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MaTteMaTu4YeCcKMe MOAEJIU M YHCJTCHHBIE
METObI

1. MHXXeHepHble 3apaum

OCOOECHHOCTBIO HWHXKEHEPHBIX 3aJad SBJISETCS TO, YTO MNPU HX PEUICHUH
3aJICICTBOBAaH BECh apCEHaJl MAaTEMaTHUKH, KakK-TO: PEIICHHE YpaBHEHUW U CHUCTEM
YPaBHEHUW, HaXOXJIECHHUE SKCTPEMYMOB, BBIYMCICHHE IPOU3BOJIHBIX U MHTErPaJIOB,
pemienue nudpepeHunanbHbIX YPaBHEHUN U T 1.

OnHuM U3 c1ocoOO0B pelIeHNUs ABISETCA SIKCIIEPUMEHT.

[loaTomy mnepBas cragusi paboTel — 3TO (HOPMYJIUPOBKA MaTEMATUUYECKOU
Moznenu  (moctaHoBKa — 3ajmauM). MccienoBaHume — HAUMHAETCS € IOCTPOCHMS
COOTBETCTBYIOIIEH MaTeMaTHYEeCKOW MOJENH: BbLAEIAIOTCS Hanbojee CylIECTBEHHBIE

YepThl U CBOKMCTBA U OIKUCBHIBAIOTCSA C MOMOIIBIO MAaTEMAaTUYECKUX COOTHOLIEHUM. JIist
dbuznyeckoro mporecca MoJeIb OOBIYHO COCTOMT W3 YpPaBHEHUM, OINUCHIBAIOIIUX
IIPOIIECC; B OTU ypaBHEHHUH B BUJE KOA(DPHUIIMEHTOB BXOIAT XAPAKTEPUCTUKU TEJI WIIH
BEIIECTB, YYACTBYIOILIUX B IIPOLIECCE.

Ecnam Mmarematnueckas Mojelnb BIOpaHa HEJOCTATOYHO TINATENIBHO, TO, KaKue Obl
METOJIbI MbI HU TIPUMEHSIJIN IS pacdeTa, BCE BBIBOABI OYIyT HEJOCTATOYHO HAACKHBI, a
B HEKOTOPBIX CIIy4YastX MOTYT OKa3aTbCs COBEPIIEHHO HENPABUIbHBIMU.

Bropas cragus paboTel —3TO MaTEMaTHYECKOE UCCIICIOBAHUE.

B 3aBUCHMMOCTM  OT  CIIO)KHOCTH  MOJICJIM  TNPUMEHSIIOTCS  Pa3jIW4YHbIE
MaTeMaTHYECKHUE TTOAXOIbI.

Ha mpakTtuke B OOJBIIMHCTBE CIIy4aeB HAWTH TOYHOE pEIICHHWE BO3HUKIIEH
MaTeMaTHYECKOM 3aa4M HE yJaeTCs. ITO MPOUCXOAUT IIIaBHBIM 00pa3oM MOTOMY, YTO
HMCKOMOE PEIICHHE OOBIYHO HE BBIPAXKAETCS B MPUBBIUHBIX JIJI1 HAC AJIEMEHTAPHBIX WIH
JIp. U3BECTHBIX (PYHKITUSX.

[TosToMy BaxxHO€ 3HAau€HHE TMPUOOpENM YMCICHHbIE MeTonabl. llog Humm

MoApa3yMeBalOTCsl METOAbl pEIIeHUs] 3a7ad, CBOMSIIMECS K apuPpMETUUYECKUM U
HEKOTOPBIM JIOTMYECKUM ACUCTBUSAM HAJl YHUCJIAMH, T.€. K TEM JCUCTBUAM, KOTOPBIE
BEIOJIHIET OBM.

B wucropun npuKiIagHOW MaTEMAaTUKU MOXHO BBIJICIUTh TPU OCHOB- HBIX
epuoaa.

[lepBoiii Havancss 3—4 ThicsyM JeT Hazan. OH ObUT CBsI3aH C Be- JICHHEM
KOHTOPCKUX KHUT, BBIYMCJICHHWEM IUIONIaJei W OOBEeMOB, pacdyeTaMU MPOCTEHIITNX



MEXaHU3MOB; MHBIMU CIIOBAMU — C HECIIOKHBIMH 3a/layaMu apuPMETUKH, aredpsl u
T€OMETPUHU.

Bropor mnepuon Haydainics ¢ HproroHa. B 3TOT mnepuon pemamch 3aaadu
ACTPOHOMUH, TE€OJE3UM U pacueTa MEXaHUYECKUX KOHCTPYKILHM, CBOISIIMECS JIHOO K
OOBIKHOBEHHBIM-IU(DPEepeHIINaNbHBIM YPABHEHUSAM, JTU00 K aNreOpandeckuM cucTeMaM
¢ OOJIBIIMM YHCIIOM HEU3BECTHBIX.

Tpetuit nepuon Havyancs npumepHo ¢ 1940 r. BoeHnHble 3agaun —

HaIlpuMep, HABOJAKA 3EHUTHBIX OPY/IUA Ha OBICTPO ABMXKYIIUMCS ca-

MOJIET— TpeOOBaIu HEAOCTYITHBIX YEJIOBEKY CKOPOCTEH U MPUBEIU

K pa3pabOTKe NEKTPOHHBIX CUCTEM. [[0SIBUITUCE 31€KTPOHHBIE BHIYKUC-

JauTeabHbIe MalIUHBL (OBM).

CkopocTth gaxke npocrenmmnx IBM HacTOIbpKO MPEeBOCXOINAIIA CKO-

POCTh MEXaHUYECKUX CPEJICTB, YTO CTAJI0 BO3MOXKHBIM IMPOBOJIUTH BbI-

YUCJIEHHUS] OTPOMHOT0 00beMa. ITO O3BOIWIO YUCICHHO PEelaTh

HOBBIE KJIACCHI 33]]a4; HAIIPUMED, MPOLIECCHI B CIUIOLIHBIX CPEAax,

OMUCHIBAIOIINECS YPABHEHUSMH B YACTHBIX ITPOU3BO/IHBIX.

B mHacrosimiee BpeMs co3daHbl CHEUUAIbHbIE MAaTEMAaTHYECKUE I[aKEThl,
MO3BOJISIIOIIME PElIaTh TaKWe 3aJa4d B YWCICHHOM BHUAE. MBI pacCMOTPUM MaKET
MathCAD, o6magaromuii BO3MOKHOCTSIMH YHCIICHHOTO M aHAJIUTHYCCKOTO PEIICHHS
MaTeMaTUYECKUX 3a]1a4.

TEMA 1 lNorpewHOCTN Npy 3aMeHe TOYHOro peuweHus
npubNM>XeHHbIM

Perienue, morydeHHOE YUCICHHBIM METOJIOM, OOBIYHO SIBJISIETCS TPUOJIMIKEHHBIM,
T.€. COJACPKUT HEKOTOPYIO MOTPEITHOCTh. MH)KEHEpHbIC 3a7a4u OTJIMYAIOTCS TEM, UTO
UCXOAHBIE HMX KOI(POUIMEHTH OMPENESIOTCS W3 SKCICPUMEHTa W PEAKO HMEIOT
TOYHOCTH BhIIIe 1%.

W cTOYHUKAMH MOTPEITHOCTH MPUOINKEHHOTO PEIICHUS SBIISIIOTCS:

-HECOOTBETCTBHME MAaTEMATUUYECKON MOJICJIN PEATTBHOMY SIBJIICHUIO;

-IIOTPEIIHOCTh UCXOIHBIX JTAaHHBIX (BXOJIHBIX TApaMETPOB);

-IIOTPENTHOCTh METO/IA PELICHUS;

-TIOTPEITHOCTH OKPYTJICHUH B apu(PMETHUCCKUX U AP. TCUCTBUIX HAJl YUCIIAMH.
[TorpemHocTh BhuMcineHuid B ¢usuke u texuuke aocturaet 1-10%. Eciau, nanpumep,

BEJIMUMHA HanpsbkeHus: paBHa 220,6483759 B, To MOXKHO CKa3aTh, YTO HECKOJIBKO MJIAIUINX

]_II/ICI)p 9TOIr0 3HA4YCHHUA HCAOCTOBCPHBLI, YTO O6YCJ'IOBJ'IGHO TOYHOCTBIO H3MCPHUTCIBHOI'O



1

npubopa. Ecinu panmoHaasHOe YUCIIO 5 MPEJACTABUTh B BUJIE KOHEYHOM JNECATUYHOUN ApooH,

TO TaKOE IpEACTaBlIeHUE HE OyneT TOYHBIM, TaK KAaK 3TO YHUCIO IPEACTABISETCS B BUJE
OECKOHEYHON NEPUOJUYECKOMN AECITUYHOMN APOOH.
[lorpeumrHocTs B pelieHUU, OOYCIOBJICHHAs MEPBBIMU JBYMsSI HCTOYHHUKAMHU,

Ha3bIBACTCSI HEYCTPAHUMOM.

OTa NOTPEIIHOCTh MOYKET MPUCYTCTBOBATH, NAXKE €CIU PEUICHHE MOCTaBICHHOU
MaTEMaTUYECKOM 33/1a4v HaJAEHO TOYHO. KpurepueM NpoBEpKU aJ€KBaTHOCTH MOJIEIIH
peaIbHOMY TIPOLIECCY SIBIISIETCS TPAKTHKA.

