YaCTHHHI MOXI1IHI
0 0 Zo=Xg Yo+ % Yo =6 OFupciroemo uac i moxitHi
oz oz

ox Ta 9 y TOUI JOTHKY:

2=2xy+y3, £=x2+3xy2;
0 x oy
o0z

0 x oy

[TigcTaBUBINY Il 3HAYCHHS Y BIATOBIIHI (hOpMYIH 3 TaOmIs 4.1
14.2, nictTaHeMO PIBHSHHS JOTHYIHOI IJIOIINHN
z—6=5(x=2)+10(y-1) 5x+10y-z—-14=0

0z

=29 @ 1 =10.

, a00
1 pIBHSIHHSI HOpMaJi
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x=2 y-1 z-6

5

10 -1

4.34. CxmamiTh PIBHSHHS JOTHYHOI INIONIMHHA Ta HOPMal 0

MOBEPXHIi

X+ +x+xp’z =4

y TOYILIi M, (LL1)

Pozé’azanna.  Ckopuctaemocss  ¢GopMmysnaMu, TOJAHUMU Y

taomuiax 4.1 ta 4.2. Maemo

oF

F=xX+y +z2+x°2 -4 a—:3x2+y223,

oF

oF
ox

b

M,

oF
OH

X

— =3y*+2xyz’; il =3z +3xy°z’;
0 oz

oF

—| =6.
OH

M,

M,

OT:ke, pIBHSHHS JOTHYHOI IUTOIIAHI
4(x—1)+5(y—1)+6(z—1)=0’ aGo 4x+5y+62-15=0

PIBHSIHHS HOpMaJIi —

x-1 y-1 z-1

4

5 6

Heob6xiOHi 3HaHHS1 NPO

noxiGHy 3a HanpPsiMoM ma
epadieHm byHKUiT OeKinbKOX 3MIHHUX

Hexait ¢ynkuis “~/ (¥52) pusHauena i HETIEpEpBHA B OKOJI

TOUKH M(x’y’z).

=1 /;:r_"
A ’

#
-

MEE) -
/f) Py
;

Puc. 4.9. I'eomerpruune
TAyMa4eHHs MOX1AHOT 3a
HaIMpsSMOM

3agamMo y TO4Ill M OXUHHYIHHUI

BEKTOD / ={cosa,cos,6’,cos;/}’ 110

YTBOPIOE 3 OCSAMH KOoOpauHaTr O,
Oy, Oz pigmosigHo kytm % A7,

BizbmMemMo  Ha  mpsaMiid, — ska
IpOXOOUTH Yepe3 TOUKy My
HampsMi  BekTopa !,  TOUKy

Ml(x+Ax,y+Ay,z+Az) (pI/IC 49)
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[To3zraunmo TOBXKUHY MM, gyepes Al Toni,

2

A= J(Ax) +(Ay) +(Az).
Def. TloximHow (yHKIIT u(x.3:2) 55 HAMPSIMOM | HA3WBAIOTH
Au

I'PAHUINO BigHOmEeHHS A/ mpu A =0 gK110 BOHA ICHYE, 1 TO3HAYAIOTh
u
ol , T00TO

ol AI—0 A] Al—0 Al

Hoxinny byHKuii u(.0.2) y HarpsiMi BekTopa | = {cosa,cos f,cosy )

00YHCITIOIOTH 32 (HOPMYIIOO:

e
I|= P+ +0 7
| | * v 7 . moBKHMHA BEKTOpa ! .

[ToxigHa 3a HaOpsSMOM Yy3arajJbHIOE TIOHSATTA YaCTHUHHOI
Oou Ou ou Oou

ou Ou ou ou
— =—cosa +—co0s B +—-cosy.
ol ox oy oz : (4.10)
[
cosa ZIITX’ cos 3 =%, cosy =IITZ
| | | | - HampsMHI KOCHHYCH BekTopa !,

moxizuoi. Tak, skmo ! =00 1o o ax; gxmo /=1 L0 po o o,
B} ou _ou
SIKIIIO I ={0;0;1} , To O 0z

Def.  Ipadicnmom  byHkmii “ =/ (xy.:2) y TouLi M(x,y,z)
Ha3WBaIOTh BEKTOP, KOOPAMHATAMH SKOTO € YaCTHHHI MOX1IH1 (DYHKITI1

u(x,7,2) , 00umCIIeHl y Toumi M , TOOTO
gradu(M) = au(M)i+ au(M) J+ au(M) k,
ox oy 0z
abo
gradu(M) _ {&t(M) 6u(M) 6u(M)}
ox oy 0z
Mix rpafiieHTOM 1 MOX1HOIO 32 HAIIPSIMOM 1CHY€E TaKUM 3B’ A30K:

ou = 7
E:gmdu-l =|gmdu|-‘l‘-COS(D.

b

u (x, y,z) .
1 HaHpHMHI/IM BGKTOpOM
ou

I'. 3 mi€i popmysan BUIUIMBAE, 110 moxigHa O HaOyBae HaHOIIBIIOrO

ne ? - KyT MK rpagieHToM QyHKITT
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3Ha4YeHHsa Toxi, Komu °S?=!  T10o6T0 TOmI, KONMM HampaM BekTOpa !

301raeThbCsl 3 HAMPSAMOM TPaAJIIEHTA, TIPU LIbOMY HaNO1IbINE 3HAYCHHS
ou

noxinHoi O popiBHIOE MonyiIo rpamienta GyHKIT =/ (xy ’Z), 1110

00YHCIICHO B TOYIl M , TOOTO

ou ou ’ ou ’ ou ’

—:‘grad u‘: — | = = |-
ox 0y Oz

Byumocsi o64ucriroeamu noxioHy
3a HanpsiMoM ma
epadieHm byHKUiIT OeKinbKOX 3MIHHUX

4.35. OOuucnith nOXigHy (QyHKIT u=x'y+xSz+z y TOYIT

M(0:1-1) 52 yanpsmom Bextopa | =2 +7+2k
Po3z6’s13anns. 3HalineMo HapsMHY KOCHHYCH BEKTOpa ! :
2
3,

=+v4+1+1=3, cosa :—g,cosﬁ :%, cosy =

i

[ ={-212},
M(0;1;-1),

OO6yucaIMMO YaCcTUHHI TTOX1/1H1 JaHOi PYHKITIT B TOYII
=x’ +2xyz‘M =0;

ou
== =2 2 =1, —
ox|, xXy+y Z‘M oy,
ou ) )
8 w327 =3
Py ; Xy + 5z ‘M |
ITincTaBuBIIM ofepskaHl 3HaYeHHS y popmyny (4.10), mictanemo
a_”:(_l).(_gj+0.l+3.2:§
ol 3) 3 73 3
3a3HauyuMoO, M0 (YHKIIis u(x.y.2) y ToYlli M 3a HampsAMOM
ou >0

BekTopa ! 3pocTae, ockinbku O

ou 8

Biamosigs: ol 3
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4.36. 3HalAITh KyT MiX TpajieHTaMu QYHKIIIT z , Kl
M (2251) 1 M, (L1-1)

00YHCIIEH] B TOUKAX

q a,

Pozs’sazanna. Kyt mix BekTopamu Ta 3HAUJIEMO 34
dhopmynoro
aa
cosp =——=2
|“1||“2|

a, —gradu ) a, —gradu(

Y Hamomy BUIIAJKY 2) . Maemo

aui
ox 2z xay 2zy

=itk G = 2’ ’
1 1 1 1
R [P PP e e
COS(oz(zj 2(2j ( )_1
\/1+1+4\/1+1+1 \/5
4 4 4 4
OTtxe,
1
(p = arccos—.
NE)
(D_EII'CCOSL
BigmoBigs: V3

Heob6xiOHi 3HaHHS1 NPO
ekcmpemyM PYHKUiT 080X 3MIHHUX

Hexait ¢ynxuis >~/ (x.7) (abo *=/ (M )) BU3HAYECHA B JICIKOMY

OKOJI1 TOUKH My (x0,7) .

Def. Oyukiis * =/ (M) yac B touri Mo noxanenuil maxcumym

M,

(MiHiMyM), SIKIIO ICHYE TAaKWM OKUI TOYKH 0, TIPH SKOMY JJIS BCIX

BigMiHHUX Big Yo TO4OK M IIbOrO OKOJIy BHKOHYETHCS HEPIBHICTD

f(M)<f(Mo)(f(M)>f(Mo))_
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Def. Touyku JOKATBHOIO MAKCUMYMY Ta MIHIMyMY HAa3UBalOTh
TOYKaAMH JIOKAJIBHOTO EKCTPEMYMY.

O3HaveHHS JTOKaJbHOTO EKCTPEMYMY MOXKHA C(OPMYITIOBATH IIIE
U TaK:

Def. Dynxiis * =/ (M) yvae s touri M

SAKIIO Yy JOCTaTHHO MAajoMy OKOJl TOYKH

Az(M,)> 0, 10 Mo- TOUKa TOKAIBHOTO MiHIMYMY, SIKILIO K

0 JIOKAQJIbHUW €KCTPEMYM,

My mpupict  dynKuii
Az(M,)< 0 1o

My _ Toyka TOKaTFHOrO MAKCHUMYMY.

Jlai IOHSTTS eKCTpeMyMy Ta JIOKAJIbHOTO €KCTPEMyMY OyIaeMo
OTOTOXHIOBATH.

Hapenemo npuxiaau, siki UTFOCTPYIOTh MTOHATTS €KCTPEMYMY.

. OyHKIig  © =¥ +»"  nocsrae MIHIMyMYy B
rouri (%), npugomy =0 (puc. 4.10).
Cnpasni, Bupa3s ¥+ 3apKaM HEBix eMHUI
7B > 1 obepraeThcs B HYNIb TUIBKH TIpU =Y =0,
.1/ | Orxe, mpupict 22(0:0)> 0.
Puc. 4.10. Minimym
byHKIi Z=% Y
2. 2

Oyukiis *~ 4-x =" Mae B TOWI (0;0)
MAaKCUMYyM, IpHuoMy “m=2 (puc. 4.11).
Tyr 2(0:0)<0.

ChopmymroeMo HEOOXIJHI Ta JIOCTaTHI
YMOBH 1CHYBaHHS JIOKAJIbHOTO €KCTPEMYMY.

Puc.4.11.
Maxkcumym QyHKITIT

Z=1J4—x>—?
y

Teopema 4.5. (HeobXiOHa yM06a JNOKANIbHO2O eKCMPEMYMY).
Sxmo  Qyskmizs =/(2Y)  Mae B TOUIl M, (% %) jokanpamit
oz oz
eKCTPEMyM, TO B IIili TOYIll YaCTHHHI MOXigHI ¢ Ta % NOPIBHIOIOTH
HYJII0 00 HE ICHYIOTb.
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3okpema, skmo -/ (x.). nudepenmiiioBana  QyHKIisS i

My (%:2) - rouka eKCTPEMYMY, TO B I[iii TOUIIl BUKOHYETHCS YMOBa

o,
ox
91y
oy
TOOTO
dz(%0,30) =0, 4.11)
Def. Touky MO(XO’yO), 0 3aa0BONbHSIE yMOBY (4.11),

HA3MBAIOTH CMAYIOHAPHOIO TOUKOKO GyHKIil -~/ (x.)

