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BBEAEHHUE

B cBsA3U ¢ nepecTporKoON BBICIIEN IIKOJIbI, CBI3aHHOW C MPUCOECIUHEHUEM
VYkpaunbl k bosoHCKO# cucTeMe ¢ ee OCHOBHBIMM MOAXO0JaMU K (OpMHpOBa-
HUIO €BPOIEUCKOro BBICHIErO 00pa3oBaHus, 0COOYI0 aKTyaJbHOCTh NpUOOpe-
TAalOT KypChl, KOTOpBIE IO3BOJIIIOT PAacCMOTPETh B3aUMOCBSI3b H3Y4YaeMbIX
HayK, B3aMMHO€ MCIIOJb30BAHUE MX NOHATUM U METONOB. MaTemaTuka urpaer
BAXXHYIO POJIb B €CTECTBEHHOHAYYHBIX, WHKEHEPHO-TEXHUYECKUX U T'yMaHU-
TapHbIX HccienoBaHusax. OHa crana sl MHOTMX OTpaciell 3HAaHUH HE TOJIbKO
OpYZAHEM KOJMYECTBEHHOTO pacuéra, HO TAK)KE METOJOM TOYHOI'O MCCIIEI0Ba-
HUS M CPEACTBOM IMpEAeNbHO YETKOW (HOPMYIUPOBKU MOHATUA U MPOOIIEM.
be3 coBpeMEHHON MaTeMaTUKU € €€ Pa3BUTHIM JIOTMYECKUM U BBIYHCIIHTEINb-
HBIM armapaToM ObLJ Obl HEBO3MOXKEH MPOTPECC B PA3IMUHBIX 00JACTAX YENO-
BEUYECKOU IESATEIbHOCTH.

[Tpuxnanueie 3agaun AUQPQGEpeHINaTIbHOTO U MHTErPaJbHOTO HCYHCIE-
HUSl, — YHUBEPCAJIbHBIN CIIOCOO TEOPETUYECKOT0 U3YUYEHHUS OKPYIKAIOLIET0 MUpa
4yepe3 MOJEIMPOBAHUE IIPOLIECCOB, KOTOPhIE B HEM HMPOUCXOAAT. B mpakrtuue-
CKOH AEATENBHOCTH BaKHYIO POJIb UTPAET HAXOKIECHNUE BO3MOXXHOCTH 3aTPATUTH
MUHUMAJIBHOE KOJIMYECTBO BPEMEHU M MAaTEPHAIBHBIX CPEICTB, IOJYYUB IIPU
TOM MakcUMalbHbIN 3 dekT. Kpome Toro, Bce mporeccs B IpUpoie Mporcxo-
IST TaKUM 00pa3oM, UYTO HEKOTOpas XapaKTEpPUCTHUKAa OCTUTaeT SKCTPEMyMaA.
CH0XHOCTb TEOPUHU HKCTPEMYyMa COCTOUT HE B TOM, YTOOBI HAUTH MPOU3BOTHYIO
U TPUPaBHATH €€ K HYJIO, a B TOM, KaKyl0 U3 XapaKTepUCTHK BHIOpATH AJIs OII-
tumuzanuu. [Ipu 3ToM BBIOOp cHCTEMBI KOOPAMHAT TAK)KE€ MMEET HEMaJOBaXK-
HOE 3HAYCHHUE.

Teopust nuddepenmanbHbBIX ypaBHEHHM — OJHO M3 OCHOBHBIX OpYyIUN
MaTEMAaTUYECKOIO0 €CTECTBO3HAHUA. OTa TEOpHUs IO3BOJIIET M3y4aTh BCEBO3-
MOJKHbIE (DU3MYECKHE 3aKOHbI, OMMCHIBAIOLIUE pa3HOOOpasHble siBIeHUs. Mc-
CJIEOBaHNE MHOTMX TEXHMUYECKUX, (PU3NYECKUX 3a/ay, a TaKXKe 3ahad U3 Jpy-
rux o0jacTel HayKu CBOJUTCS K pelIeHUI0 U] PepeHInanbHbIX YpaBHEHUH.

Hacrosiiee nocoOue npegocTaBisieT CTyIeHTaM JTHEBHOU (popmbl 00yue-
HUSI BO3MOXKHOCTb IOJATOTOBUTHCS K Clladye TECTHpPOBaHUsA Mo paszpenaM «lIpu-
JIOKEHUSL TPOU3BOAHON», «dIpunokeHus omnpeaenéHHoro uHrerpana», <«dlIpu-
noxeHus nuddepeHIanbHbIX YpaBHEHHI» Kypca BBICIIEH MaTeMaTHKH, a CTy-
JeHTaM 3a04HO (hopMbl 00ydueHHsI AAET BO3MOKHOCTb BBIMOJIHUTH KOHTPOJIb-
HbI€ pabOThbI, KOTOPHIE ABIAIOTCS 00S3aTEIBHON YACThIO OTYETHOCTH MPU U3Y-
YEHUH Kypca BBICIIEW MATEMATHKU.

B kaxnou teme KOPOTKO pacCMaTpPUBAIOTCS OCHOBHBIE TEOPETHUECKHE
MOHATUS, ONPEIEIEHUS, aITOPUTMBbI, 0OOJIBIIOE BHUMAHHUE YIEISETCS PEIICHHIO
IPAKTUYECKUX 3aJaHUMN.