BnusgHre mOrpemHocTd UCXOAHBIX JAHHBIX YAacTO YAAETCS OLEHUTh, BapbUPYs
UCXOJHBIC TaHHBIEC B TIpeJieaxX UX MOTrpenrHoCTeN U (PUKCUPYSI pellICHHUS.

Uucnennble MeETOJbI B OOJIBIIMHCTBE CIIy4aeB caMu II0 ceOe SBISIOTCS
NPUOIMKEHHBIMA, T.€. Ja)XX€ MPU OTCYTCTBUM MOTPENTHOCTEH BO BXOJHBIX JAHHBIX H
IpH WJICAUTHPHOM BBIMIOJHCHUM apu(PMETHUECKUX JEeUCTBUHA OHM JAlOT pEIICHUE

HMCXOJIHOM 33/1a4¥ C HEKOTOPOM MOTPENTHOCTHIO, HA3bIBAEMOW HOTPEHIHOCTHI0 METOJA.

YacTo ucnosib3yeMblid YMCICHHBI METOJ| CTPOUTCS Ha 0aze OECKOHEYHOTO Mpoliecca,
KOTOPBIN B Mpeiesie MPUBOIUT K HCKOMOMY PEIICHHUIO.

Bompocom, HambOosiee CIIOKHBIM TEXHUYCCKH, SIBISETCS YYET IOTPEIIHOCTeH
OKPYTJICHUS B apU(METUUECKUX JIEHCTBUSIX.

YucjieHHBIIE MeTOX MOXKeT CYUTATHCS YAa4HO BBIOPAHHBIM, €CJH €ro
NOrPEeNIHOCTh B HECKOJbKO Ppa3 MeHbIIe HEYCTPAHMMOIl TOTPENIHOCTH, a
NOrPelIHOCTh,  BO3HMKAKWINAS 32  CYeT  OKPYIJVIeHMI, Ha3bIBaeMas

BbIYMCJIUTEIbHON MOrPENIHOCTHI0, 10 KPailHell Mepe B HECKOJbKO pa3 MeHbIIe

NMOTPElIHOCTH MeTO/1a.
BeauunHa 0,5.=|a-a*| Ha3bIBaeTCss aOCONIOMHOU NOZPEULHOCHIbIO, TIC a —
TOYHOE YKCJIOBOE 3HAUYCHUE HEKOTOPOU BEJTUYUHBI, a* - MPUOIMKEHHOE 3HaUYCHHUE.
BeauunHa 6y4= 0.6 /|a*| - omnocumenvnan nozpewinocms. OObIMHO U3BECTHO

OrpaHHYEHUE CBEPXY, HAPHMED Oq5c <107,



AOCoJII0OTHASA NMOTPElIHOCTh NPUOJIHKEHHOTO e 1 (W) ] BIIOJIHE
XapakTepu3yercsi YHCJIOM BepHbIX Hudp mnocje 3anAT0i, a OTHOCHTEJIbHasi
NOrPEeNIHOCTh — YHCJIOM BepHbIX 3HaYammx oudp. 3aMmeuvaHue: 3HAYAIMMMHU

muppamMu  4YucJga ABJIAIOTCH IHEGPLI, PAacHoJoKeHHbIe CIPaBa OT HepBOH
OTJMYHOM 0T HYJis HU(PHI (BKIKWYasA ee); nudpa o) HA3bIBACTCS BEPHOU, €CIH g,

=10’ , TO €CTh a0COJIFOTHASI MOTPEITHOCTh YHUCIIa = OJTHOW €IMHUIIBI COOTBETCTBYIOIIETO
paspsaa JECATUYHOTO YUCIIa.

Ilpumep 1.1.

Yucno 3,14 — npubmikeHHoe 3HaueHwe uucina 7 =3,14159.Ero  morpemnocts

Aa) =|3,14159 — 3,14| =0,00159 Ilpenenbuyro aOCOMIOTHYIO MOIPEMIHOCTH  MOYKHO

cuntats pasuoii 0,0016, a mnpemenbHyr0 OTHOCHTENBHYIO IIOTPEHNIHOCTE —PAaBHOM
0,0016

=0,00051=0,051(%).
3,14

PABOTA C ITPOTPAMMOM Smath Studio.

[Iporpamma npeaHazHaueHa Jis MPOBEICHUSI MAaTEMaTHYECKUX PACUETOB.
[Iporpamma coctout u3 3 obnacrteii:

e OCHOBHOE MEHIO
e HMHCTpyMeHTaIbHAS MTaHEIb

e Pabouee moJie
3.1 OcHOBHOE MEHIO.

-COCTOUT M3 OCHOBHBIX KOMaH] JjIsi pabOThI C IOKYMEHTOM B II€JIOM, TaKHE Kak
BCTaBUTb, BBIPE3aTh, OTKPbITb, COXPAHUTh... A TAKXKE COAEPKHUT MaTeMaTUYECKHIl
CIIPaBOYHUK U HAOOP MPUMEPOB.

a) [Tanens «Apudmernkar

Conepxut uudpbl, MaTEeMaTUYECKHUE CHUMBOJIbI, M OCHOBHBIE OIEPALIMH:ONEPATOP
NPUCBOEHUS « = »; Oneparop YMCIEHHOI'O BBIYMCIEHUS « = »,; Oneparop CUMBOJIBHOIO
BBIYUCIIEHUS « — » MIO3BOJIAET BBIUUCIIATH CUMBOJIBHBIN PE3YIIbTAT,



0) ma"ens «MaTpuIbD)

CopmepxuT KOMaHbl sl paboThl ¢ MaTpuilamMu. [103BONISIET HAXOAUTH OTPEIETUTEIb
MAaTPHIbI, TPAHCIIOHUPOBATH €€, HAXOJAUTh MUHOP. A TaKKe COAEPKUT KOMAHJy BEKTOPHOIO
YMHOXEHHS,

B) [lanens «byneBa»

DTa maHeab COASPKUT HAOOp M1l KOMaH/I 11 OyJIeBOr alreOpsl. A Takke
MO3BOJISIET 33J]aBaTh JIOTHYECKHE OMEePAIMM B KOMaHAaX BETBICHHUS U ITUKJIAX.

r) [lanens «OyHKIUN»

Copnepxut HaOOp YacTO UCHONB3YEeMbIX (DYHKIMH, TaKuX Kak sin, cos, log
U T.1. A Takke 2 KHONKHA «20» u «30», dTH KHOIKHA MO3BOJISIIOT BCTaBHUTH
COOTBETCTBEHHO 2-X MEPHBIC B 3-X MEpHBIC TpauKH.

n) Ilanens «I'padux»

DOTa naHenb MO3BOJISIET BPAIlaTh, NEPEMEIATh, YBEIMYNBATh/yMEHBIIATh
rpapuku QyHKIUIA.
JIByMepHbIe TpadUKH CTPOATCA IO MEPEMEHHOW X, a TpeXMEepHble MO 2
NEPEMEHHBIX X, Y (IEpEeMEHHBIE JTOJKHBI BBOJUTHCS B HUJKHEM PETUCTPE).

B) [lanens «IIporpamMmmupoBaHue»

Conepxut 4 GyHKIMUA TPOTPaMMHUPOBAHUS, TAKUX Kak: BeTBieHUE «l1F»,
uukibsl <\WHILE» n «kEOR» u Bcnomorarenbhnas ¢pyukims «LINE

3.3 Pabouee noJie U nepBbIii pacyer:

PaGouee nosie 3aHuMaeT camyro OOJIBIITYIO YaCTh MPOTPAMMBI, 3/1ECh MBI OyJIeM
3aJ]aBaTh UCXOJHbIE aHHble. OCHOBHBIM 3JIEMEHTOM MOJIA sBisieTcs Kypcop min dokyc
BBO/JIa (MecTO re OyaeT HabupaThCsl BEIPAKEHNUE) OH BBIMJISIAUT KaK KPACHBIA KPECTHUK.

3aoanue: HaiiTu 3HaYeHHE (PYHKIIMU B ABYX MPOU3BOJIBHBIX TOUKAX.
[TocTpouTs rpaduk 3TON PyHKIMK HA TPOU3BOILHOM OTPE3KE.

HalTu 3HaueHue pyHkuun f(x)=2+cos(x) B ABYX MPOU3BOJIBHBIX TOUKAX.
[TocTpouTs rpaduk 31O PYHKIINK HA MPOU3BOILHOM OTpe3ke. [lomyunThb


http://sites.google.com/site/mikkhalichlab/home/spisok-funkcij-smath/spisok-funkcia-po-kategoriam/programmirovanie/if
http://sites.google.com/site/mikkhalichlab/home/spisok-funkcij-smath/spisok-funkcia-po-kategoriam/programmirovanie/while
http://sites.google.com/site/mikkhalichlab/home/spisok-funkcij-smath/spisok-funkcia-po-kategoriam/programmirovanie/for-3
http://sites.google.com/site/mikkhalichlab/home/spisok-funkcij-smath/spisok-funkcia-po-kategoriam/programmirovanie/line

£ [x}:z 2+cos (x)
£(0)=3

f(3,2)=1

f(-5)=2,28

«rpadvk» n3amMeHnTbL macwTab un
pacnosioxeHue rpaduka:

TaONIUIly 3HAUYEHUN (PYHKIIMH Ha 3TOM OTPE3KE C
MPOU3BOJIBLHBIM IIArOM.