Def. CranioHapHI TOUYKH Ta TOYKH, B IKMX YACTUHHI TOX1JHI HE
ICHYIOTh, HA3WBaIOTh Kpumuynumu (a00 TOUYKAMH, B SKHX MOXKIHBE
ICHYBaHHSI EKCTPEMYMY ).

Teopema 4.6. (docmamusi ymosa JN0OKANbHO2O eKCMPeMymy).
Hexait Mo(%-20) _ crauionapHa Touka GyHkuii >~/ (*5) Tlosnauumo

_ 0” f(xy, ¥,) B 0% f (X4, ¥) C- 0” f(xy, ¥,)
ox’ Ox 0y oy’ A=4C - B*

5 5 5

A

Tomi:

A>0, 4>0(C>0) o My(x,.5,)

1) sixito - TOYKa MiHIMyMY;

2) K110 A>0, A<0(C<0)’ o Mo(x0:30)

3) mpu A<0_ excTpeMymy HE ICHYE;
4) mpu A=0 He MOXXKHa 3pOOMTH BHUCHOBOK, YM € Yy (YyHKIII
E€KCTPEMYM Yy TOYIII.

- TOYKa MAKCUMYMY;

Byumocs obyucriroeamu ekcmpeMymy
pYHKUiT 080X 3MiHHUX

4.37. JlocmiaiTe Ha eKCTpeMyM (GYHKIIIIO
z=x"-2y’-2x+6y.

Pos36’sa3anna. 3naiigeMo 4acTUHHI HOXigHi QyHKIiT * (x.).
o =2x-2, &
oy

=—6)" +6.
ox 4

HeoOxigHa ymoBa exctpemymy (4.11) HabyBae BUTIISITY
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2x—2=0,
—6y° +6=0.

3BIJIKM JICTAEMO JBi CTAIliOHAPHI TOYKU: M, (1) § M, (1)

3’ICyeMO  BUKOHAHHS  JIOCTATHBOI ~ YMOBH  JIOKAJIBHOTO
EKCTPEMYMY y 3HAUJICHUX TOYKAX.
3HalIeMo YaCcTUHHI TTOX1/IH1 APYTOro MOPSAKY JaHOT (PyHKITII:
82 82 2
ox Ox0y oy

=—12y

VY touri M, (11) vraemo:
A=2,B=0,C=-12,A=2-(~12)-0=—-24 <0,

Ockinbku A<0, 1o B Touri M (L1) EKCTPEMYMY HEMAE.

Touni M > (1) BIJIMIOB1/TAfOTh 3HAYCHHS
A=2, B=0,C=12, A=24>0.

Ockimpkn A>0 | 4>0 1o B Ttoumi > (L-1) byHKIsA cArae
MiHIMyMy, IpHYOMY “min =~ (L-1)=-3.

Binnoigp: Zmn =3,

4.38. JlocmiaiTe Ha eKCTpeMyM (GYHKITIIO

z=x" +xp" +x’y.

Po3é’sazanna. 3a HEOOXITHOIO YMOBOIO EKCTPEMYyMY MAaEMO

CHUCTEMY PIBHSIHb

%=3x2+y2+2xy=0,

ox
oz ) 2x3+ Y7 +Qxy+x7)=0, (252432 =0,
—=2xy+x =0. = 5 =
oy 2xy +x° =0; x-(2y+x =0,
_2x2+y2=0, _y2=0, [y =0,
x=0; x=0; x=0:
= = =
2x* +y° =0, 9y° =0, y =0,
| 2y +x=0; | (x=—2y; x=0.

3BilKM 3HAXOIMMO €MHY CTAL[IOHAPHY TOUKY (0:0),
YacTuHHI OX1AH1 APYTOro MOPsIKY MatOTh BUTJIS

2 2 2
a—§:6x+2y, :2y+2x,a—2:2x
Ox0Oy
- M (0; 0) . ..
VY Toui yCl MOXIJIHI APYroro MopsiiKy oOepTaroThCs B

HylIb, TOOTO 4=B=C=A=0. Teopema 4.6 He Aa€e BIAMOBIAlI IIPO
ICHYBaHHS eKkcTpeMymy y Toulli M. IlpoBememMo momaTkoBe
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M (0:0) JOPIBHIOE HYJIIO;

x>0 z(x;O):x3>0
bJ

JOCHIJPKeHHs. 3HaueHHs (yHKIII y TodYIll

z(0;0)=0

co _ _ .3
Ha npamiii Y=0 2= TIpn a 1pu

. _ 43 . . ; 1
x<0 z(x0)=x"<0 OTxe, y JOBiIbHOMY oKomi Touku (0:0) (QyHKLIA

npuiiMae K J0JaTHI, TakK 1 Bia emHl 3HadeHHd. [le o3Hadae, 110 B 111

TOYI (PYHKILis 2(x.7) e mae TOKATBHOTO EKCTPEMYMY.

HeobxiOHi 3HaHHS1 PO
YMOBHUl eKcmpeMyM

. z = X
Def. Posrstnemo  (pyHKIIIIO S (x.y)
apryMEHTH 3B’ S3H1 MK COOOIO CITIBB1AHOIIICHHIM
¢ (x, )=0 (4.12)
0 BU3HAYae Ha IwlomuHi 9% fnedky miHilO L 1 Ha3sUBaeThCs

3a YyMOBH, IO 11

pisHannam  36’a3xky.  Hexall  xoopawHATH  TOYKH M (5. )

3a10BOJIGHAIOTH PiBHAHHS 3B’ 3Ky (4.12), T0o6TO Touka Yo nexuts Ha

JiHIT L.
Oyukiis  © =/(M) e B toui Mo ymoenuii  minimym
(maxcumym) 3a YMOBH 3B’s3Ky (4.12), SKIIO 1CHY€ TaKHi OKIJI TOYKH

My mo nns mosimeroi toukm M (X)) (M=My) i ynore oxony,

KOOPJAWHATH SIKOi 3a/JI0BOJIBHSAIOTH PIBHSHHS 3B 3Ky, BUKOHYETHCS
HEPIBHICTh
F(M)>f(M,)(f(M)< f(M,))

Def. Orxe, yMOBHUI MIHIMyM (MakCUMyM) — II€ HaliMEHIIe

M,

(HaitO1pIIe) 3HAYeHHS (YHKIII B TOYIl BIJIHOCHO TUIBKH THX

M

TOYOK 13 JESIKOTO OKOJY TOUKH 0, K1 HaJaeXKaTh JIHIT L.

TOYKH YMOBHOTO exkctpemymy (yHkuii >~/ (x.y ), apryMeHTH
SIKOi 3aJ0BOJIBHSIOTh YMOBY (4.12), 3HaAXOIATh TaK: SKIIO PIBHSHHS

3B SI3KY o(x)=0 \ioxma PO3B’S3aTH, HANPHKIAJ, BiIHOCHO 3MiHHOI
y-ry=g (x), TO, migcraBmsroun y ¢ymkuiio -/ (%) samicts y

smavernas €(Y), micraemo byukmio ommiei 3mimmoi Z=/ (v.2(x)).
OckibKM yMOBa 3B’SI3Ky BpaxoBaHa, TO 3ajaya BiJUIyKaHHS
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YMOBHOTO €KCTPEMyMYy 3BOJMTHCS O 3aJadl Ha JIOKAIbHUHN
eKcTpeMyM (PYHKITIT OJTHI€T 3MIHHOI.
Komu x piBHSHHS 3B’ SI3KY JIOMyCKA€ MapaMeTpU3alito:
X = x(t), y= y(t)
TOOTO
o(x(1), ¥(1))=0,
3a/1a4a BIJIITyKaHHS YMOBHOTO €KCTPEMYMY 3BOJUTHCS JI0 3a7adl Ha

JOKaTbHUH excTpeMyM yHKmii 2=/ (x®), y0) gxa e byHKLiEeO
OJTHIET 3MIHHOA.

[IpoTe HE 3aBkAM PIBHSHHS 3B SI3Ky MOXHA IMapaMeTpu3yBaTH
a00 poO3B’sA3aTH BIJHOCHO SKOICh 3MIHHOI. Y IIbOMYy pasi, s
BIIIIYKAHHS ~ YMOBHOTO  €KCTPEMYyMY, 3aCTOCOBYIOTh  .Menoo
MHOdCHUKI6 JlaepaHoica, CyThb SKOTO MOJSTae B TOMY, IO 3ajaya

YMOBHOIO €KCTpeMyMmy (yHKmii ~ =f(xy) 332 YMOBH o(x,y)=0
3aMIHIOETHCS 3aJ1a4€I0 BIANTYKAHHS JIOKAJIBHOTO eKCTpeMyMy (yHKIIIT
Jlarpanxa:

L(xaya Z):f(x: y)+ﬂ“.(0(x: y) (413)
e 4 — MHOXHHK Jlarpamka, IKUH He 3aJIeKUThb Big ¥ 1 V.

3a3HaunMoO, IO B HOBiIbHIN Toumi (x.y ), KOOPJAMHATH SKOI
32/I0BOJILHSIOTH PIBHSHHS 3B’ 3Ky, BUKOHYETHCS PIBHICTB:

L(xy.2)=f(xy)

JIst BiAITyKaHHSI MOYKJIMBUX TOUOK ekcTpemymy (pyHkii (4.13)

HEO0OXI1THO PO3B’A3aTH CUCTEMY TPHOX PIBHSHb:

aL_y oL _g oL _

ox : oy : 82,: (4.14)

Ao

BIIHOCHO HE3aIEeKHUX 3MIHHUX 7V T1a 4. Jxkmo Yo Yo - omuH 13

po3B’si3kiB cuctemu (4.14), To My (x.3) KPUTHYHA TOYKA (YHKIIT

2=/(x7) 35 YMOBH, [0 o(x.y)=0 Jami JOCTiKYIOTh 3HAK IPYroro
nudepenniana 4°L Gynkuii JlarpaHka, BpaxOBYIOUH CITiBBiTHOIICHHS
do=0 24+ 2% qy20
0x oy

2

ko d°L(M,)>0. 10 Mo~ TOUKA yMOBHOTO MiHIMyMY.
2

o AL(M,)<0 "y

Sk , TO "0~ TOYKa YMOBHOI'O MAKCUMYMY.
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Byumocs ob64yucnroeamu ymoeHuUl
eKcmpemMym

4.39. 3HaiiniTh YMOBHHUM EKCTpeMyM (YyHKIIii u=xt oyt 22"
HKHK)x_y+Z:L

Po3zé’s3annsa. BupazumMo 3 yMOBH 3B’ SI3Ky 3MIHHY 2 :

z=1l-x+y
i migcTaBUMO 11 3HA4YCHHS Yy (YHKINIO u(x.yz) vy pe3ysbTaTi
NpUiIeMo 10 3adadl mpo Oe3yMOBHHMM eKCTpeMyM (YHKINT JTBOX
3MIHHHX X Ta V!
u=x2+y2+20—x+yf

3HaliIeMO MOXJIMBI TOYKH EKCTPEMyMYy JUIsL  Ofep KaHOi

byHKITIT:

%=2x—4(1—x+y)=O;%=2y+4(1—x+Y)=03

2
x—2(1—x+y)=0, {y:—x, ng,
y+2(1-x+y)=0;

2 2}
Omxe, QyHKIIIS u(x.5) \ae €IMHY CTalliOHAPHY TOUKY (5’ 5/,
YacTuHHI MOXIAHI APYTroro mopsaxy GpyHkIi u(2.7) Taxi:

2 2 2
Tu_ 0u _ 40U g,
ox Ox0y oy
o’u
. b () — A=—5=6>0 .
Ockimpru A(M)=6:6-(-4)=20>0 ox® , TO Yy TOYIi
Wzl
> 3 (pyHKLIA gocArae MiHIMyMy. 3HaXOAUMO KOOPAHMHATY

2 2 1

o221

555

. _ 2 2 2 _ .
Orxe, QyHKLis “=X +Y +22° 33 ymoBu 2~V*+2=! mae y Toumi
2 21
’ ) umin:u(Ml):%

1|2 ¢ ..
(5 5 5j MiHIMyM, IPHIOMY
2

. . umin
BianoBiab: 5,
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L . (v d ®ee — 2
4.40. 3HaiigiTh yMOBHMI excTpeMyM (yHKIii Z=3¥+2Y" 33
2
S i I .
yMOBHU 4 (piBHSIHHSA enirnca), *20,
Poszé’azanns.  3pydHO  3ammcaTh  yMOBY  3B’SI3Ky,  SIKa

TCOMETPHUYHO € IIPAaBOI0 YACTUHOIO €JIiIIca, Y TapaMeTpudHii Gopmi:
x=2cost, y=sint, t € —E;E .
272
— ] 3
Toi dynKiis z(x,y) HaGy/Ie BUTIIATLY z(t)=6cost +2sin’1.
Jlocaimxyemo 1Mo QyHKIIII0 HAa eKCTPEMYM:

z/(t)=—6-sint +6-sin’t-cost =—6-sin¢+3-sin 2 -sin ¢ -
bJ

sin#(sin2¢—2)=0,sint=0,/=7n,neZ.

53]
3a yMOBOIO 2 2] tomy ‘=0 — ¢amMHa cTanmioHapHa TOYKA,
MePEeXOAIYn depe3 sSKy IOXiTHa 3MIHIOE 3Ha3 13 «+» Ha «-». OTKe,

t=0  —  Toyka  MakcUMyMy  (QyHKIii  © (0). 3HaX0IUMO

x. .. =2cos0=2,y =sin0=0,z__=6.

TakuM YHHOM, TOYKA (2:0) TOYKAa YMOBHOTO MaKCHUMyMY

2
ez =3x+2y° .o x—+y2=l,x20.
byHKIil Z=>**<Y Ha kpuBid 4

BinmoBige: Zmax 6

4.41. 3naiinite excrpeMyM QyHKIIT Z=872¥~4Y 33 ymoBH
2 2 _ . .
X' +2y"-12=0 (pipHsHHA eminca).
Po3zé’szannsn. Cximagemo ¢ynakmito Jlarpamka
L=8-2x—4y+A(x*+2y° 12 L
x—dy+A(x*+2y7-12), ne 4 — 3MiHHMI MHOKHMK Jlarpanxka.

Heo0xiaH1 yMOBH €KCTpeMyMy OTpUMaHO1 (PYHKIIIT MatOTh BUTJISL:

%:—uz/u:o, rea,
ax pe=t /}
a—:—4+4ly:0, = =1, = y:Z’
3 x*+2y* =1, 1
X429’ —12=0; A=
or T +

1
. . . ﬂ/ == J— J—
3B1JKM 3HAXOJAWMO JIBl KDUTHYH1 TOYKH: SIKIIO 2,10 ¥*=Y=2: gK1110

2, 10 ¥*=Y="2_ Orxe, TOUKH M (2:2),M,(-2-2) _ \iosomusi Toukn

cee — 2 2 _
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Ilepeiinemo 10 TIEpEBIPKH JIOCTAaTHIX yMOB ICHYBaHHS
CKCTPEMYMY.
3naxomumo 4L ;
2 2 2
8—6:21;8—6241; oL =0;
ox oy ox0y
d’L =22dx +2-Odxdy + 4Ady> = 21 (dx* +2dy”)

A= o
IIpu 2 BHUKOHYETHCS HEPIBHICTh ¢ L>0  3HaYUTH TOYKa
M(22) .. lz—ld2L<0,
1\*“) € TOYKOK0 YMOBHOTO MIHIMyMY; IIPH 2 TOOTO TOYKA
M,(-2;-2)

€ TOYUKORO YMOBHOFO MaKCI/IMyMy. 3HaXOI[I/IMO
Zow =2(22) =4, z_ =2z(-2;-2)=20.

Binmoine: Zmn = ~ %, Zmax = 20,

HeobxidHi 3HaHHS1 Npo Halbinbwe i HaiMeHwe
3Ha4YeHHs1 PYHKUiT OeKillbKOX 3MiHHUX Y
3aMKHeHiu obnacmi

VY 3amkHeH1M Ta oOMexeHid o0jacTi D 3agamMo HENepepBHY

dbynkmito =7 () 3rigno 3 teopemoro 3.10 yHKIis z gocsarae
CBOI'0 HAMOUIBIIIOTO Ta HAMMEHIIIOTO 3Ha4Y€Hb B 00J1aCTi D.
BigmykanHs uX 3HaY€Hb 3/1HCHIOIOTH 3a TAKUM aJITOPUTMOM:
1. 3HaxomsaTh yCc1 TOYKH MiA03piial Ha eKcTpemMyMy (yHKIN z,
K1 HajexkaTh obnacti D. Ile — cmayionapui TOYKH 1 TOYKH, B IKUX HE
oz oz
icHye xo4a 0 0JlHa YaCcTMHHA MoXigHa ox Ta 9
2. 3HaxoAATh YC1 TOUYKHU TPaHUIl 00JacTi D, B IKMX MOXKe OyTH
ekcTpemMyM. JIIst 11bOoro HEOOX1THO CKOPHUCTATHCS OJHHM 13 METOJIIB
BIIIIYKAHHSI YMOBHOTO €KCTPEMYMY.
3. 3HaX0AATh TOYKHU MEPETUHY PI3HUX TIAIKNX YACTUH TPAHUII.
4. O64MCITIOTh 3HaYeHHS (QYHKIIII Z Y TOYKaXx, 1110 OTpUMaH1 Ha
OCHOBl HEOOXIJHOI YMOBHM ICHYBaHHS €KCTPEMyMY, IICJIS YOTO
BUOUPAIOTH Cepell HUX HAWO1IbIIe Ta HAaMEHIIIE 3HAUCHHS.
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Byumocs ob4ucriroeamu Haubinbwe U
HauMeHwe 3Ha4YeHHs
pYHKUIT OeKinbKOX 3MiHHUX

4.42. 3HaiigiTh HAWOUIBINE Ta HaWMeEHIE 3HA4YeHHS (YHKIIIT
z=x>+xy+2)° B O6TACTI D ={(x,y)|x£ Ly<x+l,y 2|x|—1} .

Po36’sa3anna. 3HaiineMo crio4aTKy CTallloHapHI TOYKUA (PYHKITIT
2(%7) Maemo

0z
- =0
6)6 o Y ’ X = 07
&z =0
Z—x+4y=0 UTY
oy
M (0;0) - .
OTtxe, - €IMHA CTallloHapHa Touka aaHoi ¢yHKmii. L
TOYKA HAJISKUTH 001acTi D.
vt [lepexoguMo 1m0 mocHpKeHHS (YHKINI Ha
y MexXi1 o0J1acTi D, sKa CKIIaJa€ThCs 13 YOTUPHOX
Biapi3kiB AB, BC, CK'1 KA (puc. 4.12).
1 / PiBusinHs Bigpizka 4B Y =x+l,xe [_1;1], Ha
\% z x  LbOMY BIJIPI3KYy (QYHKLIS MA€ BUTJIISA
/IX% C Z:x2+X(x+1)+2(x+1)2=4x2+5x+2,
K1 MIHIMYM $SIKO1 JIOCSTAETHCS B TOYI, MPH SKIH
dz
d_:0:> x=—§ . —ée[—l;l
Puc. 4.12. * 8. Ockuibku 8 , TO TOYKa
306pakeHHs 061acTi Ml(_i;ij
D 8°8) Hanexuts Binpizky AB .

BC:x=1ye [0;2] CI)YHKHiH Ha6YBa€ BUTJIAY
dz 0 1

Ha Bigpizky

— 2 ... . . .o
z=1+y+2y" ji Touka MiHIMyMYy, OpH SKiii , TOOTO

l;—l

(3]
TOYKa HE HaJIGKHUTH BIIPI3Ky B5C. BuKiIroyaeMo IO TOYKY 3
MOAJTBIIIOTO PO3TIISIY.

KC:y:x—l,xe[O;l]

Posrisnemo QyHKIIIIO Ha BIZIPI3KY . Maemo

z=x" er(x—l)+2(x—1)2 =4x* —5x+2,
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s .. o _:ij:ée[o;l]
i Touka MiHIMyMy, IpHU SKiii 8 . LllboMy 3HauEeHHIO

5 3

. . 2 > . .
BiZMOBinae Touka (8 Sj Bigpiska KC,

Haperuri, na mexi <477 =—*71~ e[-10] GyHKIis
z=x +x(—x—1)+2(—x—1)2 =2x7 +3x+2
dz 3

EZO :>x=—ze[—l;0]

Ma€ MIHIMYM Yy TOYIl, TIPH SKiH , TOOTO TOYKa

M, 3D e ky
4’ 4 .

OOuncaMo 3HadeHHS (QyHKIT 2(x.) y BIAIOBIAHMX TOYKAax

M, M, M,, M a TakoX y Toukax 4, B, C ta K

7 7 7

Z(M)ZO,Z(MI)ZE,Z(M2)=E,Z(M3)=§,Z(A)=l,
z(B)=11,z(C)=1z(K)=2.
OTtxe,
mgxz(x,y):z(lﬂ):ll;msz(x,y):z(O;O):O.
. . max =11 max =11
BigmoBigs: » , D

3acmocoeyemMo YaCmuHHI NoxiOHi 3a
donomozoro [1MN3 Mathcad

lMpouyedypa ob64ucrieHHs1 JIOKaJlbHO20 eKcmpeMymMy 3a
dornomo2oro 8idnoeioHUX npasuJl.

4.43. Kana, 110 MiJIBOJIUTH BOJY /10 TypOlHU, MA€ TMOTMEPEUHUIN
nepepi3 y BUIIIAAI PIBHOOIYHOI Tparmerii, Tioma skoi gopiBHIOE Q.
Busnauntes rambOuHy KaHay R Ta KyT YKOCYy a Tak, Io0 ¥oro
3MOYECHUH NMEPUMETP OYB HANMEHIIINM.
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Po3ze’azanus.