ABTOpBI BBIpaXAIOT 0J1aroapHOCTh AOLEHTY Kadeapsl BhICIIEH MaTeMa-
TUKHU K. T. H. A. H. OGyx0BY 3a LIeHHbIE 3aMe€uUaHus U IOMOILb B paboTe.



1 MPUJIOKEHUE IMMPOU3BOJHON
K PEHIEHUIO ITPUKJIA/THBIX 3AJTAY

3HaueHune f(XO) HA3bIBACTCS JIOKATLHBIM MAaKCHMyMOM (MUHHUMYMOM)
byHKIUH f(x), €CIM CYIIECTBYET Takas O -OKPECTHOCTb TOYKH X,, YTO MJI

BCEX XD(X0 —0; X,~ 5) M X# X, BBIIONHsETCS HepaseHCTBO f (X)< f (XO)

( F(x)>f(%)).

Touku MakCUMyMa U MEUHHMYMa (DYHKI[MH Ha3bIBAIOTCS TOUYKAMHU DKCTpE-
MyMa.

Heobxooumoe yciosue sxcmpemyma. Ecin dynxums Y= f (X) umeer B
TOYKE X, DKCTPEMyM, TO €€ IPOM3BOJHAS B ITOM TOYKE PAaBHA HYJIIO WIIH HE Cy-
I[ECTBYET.

Touxn, B xotopbix f'(X)=0 mm f'(X) me cymectsyer, HasbiBaroTes

KPUTUYECKAMM.
Llocmamounvie ycnosus sxcmpemyma
1. Ilycts X,— kpuTHUecKas Touka ¢pyHKuu y = f (X); €CJIU NIPU NIEPEXO0-

e uepe3 3Ty TOUYKY CJIeBa HAIpaBO MPOU3BOIHAS f'(x) MEHSIET 3HaK C ILTI0Ca
Ha MHUHYC (C MUHYca Ha 11roc), To QyHKus f (X) B TOYKE X, UMEET MaKCUMyM
(MUHUMYM).

2. Eemn f'(x)=0, f"(x,)#0, 10 dpynxums f(x) B TOuke X, mmeer

PKCTPEMYM, a HMMEHHO MAaKCHUMYM, €CIU f"(xo)<0 U MUHUMYM, €CJH

f"(x)>0.
Hawubonbiee 3HadeHue GyHKIHUN f(X) Ha MHOKeCTBE X HAa3bIBalOT

rJ100aJbHBIM MaKCMUMYMOM, a €€ HauMEHblllee 3HaUeHHe — rjo0aabHbIM MUHU-
MYMOM.

YroObl HaliTH THOOambHBIE 3KCTpeMyMbl ¢QyHKnuu f (X) Ha OTpe3Ke
[a; b], Ha KOTOPOM OHa HEIpepbIBHA, HAJ0. HANTH KPUTUYECKHUE TOUKH, MPH-
HaJJIeXKAalllue UHTePBay (a; b) Y BBIYMCIIUTH 3HaUYEHUS (QYHKIUHU B 3TUX TOY-
KaX; BEIYMCIUTh 3HaUCHHs (DYHKIIMU B TPAaHUYHBIX TOYKAX OTpe3Ka, T. €. f (a) u

f (b) ; U3 BCEX MOJYYCHHBIX 3HAUCHUN BbIOpATh HAUMEHbIIIEE U HanOOoJIbIIIEE.

OO1ras cxema pelieHus IPUKIAIHbIX 33124 TAKOBA!

1) 3ammchiBaeM 00mIyr0 (Gopmyily, KOTOpas, BOOOIE TOBOPS, SBIISICTCS
GyHKIIMEH ABYX MEPEeMEHHBIX Z = Z(X, y) (o0o3HauUEHMsI, pa3yMeeTcsi, MOTYT
OBITH IPYTUMHU);

2) WCIIOJIb3Ysl YCIIOBUE 3a/1a4yM, YCTAHABJIMBAEM CBSI3b MEXKIY IMEpPEMEH-
HBIMA X U Y ;

3) mozacTaBisisl ypaBHEHHUE CBSI3M B 00mIyto (opmyiy, nmoiaydaem (yHK-
W0 OJHOU MMEPEMEHHON Z = Z(X) ;



4) HaXOTUM €CTECTBCHHYIO 00JIACTh OMPEACICHHS dTON (PYHKIINY,
5) x pyHKIMU  Z = Z(X) MIPUMEHSIEM TEOPHIO IKCTPEMYMOB.

B npuximanHbeIX 3aayax yaine BCErO BCTPEYAETCs CilydaM, KOrjaa BHYTPH
paccMaTpUBaeMOro MPOMEXYTKa (OTpe3ka, MONyHMHTEpBalla WM HHTEPBAJa)
OKAa3bIBAETCs JIMIIb OJHA KPUTHYECKas TOUKa X . Ecim B 3TOM TOuke Hempe-

pbIBHAsT (GYHKIUS UMEET JIOKAIbHBIA MaKCUMyM (MUHHMYM), TO OH SIBJIIETCS €€
HanOOIbIIUM (HAMMEHBIITNM) 3HAUCHUEM.