3agaem yHKUMI0, HaxoouMm

3Ha4YeHnst PYHKLUUN B MPOU3BOSbHbIX

TOYKax.

2. Haxogum 3HaveHunsa (pyHKUMM Ha NHTepBane

3. Ctpoum rpadunk pyHKLMM, C NOMOLLbIO NaHenm

N N

for k=3

2,504
2,30

1,97

2

4 2,17
&

g 1,77
v=|1,58
1,41
1,26
1,14

.tléx]

1,06
1,01

TEMA 2 PellieHue ypaBHEHU C OOQHOM

nepemMeHHou

Henuneitnpie ypaBHEHUS ¢ OAHON NEPEMEHHON MOAPA3ACIAIOTCS Ha alzedpauiecKue u

mpancyenoeHmHuble.

Ecmu ¢yukuus f (X) umeer Buna f (X)=ay+a,x+a,x*+..+a,x", rne ay, ay, ..., Ay - JOOBIE

,IIGI\/’ICTBI/ITGJ'IBHBIG yuciia, TO YpPAaBHCHHC HA3bBIBACTCA aﬂzeﬁpau yecKkum. ypaBHeHI/IC

Ha3bIBacTCA mpancyendenmuoim, eciu f (X) Bxmouaer pynxmum a, 10g.x, sin(x), tg(X) u T.m.



JIroboit ypaBHEHHME C OJHMM HEHM3BECTHBIM MOTYT OBITh HamucaHel B (Gopme f(x)=0.
Pemienne ypaBHeHHsI Ha3bIBaeTcs 3HAYeHUEM (KOpeHb YpaBHEHMs), IIPH KOTOPOM
f(x)=0..

Pemmtes ypaBHEHHE 03HAYAET CIIEAYIOLIEE.

1. YCTaHOBUTbH UMEET JIU YPABHEHUE KOPHHU.

2. OnpenenuTs YMCiIo KOPHEW YpaBHEHUSI.

3. HaiiTu 3HaueHUsI KOPHEN YPABHEHUS C 3aJJaHHOM TOYHOCTBIO.

O Heobxooumoe vcinosue cyuiecmeosanuss KopHa vypaBHeHus (1.1) wu

00CMAmMoyYHoe ycaoesue eOUHCIMBEHHOCU CICAYIOT M3 U3BECTHOM TCOPEMbI BOJIBI_IaHO—

Komm.
ITycre F(X) HenpepsiBaa u F(a)F(b) < 0 (T.e. HA KOHIIAX WHTEPBAJIA DVHKIIMS UMEET PA3HbBIE
3gakn). Torna BHyTpu otpeska [a, b] cyimectByer kopenb ypaBuenus F(x) = 0. Kopensb Oyaer

eIMHCTBEHHBIM, eciu F1(X) He menser 3Hak Ha orpeske [a, b], T.e. F(X) — MoHOTOHHAsS

OTneneHne KOpHEN

OtneneHre KOpHEH — OPOIEayPa HAXOXKICHHUS OTPE3KOB, HA KOTOPBIX YPABHEHWUE) UMEET

TOJIBKO OJHO PCIICHUC.

Teopemuueckoti ocnosoul omoenenus kopueti ypasuenus f (x) = 0 saensemcs || meopema

Beﬁepmmpacca: GHYMpU ompe3Ka [a;b] OCU X UMeemcs eOUHCMEEHHblU KOpEHRb YDABHEHUA f

(x) =0, eciu:

1) byuxuusa 1 (x) nenpepwvierna enympu ompesxa [a;b];

2) na konuax ompeszka [ (x) umeem 3nauenus pasuvix 3uaxos: f (a) f (b) <0;

3) f'(x) 3Haxkonocmosauna na ompeske [a;b]: Vxela;b]_f'(x)>0_ U f'(x)<0.

CyIecTBYIOT pa3inyHble cnocOoObl MccaenoBaHnsg (VHKIHWUA: aHATUTUYECKUN, TaOJIWMYHBIN,

rpadUYECKUA.

Ananumuueckuii  cMOCOO COCTOMT B HAXOXKACHUH OSKCcTpeMymoB GyHkmmu — F(X),
UCCIICIOBAaHUH €€ TMOBEACHHS MPH X —> oo, HAXOXKJICHUM YY9aCTKOB BO3pAacTaHUs M yObIBAaHUS
byHKUIHU.

Tabauynsit ciocod — 3TO MOCTPOEHUE TAOIMIIBI, COCTOSIIEH M3 CTONOLA apryMeHTa X u
crosibna 3HaueHudd QyHkipu F(X). O HaIM4YMKM KOpPHEH CBUACTEILCTBYIOT MEPEMCHBI 3HAKA
dbyaknun. YToObl HE TPOU3OIILIO MOTEPH KOPHEH, IIar U3MEHEHHsI apTyMeHTa JIOJDKEH OBITh

A0CTAaTOYHO MCJIKMM, a UHTEPBAJl UIBMCHCHUA — IOCTATOYHO OOIBIINM.



I'paguueckuit cnocod — >1o mocrpoenue rpaduka pynknuu F(X) m ompenencHue umcia
KOPHEH 10 KOJMYECTBY MepeceueHuit rpaduka ¢ OChIo X.

B OOJBIIMHCTBE ClydyacB OT/EJICHUE KOpPHEH MOXHO mpoBecTH rpaduyecku. s sroro
JIOCTAaTOYHO MOCTPOUTH TpaduK QYHKIMH p(X) ¥ ONPEACIIUTh OTPE3KH, Ha KOTOPBIX (DYHKITHSI

P (X) UMeeT TOJIBKO OJIHY TOUKY MEPECeUEeHHsI C OChI0 abcuucc.

Memoowt perienust ypaeHeHus

MeTtoabl pemenuss ypaBHeHuss (1.1) MoOkHO pa3aeauTb HAa  MOYHbIE
(aHaguTHUYeCcKHEe) W npuodnudcenHvle (MTEpaAlMOHHBIEC). TOYHBIMH MeTOXAMHM KOPEHb
HAXOJUTCS 3a KOHEYHOE YHCIIO JCHCTBUU W TPEACTABISIETCS HEKOTOPOHM anredpanmdecKon
dbopmyIoii.

IIpoumecc HaxoxaeHHsi pelIeHUs NPHUOJIHKEHHBIMH MeETOJAaMHM OeCKOHeYEeH.
b lim x, =x*

€IICHUEM Ha3bIBAaeTCsl OECKOHEUHAs MOCIEI0BATEIbHOCTD {Xp}, TaKas, 4To .
[lo ompenenenuto mnpezpena, s JOOOr0 CKOJb YrOAHO MAJIOrO Hamepes 3aJaHHOTO &
Haimercst Takoe N, uto mpu N >N |X, — X*| < & UJieHbl 3TOi MOCI€I0BATEIBLHOCTH {Xp}
HA3BIBAIOTCS MOCJIE0BATEILHBIMU NPUOJIMKEHUSIMH K PelIeHUI0, WM HTepauusMu.

Haneped 3A0AHHOE _YUCIO & HA3bIBAIOM _MOYHOCHIbIO Memoda, a N — smo koauuecmso

umepauuﬁ, Komopoe HeoOX00UMOo 6blN0JIKUMmMbs, ymoobl noaydums pewerHue ¢ nmo4YHocnivro &.

CyH.[@CTByIOT Pa3INIHBIC MCTOJbl HAXOXACHUS HpI/I6J'II/I)KeHHOFO peucHus, T.C. CIIOCOOBI

MOCTPOCHHMS MOC/ICIOBATEIBHOCTH UTEPAIUi {X,}

Ecau npm J100bIX BXOJAHBIX JAAHHBLIX YHCJICHHBLIM MeETOH MNO3BOJSAET HAWUTH

pelieHre 3a7a4Yd 32 KOHEYHOe YHCJI0 apuMeTHUYeCKHX ONepanuii, TO TAKOH MeTOJ

Ha3bIBACTCH NPAMbBIM. HDI/IﬁJII/I)KeHHBIe JHAYCHUA KODHeﬁ VYTOYHAKT PpPa3Jju4dHbIMHU

UTEPAMOHHBLIMU MeToaaMu. PaccmorpuMm Hanbonee 3 (peKTUBHBIC U3 HUX.

1. InxoTomus (aejsenue nmomnosaam). Ilycts Mbl HanuM Takue

touku X0, xx, uTo f(x0)f(xx)*O, T. €. Ha oTpe3ke [X0, XX ] IeKUT

HE MEHEE OJIHOTO KOpHA ypaBHeHMs. HaiineMm cepennny otpeska

x.2 = (x04-"1)/2 u BeruucauM / (x2). I3 1Byx MoJIOBUH OTpe3Ka BEIOEpEM
Ty, 1151 KoTopoit / (x2) f (Xrpan) «? 0. 60 o uH U3 KOPHEH JIEKUT

Ha TOM MOJIOBUHE. 3aT€M HOBBIM OTPE30K OMAThH AEIUM IOIOJIAM U
BbIOEpEM Ty MOJIOBUHY, Ha KOHIIAX KOTOPOH (YHKIIHS UMEET pa3Hble



3HAKH, U T. .
2. MeTon HPOCThIX uTepanum (MeTox NOCJEeA0BATEIbHBIX
NMPUOJIHKECHUH).