Kpox 1.
— — — — Jiist 3HAaXOPKCHHSI 3MOYCHOI0
——_ —__~/=| mepumerpy mepepisy 0JaMO [OBKHHY
R, HIDKHBOI OCHOBM Tpamewlii Ta aBi piBHI
. | TOBXKUHU 11 OluHMX cTOopiH (puc. 4.13).
=« JloBxkrHA OIYHOI CTOPOHU 3HAXOAWTHCS 3
Puc. 4.13. CHIBBIJHOIIEHb CTOPIH 1 KYyTIB Yy
3o0paenHs NPSMOKYTHOMY TPHKYTHHKY. 3MOYCHHIA

HIOTNIEPEYHOTO TIepepizy Loy 2
HepUMETPy KaHaly: sina

Kpoxk 2. 3 bopmynu ajis mIonii Tpameri
a+b 2a +2a +2h-ciga
2

h=QRa+h-ctga)-h
MaeMo, 110 2 .

S= h = §= h

_4a+2-h-ciga

Kpoxk 3. Bupazumo 3Ha4deHHS 2¢ 3 OCTaHHBOI (POPMYIIH.
OTtxe,

Zaz%—h-ctga

[lincraBuMo BUpa3 misg 2¢ y (GopMyidy 3MOYEHOTO TMEPUMETPY
kaHainy L , OyneMo MaTH (QYHKIIIO Aekinbkox 3miHHMX L~ (@) nyg
JOCIIPKEHHS Ha JIOKAJIbHUM eKCTPEMYM:

L:g—h-ctga+ 2h
h sina |

Kpox 4. 3naiinemo KpuTH4Hi TOYKU. J|JIsI IbOTO 3aCTOCOBYEMO
HEOOXI/IHY YMOBY JIOKQJIbLHOTO EKCTpeMyMy. 3HaXOJMMO YaCTHHHI
noxigHi 1 GyHKIIT JeKiabKOX 3MiHHHX ~ (h, @) .

a—L:—%—ctga+ ‘2 :2—'cosa_%,
oh h sina sin o h
L 2-h- (1-2-
2—a=h-cos2a— h ;:osa:h ( . zcosa).
sin” o sin” «
oL_,
oh
oL o,

Ta PO3B’A3YEMO CUCTEMY
OT1xe, 3 cUCTEMH
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2—cosa (O

. T = 07
sin o h
h-(1-2cosa)
- = 0.
sin” a
h? =2
0 _2-cosa NER
/’lz sin 1
-2 0 cosa=—.
OTPUMYEMO COSE=Y Ta 2
_J2
Ortxe, Y3, a=n/3 _ KOOPIMHATH KPUTHYHOI TOUYKHU.

Kpox 5. 3actocoByeMO JOCTaTHS yMOBa  JIOKAJIbHOTO

CKCTPEMYMY.
2 2
L0 o O
ox’ 0x 0y

(x0= yO)
9

_of
8y2

(X0, Yo) A:AC—BZ
s .

(X0, o)
b

BusznaunMo 3HaYeHHS TOXITHUX JPYroro MOPSAKY IIpH
3HAWEHUX 3HAUYEHHAX /1 1 @ . OCKIIBKHA

o’L 20 0’L 1-2cosa 0L  2h-(1—cosa +cos’ o)
A= 3 :—3’ B= = — R C= 3 = —

oh h ohoa sin” oo sin” o ,

p -2

TO MpH 3 19 a=n/3 11 TOX1IHI BIAMOBIAHO MArOTh BUTJIAI:
6
A=——, _4 0.
QA p=0, 07300

— _R?2 _
Bemuuupa A=4C-8"=8>0, 4>0. 4 pe o3gayae, mo npu
3HAYCHHSIX V3 ta a=7/3 Qyukuia L ) gocsarae minimymy,
TOOTO 3MOYEHUW MEPUMETP KaHAy TpH IUX 3HAYEHHSAX A7 1 & €
(g = n4
maitmenmmm: Lo =200 3.

. . _— -4
BiamnoBian: Ly, =240 4.
3 «Has4yaemo» ceil KoMrm’romep
docnidxeHHO  PYHKUIiI  OeKinbKkox

3MIHHUX Ha JIOKaJlbHUU eKcmpeMyM 3a
donomozoro N3 Mathcad.

1. Bigkputu Bikao I1113 Mathcad.
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2. 3a pgomomororo ommii Buo - Illanem uncmpymenmos —
Kanvkynamop, Buo — Ilanenu uncmpymenmos — Bvuiuucnenue tTa Buo —
Ilanenu uncmpymenmoe — Hcuucienue BUHECTM HA TIAHEINb
1HCTPYMEHTIB BIJMOBIIHI BKJIAIKHU.

3. 3HalTH YaCTUHHI MOX1TH1 QYHKITI:

. L(h, a):g—h-ctga+ : _
— 3aJaTh  (PYyHKIIIIO h SIn& 13 3aCTOCYBaHHIM
oriepaTopa IPUCBOIOBAHHSA = 3 MaHEJl IHCTPYMEHTIB;

d L
— OOYHCJIEHHS YaCTMHHUX MNOXIgHMX dh, do  3AIACHATH 34

d
JOTIOMOTOI0 ~ OTlepaTopy  *F, 3MIHIOIOUYM TPH IbOMY 3MIHHY

mudepeniiroBagag.  JIsi  oTpuMaHHS — pe3ydbTaTy  3acTOCYBaTH
oreparop -.
4. 3HaWTU KPUTUYHI TOYKH (YHKIII 3a HEOOXIJHOH YMOBOIO

1ICHYBaHHSI EKCTPEMYMY:
— 3a7aTd 3a JOMOMOrow oreparopa Given cUCTeMY PIBHSHB s

OTPUMAHHS KPUTHYHHUX TOYOK. J[JI1 OTPHMaHHSA CHMBOJY — IIiJ 9ac
3aIIACY PIBHSIHL CHCTEMH 3acTOCYBaTH OJHOYACHE HATHCHEHHS
«Ctri+=y;

— 3HAYCHHS KPUTHYHUX TOYOK 3HAXOAATHCS 3a JIOMOMOIOK (PyHKITIT
Find(% "M =

5. 3acTocyBaTH JOCTATHIO YMOBOIO ICHYBaHHS €KCTPEMYMY:

— OOYHCIICHHS YaCTHHHHUX MOXITHUX JIPYTroro IMOPSJAKY 3MIHCHHUTH 3a

dl'l
OIIOMOTOI0 ~ OIEpaTtopy ** , 3MIHIOIOYH TIPH LBHOMY 3MiHHY
nudepeHIiroBaHHS;

d’L

— 3MillIaHy YaCTUHHY MOXIAHY JPYTroro Mopsnaky dhda 3HaWTH SIK
YAaCTHHHY IOXiJHY IEPIIOro MOPAAKY 3a 3MiHHOW & Binm pesyibraTy
dL
dh | JInga oTpuMaHHS pe3yJIbTaTy 3aCTOCYBATH ONEPATOP — ;
AC-B*=8>0, 4>0

— MpoaHali3yBaTH OTPUMAHI pPe3yJbTaTU a ue
_J9
O3Hauae, M0 MOpPU 3HAYEHHSX {3 Ta @=7/3  QyHKIIS

L (1, @) nocsirae MiHIMyMy.
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o = -4
6. 3HaiiTH 3HAYEHHSA 3MOYEHOTO IIEPUMETPY KaHAIy Lmn 2J0 43 pu

_o
%, @=r/3 (puc. 4.14).

Tl e ﬂpaEKa M4 AoBISEHTE  DOpMAT  MHCT] PYMEHTEl  CHHEOMMKS OkHo O paska

D=l &S &Y 36‘@-{1 = 10w [~ 32 W
== = - s fx xf MY PP ancostan g ol 0 Ikl DO eF L ()
&+ EA el < 21 s - s corr ow (F &y L £ R T % Ul apd /456 x =123+ =
BHAXOOUMO Yacm UHHI ROXIOHT 3acmocosyemo HeoOXIOHY yMo8Yy /TOKallbHO20
ekcmpemymy
5
L(O.h.a) = _Q__ A + _"h Given
h tarz( ) sirz(er) - .
) = < L -0
I \ - - — =C
d g _ i 4 2-n o = _ e [ sirn a) P 2 rari( a)
dl h tan(a) sir(a) sin(a) ]72 tan(a) ’ .
-
/ > ) ]1'(&(717 a)” + l) 2-h-cos(a .
d ( o ¥V 2.4 3 f1~(‘f(7n(r7)_ + 1) 2~f7~cas(rz) - (@) . - = (., ) =0
- * | B B ) tan(a)” sir2(ea)”
da' h tanz(a) sin(ea) tan(a)> s (a)>
Jacmocosyemo SOCMamH0 yMosy ( T Y
OKaMNbHO20 eKCmpemymy 3
- z
A ok 260 ) 2.0
+ | =
(.7.77 \ N rari(a) siri(a) / 3 Find(a.,h) — @
d (2.0 i B
—= | =0 3 3
dal ;> \ - )
AN S L
3'-"-"-“""""""""-""""""""""""""-"-"-“""""“"""-""""""": ]’l = 74 g a = g
a (o F 2. ) 4 \/U 4} 3 \/§ -
— T + ‘ — 3 oNEC H
b= h terr () sire () / E H y
 da i 1) 7 2 54
S o h 2 5 fonf3
‘ h tarr(a) sirt(a)

Puc. 4.14. Bixno I1I13 Mathcad: nocmimxenns GyHKIT Ha JOKaIbHUAN
EeKCTPEMYM

lMpouedypa 3acmocyeaHHsi Memody HalMeHWwux
Keadpamie 3a 0ornomo20+o 8idnoeiGHUX npasuJl.

4.44. Tuck ra3y BUMIPIOETHCSA JBOMA mpuiaagaMu. [[ani BUMIpiB

npunany [ — ¥ Ta BiANOBIAHI TTOKa3aHHA npuianxy I/ — * HaBeleHi B
TaOuUII

X 1,5 1,7 1,8 19 | 23 |1 24 | 25 | 26 | 2,9

Vi 14 | 18 1,7 1,9 | 23 | 23 | 25 | 24 | 2,8

MetomoM HaliMEHIIMX KBaApaTiB I AaHUX, IO HaBEICHO,

a, - x+a, a,, a,

3HANIITh eMIIIPUYHY 3a/EKHICTh » — YHCJIOBI

KOe(iIieHTH.

Posgé’sizanns.