1.1TeomeTpu4eckne 3a1aun

INpumep 1. Ha mapabone Yy = x> —6X+11 HaiiTh TouKy, HanMeHee y/a-
JICHHYIO OT mpsiMoii Y = —X (puc. 1). BelaucauTh 3T0 paccTosiHuE.

Perienue

3

2 d Ay

o0 2 3 ¥

Pucynox 1

[TycTh M(X*, y*) — TOYKA, yJOBJIETBOPSIOLIAsA 3aJaHHOMY yciioBHIO. []o-
CKOJIbKY M mpuHaJjIexxuT napadose, ee KOOpAUHATHI yJIOBIETBOPSIOT ypaBHE-
2

. £ \2 . s .
HUIO apabosl, T. €. Y =(X) - 6X +11,M(X; (X) 6X +11).

Paccrosinue oT TOUKH 710 IpSAMOM onpeesieTcs: no popmyie

d:‘A>(°+ByO+C‘.




3anuiuemM ypaBHEHHE IpsiMoi Y =—X B obOmeM Buae: X+ Y =0. Orcroga
A=1, B=1,C= 0. [loncraBuB BMECTO X,, Y, B (hopMyiy KOOPAHHATHI TOUKU
M, nonyunm

] JlD(* +1[é(x*)2 - 6X + 1j+ (#z ‘(x’*)2 —5xX +1+

JE + 7 V2

* 2 *
Pemas ypaBHeHue (X) -5x +11=C, gaxomum: D =25-44< (, 1. €.
* 2 * *
BBIPAKECHUE (X) -5X +11 muga Bcex X HMMeeT OOWH 3HAK, a HMMEHHO

(X* )2 —5X +11> C. Takum o6pa3om,

() -5x +11

=5

O6nacts omnpenenenus o5toii  ¢Qynxmuu X OR. Tpebyercs Haiitu
HauMeHbIee 3HaueHne GyHkuun d (X ) , JUTSL 3TOTO BBIYUCIIUM €€ MTPOU3BOTHYIO:

o\ 2X =5
d (x )= .
J2
[TponsBogHas d'(x*) paBHA HYJIIO, KOr1a 2X —=5=0,T.e. X =2.5.
Tak kak d"(x*) =2, d"(X*) >0, To mpu X =2.5 pynxnus d(x*) TOCTH-
racT MMUHUMYMa, KOTOPBIM M SBJSETCS €€ HAaMMEHBIIMM 3HadeHueMm. Toraa

y =2.5 - 6[2.5+ 1¥ 2.2 u MUHMMAJIbHOE PACCTOSIHHE MEXIy MPSIMOii U Tia-
pabosioi

2
(2.5) Js;a.a 11 25

Ipumep 2. Yepes touxy M (1, 4) MPOBECTU MPSIMYIO TaK, YTOOBI CyMMa

d=

BEJIMYUH TOJIOKHUTEIBHBIX OTPE3KOB, OTCEKAEMBIX €10 HA OCSX KOOPIWHAT, Oblia
HavMEHbIIEH. 3anucaTh YpaBHEHUE 3TOW NPSIMOU.



Pentenue

YpaBHEHHE TIPSIMON B OTPE3KAX UMEET BU/JI

X
4+ X = 1,
a b
rne a#0,b#0, a u b — BeMUMHBI OTPE3KOB, OTCEKAEMBIX MPSIMOW Ha
ocsix koopauHat. Heo6xoaumo, 9To0b cyMMa S =a+ b Obliza MUHUMATBHOM.

M3BectHa Touka M, mpuHaanexamas mpsaMon (puc. 2); MOJACTaBUM ee
KOOPJHMHATHI B YPAaBHEHUE U BBIPA3UM D

Pucynox 2

[ToxcraBuM 3HadeHwe b B cymmy S, monyunM (QyHKIHIO OJHOH mepe-
MEHHOM

OO6nacTeio onpeneneHus JaHHOW (DYHKIIUU SBIISETCS aD(l : 00). Uccre-

nyem (yHKITHIO S(a) Ha SKCTPEMYM.

Eciu S =0, o



Pemenne @, =3 ynoBieTBopseT o00JAacTH OIpeleneHuss (YHKIMH.
Beruncium

s(a)=—2  (3)=—2 =1

(a-1)" (3-1°

Orcrona cienyer, 4ro &, =3 SBISETCS TOYKOH MHUHMMYyMa, KOTOPBIi
4[3B

B JJAHHOM ClTydae SBJISICTCS HAaUMCHBIIMM 3HadeHHeM QyHKIuH, b= 3-1 =6
Y YPABHEHUE UCKOMOU MPSMON UMEET BUJL

X

a4 =1 wm 2X+Yy=6.

3 6

Ipumep 3. [IpoBonoko#, AmuHa KOTOpoit | M, HEOOXOAMMO OTOPOTUTH
KIymMOy, UMeronyro (GopMy KpyroBoro cexkropa. Kakum IomkeH OBITH paanyc
KpyTa, 4TOOBI IUIOMIAAb KIIyMOBI Obljia HAUOOJIBIIICH ?