JUIL  BBIYUCIICHHUS CIICAYIOIICTO MPUOJIMKEHUS HEOOXOJAMMO 3HAaTh TOJBKO OJIHO
npeapaymee npuOmmkenne. C  MOMOINBIO 3KBUBAJICHTHBIX MPEOOPA30BaHUI MPHUBEICM
ucxoaHoe ypaBHenue (1.1) k Buay, yI00OHOMY U IPUMEHEHUSI METO/1a MPOCTON UTEpaIMU: X
= ¢(X). BeiOepem HavanbpHOE MpHONMKEHUE Xo € [@, b]. Crnemyromme urepanuy HaXOIUM I10
bopmyie: X1 = @(X¢). UTepaiioHHbIN Tpoliece 3aKkaHYMBaeTCs, eciu | o(Xy) — X < & Wiu, 4To
TO K€ caMoe, [Xg+1 — Xy| < &

3. Meton HbiotoHa.( kacateJabHbIX) OH Ha3bpIBaeTCd TaKKE METOIOM

KacaTelbHBIX WM METOJIOM JIMHEapH3aluu. | @OMeTpHYEeCKH 3TOT MPOIECC O3HAYaeT
3aMeHy Ha KaxJ10i urepanuu rpaduka y = f(X) kacaTeabHON K HEMY.

4. Metoa_xopi. B stom mMetoze kpuBast F(X) 3ameHsteTcst IpsIMOit THHHEH —

xopaoH, craruBaromei toukm (@, F(a)) m (b, F(b)). B 3aBucumoctm ot 3Haka
BeIpakeHus F(a)F {a) MmeTox Xop1 UMeeT JiBa PELICHHS.

CrangapTHble QYHKIMH Smath

A) pelieHre HEJJMHEHHBIX YPABHCHUH

1 cnoco0. 3anucaTb ypaBHEHHE Ha JIMCTE MPOrPaMMbl, 3aTE€M BBIICIUTh IMEPEMEHHYIO
ypaBHeHus (4anie Bcero ''X'') U B MEHIO MporpaMMsbl BeIOpath "Berumcienue’’ >> "Haiitn
kopuu". Ilocne 3TOro moj 3amMCaHHBIM YpaBHEHUEM NOSIBUTCA CTPOUYKA OTBETA(OB), T.€.
KOpHEN ypaBHEHUS.

2 cnoco6. Hcnonb3ys ¢ynkuuio 'solve([ypaBHenme];[mepemennas])'. Ilocine 3amucu
JNaHHOW (YHKIMM Ha JIMCTE MpOrpamMMbl JOCTaTOYHO, HE yOupas ¢ ypaBHEHHUS Kypcop,
BBITIOJTHUTD JIEHCTBUE YMCIICHHOTO BBIYMCIICHUS (KHOMKA ''='' Ha KJIaBUAType WJIM HA MaHeJe
nporpammbl). CaMo ypaBHEHHME, 3alMCAHHOE B KauyeCcTBE NEPBOr0 apryMeHTa (QyHKIUU
solve(...) MoxeT ObITh 3amucaHo 0e3 MpaBoil YacTH (T.c., K mpumepy: ""X+2') uim BMecTe ¢
Helt ("'X+2=0""), onHaKo ciemayeT MOMHHUTH, YTO B CJIydae 3alMCH TOJHOTO BUAA YPaBHEHHUS, C
MPaBOM YacThiO, BMECTO OOBIYHOTO 3HaKa ''='' MEXIy JIEBOW M MPABOW YACTAMH YPAaBHECHUS

HE0OXOMMO MHCATh 3HaK OyJIeBO PaBHO (BBITJISIUT, KaK KUPHOE PAaBHO) ¢ OyJIeBOI maHeH

WHCTPYMEHTOB MPOTPAMMBI.

b) pemienne JUHEeHHBIX YPABHEHUH

2 n
Bemn ynkuus f(x) S (X)=ag+a;x+a, X" +..4a,X" _ nonunowm, to Bee ero kopHu



MOJKHO OIIPEICIUTD, UCIIONB3Ys BCTpOSHHYIO GyHKIUI0 POlyroots(v), rae V — Bekrop,
COCTaBIICHHBIN M3 KOAPPHUIINEHTOB mosuHOMa. [1ockoabKy monmHoM N-ii cTeneHn nuMmeeT
poBHO N KOpHE#l (HEKOTOpBIE U3 HUX MOTYT OBITh KPaTHBIMHU ), BEKTOP V JOJKEH COCTOSITh
u3 N+1 snemenra. Pesynbratom neiicTBust pyHkuuu POlyroots sisisiercst BEKTop,

cocTaBJIeHHBIN 3 N KOpHCﬁ pacCcMaTpuBacMoOro ImoJnHoOMaA.

q)yHKHl/IH pOlyl'OOtS BO3BpalllacT Cpa3y BCC KOPHH, KAK BCIMECTBCHHDLIC, TaK U

KOMIIJICKCHBIC.

3adaHue:
1) HanTtu kopeHb ypaBHeHUA y(X)=exp(X)+2*sin(X) YNCNEHHO U, €Cfin 3TO BO3MOXHO,
aHanuTnyeckun. PesynbTaTbl CpaBHUTb. BbINOMHUTL NPOBEPKY.

2) HanTtu yncneHHo KopHU nonmnHoma y(x)=x"3-10*x"2+4*x+9.
BbINOAHUTE NPOBEPKY.

3apaHue 1
1. 3agaem yHKUMIO, CTPOUM rpadrK Ha NPOU3BOSIbHOM OTpe3ke

y[x}::exp (x]l+2-sin[x}

| /N
\v,fﬂ\/ﬁ{ \x\ j;’j %
N\

v ()

rpadur PYHEUMM DepecekacsT oCh abUMC B HECKOALEMX TOURAX,
CHAeqoBATENEHD VPpaPRBHe HHEe HHe2T HeCKOIBRD !".EIFIHE‘fE

2. Ncnonb3yem npoueaypy solve Ans HaxoXaeHWst KOpHeW 4aHHOTO YpaBHEHUS.

=18,85
=15,71
-12,57
sc:l-.re[yl:x],- :-::I- =9,42
=-6,28
=3,12
-0,36

-4
vl-18,85)=-8,88 10

PEIEHHE COBIADAST C TOUERAMH NEpECEHEHHA F]Jﬂ':lﬁ'ﬂ@ [=gl=l=d ) HE‘HHC, A IHAYMT NOoMHEHHOE PELQEHHE BEpHO

3. Hangem aHanutudeckoe pelleHune, genaemMm npoBepKy U BbIBOA

3apaHue 2



1. 3agaem BekTOp NonnHomMa u ¢ nomoLubto pyHkumm POLYROOTS(V) Haxoanm
KOPHW NofiMHoma:

3 Z
y[x:l:-x =10'%x +4'x+9

=]
4
V=
=10
1

-0,75
poalyroots [v]- 1,27
9,48

2. lNpoBepka

TEMA 3 PemieHue cucTeM HEJIMHEHHBIX VPABHCHHUN

Pemenunem crucreMbl HEIMHEWHBIX YpaBHEHUN Ha3bIBa€TCS COBOKYIHOCTH (IpyIma) 4ucen ,
KOTOpbIe, OyAy4Yd NOJCTaBIEHbBl HAa MECTO HEHM3BECTHBIX , OOpAIAIOT KaXI0€ ypaBHEHHE
CUCTEMBI B TOXKIECTBO.

q)OpMaJIBHO 3a/lada IIOMCKa PCIICHUA CUCTCMBbI ypaBHeHI/Iﬁ

fL(X, Xy, %,) =0
f,(%, %y, X,) =0

fo (%, %00 X,) =0

MpMMep peweHKA CMCTEMH HeNMHE HEHX ¥ DaBHE HME MOJKET OBITh 3aIcaHa TOYHO TaK KC, KaK 1
3aJlavda IMMOMCKa KOPHA OJHOI'O YpaBHCHUSA
 —cos) =1
s f(x)=0, e
FEINEHKE @
f=(f,f,,....f) uX=(X,%,...,X,) .
“x —cos( ]=1 [x] _[1,18]
roots 5 L : B |l P
X +y =9
P (VHKIHS roots HAXOJIUT TOJIbKO
roocs“" ‘“52( J-1 [’;] =[21i§] HeHCTBUTEJIbHbIE KOPHU YPABHEHUH
X +y -9 ’
IIpoBepRa
x=1,18 yi=2,76
o ==t rsrro—t +

z = -z
*x +v —9=1-10



S ¥ Mo:xHO 321aTh HaUYaJbHble NPUOJIHKEHUS U
npeoopa3oBaTh nepeMeHHble. JIJIsi 3TOro cHayaJja
: He00X0AMMO NNOCTPOUTHh rpaduk, YT00bl YBHUIETH
TOYKH IIepeCccICHUsA C 0CHI0 0X