Kpox 1. BaxinuBe mNpakTAYHE 3aCTOCYBAHHS YaCTUHHUX
MOXITHUX 3MIHCHIOETHCS B METOA1 HaWMEHIINX KBaapaTiB. Merton
HaMEHININX KBaJpaTiB IMTHPOKO 3aCTOCOBYETHCS IS BHU3HAUCHHS
Koe(iIieHTIB eMIipuyHUX (HOpMYyJT y THX BUMAAKAX, KOJU MOTPiOHA

, HE
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OUIbIlIa TOYHICTh: 3HAYEHHSAMM KOE(DIIIEHTIB YBa)KalOThCS Taki, s
SKAX CyMa KBaJpaTiB BIAXWICHb EMINPUYHUX 3HAYCHb BiJ
s=2 [ -»] 5
TEOPETUIHUX i=1 BUSIBIISIETHCS HaWMEHIIIO¥O.
[IpupiBHIOIOUM 0 HYJS YaCTHHHI TOXIJHI, y34Ti 3a KOoe(illieHTaMu,
3HaijemMo i koedimieHTd. Hampukinan, ajis BUNAIKY €MIIPUYHOI

. — .. . a
sanexnocti ¥ T ¢ KoeQilieHTH i “° Bu3sHauyarOTHCA 3

CUCTEMHU TAK 3BAHUX HOpMaJILHI/IX piBHHHL:
a, .inz +a, 'in = inyi’
in1 in1 i1
a- Y X, vagn=Y y;
im1 in1 , IIE

KUTBKICTh BUMIPIOBaHb, * , i — 1aHi BUMIpIB.
Kpox 2. Cuctema piBHSHB ISl HAIIIUX JTAaHUX TIPUHAMAE BUTIIAL:

9 9
9a, +a, ’fo =Zyi7
i=1 i=1
9 9 9
2 _
a, ’in +aq ’in = inylx
i=1 i=1 i=1

%> 4 _ yycnosi koeQilieHTH, 11 —

9

9 9
n=9, > x =196 Dy =191 D x =4436
Omxe, SKIIO = , p , p ’

9
S x, -y, =43,25
i=1 , TO CUCTEMA MA€ BUTIIA:

9-a,+19,6-a, =19,1,
19,6-a, +44,36-a, =43,25.

Kpox 3. Po3B’s13kaMu cucTeMH € 3Hauenns % = ~Ol4 @ =137

Kpox 4. Takum yumHOM, y cucTeMi KoopawmHaT Ox) IIyKaHa

emmipnana popmyia mMae surysy ¥ =~ G14+137 X
Bianosims: ¥ =~ 014+1,37-x
R «Has4yaemo» ceiu Kommn’romep
: 3acmocyeaHHO Memooy HalMeHWux
Keadpamie ons 3HaxO0O0KeHHSs
eMnipu4yHoi 3asexHocmi 3a
donomozoro N3 Maple.

1. Bigkputu Bikuo 1113 Maple.
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2. 3a pomomororo ommii Insert-Execution Grope-Before Cursor
. . =
OTpUMATH Y II0JI1 MPOrpaMu MIiTKy ~ .

3. AxTuBizyBatu 31iBa BKIaaku Expression it Common Symbols nis
BBEJICHHSI CKJIAJIOBUX 3 OTPHMMaHMX I1a0JIOHIB.

9 9

9
in szf in Vi
i=1

4. OOYMCIMTH 3HAYEHHA CyM = , =1 CHUCTEMM 3a
JOTIOMOT 010 (DYHKITIT subs.

a3 ay =3 x Koxxnuii 3anuc 3aKIHIYHTE CHMBOJIOM «;»
1 i 0 i i
i=1 i=1 i=l Ta HATUCHEHHSIM KJaBlll Enter.

n n
a, .in +a, ‘”:ZJ’[-
i=1 i=1

9a+b-zg:xi =Zg:yi,
i=1 i=1
azg:xi +b'zg:xi2 = Zg:xiyzx
i=1 i=1

5. Po3B’si3aT cucteMy piBHAHB ' -

— BBECTHU 3a JOTIOMOTOIO OIEpaToOpiB BiAMOBIIHI PIBHIHHS CUCTEMHU:

First=, Second™= Ta sys = {first,second). Koxnuni 3amnuc
3aKIHIYBaTH CHMBOJIOM <)}

— OOYHCIHTH PO3B’SI3KH CHCTEMH 3a JIOMIOMOI0r0 (YHKIII solve(sys).
llykana emmipuuna popmyita mae surmsy Y = M14+137-x (ppe.

Untitlied (13* - [Server 1] - Maple 13 (== s
File Edit Wiew Insert Format Tools ‘Window  Help
DEESS XMl S T@ZZ T E e
= T v F T s |;
- it (_C 2o 1nput cstewreman > ) (12 > RB[I|U [E]== @Ehlh :=i=
[rax [ rax 191 @ °
I - 2 _ _ _ _ _ _ _
X dx CES = sube|lx(l1)=1.5, x(2)=1.7,x2(3)=1.8, x(4)=1.9, x(5) =23 x(6)=2.4,x(7)=2.5, x(8)
lig 5 e+ b o b
El
ak = a® =26 x(9)=29, > x|
i=1 )
@ @ Ca | 44.46 @
Va  a fal [
In(a) loggia) 3 = subs|x(1)=1.5, x(2)=1.7.x(3)=1.8, x(4)=1.9, x(5)=23,x(6) =24, x(7)=2.5, x(8)=2.6,
log, (@) sin(a) cos(x)
tan(=) (3] At x(9) =29 p(1)=1.4,y(2)=1.8,3(3)=1.7, v(4) = 1.9, p(5) = 2.3, ¥(6) = 2.3, p(7) = 2.5,
la.b) F=a—y B N
F=la. b) >z ¥(8) =24, 3(9)=128, E x(£) 3(£) |;
xxxxx i=1 J
f(X)‘X:a l 5 xza L 43.25 )
9 9
B Units D J
———— > Fest = e+ B > () = > x(0)
W Common Symbols r i=1 i=1
. - o o o
T e i j I o 2
0 [ anNnu > Second — a- E x(7) + b- E x () = E 2(F)-w(r) :
=1 i=1 =1
= = = < L
> 2 = sys = { first, second/}:
< L o = ~ = —
wre = { firat, secarcd'} =1
- =% = & = =
- o 3V — A | = solve(sys); .
L= = —0.14, & =1.37} ©)
V ¥ = CR N * -
Q Z R K= |l adllllL< >
® Ready

Memory: 38 .68M Time: 2.095 Math Mode

. 4.15. Bikno I1I13 Maple: 3HaxoKeHH eMITIPUYHOI 3aI€KHOCTI

.
E o
o
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- 46 Modentoemo npogbecitiHy disinbHicmb
\\‘ iH)XeHepa

_ (.2 2 2
4.45. 3HaiiniTe rpamienT motenmiany ¥ TVY TV T4

"

S 7 51:-‘:‘ llepepopmynroiime  ymoay HA Mamemamuymy.

de do do
dx  dy dz

3Haudimv YaCMUHHI NOXIOHI oA
o .‘J OMPUMAHHS BeKMOPA 2PAJIEHM).
Jlna  obuucneHHs  YACMUHHUX  NOXIOHUX  CKOPUCMAUMECDH

moacausocmamu LI 13.

gradp = x~l-2|-y-]2+z-2k.
: : +y+
BiamnoBiab: \/x yorz
1
e \/x2 +y° +2° . :
4.46. 3anaH0 TOTEHIIAT Y . 3HAWITh TIOBEPXHI
pIBHS ¥ TpaJII€HT.
NN l‘: llepepopmynroiime  ymoay HA Mamemamuymy.
< do do dp

dx dy dz 4,4

3unauvoime uyacmunHi NOXIOHI
o .‘J OMPUMAHHS BeKMOPA 2PAJIEHM)).
Il obuucienHs  4aCMUHHUX — NOXIOHUX — CKOPUCMAUMECH
moorcnueocmamu 11113.
xi+ yj +zk

\/(xz —I—y2 +Zz)3

4.47. 3amaso mortenmian  ?=* ~7 . 3Haiiite rpajieHT
MOTEHIANY B Touli x = 2,7, y =2; 2= 2.

grado =

Biamosigs:

% 5‘:-‘} Ilepechopmynroiime  ymogy HA Mamemamuymy.
A do do do
dx  dy  dz ot

" 3uaudimv  wacmumHi NOXiOHI
o .‘ OMPUMAHHS BeKMOPA 2PAJIEHM).
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Il obuucienHs  4acmMuHHUX — NOXIOHUX — CKOPUCMAUMECH
moacaueocmamu LI 13.

BimoBimp: grado =5,4i+7,29 j+ 4k .

: . §0=V-ln\/coszﬂ+sh2ﬂ'y
4.48. 3HaliAiTh HAIPYKEHICTh £ moss a a

SKILO E:—grgd P apu Vv — const.
. " [lepedpopmynioiime  ymogy HA  Mamemamuymy.
. do deo. dp
dx  dy  dz

)%

S
& 3Hatioims yacmuHHi NOXIOHI
o X OMPUMAHHS BeKMOPA 2PAJIEHM).
Jlna  obuuCleHHA — YACMUHHUX — NOXIOHUX — CKOPUCMAUMECH
moacausocmamu LI 13.

.2 2
[ -sin ﬂx—j-sh i
Eo a a km
2 2 '
_ _ cos ﬂx+ch Yy a
BiamoBiab: a a

4.49. Sk 13 TPAMOKYTHOI XKEpCTUHU IUPUHOIO a (puc. 4.16, a)
BUTOTOBUTH KOJIOO TPU3MATHYHOI (POPMU TaK, 1100 HOTO MOMEPEUHUII
nepepiz MaB HaHOLIBITY IOy ?

&

e >
0 .

I Y
g ] Cf?\ A o

Puc. 4.16, a. Puc. 4.16, 6.
Bun 3Bepxy npsIMOKYTHOT [Tonepeunuit mepepi3 KePCTUHU
KEPCTUHU LIUPHUHOIO a LHAPUHOIO a
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LY Crnaoimv  nnam  nokpokoeoco  8npoeaddiCceHHs
- po3zeé’szanna 3a0ayi 6 scumms. I[lonepeunuil nepepis
orconoba € pisnoboxoro mpaneyicto (puc. 4.16, 0),
051 AKOi 66e0eMO NO3HauyeHHs uepe3 S — niowi
nepepisy, uepez X — WUPUHU NOXULOL epaHi J#o100a,
yepez @ — Kyma HaAxXuy.

Todi nuxicrs ocrnosa mpaneyii 6yde dopisuiosamu °=@ =2 X,

c=a-—-2-x+2-x-cosa

6epXHI — i gucoma — "= XS [Ty ypomy
g :b e
niowia mpaneyii moxce oymu obuuciena 3a gopmynoi: 2

Ompumaemo 01 00CNIOJNCeHHS HA HAUOLIbUe 3HAYEHHS QYHKYIIO

f— . . 1 — . 2 . 1 2 . 1 .
S=a-x-sina—-2-x"-sina +x° -sin« cosoc.ﬂﬂ}Z T Ty p———"

NOXIOHUX MaA  PO38’5A3Y8AHHS  CUCMeMU  BIONOBIOHUX  DIBHSAHb
(ancopumm O0O0CHIONCEHHA HA HAUOLIbULE 3HAYEHHS) CKOPUCAUMECh
moorcausocmamu T113.

BianoBiae: monepeyHuit mepepis xkoj06a mpu3MaTuiHoOi (HopMu

a T
X=—, a=—

Oyme MaTH HalOLIbIlIe 3HAYEHHS Ipyd 3 3,

4.50. Pobota nedopmarili pamu BUpaKaeTbCs (OPMYIIOIO:

3
:L—.(ﬂ.[ﬁ_N.H+1.N2+1.P.H_l.p.N+i.p2j’

2-E-J \3 3 3 4 10
ne P — mocTiitHe HaBaHTa)keHHs, N Ta H — BiJNOBITHO BEepTUKaIbHA
W ropusoHTaJdbHA peakiii omopw, L — AoBXWHA, £ — MOIyb

MPY>XKHOCTI, J — MOMEHT iHepIli. SAxkumu moBuuH1 0yt N 1 H, m06
p060Ta A Oyna HaliMEeHII0K0?