Perienue

Brenewm cnenyromue o6o3HadeHus: R — pagnyc, @ — HEHTPaIbHBIN yroJ
Kpyrosoro cekropa (puc. 3). Toraa miomiaas KiyMObl onpeaesercs GopMmyIioi

2
SzaR
2
R
o,
R
-"‘—\—\_\_\_'_,_o—'—’
Pucynox 3

[Mepumerp k1ym6s1 P =2R+ L, rae L —anuHa nyru cekropa. Y uuThbiBas,
yro L =Ra, nonyuum

P=2R+Ra=R(2+a).

[TepumeTp KIIyMOBI JOJIKEH COBMAAATh C JJIMHOU MPOBOJIOKH, T. €.

R(2+a)=l = a=—-2.

1
R



[ToacraBum BeIpaxkeHue Juisi @ B GOpMyITy IUIOMIAIH:

2
S=S(R)=(I—R—2JR?=I—§—R2.

[Tonyuena ¢yHKIUS OHON TEepEeMEHHOM S(R); HalIeM ee 00JacThb
|
OTIPEICIICHHUS: RD(O; E . Kpome Ttoro, Heo6XxoaumMo, 4TOOBI BBIMOJIHAIOCH

yCJIOBHE S(R) >(0; 9TO yCJIOBHE BBINOJHIETCS Ha BCEH 00JIacTU OIpeeeHus

(GyHKIUN.
Haxoaum npou3BoiHy0 GyHKIIMH S( R)

S(R)==-2R.

I
2

S'(R)ZO npu RZI—, a TaK Kak S"(R):—2< 0, TO B TOUKE RZI— MMEEeM MakK-
4 4

CUMYM, KOTOPBIM SIBIS€TCS HAUOOJbIINM 3HaueHHeM (QyHkuuu. Takum obOpa-

30M, IJIOIIAb KIyMOBI OyeT HauOOIbIIIeH, eCIIi paanyC paBeH 2 M.

IIpumep 4. Haiitu cTOpOHBI NPSIMOYTOJIbHUKA HAWOOJbIIEH TUIOIIA[IH,
2 2

BIIMCAHHOTO B 3JUTUIC —; +-— y =1.
a

b2
Pemienue

BBegewm cuctemy KoopAMHAT, Kak OKa3aHo Ha puc. 4.
[TycTh BepiliMHa NPSIMOYTOJIbHUKA A UMEET KOOPAUHATHL X , Y . YUUTHI-
Basi, YTO 3Ta TOUYKA MPUHAJICKUT TAKXKE U JILTUIICY, UMEEM

(X*)ZJ,(V*)Z:L (v) =t 1—()(*2)2 -y =2 -(x)"

(paccmatpuBaem 3HaueHus X >0, y > 0, Tak kak Touka A HAXOJIUTCS B IEPBOM
KOOpAMHATHOM ueTBepTH). Toraa rioraas npsmoyroibarka ABCD

s=[ox|tioy|= 4 0y = & 2[4 -(% ) =Lk gfa -

10



D ALy

C B

-b

Pucynoxk 4

O6macTeio onpenieneHusT PyHKITUU S(X*) aBaserca X D(O; a), MOCKOJIb-

ky ipu X =0 u X =a npaAMOyroibHHK BBIpOKIaeTcs B npsamyto. Mccienyem

byHKIUI0 S= S(X*) Ha DKCTPEMYM.
.\ _4b . . —2X o] £\2
S(X)=—]a=(X) +X O =—( a’-(x) -
() { R 22
) L g () () € 2]
2 () * Je() 2 e (x)

J * * 2 2 * a.
[TpousBoaHas S(X) paBHa HYJIIO, KOrja 2(X) =a wm X =i$;
J * * * a.
IPOU3BOIHAS S(X) HE CyIIeCTBYeT B Toukax X =za. Touka X =—= mpu-

J2

HAJJIEKUT 00JIaCTH ONPENIeNICHUs U MPU MEePEXo/ie apryMeHTa X Yepes3 3Ty ToY-
Ky NPOU3BOJHAs S'(X ) MEHSIET 3HaK C IUII0Ca HAa MUHYC, MO3TOMY (DyHKLHS

S( R) B OTOW TOYKE MMeEET MakCUMyM. [IoCKOIBKYy TOYKa MakCMMyMa €IvH-

CTBEHHasl, B HEel (PyHKIUS S(x ) IOCTUraeT HauoOoJblIero 3Hauenus. Haligem

cTOpoHbI npsiMoyroiasHuka ABCD :

_2a _ ) ) 2_12_
AB—E—\/Ea, BC—E‘/a (\/5) =J.

11



Ipumep 5. OxkHo nMeeT GopMy TPSIMOYTOBHHKA, 3aBEPIICHHOTO T10-
nykpyrom. Ilepumerp okna paBeH 15 m. Ilpu kakom paamyce moJIyKpyra OKHO
OyJzleT MponycKaTh HauOOJIbIIIEE KOJTMYECTBO CBETA?

Pemienne

[Tyctb R — pamuyc momykpyra, cropoHy AB mpsimoyronsauka ABCD
o6o3Haunm a, cropona BC Oyzaer paBaa 2R (puc. 5).

OxHo Oyner nmpomnyckaTb HauOOJIblIee KOJIMYECTBO CBETA B CIy4ae, €Ciu
€ro IoImaap OyAeT MakcumasbHOH. [lnomaab OKHa COCTOMT M3 IUIOIIAJEH
OpSIMOYTOJIbHUKA U MOJIYKPYyTa, T.€.