[piMed pelleHHa CHCTEMH HelMHeHHHN VpabHe HUi

L L Ll g =2
x —c:c;s[ J 1 x+y3:9
x +y -9
BO MHOTHX CquaHX peHIeHI/Ie MoxHO SaOATE HAUANEHHE DpHOMCEREHMA M NpecfpasSoBSTE [EpEME HHHE CUCTEMBI
ypaBHEHUH  MOXET  OBbITh 1 HaWJIeHO
x —tg

HC TOJIBKO 4YHCJIICHHO, HO H roots

[ ]] [1 05
AHAJIUTHUUYCCKHU. I/ICHOHB3YIOT
orcparop Aaiaa1 CHMBOJIBHOI'O

BBIYHMCJICHUA

IIpy BbINOJHEHUH NPOBEPKH MOKHO YOEIUTCS, YTO AHAJUTHYECKOE pelleHne 0oJjiee

TOYHOC
) 117650193990183
¥ —cos(x)-1] [x 100000000000000
roots H
2z ¥ 659920425533 69
X ¥ =3 Z 5000000000000
) [ 2 ] 2 117650193990183
x T -poslx)-1| |-[1-%"+eos(x] x“—cos(x)-1| [x]| |1oooo0o0DOOOOOO
2 2 2 2 roots :
w 4y g —otx 4y 2 ¥ BEI0Z042953369
¥ty - 25000000000000
 117650193990183
100000000000000 z 2
X —cos(x)—l_}—l—x +cos(x)
2 2 2 z
£8992042953369 x +y -8 -94+x +y

kD 25000000000000

—u::os :-: —’f‘ 19 10
:-: —-8,8" 10



TEMA 4 PemmieHne cucreM JUHEHHBIX VPABHCHHUH

B 1750 rony I'. Kpamep (1704-1752) omyGaukoBaji CBOM TPYyAbl IO JI€TEPMHUHAHTaAM
KBaJIPATHBIX MAaTPHIl U MPEIOKIIT AITOPUTM HAXOXKACHUS OOpaTHON MATpHIlbl, U3BECTHBIN
kak npaBwio Kpamepa. 'aycc B 1809 roay onyGiaukoBan paboTy, MOCBSIICHHYIO IBHKCHHUIO
HEOECHBIX Tell, B KOTOPOU OBLI M3MI0KEH METOM IS PEIICHUS TUHEHHBIX CUCTEM, U3BECTHBIM
KaK METO]l UCKJIFOYEHUS.

PemienreM cucTeMbl JIMHEWHBIX YPAaBHEHUH Ha3bIBACTCA Takas YIOPSAOYCHHAs
COBOKYIIHOCTB uncen X, =C, X, =C,... X, =C,,KoTopas o0pamaer Bce ypaBHEHUSA CUCTEMBI

B BCPHLBIC paBCHCTBA.

Bce Meroawl pelieHus JIMHEHHBIX alreOpanyecKux 3ajady MOKHO pPa30oMTh Ha JBa
KJ1acca: rmpsiMble (TOYHBIC) U UTEPALIMOHHBIE (TPUOIMKEHHBIE).

[IpsAMBIMM METOIAMU PELIEHUs CUCTEM JIMHEHHBIX YPABHEHUM HA3bIBAIOTCSA METOBI,
JAloIIMe pEeIIeHUE CHUCTEMbl 3a KOHEYHOE Yucio apudmernyeckux onepauuil. Eciu
OTCYTCTBYIOT OIIMOKH OKpPYIJIEHHS, TO MOJYYEHHBIE PELICHUs SIBIAIOTCA TOYHbIMU. B
UTEPALIMOHHBIX METOJaX pEUIeHUEM SBIIAETCS Mpenel HEKOTOpod OeCKOHEUHON

MOCJIEA0BATEILHOCTH €UHOO0OPA3HBIX EUCTBUH.

Ilycts nana cucrema JIMHEWHBIX YPABHEHUM:
X +aX, Fo..+a,X, =h

<a21x1+a22x2 +...+a, X, =D, "

(A X + 8% +...+ 3, X, = b,

B MaTpuiHOM BHUAC CUCTEMA UMCCT BU

AX =B,
roe A —IpsAMOYTOJIbHAsA MaTpuia pasmMepom MXN:
A; 8 ... &,
A dyy Ay ...y,
a, a, ... da.

X —  Bexrop nopsiaxa N:



X
X =| "2
Xn
B—  Bexrop nopsxa M:
b,
5|
b

m
Matpunia A ko>(h(PUIIMEHTOB NpU HEU3BECTHBIX HA3BIBAETCS TJIABHOW MaTpulien

cucTtemsbl. I 1aBHBIM OIIPCACIINTCIICM CUCTCMbI HA3bIBACTCA OIIPCACIUTCIIb rJIaBHOM MaTpulbI
CHCTCMEI, COCTaBJICHHOM M3 K03(1)(1)I/I]_II/I€HTOB IIp1 HCU3BCCTHBIX.
Cucrema JTUHEHHBIX aﬂre6paﬂqec1<nx ypaBHeHI/Iﬁ HUMCCT CAMHCTBCHHOC PCHICHUC, CCIIN

OIPCACIINTCIIb MAaTPpULbl A OTJIMYCH OT HYJIA.

PaccMoTpuM mpsiMble METOJbl PEIICHHS CHCTEMbl JIMHEWHBIX alreOpandecKkux
YPaBHEHUM.

IIpaBuio Kpamepa.

[IpaBuno Kpamepa HCHONB3YIOT I HAXOXACHUS PEHICHUS CHUCTEMBI JIMHEHMHBIX

anreOpanueckux ypaBHeHud. Ecnam omnpenenurens A =det AManHHBI CHUCTEMBI U3

nypaBHeHI/Iﬁ C nHel/I3BeCTHBIMI/I AX = BOTJ’II/IIIGH OT HYJIsI, TO CHCTCMa HMECT

X =A A,

) ST
€IMHCTBEHHOE PEIICHUE X Kgseees Xy onpenensemoe no Gopmynam Kpamepa

rac i OlnpeaeJauTe] b MATPHIbI, IOJYYaeMOM M3 MATPHIILI CHCTEMbI A3aMeHOI71

| —ro croa6ua cros6uoM cBoGoxHbIX 4wieHoB B PazmepHOCTb cuCTEMBI (T.€. YHCIIO M)

ABJIIETCSl TJABHBIM (hakTopoMm, H3-3a KoToporo ¢opmyinsl Kpamepa He Moryt OBbITh
UCIIOJIb30BaHbl JuIsl ynciieHHoro penienus CJIAY 6ombiioro nopsaxa.

Metoa I'ayvcca

HaunGonee n3BeCTHBIM U TOMYJISIPHBIM TOYHBIM CIIOCOOOM PENICHUS JIMHEWHBIX CUCTEM
Buna (1) sBusercs Meron ITaycca. DTOT MeETOJ 3aKIIOYAeTCs B IOCIEI0BATEIbHOM

VCKJIFOYEHNN HEU3BECTHBIX U MPUBENCHUE K CUCTEME C TPEYTOJIbHON MaTPULIEH.



MeToa 00paTHOM MATPHUIIBI.

JInst penieHust CUCTeMbl JIMHEHHBIX YpaBHEHU METOJ0M OOpaTHOM MaTpUIlbl 3aluIlIeM
€€ B MATPUYHOM BHJIC
A-X=B
MartpuuHble ypaBHEHHS PEIIAIOTCS MPU MOMOIIY 00pAaTHBIX MAaTPUIl. Y paBHEHHUE PELIacTCs
cnenyromuM oopazom. [Tycts maTpuma A - HeBbipokaeHHas (D # 0), Toraa cymecTByeT
o6parnas matpura A Tlo ompeeaeHnio 06paTHOI MAaTPHIIBL, 3TO TAKas MATPHIIA,

uro AAT=ALA= E, rae E — exunuyHas maTpuua:.

1 0 0

0 1 0
E:

0 0 1

VMHOXHB Ha Hee 00e 4acTH MaTpudHOro ypasHeHus, uMeeM A (AX) = A'B. Hcmomns3ys

COYETaTeJIbHBIN 3aKOH YMHOKEHHUS, IEPEIUIIIEM 3TO PABEHCTBO B BU/JIE
-1 Al

(A“A)X=A"B.

[Tockoibky ATA=EuEX= X, HAXOJTUM:
_a-l

X=A"B.

Takum 00pa3om, 4TOOBI PEIIUTh MATPUYHOE YPAaBHEHUE, HY)KHO:

1. Haiiti 06paTHyio MaTpuiy A ™.

2. Haiftu npousBeeHre oOpaTHO MaTpuIisl A™" Ha MaTpHILy CTOIOCI CBOOOIHBIX WICHOB B,

T.¢ A'B.