N LSY Craadime niam nokpokogoco  6nposadiicents
- pose’szamna 3aoaui 6 ocumms. s 00uucienHs
YACMUHHUX NOXIOHUX MA PO38 53V8AHHA CUCMEMU
“J BIONOBIOHUX DIBHAHL (A20PUMM OOCHIONCEHHS HA

HavMeHue 3HAUeHHs) cKkopucmatimecs
moacausocmamu LI 13.
P 3
. . ~ Ao 2 N =5 P
BinmoBias: 28 7
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4.51. /loBxriHA METAJIECBOI0 CTPHKHS 3aJICKHO B1Jl TEMIIEpATypH
BUPAXKAETHCA (HOPMYIIOIO L=l (+a 't), ne ‘— noexwHA CTpHKHS
npu 0° C. BusHaunTh JNiHiitHMIA KoedilieHT po3mmpenHs & meromom
HaMEHIINX KBaAPaTiB, KOPUCTYIOUHCH JaHUMU TaOJIHUIII:

t“c | 25 50 75 100 | 125 | 150 | 175 | 200

L ey 1200,11200,21200,33| 200,4 1200,52(200,61|200,6 200,80

w»' Cknadims  naaH  NOKPOKOBO2O — 8NPOBAONCEHHS
po3s’azanHsa  3a0aui 6  ocumms.  Maemo:

Lo — 1,5 =0,66; [, -a=0,66:175=0,00377.
X=200+x, Y=I[,-a+y=0,004+y.

- AL

Tooi onsa X+1y= ak:

Tloxknaoemo:

[) ¥+25:7=014-01=04 5)x+125-y=052-0.5=002,
bJ
2) ¥ +50-y=0.24-02=0,04 6) ¥ +150-y=0.61-060=001,
bJ

3) X475y =033-03=003; 7) x+175-y=0,69-0,70 == 0,01

4) x+100-y=0,41-0,4=0,01. 8) x+200-y=0,80-0,80=0,00

xX+t,y=a,

Y pisHauHax ~ 6uenioy HeoOXiOHO, U000

=~
Il
)

(a, _x_tky)z

M

I
—_

maiaa HaUuMeHue SHAYEHHAL. Todz
k=8
a, —8x—thk =0
0,14—8x—90y =0,
(tkak)_xZ(tk_y)Ztlf =0, _ _ _
moGmo | 8:50-900x-250500y=0. ;1
00UUCTIEHHSI 3HAYEeHb CYM MA pPO36 S3YBAHHS CUCmeMU BI0N0BIOHUX

PiHAHb cKopucmaumeco modxcausocmamu 1113
x =0,048; y=-0,0027; X =200,048; Y =0,00372.

—_—— =
T™MT IMT
O()bu‘ (o]

=1

Bignopimge: ¢ =71 :X =0,0000186 —yqehinient posmmpenms.
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4.52. Ilpu sxux po3mipax MNPSIMOKYTHOI METaJIeBOi €MHOCTI
TaHOI MICTKOCTI V' Ha OOJMITIOBaHHS MOTO CTIH 1 JHA Oyae moTpiOHO
HaliMeHIIa KUIbKICTh MaTepiany? 3HalaiTh IUIONLY JIMITIOBAJIBHOI
HOBC‘pXHi.

e’ Cknadimv  naaH  NOKPOKOBO20 — 8NPOBAONCEHHS
p038°sa3auHs 3a0a4i 8 wcumms. Maemo: emuicmos mae
Gopmy npamokymuozo napanenenineoa. Ilosnauumo

A ( 11020 po3mipu uepes X, , Z.

”
V=x-y-z

Ockinvku 00°em emHOCHI mo YV @ynkyis
NAOWI NOBEPXHI EMHOCMI SIK CYMA NJIOU 8I0NO0BIOHUX NPAMOKYMHUKIB!
S=2-(x-z—y-z)+x-y=2-(x+y)-—V+x-y=2-V~(l+1]+x-y.

Xy Xy
Jlna  obuucneHHs 4aACMUHHUX NOXIOHUX mMA PO38 s3VB8AHHS
cucmemu  BIONOBIOHUX  PIBHAHbL  (Aneopumm  OOCHIONCEeHHS Ha
ekcmpemym) ckopucmaumecv modxcausocmsamu 1113.

=2

Biamosine: ¢yrkmis S mpu * T Y

z=3%2-V/2,8, =3-4-V’

Mae MiHIMyM. [Ipu

bOMY

Tema 4. KOMIMNJIEKCHI YACTIA

3a A0MOMOT0I0 KOMIUIEKCHUX YUCEN AOCTIIKYIOTHCS TPAEKTOPIsI
pyXy TUL: TedYia Ppikk, TONHOTH JITaKiB, pakeT ¥ TOIIO.
3aCTOCOBYIOTHCS KOMIUJIEKCHI YHCIIa 111 YaC KPeCIeHHs reorpadiaHux
KapT ¥ i1 BUBYCHHS SIBUI] B aToMax 1 aTOMHUX sapax. [loHsaTTs
OarathboX (PI3MYHUX BEJIWYMH (CHUJIA, MIBUJKICTh, MPUCKOPEHHS Ta
HIIMX) y3arajJbHIOIOTHCA W 300pakKyHOThCS Y BUTJISAAI KOMIUIEKCHUX
qycell, TOMY IO JesKl il Hag HUMH (J0JaBaHHS, BIJHIMAHHS,
MHOXEHHS Ha YHCJIO) aHAJIOT1YH1 J15IM HaJl BEKTOPaMHU.
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Heob6xiOHi 3HaHHST NPO NOHsIMmMSs
KOMIMJIEKCHO20 4Yucria

Def. Bupaz Z=a+bi peaib — piiicui uncna, i=V-1 _ ysaBHa

OJUHMIIS ( :_1), HA3WBaIOTh KOMIUICKCHUM YHCJIOM. Taky dopmy
3aMUCy KOMILJIEKCHOTO YHClia Ha3WBAIOTh A1eeOpaiyHo, 4UCiIo 4 —
TIMCHOIO YaCTHHOIO KOMIIJICKCHOTO YHCIIa Z, a b — yIBHOIO YaCTHHOIO
z 1 IO3HAYAIOTh

a = Rez, b:ImZ.

[To3HadeHHs MiMCHOT W ySBHOI YacCTWH KOMIUJIEKCHOTO YHCHa 2
MOXOJUTh BIJ (PpaHIly3bKUX CIIB: reel — NIUCHUM, imaginaire —
YSIBHUM.

Def. ]IBa KOMIUIEKCHI uMcna Z=a+bi | Z=a-bi Ha3uBaIOTH
CHPANCEHUMU.

KoMIuiekcHi uucia 2 =% thi

Z, =a, +b,i

Ta piBHI MIX CO0OIO

(z=2) TOA1 1 TIMBKHM TOJMI, KOJX PIBHI iXHI JiHCHI Ta ysIBHI YaCTHHH,
T06TO 4 =% j hi=hy

KoMIutekcHe umciio Z=a+bi qopiBHIOE HYJIIO TOMI 1 TUILKH TOJI,
Koy a=b=0

N.B. TloHaTTa «OlIblIe-MeHIIe» IS KOMIUIEKCHUX YKCENI HE

ICHYE.

B4yumocs
po3e’si3yeamu keadpamHi Pi6HsIHHSI,
wo Mmaromse 8id’eMHuUl OQUCKpUMiIHaHM

4.53. Po3B’sIKiTh piBHAHHS X —4x+5=0

Pozs’s3anna.  maeMo KBagpaTHE PIBHSHHA 3 Bl €MHUM
aucKpuMmiHaHToM: D=16-4-5=-4 3yayuTh pIBHAHHI Ma€ TMapy
KOMIUIEKCHO-CIIPSIKEHUX KOPEHIB:

44+~-4 4+2i
X, = = =2+

Bignosigs: M1~ 2+i,x2 =2-1
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HeobxioHi 3HaHHS npo dii Had
KOMIJ1IeKCHUMU Yucriamu
e asieebpaiyHiu ¢gpopmi

JIii Ham KOMIUIGKCHUMH d9dciamm 2 =4 *hi 1 2 =d+bi

BHUKOHYIOTH 3a TAKUMHU ITPpaBUJIAMMU:

1) nonaBaHH4:
zZi+z,=a,+a,+(b +b,)i.
9

2) BiIHIMaHHS:

—z,=a,—a,+(b —b,)i.
5

Z

3) MHOXKEHHS:

z, -z, =a,a, —bb, +(a1b2 +a2b1)i ]
2

z, #0).

4) mineHHs (
_aa,+bb, N a,b,—ab, ;

- 2 2 2 2 - .
a, +b, a, +b, , € z, =a, —byi _ YHUCJIO CIIPSAKCHE 00 %,

Z, 2,
ZytZy

Byumocs
8UKOHyeamu Oii Hal KOMI/IeKCHUMU
yucnamu 8 anezebpaidHii popmi

4.54. Hexait & =315 2 =4=31 Buromaiire mii:
Z

- 3

a) 21+Zz; 6) 321_222; B) a% r) %2; nm) ()
) =(3+i)+(4-3i)=7-2i.
Posé’sizanns. a) 2% (3+i)+(4-30) "

6) 3z, -2z, =3(3+i)-2(4-3i)=9+3i-8+6i=1+9i.

5

B) &% =(3+i)(4-3i)=12+4i-9i-3i* =12-5i+3=15-5i,

5

2 _3+i _ (3+i)(4+30) 124+4i+9i+3° _9+13i_9 13

P& A3 (4-30)(E3) 16-97 25 25 25

) (z,) =(3+i) =27+27i+9 +i* =27 +27i—9—i =18+ 26i
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HeobxiOHi 3HaHHS1 PO 2eoMempuUYHe
306pa)KeHHsI KOMIJIEKCHUX 4ucest npo
MOOyIb | ap2yMeHmM KOMIJIEKCHO20 4ucria

Mix MHOXMHOIO C yCiX KOMIUIEKCHUX YHCET 1 BCIMa TOYKAMHU
IJIOIMIMHA 1CHYE B3a€EMHO OJHO3HAYHA BIAMOBIAHICT, I1HIITAMH

CIIOBaMH, KOKHOMY KOMIUIEKCHOMY 4Hclly Z=d¢+bi, Ha pucyHky 4.17

KOMITJIEKCHE YHCII0 Z=d+bi 300pakKyeThCS TOYKOIO M(a.b) Taky

TOYKY YMOBHO Ha3MBaIOTh KOMIUICKCHOIO IUIONTAHOIO 3MIHHOI Z, BICH
Ox- rmificHol0, a Bich - ysBHOIO Biccro. KomiuiekcHe dYHCIo
z=a+biyvokHA TaKOX 300pakyBaTH BEKTOPOM, ITOYATOK SIKOTO

3HAXOJIUTHCS Y TOYII1 0(0;0) , a KIHEI[b — y TOYII M(a.b) )

vyt Skmo =0, Toml KOMIUIEKCHE YHCIIO
z=a+0-i=a ¢ qiiicHuM yuciioM. OTKe,
TIACHI YHCIa € OKPEMHM BHIAIKOM
KOMIUJIEKCHUX YHCEJI, X MMO3HAYAIOTh

| TOUKaMu ocl Ox ,
| SIkmo ¢=0, TO KOMIIJIEKCHI 4YHCJa
| ,  z=0+bi=bi Ha3WBaIOTh CYTO
o “ Y yaBHMMH, Taki 4YucIa 300paXKyIOTh

Puc. 4.17. 300paxeHHs Toukamu oci OV .