S=2RI]1+%77R2,

a ero nNepuMeTp

P=2R+ 2a+ nR.
K
a
A D
Pucynok 5

[To ycnoButo nmepumeTp OKHa paBeH 15Mm., T. e.
2R+ 2a+ nR=15,
OTCIOJIa BBIPA3UM & M MOACTABUM B (GOpPMYJTy JUIsl TIJIOIIAIN:

a=75-R-"].
2

s=2R%75—R—€§J+%m¥=15b-R@—

7TR2

12



OO6nacTeo ompenenaeHus MOodydYeHHOU (PyHKuIuu OyaeT RD(O; 23_-'_5 j
/4

Kpome 3toro, He00Xx0A1MMO, YTOOBI BBIIOJHSIOCH YCIOBUE S( R) >0, 1. €.

7TR2

15R- 2R? -~ >

15
orkyna RO| 0; —— |. OTOT mpoMeXyTOK BXOJUT B 00JIACTh OMpEIeNICHus,

2+
2

MOATOMY, OKOHYATEJIbHO, RD(O; 15 ) .
2+7T

Haiinem npousBonnyto GyHkImu S:

S =15- 4R~ 7R =15-( 4+ m)R.

S . Tak xax S"=—(4+7T),
4+

4TO MeHblIe Hynsd, R sABmserca Toukod Makcumyma (QyHKIMM S u ee

IIponsBonHas paBHa HyJIIO B Touke R =

HamOOoJIbIIKUM 3HaueHHeM. CreoBaTeabHO, OKHO OYIET MpOIycKaTh HanOoJb-

15 =2.1wm.
4+ 77

mec KOJIMYECTBO CBCTA IIPH R=

IIpumep 6. B kakoM OTHOIIIEHUM HAXOJATCS HAWOOJIbIIAS TUIOLIAAb PaB-
HOOEIPEHHOTO TPEYTOJIbHUKA, BIMCAHHOTO B KPYT, K TUIOLIAAN 3TOr0 Kpyra?

Perienue

O0o3naunm ctoponbl TpeyroibHnka CB =a, AB=AC =b u pamuyc
okpyxxaoctd OA =R (puc. 6).

A
8]
\
R
b K
O
%
C \i—/ B
Pucynox 6
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a o
Torpa HB = > YuuTeIBas TO, YTO UEHTP OKPYKHOCTH, OITUCAHHON OKOJIO

TPEYTOJIbHUKA, SIBISAETCS TOUYKOM IEPECEUCHUS] CEPEINHHBIX NMEPIEHAUKYIIPOB

2
K CTOpOHaM TpeyroJyibHuka, AK =g, yron AKO mnpsamoii u OK =, / R —bZ o

teopeme [Iudaropa. [Lnomans TpeyronpHIKa

2
SA = ﬂ ,
4R
a mimomanab Kpyra
S =nR.

K]

YCTaHOBUM CBSI3b MEKIY HEM3BECTHBIMHU mapamerpamu &, b u R. [

ATOr0 PAaCCMOTPHUM JiBa MPSAMOYToJbHBIX TpeyroipHuka: ABH u AOK. Otun
TPEYTroJbHUKU OJOOHBI 10 TPEM YIJIaM, CJIeOBATENIbHO,

HB _ AB %

_— e — H —_—

NI
KO AO e _b?
4

_b.
R )
OTCroJa

a

2
_ DR v _ VAR b7
R )

R
_ b*V4R? - b?

4R?

Sy

Uccnenyem S, Ha KcTpeMyM, Kak QyHKIHIO aprymeHta b. O6macTeio
OTIPEICIICHUS ATOW (PYHKIIMH SABJIACTCS MHTEPBAJ (O; ZR) . Haxoqum

N
SA(b)_4R2(3bz 4R2_b2+2\/4R2—b2j_ RA R -p?
_ 3RM?-b* _ b*(3R*-Db?)

CRAAR?-b? RA4R2-D2’

14



otkyna cnenyer, uto S, (b)=0 npu by =J/3R, b,=0 u S,(b) ne cymecrsyer
npu b, =2R. Ho b,0(0; 2R), b,0(0; 2R). Touxa b = /3R sBusiercs kpuTH-
4ecKoi, IIpyu nepexoze 4epe3 nee npoussognas S, (b) menser 3Hak ¢ mwioca Ha
muHyc, nostomy Qyaxuus S, (b) B 9Toif ToUKe MMEET JOKATBHBIA MaKCUMyM,

KOTOPBIN SBJISIETCS TAaK)Ke HAMOOIBIINM 3HaueHueM 3Toi pynkuu. Halinem Te-
neph HAUOOJIBIIYIO TUIOMIAh PABHOOCIPEHHOTO TPEYTOJIbHUKA U BHIYUCIUM OT-
HOILICHUE TUTOAJEH TPEYTOJIbHUKA U KpyTa.

3R 4R - (VR) 3 )
SA(b1)=( )\/ ( ):&@Rm:&/;a?;

4R? 4R?

IIpumep /. Ha snnunce 2X° + y2 =18 maus! 1BE TOUKHA A(l, 4) U B(3, 0)

(puc. 7). HaliTn Ha maHHOM 3JUTHIICE TPEThIO TOYKY C TaKyro, 4TOOBI ILIOMAIb
Tpeyroibarka ABC Oblia HauOobIIIeH.