Smath Studio.



janaHMe MAaTpHMIOH. $VHRIMA mat ()]

1 IOnA MEMeHEHMA UMCIA SISMEHTOE B VWHE

1 EBEOEHHOH MATPHIE OPOOENaHTE CIeLyIEE :

1 1. ODoMecTHTE Eypcop B amfoe Dode MaTpHIH

' . HamHMKTE Opoben

. E¥pCOpP HDOMHOCTER BHISIHT METpHIY

. B OpabB0OM HICKHEM VDY OOABMTCA WEepPHHH KEASOIpPAT

. ODOTAHYE 38 5T¥ METEY-KEALPAT MOXHO M3MEHATE ROMMUMECTBD CTPOR M CTOJIBIOE

[y Y A% i uv ]

®dyHkumna  det(),PyHkuma transpose(), OnpegeneHve 3Ha4yeHUa a3fieMeHTa mn
mMatpuubl. PyHkuma el(3) , OnpegeneHne yncna cronbuoB B matpuue ( cols(a)),
OnpeneneHne konuyectBa CTPOK B mMaTtpuue (rows(a)), OnpepeneHve obliero
KonnyecTtea anemeHToB B Matpuue (length(a)), CopTupoBka anemMeHTOB BekTopa B
nopsigke Bos3pacTaHus (sort(b)),onpegeneHne MakCMM, MWHUM. 3HA4YeHUS B

maTpuue...

1. 3anaeM MaTpuny Au BCKTOP Bu HaXOJUM OIIPCACIINTCIIb MaTPHUIbI, 1CJIaCM BBIBO O

CYILLIECTBOBAHUM PEIICHUS CUCTEMBI JIUHEWHBIX YPABHEHUN

0,100 0,080 1,100 0,950 14,883 ,
|0,100 0,600 0,133 0,500 B 11,389 ,
2,050 0,667 0,095 0,300 49,799 ,
0,057 1,050 0,333 0,500 16,365 ,
|a|=0,59 ,

4,59.10 = —0.13 0,$ -0,23 :

: ,~1| -0.3¢ -0,79 1155_10—3 1,42 |

! 0,7? _3,25 7 25_10— 1,75 !
’

0,19 3,85 =014 =2;12 '




3. Haxonum pemennie X=A"(-1)*B u nemaem npoBepky

K= R B }
20 14,88
10,01 11,39
= ArX=
6,67 49,8
, S 16,37 .
A L T T TR 1
Br Ba... Bk .
MI/IHOP MaTpHUIbI A — OIIPECACIIUTEIb KBaJAPaTHOM MAaTpUIbI IIOpAIKa k

(KOTOpBIN HA3bIBACTCS TAKXKE MOPSIAKOM 3TOTO MUHOPA), SJIEMEHTHI KOTOPOUM CTOSIT B MaTpUIIE

A Ha TIepeCeUCHUH CTPOK C HOMepaMu 1 %2, - - -, &k 1 cTOIOIIOB C HOMEPAMH B, B2y - -+, Br.

Hanpumep, ects maTpuna:

1 4 7
3 0 5
-1 9 11

[Ipennonoxxum, HaIO HAUTU AOTOJHUTEIBHBIA MUHOD M3, 3ror MUHOP — OIIPEIEIIUTEID

MaTpPUIbl, TOJIYYAOIIEICS TyTeM BbIYEPKUBAHUS CTPOKU 2 U cTOJIOMA 3:

1 4
T = (9 (~4)) =13

—1

OO

[Tonyuyaem My =13

(0

Haxoxnenne muHopa B Smath Bcraska- @yukims -minor

Nm


http://ru.wikipedia.org/wiki/%D0%9E%D0%BF%D1%80%D0%B5%D0%B4%D0%B5%D0%BB%D0%B8%D1%82%D0%B5%D0%BB%D1%8C

]

W mieron s
W mila

T m!'n

A min

i) s || minor" 1 maTpuna’; M uuonn'’;
"Faucnn' - Munop.

UucneHHoe uHTerpuposaHue u aucdpdepeHumposaHme

IMpousBéanasi (PyHKIMK B TOYKE) — OCHOBHOC TOHATHE aH(HEpeHIINATIBLHOTO
UCYHCTICHUS, XapaKTepU3YIollee CKOPOCTh W3MEHEHUs (QYHKIUU (B JJaHHOW TOYKE).

Onpenensiercsi KaK Ipejej OTHOIUNEHHSI NpupamieHuss GYHKIMN K NpUPALIEeHHIO ee

ApryMEHTa NPH CTPEMJICHHH NPHPALIECHHS APrYMEHTA K HYJK, €CJIH TAKOBOM IpeaeJa

cyuiecTByeT. DYHKIHMIO, HMMEIONIYI0O KOHEUHYI0O MPOU3BOJHYI0 (B HEKOTOPOH TOYKE),
HazbpiBalOT Auddepenupyemoir (B gaHHoM Touke). [Iporecc BBIUMCICHUS MPOU3BOIHOU

Ha3biBaeTcs AuddepenuripoBanueM. OOpaTHBIN MPOIIECC — MHTETPHUPOBAHHE.

[1o onpenenennio nponsoanas Gpyuxuuu f(x):

/'(x)=lim [+ Ax) f(‘)

() Ax

lF'eoMmeTpuyeckuii U pu3rdeCKU CMbICJ MPOU3BOLHOM

1) Eciin ¢pyHkmms f:U(z0) — Rypeer KOHEYHYI NPOU3BOJAHYI0 B TOYKe X,

TO B oKkpecTHOCTH U(X)) €€ MOKHO MPUOIN3NTD JINHEHHOH GyHKImei
filz) = f(xo) + f'(z0)(z — 20).

f
®dyuknus f;| Ha3pIBaeTcs kacateabHOoil kK T B Touke Xo. Yucio F(To)gpngercs YIJIOBBIM

KOA(Q(PUITMEHTOM MJIM TAHT€HCOM YIJIa HAKJIOHA KACATeIbHOM MPSIMOA.

2) Ilycts s = s(t) +— 3akoH npsmMosimHeitHOTO nBMXKeHUs. Torma V(ty) = S'(to)
BbIPA:KaeT MIHOBEHHYI0 CKOPOCTh [IBUKEHHUST B MOMEHT BpeMmeHH to. Bropas

npousBonHas a(ty) = S"(tp) BEIpakacT MTrHOBEHHOE YCKOPEHHE B MOMEHT BpeMeHH tj.


http://ru.wikipedia.org/wiki/%D0%94%D0%B8%D1%84%D1%84%D0%B5%D1%80%D0%B5%D0%BD%D1%86%D0%B8%D0%B0%D0%BB%D1%8C%D0%BD%D0%BE%D0%B5_%D0%B8%D1%81%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D0%B8%D0%B5
http://ru.wikipedia.org/wiki/%D0%94%D0%B8%D1%84%D1%84%D0%B5%D1%80%D0%B5%D0%BD%D1%86%D0%B8%D0%B0%D0%BB%D1%8C%D0%BD%D0%BE%D0%B5_%D0%B8%D1%81%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D0%B8%D0%B5
http://ru.wikipedia.org/wiki/%D0%9F%D1%80%D0%B5%D0%B4%D0%B5%D0%BB_%D1%84%D1%83%D0%BD%D0%BA%D1%86%D0%B8%D0%B8
http://ru.wikipedia.org/wiki/%D0%A4%D1%83%D0%BD%D0%BA%D1%86%D0%B8%D1%8F_%28%D0%BC%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA%D0%B0%29
http://ru.wikipedia.org/wiki/%D0%9D%D0%BE%D0%BB%D1%8C_%28%D1%87%D0%B8%D1%81%D0%BB%D0%BE%29
http://ru.wikipedia.org/wiki/%D0%98%D0%BD%D1%82%D0%B5%D0%B3%D1%80%D0%B8%D1%80%D0%BE%D0%B2%D0%B0%D0%BD%D0%B8%D0%B5
http://ru.wikipedia.org/wiki/%D0%9B%D0%B8%D0%BD%D0%B5%D0%B9%D0%BD%D0%B0%D1%8F_%D1%84%D1%83%D0%BD%D0%BA%D1%86%D0%B8%D1%8F
http://ru.wikipedia.org/wiki/%D0%A2%D0%B0%D0%BD%D0%B3%D0%B5%D0%BD%D1%81
http://ru.wikipedia.org/wiki/%D0%A3%D0%B3%D0%BE%D0%BB
http://ru.wikipedia.org/wiki/%D0%9D%D0%B0%D0%BA%D0%BB%D0%BE%D0%BD
http://ru.wikipedia.org/wiki/%D0%9C%D0%B5%D1%85%D0%B0%D0%BD%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%BE%D0%B5_%D0%B4%D0%B2%D0%B8%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5
http://ru.wikipedia.org/wiki/%D0%9C%D0%B3%D0%BD%D0%BE%D0%B2%D0%B5%D0%BD%D0%BD%D0%B0%D1%8F_%D1%81%D0%BA%D0%BE%D1%80%D0%BE%D1%81%D1%82%D1%8C
http://ru.wikipedia.org/wiki/%D0%9C%D0%B3%D0%BD%D0%BE%D0%B2%D0%B5%D0%BD%D0%BD%D0%BE%D0%B5_%D1%83%D1%81%D0%BA%D0%BE%D1%80%D0%B5%D0%BD%D0%B8%D0%B5

Boo0me npousBoaHas GpyHkuuu V = f(X) B Touke Xy BLIPAKAET CKOPOCTH U3MEHCHUS

GbyHKIMH B TOYKe XQ, TO €CTh CKOPOCTH INPOTEKAHMHA TIpolecca, OImucCaHHOro

3aBHCUMOCTBIO YV = f(X).