KOMIIJIEKCHOT'O YHCJIa oM

JloBxkuHY P BEKTOpa HA31UBalOTh
z=a+bi toykoro M{(a.b) MoOynem KOMIUIEKCHOTO 4YHCHa 1

MMO3HAYAIOTh 4 .

3 puc. 4.17 3po3ymiio, 110
|z| =a’ +b’

Kyt # MK gomatHUM HampsiMoM oci OX 1 BeKTOpoM , SIKAM

BIJINIOB1/Ta€ KOMIUIEKCHOMY YHMCIy Z=@+bi  Ha3uBaIOThb apeyMeHmoM
z (z # 0)

4.15)
oM

KOMIIJIEKCHOT'O YMCJIa 1 TO3HAYAIOTh ¢ =287,
KosxHe HeHy/IbOBE KOMIUIEKCHE YHCIIO Ma€e Oe3Jlid apTyMEHTIB.
VY¢i BoHU 3a7a10ThCS (POPMYIIOIO
Argz=argz+2nn, ne /L
9
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ne 482 - zqeanvhe 3Hauenns apeymenmy; ¥&Z — 20106He 3HAUEHHS
apeymenmy, siKe 3aJI0BOJIbHSIE YMOBI:
—m<argz<nm

[Tomyk apryMeHTy KOMILUIEKCHOTO 4YHCIA PEKOMEHIYEMO
PO3IMOYMHATH 3 FTEOMETPUYHOTO 300pa’KEHHS [IbOTO YHUCIIA.

['onoBHE 3HAYCHHS apryMEHTy KOMIUIEKCHOTO 4Yucja Z=da+bi
MOHA BU3HAYUTHU 33 TAKUM MPABUIIOM:

arctg—, saxkuo a >0,
a
b

arctg—+m, axuo a<0, b>0,
a

b
arg z =sarctg——r, akuo a <0, b <0,
a

%, axuwo a=0, b>0,

—E, saxuo a =0, b <0.
2 (4.16)

Byumocsi sukoHyeamu 0ii Had
KOMIMJIEKCHUMU Yucsiamu, w,o rnoodaHi e
anzebpaidHil popmi

4.55. 3HaiiaAiTh A1MCHY Ta YSABHY YaCTUHH KOMIIJIEKCHOTO YHCIIa

B ) B

2i+1 .
Pos6 ’sa3anunsa. BukoHaeMo nepeTBOPEHHS
_ . ) _ .
e DR VR VO B . S S VO B
2i+1 2i+1
5-12i)(2i-1 [ +24— ' '
_(5-12i)(2i )+2i+2:101+24 S+12 5. 5 12049
(2i+1)(2i-1) -5 -5
Rez=——,1 22—2.
Otxe, 5
. . Rez=—2, Il’l’lZ:—E.
BiamnoBijap: S S

4.56. 3HaiiAITH MOIYJIh W TOJOBHE 3HAYCHHS AapryMEHTY
KOMIUIEKCHUX YMCEJI, 3aUIIIITh Il YKClIa Y TPUTOHOMETPHUYHIHN (hopMi:

a) 2123; 6) 22=2i; B) z3=—1;
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I‘) z4=1+i; I[) 25:1—1'\/5; e) 26=—2—i.

Po3s’sa3anus.

AR BkazanuMm umciaaM B1OOOBIZArOTh HAa
M, mromuni Touku Y1 ~Me (puc. 4.18).
M, 3a  ¢opmynamu (4.15) - (4.17)
M ol | M ~ I1CTaeMo:
'f}______} Lo X 2) |z =3, ¢, =0, zl=3(cos0+isin0);
o - M; |2,|=2. ¢2:£,22:2(cos£+isin£J
6) 2 2 2).
Puc. 4.18. 306pakenns ) |z,|=1 ¢, =7, z, =cos +isinz :

TOYKAMHU KOMILIEKCHUX
yucen 3aBaadag 4.56

|z4| =2, o, :%, z, =x/§(c0s%+isin%J

5

r)

z|=v1+3 =2, o, = arctg -3 =—£,Z =2| cos| == |+isin| - =
|5| 5 ( 5
1) . . 375

o) |zo|=V4+1 =5, ¢, :arctg%—ﬂ, zo =~/5(cos @, +isin g, )

4.57. Po3B’sOKITh PIBHSHHS o2z =-1-8i

Po3é’sazanna. HeBimome duclio z 3amuiieMo y aireOpaidHin
dbopmi: Z= XY Toni
X+ YT —2x-2yi=-1-8i

3 yMOBH pPIBHOCTI KOMIUICKCHHX YHCEI OJICPIKYEMO CHCTEMY
IBOX PIBHSHB 13 IBOMA HEB1JJOMUMHU:

{«/xz +y° —2x=-1,

—2y=-8,

PO3B’SI30K SIKOT * 3, y=4 Omxe, mykane uncino Z =3+ 4
Bixnosigs: Z=3+4

HeobxiOHi 3HaHHS1 NPO MPU20HOMEeMpPUYHY
¢bOopMy KOMIIIEKCHO20 4Yucria

3 pucynka 4.17 maemMo, 110
z=p(cos @ +i-sing) (4.17)
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IIpaBy YaCTUHY dbopmynu (4.17) Ha3WBAaKOTh
TPUTOHOMETPUYHOIO (POPMOIO KOMIIJICKCHOTO YHClia Z .

Heob6xiOHi 3HaHHS
npo dii Ha0 KOMMJIeKCHUMU Yucnamu
Yy mpu2oHoMempu4Hiu popmi

Hexait % = p,(cosg, +ising,), z, = p,(cose, +isin(pz).
3HalIeMo 100yTOK
2,2, = p,p, (cos g, +ising, )(cos g, +ising, ) =
=pP.P, (cos @, cos @, —sin @, sin @, +i(sin ¢, cos @, +sin @, cos ¢, )) =
= PP, [cos((o1 +¢,)+i(sin (g, +¢2))].

Bucnosok. 11ix vac MHOXKEHHS KOMIIICKCHUX YHCEINT 1XHI MOy
NECPEMHOKYIOTb, 4 apr'yMCHTH A0AAKOTh.

I[TigHEeCEeHHsS] KOMITJIEKCHOTO YHCIIa, 3aJaH0r0 Yy
TPUTOHOMETPUYHIN Popmi, 10 ”-0ro cTeneHs, Ae "< N, BAKOHYIOTb 3a
dbopmynoro MyaBpa:

z"=p"-(cosn-@ +i-sinn-@) (4.18)

JIUTeHHST KOMIUIEKCHUX YHCEN, 3aaHUX Y TPUTOHOMETPUYHIH
dbopmi:

A &(
Z, P

Kopinb cTenens 7, ne # — 1ije A10JaTHE YHUCIIO, 3 KOMIUIEKCHOTO

cos (@, — @, ) +isin(o, _("2))

qucya 2= P(C0SO+SING) 1 0Gupaiots 32 hopMyIIOIO:
d; — K/; '(COS Lzﬂ:k + l sinMj
n

n

(4.19)

hi§ OTxe, ICHye " pI3HUX 3HA4Y€Hb KOPEHS ”-0ro
CTEIEHAd 3 4YWciaa z. YCIM IIMM 3HA4YEHHSM BIJIMMOBIJAIOTH TOYKHA

e k=012..,n-1

IJIOIIMHM, SK1 JIeXKaTh Ha KOJI pajiyca Je s IIEHTPOM y TIOYaTKY
KOOpPJAMHAT 1 € BEPIIMHAMU PABUIBLHOTO ” -KyTHHKA.
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Byumocsi sukoHyeamu 0Oii Had
KOMIM/IeKCHUMU Yucsiamu, w0 rnooaHi
mpu2oHoMempu4Hii ¢gpopmi

4.58. 3maiizis (1)
Poseé’s3anus.

yr 3anuiiemMo  JIaHE€  YHCJIO
TPUTOHOMETPUYHIN Popmi
M
———l—/—_I (pI/IC 419)
! P
: w . p= (—\/§)Z+12 =2, cos¢=—£,sin¢:l,<
—3 0 X 2 2

z=—3+i=2 coss—”+isin5—”
Puc. 4.19. 306paxenns - - 6 6 )

KOMIUJIIEKCHOI'O YHMCJIa 3aBaHHA

4.58
3a dhopmynoro MyaBpa AgiCTaHEMO

(—\/§+i)l3 e (cosl3-5—”+isin13-5—”J -
6 6
~ 25 cos[ 107+ 2% 4 isin[ 107+ 2% | |= 2" —£+il :4096(—J§+i)
6 6 2 2

4.59. Po3B’siKiTh piBHSHHS z +16=0

Po36’a3anna. 3anumeMo piBHAHHA y BUIIIAAL 2 =-16. Tenep

MoaMo unciIo ~16 y TpuronomeTpuuHiit popmi: 10 =16(cos +isinz).

Bukopuctoyrouu popmyiny (4.18), nicraemo
4~16 = 2-((:05 z +42”k tisinZ +42”kj, k=01,2,3

[TocioBHO BU3HAYAEMO YC1 YOTUPH KOPEH1 TaHOTO PIBHSHHS:

J*n
ZI=2-(cos£+isin£j=2- ﬁﬂ'ﬁ =2 +i2
i, Z, 4 4 2 2
b
0 m—— z,=2- cos7[-i_27[+isin7r-|_27r =2- —£+i£ =-2+i\2
2 x 4 4 2 2
7 Z
3 ! 23=2-(cos”+44”+isin7[+44”J:2-[—%—i%}=—ﬁ—i\/§,
Puc. 4.20.

300pakeHHsI KOPEHIB
pIBHSIHHSA Z +16=0
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Zy =2-(cosﬂ+467[ +isinﬂ26”j:2~(£—ig]=\/§—i\/§

3 morsiy reoMeTpii oJepkaHi KOpeH1 — BEPIITUHU KBajipaTa, 110
BITMCAHO y KOJI0 pasiyca 2 (puc. 4.20).