Pemrenue

obnacTe (2)

Cix.y)

Pucynox 7

O003HauMM KoopAMHATHI uckomoi Touku C X u Y. [Tnomans Tpeyrois-
nuka ABC 3amaercs popmymoit

s==|ABxAC].
2
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Haiinem koopaunatel BekTopoB AB m AC U BBIYMCIHM HX BEKTOPHOE
IPOM3BEICHNUE!

AB={3-1,0-4={2- %
AC={x-1,y-4;
i i kK
ABxAC=| 2 -4 q=(Zy-4-(-4(x- Pk=( &+ 3 1x.
x-1 y-4

Torna

S=%\/(4x+ 2y-12° =| x+y- 6.

Paccmorpum aBa cirydast:
1) 2x+y—-6> 0, orcrona y>6-2X, torma Touka C HaxoauTcs B 00Ja-

ctu (1) (puc. 7);
2) 2Xx+y—-6<0 mwm y<6-2X, torna Touka C HaXoAWTCsS B 00JaCTH

(2).

OueBugHO, 4TO TpeyroibHUK ABC Oyaer uMeTs HanboJIbIIyIo TUIoAaAb B
ciiyyae pacrosiokenus: Touku C B obsactu (2), O3TOMY B JajbHEUIIEM OyaeM
paccMaTpuBaTh QYHKIIHIO

S=-(2x+y-6)=6- X%-y.

[Tockonbky Touka C IpUHAMIEKUT JUIMIICY, €€ KOOPAUHATHI Y OBJIETBO-

psifoT paBeHCTBY 2X° + Yy’ =18 wmu Y =++/18— 2¢° . [loacTasus 3HaueHue Y B
byHKIUIO S, momydyuM (QYHKIUIO OHOM MepeMeHHON

S=6-2x++/18- °.

Heo6xonumo HaiiTu HauOosbliee 3HaueHWe 3Tol (PyHKumu. OOacTh
onpeaeneHuss QyHKIUH S(X) XD[—B; 3). Haiinem kputnyeckue Toukd QyHK-

LIAH, IPUHAJICKAIIME YKa3aHHOMY ITOJIyHHTEPBAIY:.

S

o4 -4x _ oy 2X
24/18- 2¢* V18 &P
[pupaBHsiB S K HYJIIO, HAXOIVM:

ii =-2 wm +L =-1.

18- 2x2 18- 22

16



Bo3Beagem 00e yacTu paBEHCTBA B KBaapar.

X2

o=l K=18-2¢1 3C=18 x°= 6 x=x ¢

Brraucinm COOTBCTCTBYIOIIHNEC 3HAYCHUA y:
2 2
Y, =18-(£V6) =V6; y,=-/18-(x/§ =-V€

Takum o0OpazoM, MOTYYUM YETHIPE KPUTHUECKUX TOUKH: Ml(\/é ; \/6),

Mz(\/_; —\/6), Ms(—\/g; \/6), M4(—\/_; —\/6), npuueM Touka M, He mpu-

HaUIeKUT obmactu (2). S He CymiecTByeT B TOUKax X =3, ojHA U3 KOTOPBIX
SBIISICTCSI TPAHUYHOM TOYKOM, a Ipyras He MPUHAJUICKHUT 00JIaCTH ONpeesICHHs

GyHKIUN.
Boruncnum 3Hauenne GyHKIuu S=6— 2X— Y B KPUTHUUYECKUX TOUYKAX U B

FpaHI/I‘—IHBIX TOUKax O6HaCTI/I OHpeI[eHeHI/Iﬂ.
S(-/6;/6) = 6+ 2/6-/6= 6+ €
S(\/é;-\/é)= 6- 2/6++/ 6= 6- €
S(—\/E; —\/?3)= 6+ 2/6+ 6= 6+ 3 €

S(-3;0)= 6+ 203- 0= 1.

HaunGonpium 3HaueHUEM (DYHKIUM SIBISETCS S(—\/é; —\/6) = 6+ 3/_6,

nostomy C (—\/6 . \/6) — TpeThs BepiinHa TpeyroibHuka ABC .

IIpumep 8. O0beM npaBUIBHON TPEYroJIbHOW NMpuU3Mbl paBeH V, . Kakosa

J0JKHA OBITH CTOPOHA OCHOBAHUS, YTOOBI MOJTHAS TTOBEPXHOCTH MPHU3MBI ObLIa
HavMEHBILIEN ?

Permienue
[TycTh a — cTOpOHA OCHOBAaHMS MPABUILHOM TPEYroJIbHOMN mpHu3Mbl, | - ee

a’\/3 a’\/3

. U3 ycmoBus

pebpo, Torma oobeM mnpusMbl V = M=V, 1. e.

1=

_az\/é

. [TosiHast MOBEpXHOCTH MPABUIILHON MPU3MBI 3a7aeTcCsi GOpMYIIOn

2
s=2aa4£+3a|.
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[ToxcraBuB croja BeIpaxkeHue i |, morydanm

2\/§3a 2\/_3 12/

E

2 2\/5, 2 ax/é'

Teneps, koraa pyHkus S npeacTapieHa Kak (yHKIMS OJHOM MepeMeH-
HOH a, 3amnuiieM ee o0acTh onpeaeneHus: a>0.
Haiinem kpuTHyeckue TOUKU JaHHON (DYHKIIUU, UMEEM:

S = \/§a—

B CHJIY HEOOXOAMMBIX YCIOBUN SKCTpEMyMa HaXOJUM

J3a- 12 \/_ =0, V&= \/_ a’=al; a=ya,.