YucjaeHHoe HHTCIPUPOBAHNE— BbIYHUCIICHUC 3HAYCHMUIA OHpGI[CJ'IéHHOFO HHTCTpajia (KaK

IIpaBHJIO, HpI/I6J'II/I)KéHHO€), OCHOBAHHOC Ha TOM, YTO BCJIHYHMHA HHTCI'PAJIA YHCJICHHO paBHA

ILIOIIAAM KPHUBOJHMHEHHON Tpanenyy, OrPaHUYEeHHOM O0CbIO aﬁcuncc, rpapuKom

MHTErpupyeMo YHKIMHN M 0OTPE3KAMHU NPSAMBIX X = a M X = b, rae da m b— npeaeJjibl

HHTErPUPOBAHUS (CM. PUCYHOK).

AY

- f(x)

—1
=

OnpenenéHHblil MHTETpall Kak MJI0maab (GUrypsl

[lepBooGpa3Has U HeonpeeJleHHbI UHTErpasl

IlepBooOpa3Has
F(X) dpynkmun f(X): Filx)= 1 (a)

Heonpenenenn ii— 5To o6Omee Boelpaxkenue F(X) + C mis  Beex
bl MHHTErpaJ nepBooOpa3HbIX  (QyHKIMA OT naHHOW ¢yHkmun  f(X):

F[x:l—i-lff =jj(x)dx
OcHoBHOE

CBOWCTBO Uf '[x:'dx)j = £ (x)


http://ru.wikipedia.org/wiki/%D0%9F%D1%80%D0%BE%D1%86%D0%B5%D1%81%D1%81
http://ru.wikipedia.org/wiki/%D0%A7%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D0%BD%D1%8B%D0%B5_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D1%8B
http://ru.wikipedia.org/wiki/%D0%9E%D0%BF%D1%80%D0%B5%D0%B4%D0%B5%D0%BB%D1%91%D0%BD%D0%BD%D1%8B%D0%B9_%D0%B8%D0%BD%D1%82%D0%B5%D0%B3%D1%80%D0%B0%D0%BB
http://ru.wikipedia.org/wiki/%D0%A2%D1%80%D0%B0%D0%BF%D0%B5%D1%86%D0%B8%D1%8F
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Integral_as_region_under_curve.svg
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Integral_as_region_under_curve.svg
http://ru.wikipedia.org/wiki/%D0%9E%D0%BF%D1%80%D0%B5%D0%B4%D0%B5%D0%BB%D1%91%D0%BD%D0%BD%D1%8B%D0%B9_%D0%B8%D0%BD%D1%82%D0%B5%D0%B3%D1%80%D0%B0%D0%BB
http://ru.wikipedia.org/wiki/%D0%9F%D0%BB%D0%BE%D1%89%D0%B0%D0%B4%D1%8C_%28%D0%B3%D0%B5%D0%BE%D0%BC%D0%B5%D1%82%D1%80%D0%B8%D1%8F%29

OcHOBHBIE IpaBuia HHTCIrpupoBaHUA
[l f(X)ax =tk [ 7(x)ax
[(7 =)+ g(x)dx= [ 7 (x)dr+ | g(x)dx

OnpepesieHHbIN UHTerpas. ®opmysia HeroToHa-/Ien6HMILA

OcHoBHas uaesi 00JIbIIMHCTBA METOA0B YHCJICHHOT0 HHTEIPHPOBAHUSA COCTOUT B 3aMEHe
NOABbIHTErpaabHON GyHKIMH HA 00JIee MPOCTYI0, HHTErPaJl 0T KOTOPOH JIerKo
BbIYHC/IsIeTCH aHAJUTHYECKHU. [Ipu 3TOM /151 OlleHKHU 3HAYECHUS HHTErpaJjia nojay4anTcs

(¢popmyJibl BUAA
=) w; fx),
i=1

rjae 11 — YHUCJI0 TOYCK, B KOTOPBIX BHIMHC/IACTCH 3HAYCHHEC HOHLIHTeraHLHOﬁ (l)yHKIII/II/I.

Toukn TiHa3pIBalOTCHA Yy3J1amMM MeToaa, 4duciaa wi— pecamm y3inoB. Ilpu 3ameHe

NOABLIHTErPpAJLHOM (GVHKIMM HA NOJWHOM HVJIEBOH, NEePBOM H BTOPOH CTeNEHH

HOJIVHAKTCA COOTBETCTBCHHO METOJAbI INPAMOYI'OJIBHHUKOB, Tpaneunﬁ H Hapaﬁo.ﬂ

(Cumncona). Yacro GopmMyJabl IS OHEHKH 3HAYEHHS WHTErpaja Ha3bIBAIOT

KBAJIPpAaTYPHBIMH (bODMVJIaMI/I.

[Iporpamma Smath  maeT BO3MOXXHOCTh YHMCJICHHOTO M QHAJTUTHYCCKOTO PEIICHUS

IMPOU3BOAHBIX U UHTCI'PAJIOB.

OuhdepeHIM OB HHE
FrvHRIMA Adiff (2)

d 3 2
G ML R +7+z(8+9 z]
2

IpoMSBOOHAA BHCWHA ODOpATKOB. $yvHRIOMA diff(3)

o
d

3 2
2[3-2 +4dz +’.-‘-z+3]—:~8+18-z
d=


http://ru.wikipedia.org/wiki/%D0%9F%D1%80%D1%8F%D0%BC%D0%BE%D1%83%D0%B3%D0%BE%D0%BB%D1%8C%D0%BD%D0%B8%D0%BA
http://ru.wikipedia.org/wiki/%D0%A2%D1%80%D0%B0%D0%BF%D0%B5%D1%86%D0%B8%D1%8F
http://ru.wikipedia.org/wiki/%D0%9F%D0%B0%D1%80%D0%B0%D0%B1%D0%BE%D0%BB%D0%B0

K
'z || diff["T: Bripasene”; 2 nepemenHan’;
[} W Jm "Fyncno''] - HaxoguT npodsEnoHY NopAnka
cl - dni "ZIudcno’ of BelpaeHdA '1iBRIpakeHHE’ N0 NeperEHHON
1 ﬂ - il "2 neperienHan’
dn dyne - [Hakrmmte TREE ana ecraekw |
W
q
2 2 |[ "7 :Beipaserre”; "2 nepererHan’’]
7 diff (3 - HuppepeHUMPOEaHWE BbIpaKeHHA ' BbipaseHue’’
d - am no nepereHHoN 2 nepereHHan’
_j W dpi [Hammure TAE gna ecraekn |
dn F
W dne »
1
J‘ ajdn
1
z
£ IZ:-:II =351in (x]
[Tpumep
Xi=h0
cl
—  f(x]=—0,54
d =
ni=3
2
£ II:-: 1:|:=sin II:-: 1:|
a n
T £ II:-: 1]—>—B-Sin(x1]-cns I:xl]
dxl
A jiu
flx]=2,15
_z(x)-2,
d =
[ X+ 1 X 1]
I ()=



HAXOXXJEHUE DKCTPEMYMOB ITIAIKUX ®YHKIUH

OkcrpéMyM  (naT. extremum — kpaiiHuWil) B MaTeMaTHKE — MAKCUMALbHOE WU
MUHUMANbHOe 3HaYeHHe (PYHKIMU Ha 3aJJaHHOM MHO)KeCTBe. Touka, B KOTOPOU JOCTUTAEeTCS
OKCTPEMYM, Ha3bIBaeTCsi moukou oxcmpemyma. COOTBETCTBEHHO, €CJIH JIOCTUTAETCs
MUHHUMYM — TOYKa HKCTpEMyMa Ha3bIBACTCS MOYKOU MUHUMYMA, & €CIM MaKCUMyM —

MouKou MAKCUMYMA.

Paccmorpum rpaduk HempepbiBHOM (dyHKIMH Y=f(X),
N300paKEHHON Ha PUCYHKE. 3HaueHUE (PYHKIIUU B TOUKE

X; OyaeT Oosblie 3HaYeHUN (YHKIIMM BO BCEX COCEIHUX

TOYKaX Kak CJICBA, TaK M CIpaBa OT Xj. B sTom clIy4dac

ala X2 X3 xe B x
roBOpsiAT, 4TO (1)YHKI.[I/I$I HMECCT B TOYKE X; MAaKCHMYM. B

TOYKE X3 (1)YHKHI/IH, OYCBHUIHO, TAKKC HMCCT MAKCUMYM. Ecau pPacCMOTPETH TOYKY Xp, TO B HEH
3HAa4YCHHC (1)YHKI_[I/II/I MCHbBIIC BCCX COCCAHUX 3HaueHui. B aToM ClIydac roBopAr, 4To (I)YHKHI/ISI

HMECT B TOYKE X MUHUMYM. AHaIOTU4YHO JJISL TOYKU Xg.

®dynkuusa Yy=f(X) B Touke Xg ©IMeeT Makcumym, e 3HaueHUe (PYHKIIMH B 3TOM TOYKE OOJIBIIIE,
YeM ee 3HAYCHUS BO BCEX TOYKAX HEKOTOPOTO MHTEPBaJa, COACPIKAIIECTO TOUYKY Xo, T.C. €CIIH
CYIIECTBYET Takas OKPECTHOCTh TOYKU Xg, UYTO JUISI BCEX X#Xo, NMPUHAMICKAMUX ITOU

OKPECTHOCTH, UMeeT MecTO HepaBeHCTBO T(X)<f(Xo).