Heob6xiOHi 3HaHHST NMPO NoKa3HUKO8Y
¢ghopMy KOMIMIIeKCHO20 4Yucria

3a dhopmynoro Eitnepa
e’ =cosp+ising
3B1JICH BUIUIMBAE, 1110 KOMIUIEKCHE YUCIIO, 3alTUCaHe Y
TPUTOHOMETPUYHIN (opMi, MOKHA MTOAATH 1€ ¥ TaK:
z=p(cosp+ising)=|z|e”

ip

zle
Bupas | | Ha3WUBaIOTh NOKA3HUKOB8010 (POPMOIO KOMILIEKCHOTO
qucJa.
_ ip _ i)
v Z, =|Z/|€e zZ, =\zZ,|le .
Hexait ! | 1| > 72 | 2| . Tomi:

(@ +0,)

Byumocsi sukoHyeamu 0ii Had
KOMIMJIEKCHUMU YucJlamu, w0 rnoodaHi y
rnokasHukosgiu ¢popmi

T T

= 6 = l? 3 *ee
4.60. Hexaii “ 2e’, z,=3e . Bukonaiire mii:

a) 91%2; g) (Zl )6_

Po3zé’a3annua:

2,2, = 2¢'6 363 = 6€l(6+3] =62 = 6(c0s%+isin%) = 6i;

1

a)
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BukoHyemo 0Qii Had KOM/1eKCHUMU
yucnamu 3a donomoezoro N3 Maple

lMpouedypa eBukoHaHHs1 Oii Had KOMIJIEKCHUMU
yucsiamu 3a 00rnomMo20to 8idnoeiGHUX npasuJl.

4.61. Jlna 3aBmaHmxX cuHycoigambHmx ¢yakmin  E/]C

e(t) = 22042 - sin(z -1+ )

2 B, 3aINIIITh MUTTEBE 3HAYCHHS
CHHYCOiIaIbHO 3MiHIOI0Yorocs E//C y BUTISAI KOMIIIEKCHOT'O YHCIIA
Ta 3HAUIITh KOMIUICKCHY aMILTITYYy.

Posgé’szanns.

Kpox 1. CunycoimansHi cTpyM U Hanpyry FE/JC wmoxHa
300pasutu  rpadigHo, 3ammcaTd 3a JIONIOMOIOI0  PIBHAHBL 13
TPUTOHOMETPUYHUMH (DYHKITISIMH, TIPEACTABUTH Y BUTJISIII BEKTOPIB Y
JIEKapTOBIM IUTONTWHH 200 32 JOTTOMOT0I0 KOMIUICKCHUX YHCENI.

['ecomerpuuni omepamii 3 BEKTOpaMH MOXHA 3aMIHHUTH
anreOpaiyHUMH OIepalisIiMHi 3 KOMIUICKCHUMH YHCJIaMH, 110 1CTOTHO
T1JIBUIIYE TOYHICTh OJIEP)KYBaHUX pe3ynbTaTiB. KoXKHOMY BEKTOpY Ha
KOMIUJIEKCHIN IUIONIMHI BIAIIOBIJA€ IIEBHE KOMIUIEKCHE YHCIIO, IO
MOke OyTH 3amucaHe y pi3HuX (opmax (ysSBHY OJMHHINIO i MOXKHA
3aMIHATH ysBHOIO j ). Hampukmnan:

v a =a-e'.

— MMOKa3HUKOBIN :
— TpUroHOMeTpHuHil ¢ = ¢ COSY +J-a-smy..
— anreOpaiuninn ¢ ~ b+j-c
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Hanpuknan, EJC €~ E, - sin(@-1+y.) 1,
300pakeHO Ha pucyHky 4.21 BekTOpoMm

o0epTaHHs, BiIIOB1 A€ KOMIUICKCHE YHCIIO
E . e J(a)[ +l//e)

m

_E -cos(w-t+wy, )+ j-E -sin(w-t+y,)_ e/

e £, amunityga E/[C; BenmumHa

DXapaKTEPU3ye MBUAKICTH 3MIHU (PA30BOTO
KyTa, 10 Ha3WBAaIOTh KYTOBOIO YacCTOTOIO;

V.

Puc. 4.21. 300paxeHHs
EJIC 3a nonnomororo
KOMILJIEKCHOT'O YHCJia

- moyaTkoBa (aza, (azoBU KyT

(@-1+Y.) pysmauaerhes T MIPOEKITISIX
BEKTOpa Ha Bicl «+[» Ta «+j» cUCTeMH
e
g(w-t+y,)=—
KOOPAWHAT, TaK 10 e .
Kpox 2. BiamoBigiHO A0 TPUTOHOMETPUYHOI (GopMH 3amucy

ysIBHA CKJIaJI0Ba KOMIUIEKCHOTO YHCJIa BH3HAYA€ MUTTEBE 3HAUCHHS
CHUHYCOIAaIbHO 3MIHIOKOYOTOCS EJIC:
e=FE -sin(w-t+y,)=im{E, -/ ")}

) Jmtr Ty
e =im {220*/5'6 ’ } 220\/§-Sin(7r-t+%J

OTtxe, =
E . ej(w't'H//e)
Kpox 3. KommuiekcHe yucio 3pYYHO MPEACTABUTH
. E . e J(a)[ +l//e)
y BHUIVIAAI JOOYTKY JBOX KOMIDIGKCHHX YHCEI: ™ =

LelVe gt
~— ° °

. jw-t . .

En = Ewe™ | ne mapamerp £», mo Biznosimae
MOJIOKEHHIO  BekTopa g =0, HA3UBaIOTh KOMILJIEKCHOIO
aMILTITY/I0X0.

E e j(0)~l 'H//e) \/— j(7r-t+§)
Ile  o3Hauae, mo "~ = 220v2-e =
T
J P
2204/2 ¢ 2 e’

A/

2 i
OTxe KOMILIEKCHA aMIuTiTyga £ —22032¢ 7
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«Has4yaemo» ceil KoMmn’romep
BUKOHaHHIKO Oill Hald KOMIMJIeKCHUMU
yucnamu 3a dornomoezoro N3 Maple.

1. Bigkputu Bikuo 1113 Maple.
2. 3a pomomororo ommii Insert-Execution Grope-Before Cursor

OTPUMATH Y IO IPOrPaMH MIiTKy ~ .

3. AxtuBi3yBatH 37iBa BKIagku Expression i Common Symbols Ta 3

OTpUMAaHUX IIA0JOHIB BBECTH B OKpPEeMHX MJYy>KKaxX CKJIaJOBi
e(t) = 22042 Sil’l(ﬂ'-l+£)

GyHKIT 2,

4. Otpumatu TUMYacoBy miarpamy misg E/[C y Burmsial rpadiqHoro

300pakeHHsI CUHYCOIZaJlbHOI BEJIMYMHU Yy 3aJaHOMY MaciiTabi B

3aJIeKHOCTI Bl 9acy 3a JomomMororw GyHKIIi plot(...).

5. VBectu ¢ynkuiro E/JC y BUTIAAl KOMIUIEKCHOTO —YHCIA

(moka3HWKOBI  (QopMa) Ta  BU3HAYUTH  MHUTTEBE  3HAUYCHHS

CHHYCOialbHO  3MiHIOOYorocs EJ/[C sk ysABHY  CKJIIaJIOBY

KOMIIJIEKCHOT'O YHCJIa 3a JIONIOMOTOr0 KoMaHau Im(z) (puc. 4.22).

|38 untitled (13" - [Server 1] - Maple 13

=)
File Edit ‘Miew Insert Format Tools  ‘Window Help
DBESS Xl ¢ TP IEE ea= NI O%e o Faxk 2 @
s Ea = A e Drawing  Plat  Animation Hide
4 8 (L mmah T (TmesNewromen  v) (12 v) B[Z]U [E]= = Bl =i=
H,f =7 ax -
bp f atb a—b ) T
" . > e = 220-y 2 -sin| ®-t + — |;
a-b = o 2
. . Jz L 2 =220 2 cos(mt) @y
a  al Jal >p103(e);
\ 300 A N f
ta(a) logig(a) | A A A \ M\ Al Il Al Al
logy () sin(a) cos(a) ‘.‘ | ‘.‘ .‘I | I\ IJ \ | \ [ I [ I |
- | | | | / \ | | 200/ | | \ | \ I | | |
= () e L A U 1 L T U T O Y O
| | i
Flab) fma—y W Y A O O S Y I Y A A O
Pl = | [ [ [ [ 10“ | | |‘ [ I I [
|
xxxxx L . ‘, [ | [ 111 I [ [ 1
f(x)| N | | | | | | | | | | | | | | | | | | | |
| ma U7 T7E ' R TR R T T R T T T T R T N E R B R
P Units (51} | " | | I\ | | | |‘ | \ ‘| | | “ ¢ | I‘ ‘I |
B Uit (FFS) ) | | | | | ‘I |‘ | | | | || || |
|
 Comman Symbols \ ‘I ‘I " ‘I “ I‘ ‘| I‘ ‘I \ ‘l \I ‘ || | I‘ \I |
Toeijlw 1 N N A " I N O R N A A
0 [ 4nuU | I | | | | | | | | |/
(V. %/ \ | \ |/ |\ \
== FEs= F'r g (TF"‘ =+ 3" v Va4V Y V \/
L Eew =~ = L 7:=220/2"e ;
+F=Fec&c L 1
N@3IV - A j[:rcIJr?ch
Vvx=CRN L z:=22042 e @
QZRS=1 | |
e eae ~ 1
Foero oV J‘(ﬂwfn] =220/ 2 cos(mt
Lsone L 220\/zs(e 2 (m?)
P Matrix | a
P Companents J
:R/eéél‘y Memory: 0,81M Time: 0.06s Math Mode

Puc. 4.22. Bikno 1113 Maple: otpumaHHs THMYacOBO] JAlarpaMu Ta
MUTTEBOTO 3HAYCHHS CUHYCOi1alIbHO 3MiHIor0uorocs s E/[C
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— Modentoemo npogpeciiiHy disnbHicmb

— iHXeHepa

4.62. i [IpunycTuMo, HampuKiIan, y TOYIN
posranmyxeHHsi JaHiora (puc. 4.23)

I3
I3 3aralbHUIl CTPYM 3 IOpIBHIOE cyMi
™~ : N ' :
TOKI1B W b ABOX BITOK, e
. T
ip= 2,82-sin (a) t - —jA
Puc. 4.23. 6
Po3ranyxeHHs _ - ’
. i,=14]1-sin|wt+— |4 .
JIQHITIOTa y TOYIIl BusHaquts

Cmeopimb eekmopHy diazpamy 3a donomoeoro I11113.
Ilobyoosa eexmopnoi Odiacpamu 6 macuimaoi

- X 00360715€ susnayumu sHavenns {m u ¥z 3 oiacpamu,
nicas 4020 Modxce Oymu 3anucame po36 s3aHHA Ol MUMMEBO20

3HAUeHHS 3 WISAXOM (HopmManvHo2o 00Ky KYmoBoi UaACmOomu:
i; =1, Sz'n(mr +&'f"’3).

Ay > Ha puc. 4.24 306pasceni nouamkosi
I3m  nonoocenns 8EKMOPI8 CMPYMIB, NPOEKYil
> - ~ / SAKUX Ha B8iCb OpOUHaAm O0ar0mv MUMMESL
It N 3HauenHss cmpymie 015 t=0.
/
w -
1 3 j:?m
/ ¥, ;‘

Puc. 4.24. CxematuuHa
BEKTOpHA JiarpamMa Jijis

OTPHMAaHHS 3HAYEHHS {2m
BianoBiae: pe3ynbTyrOUuil CTPYM TaKOX OyJie CUHYCOIaTbHUMS:
iy=1,,-sin (a)t+l//1) + 1,, -sin (a)t+l//2) = I3m-sin(a)t+l//3)

= 15,08-sin (@ 1 +34,6° 4
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