ITockomeky S' = \/é + No >0, TO HaiiIcHHAs TOYKa SBISICTCS TOYKOU

MUHUMYMa, a TaKK€ HaUMEHbIIUM 3HaueHueM (pyHkiuu. Takum obOpa3om, cTo-
pOHa OCHOBaHMUSI MPABWIIBHON TPEYTOJIbHON MPU3MBbI C HAUMEHbIIIEH MOJTHOM Mo-

BEPXHOCTBIO A = 4V, .

IIpumep 9. TpeOyercss M3rOTOBUTH 3AKPBITHIN HMUIMHAPUUECKUN Oak C
MOJIHOM MOBEPXHOCTHIO, paBHOM S. Kakoil momkHa ObITh BbICOTa 0aka, 4TOObI
ero o0bseM OblT HanOOIbITUM ?

Pemenue

O6o3HaunMm paauyc nunuHapa R, a ero Beicotry H . [lonnas mosepx-

HOCTh IuuHApa S=27TRH + 271R? , orcroma H =% - R. O6vem munmmaIpa

V = 71R*H un, YUYHUTBIBAs HAMJICHHOE BhIpaKeHHE 1 H ,

V=R = -R|=- R
27R 2

[Tpu R=0 umnuHap BBIpOXKIAETCS B IPAMYIO, a mpu R= ‘/23 — B KpYT.
T

S
[ToaTomy oOnacTbio ompeneieHus: GyHKUUN V(R) asisiercss RU| O; ‘/2—

T
VYcnosue V ( R) > (0 BBINOJIHSETCS HA BCEl 00J1aCTH OTIpe/eTIeHNS.

18



Haiinem npousBoanyto ¢pyukuu V ( R):

V' =§—3ﬂR2.
2
S
[IpousBogHass paBHa Hymo, Korma R= o a TaKk Kak
T

V'=-61R, V" ‘/i <0, To B Touke R=, /i byuknus V aocTuraetr Mak-
677 6rr

CUMYyMa, KOTOpBIM, MOCKOJbKY KPUTHYECKAas TOYKAa HA MHTEPBAJEC €JUHCTBEH-
Hasl, ¥ SBJISIETCS HauOOJBIIKMM 3HaueHHEeM (PyHKIMU. Beriuncnum BeicoTy 0aka,
COOTBETCTBYIOIIYIO HaUOOJIbIlIEMY O0BEMY:

H:Z,T\/S%n_\/g 2m1JS \/671 \/38 \/677 J_S Jz_ﬁ

IIpumep 10. Ilepumerp paBHOOEAPEHHOTO TPEyroJibHUKA paBeH 2. Ka-

KOBBI JIOJDKHBI OBITH €0 CTOPOHBI, YTOOBI 00BEM KOHYyCa, 00pa30BaHHOTO Bpa-
IIIEHUEM 3TOTO TPEYTOJbHUKA BOKPYT BBICOTHI, OMYIIIEHHOW HAa OCHOBAHHE, OBLI
HanOOIBITUM ?

Perienue

BBeneM 0003HAYeHUS: OCHOBaHHWE PaBHOOCAPEHHOIO TPEYroJbHHKA
AC=a, ero 6okoBas cropona AB =BC = b (puc. 8).

B

- C
W

Pucynox 8
[lo ycrmoBuro mepuMeTp TpeyrojibHUKA paBeH 2P, T. . a+2b=2p, or-

a
kyma b=p- 5 O0BeM KOoHYca ompenesnseTcs mo hopmyse

Vv =lnR2H :
3

19



3nech R — paanyc OCHOBaHHUSI KOHYCa, OH PaBEH MOJOBUHE CTOPOHBI AC
a o
TpeyrojbHuka, R= E; H — BbIcOTa MOJYy4YEHHOTO KOHYCA, COBMAJIAET C BHICOTOM

tpeyrosbHrKa ABC. UToOBI HaliTH BBICOTY, UCIIOIB3yeM Teopemy [Iudaropa mis
IpsAMOYTOJIbHOTO TpeyrojibHuka BCN :

2 2
BN =+/BC?2-CN? wm Hz\/(p—gj —[Ej = /p*-2pa.

2 2

[ToxcraBum momydeHHbIe Bhipakenus st R u H B dpopmyny oObema
KOHYyCa

2
\Y =%n|:—%\/p2— pa=1£2®2\/p2— pa.

OO6nacTpio OmpenecHus] TMOMyYeHHOW (YHKIUU SBISACTCS HWHTEPBAI
(O; 2p) . TpeOyeTtcst HaiiTu HaubobIee 3HaUeHue pyHknu V (a) Ha 9TOM HH-

TepBasie. Beruncianum npousBoanyo GyHkiuu V (a) Y IIPUPABHSIEM €€ K HYJIIO.