Oynkus Y=f(X) umeer munumym B TOUKE Xo, €CIIH CYIIECTBYET TaKasi OKPECTHOCTh TOYKH Xo,

YTO IS BCEX X#Xg, MPUHAIICHKAIINX TOH OKPECTHOCTH, MMeeT MecTo HepaBeHCTBO f(X)>f(Xo.

Heo0xoammoe ycjioBue CylecTBOBAHHS IKCTPeMyMa.
Ecin muddepenumpyemas Gpyukmus y=f(X) umeer B Touke X= Xo IKCTPEMyM, TO €€

MIPOU3BOJIHASI B ATOW TOUKE OOpaIaeTcs B HyJb.

JlocTaTouHOE ycJI0BHE cyllecTBOBaHUsA 3KcTpemyMa. (I1epBrbiil npusHak).


http://ru.wikipedia.org/wiki/%D0%9B%D0%B0%D1%82%D0%B8%D0%BD%D1%81%D0%BA%D0%B8%D0%B9_%D1%8F%D0%B7%D1%8B%D0%BA
http://ru.wikipedia.org/wiki/%D0%A4%D1%83%D0%BD%D0%BA%D1%86%D0%B8%D1%8F_%28%D0%BC%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA%D0%B0%29
http://ru.wikipedia.org/wiki/%D0%9C%D0%BD%D0%BE%D0%B6%D0%B5%D1%81%D1%82%D0%B2%D0%BE

[Tycth ¢yHKIMS HEempephlBHA HA HEKOTOPOM HHTEpBaje, COAEpKalleM KPUTHUECKYIO TOUKY
Xo, 1 qudPepeHipyema Bo BCeX TOUKaxX ITOro MHTepBajia (Kpome, ObITh MOKET, CAMOM TOUKU
Xo). Ecniu mpu mepexoze cieBa HampaBo 4epe3 3Ty TOUKY MPOU3BOJIHAS MEHSIET 3HAK C IUIKOCA
Ha MHMHYC, TO B TOUKe X = Xo GyHKUUS uMeeT MakcuMyM. Eciu ke mpu mepexoze depes Xo
cjieBa HAIpaBO MPOM3BOJHAS MEHSET 3HAK C MUHYCa Ha IUIIOC, TO (PYHKIIUS UMEET B ITOU

TOYKE MUHUMYM.
Takum oOpazom, eciu

a. f'(X)>0 mpu x<xo u f '(X)<O mpu X> Xy, TO Xg — TOYKA MAKCUMYMa;

b. 7@ <Onpu x<xo 1 f'(X)>0 mpu X> Xo, TO Xo — TOUKA MEUHAMYMaA.
[IpaBuio uccnenoBanust GyHKIMH y=f(X) Ha SKCTPEMyM

1. Haiitu obnacth onpeneneHus Gyrkun f(X).

2. Haiitu nepByro npousBonyto ¢pynkmuu f'(X).

3. OmpenenuTh KPUTHIESCKUE TOYKH, IS 3TOTO:

a. HaWTH JAercTBUTEIbHBIC KOpHH ypaBHeHus T '(X)=0;
b. maiiTi Bce 3HaYeHUs X MMPU KOTOPBIX mpou3BoaHas f '(X) He cymecTByer.

4. OnpenenuTs 3HaK MPOU3BOJIHOM CJIEBA U CIIPaBa OT KPUTUUYECKOM TOUKHU. Tak Kak 3HaK
NPOM3BOIHOW OCTAeTCS MOCTOSHHBIM MEXIY JBYMS KPUTHYECKUMH TOYKAMH, TO
JIOCTATOYHO OMPENEIUTh 3HAK MPOU3BOJHOM B KaKOW-IMOO OJHOW TOUKE ClieBa U B
OJTHOU TOYKE CIIpaBa OT KPUTHYECKON TOYKH.

5. Bpruucnauth 3HaueHue GyHKUHUU B TOYKAX IKCTPEMyMa.

JlocTaTouHoe yciaoBue. (Bropoit mpusHak).

Hepenko Oonee ynoOHBIM Ha MpakTUKE OKAa3bIBACTCA JPYrol NpHU3HAK CYIIECTBOBAHUS
DKCTPEMYMA, OCHOBAaHHBIM HA BBIICHEHUWM 3HAaKa BTOPOW MPOU3BOJHOM B CTAlMOHAPHOU

touke. CrnpaBennupa ciuenytomas reopema: Ecnu x0 ectb ctanonapHas touka ¢pyHkuuu f(x)



u f'(x)<0, To B Touke X0 pynkmus nmeer makcumyma ecim f'(x)>0 , To dyHKIHUS UMEET B
Touke X0 MUHUMYM.

Takum oOpa3zom TOy4aeM TIPaBUJIO HAXOXKIACHHUS JKCTPEMYMOB (MJI  JIBAKIBI
nuddepeHupyeMbIX QyHKIIHN):

1.Beruucinsiem mnepByro mpousBojgHyro f(x) um u3 ypaBHeHus f(x)=0 Haxoaum
CTalMOHapHbIE TOYKU GyHKIHH f(X).

2.BpranciseM BTOPYIO MPOU3BOIHYIO, U KAK/YIO CTAllMOHApHYIO TOUKY X0 mojiBepraem
ucneiTanuio: - eciau f'(x)>0, To x0 Touka Munumyma gynkuuu; - eciu '(x)<0, To x0 Touka
MakcUMyMa (PYHKIIHH.

3ameuanue 1 : ecnu f'(x)=0 ,To 3TO MpPaBUIIO TEPSET CUIIY U HYKHO BOCIIOJIH30BATHCS
MIEPBBIM MMPU3HAKOM HAXOXKJICHHUS YKCTPEMyMOB. [Ipu 3TOM 3KCTpEeMyM MOKET CYyIIeCTBOBATH

, d MOJKCT 1 HC CYHICCTBOBATD.

[IprMep HEXOMOEHMA IECTPeMyMS GVHRIIME

SanaHME: HAATH IBECTPeMyM GyVHELMM Y= (x-2)*2

JAnMCHEaSM $yWHREIIMD

f(x):=(x—2:|2 v

HaxooMM l1-K0 OpOMSBOOHYR

;_xf(x)_>z-(_z+x] I

HaxooMM SHaUeHHE NEepeMEHHON X, B KOTOPOH NPOMSEONHAA DABHAE HVJID 4

i} b4
d
solve —f(x:l; x|=2 14
dx HaH solve [z [-z+x); x|=2
&
IpoEepASM SHAK Z-0H OPOMSEOOHOM B 3TOH TOURe -z i} b 4 I3
2
xi=2 [:-:—2]

Aux dx ETopaa npoM3IBOIHaA =2>0, HNO3TOMY X=Z - 3TO TOURA MHHMMYMA




Penienuie 00bIKHOBEHHBIX b depeHIMAILHBIX VPABHEHHUN U CHCTEM.

7.1 OcHOBHBIE ONIpPeAeIeHUsA
OObIKHOBEHHBIM AU PepeHInaIbHbIM ypaBHEHHEM N —To TMOpsiiKa Ha3bIBACTCs

COOTHOIICHHUC BH A

H(t,xx,X,...,x"M)=0 (0.1)

MCKOAY HE3aBUCUMBbIM MNEPEMCHHBIM t y €ro (I)YHKHHeﬁ X (t) u ITPOU3BOJHBIMUA

X (t), X (t), ceny X" (t) . Pemennem storo nuddepeHnnaib-Horo ypaBHeHUS Ha3bIBaeTCs (PyHKITUS X(t) ,

KOTOpasi IocJjie MOACTAaHOBKU B YpaBHEHHE 00paIllaeT ero B TOXKAECTBO.
Cucremoii nuddepeHianbHbIX ypaBHEHUH 1-To mopsiKa Ha3bIBAaeTCs CUCTEMA BUIA:

(% = f,(t, %, %,,..., X)),

=1t %, %,,...,
J X2 2( Xl X2 Xn) (012)

...........................

X, = (6% %0000 X,)

Cucremoii 0OBIKHOBEHHBIX au(depeHnnanbHbIX ypaBHeHH [l —ro mopsiika Ha3bIBaeTCS CHCTEMa
BUJIA

( n
X =Y.a, X +h,
j=1

A A (0.3)
X, =Y. a,X;+b,,

L =1

PemrenneM cucteMpl Ha3bIBaCTCS BCKTOP

X, (1)

="

oooooo




KOTOpBIN obOparaeT ypaBHeHust cucteM (1.2) wnu (1.3) B ToXIeCTBO.

HudbdepennmanbHoe ypaBHEHHWE WU cucTeMa IudQepeHIManbHbIX YpaBHEHUW MOTYT HMETh
0ECKOHEUYHOE MHOXKECTBO pelieHud. J[insi OAHO3HAYHOTO ONpeAeTeHHs pEIIeHHs HEeOoOXOAMMO 3a/1aTh
JIOTIOJTHUTEIIbHBIC YCIIOBHS. K IOMOJHUTENHHBIM YCIOBUSAM OTHOCSTCS HavajdbHBIE M TPaHUYHBIC YCJIOBUSI.
JIyist 0THO3HAYHOTO OmNpe/eNieHus penieHust ypaBHeHus [l —ro mopsiaka HeoOxomumo 3anath [l HaYaIBHBIX
VI TPAaHUYHBIX YCIOBHH.