L -p |_m 4(p*-pa)-pa_
Vv'(a) =2 2a/p? - 213 ST =
(a) | 2P pa +a oI5 —oa | 12 2\/p2—pa
_7p p(4p- %)

24 p*-pa

V'(a)=0 xorna a=0 wm a=4—5p; V'(a) cymectsyer Bo Beex TouKax

obnactu ompenenenus. & =0 He NPUHAAICIKHUT UHTEPBATY (0; 2p). B xputu-

4p

YECKOM TOYKE a=? IMPpOU3BOAHAs V'(a) MCHJACT 3HAK C INIF0OCAa Ha MHHYC,

CIIEIOBATEIILHO, B ATOM TOYKE q)YHKI_II/I}I V(a) HMMECT MAKCUMYM M JOCTHUTACT

cBoero HauOosbIiiero 3HadeHus. OO0beM KOHyca OyaeT HaumOOJbIIUM, KOT/Aa

_4p :
a= r Haiinem 60KOBYIO CTOPOHY TPEYTOJIbHUKA!

©

b=p-

=p-2P_3

ol

a
2

IIpumep 11. U3 kpyra BbIpe3aH CEKTOpP C LEHTPaJIbHBIM YIJIOM Q.
W3 cexTopa cBepHYTa KOHMYECKas MOBEpXHOCTh (puc. 9). [Ipu kakoM 3HaUYECHUU
yriia @ o0beM MOJy4eHHOTO KOHyca OyaeT HauOOJIbIIUM?

20



Pemrenue

B
S
R
= R
o,
K B

Pucynox 9

[Iycte B =R — paguyc kpyroBoro cekropa. O6pasyromas koHyca SB
COBMAJIaeT C PaJAUYCOM KPYTOBOT'O CEKTOpa; JJIMHA TYTHM CEKTOPa COBMATAET C
JUTMHOM OKPY>KHOCTH, JIeKaIlell B OCHOBAaHUH KOHYcCa, T. €. B Ler = 277[KB unu

Rlar =2m[KB, orcrona KB = ;M . O6beM koHyca
T

v =%7T(KB)2 5% =%7T(KB)2\/(SB)2 ~(KB)?
WITH, C YYETOM BBEICHHBIX 0003HAYEHUI M BBITIOJIHEHHBIX IPEOOpa30BaHMUH,

R2 2 R3
v=IRa R =— A’ -a’.
3 4 ar 247

Hccnenyem ¢pynkuuio V Ha 3KCTpeMyM Kak (YHKIHIO apryMeHTa & TpH
YCIIOBUH, YTO 00JIACTh OIpeaenacHus 3Toil pyHkunu a [ (O; 277) :

V’(a)=2§;2 [EZO\MHZ a’+a’ 3—2 — a}
_ R® Da[2(4n2—az)—az]_ R3 Da(8n2—3az).

2477 477 — o2 24P [a772 - 2
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EnuHcTBEHHON KPUTHUYECKOM TOUKOM, YOBJIETBOPSIONICH 00JacTH ompe-

2J2mr

neneHust QyHKUUU SIBISIETCS TOYKa O :?' [Ipu nepexoxe aprymeHra o

Yyepe3 3Ty TOUYKY npousBoaHas V' (a) MEHSET 3HaK C IJII0Ca HA MUHYC, TIOATOMY

T
npu q = NE UMEEM MaKCUMYM, a TaKKe HauOoJjpliee 3HaueHuEe (YHKIUH

V .TakuM oOpa3oM, 00BE€M MOJYYEHHOIO0 KOHyca OyAeT HauOOJBIINM, €CIIH

=22
2.

Ipumep 12. Pribaky HYKHO NEpenpaBUTHCSA ¢ OCTpoBa A Ha ocTpoB B
(puc. 10). YToObI MOMOIHUTH CBOM 3alachl OH JOJHKEH IOMAacTh Ha y4acTOK Oe-

pera MN. Haiitu naukpargaiimmii myts pslbaka S=S +S,, ecin a = lkwm,
b =1.5xm, H = 2xM, h =1.5wM, L = 3.5xm.

Perienue

A
H 51
P M
a
b
L
Pucynox 10

[TycTth ppibak momazeT Ha ydacTok 6epera MN B Touke O. OGo3HaUNM
paccrosaue Mexay ToukaMmu M u O X. Torma ‘PO‘=‘PM‘+‘MO‘=1+ X,

0Q|=|PQ|-|PO| =3.5-1-x= 2.5-X.
ITyTe, mpoiiaeHHbIl ppIOaKOM, MPEACTaBISIET COO0M PyHKIUIO S=S +S,.
Haiinem s u S, u3 npamoyronsHbIx TpeyroiasHukos APO u BQO.

AAPO: |AO|=|AP] +[PO]" mwm s =22 +(1+X)" =X+ 2+ 5;
ABQO: [BO|=/l0Qf +|BQ® mm s, =(2.5-X)*+ 1.8 =x*~ K+ 8.
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Torna

s=x% +2x+5++/x% - 5x + 8.5.

Haiinem o6nacte ompenenenust 3toil pynkuuu. IlogkopeHHble BbIpake-
HUS B pyHKINU S(X) Oonbie vy 1yt Bcex X. Touka O mpuHAIIEKUT OTpE3-

Ky MN, ‘MN‘ =1.5-1= 0.%, mosToMy HE0OXOIUMO HANTH HAMOOJbIIIEE 3HAYUC-

HUE PYHKIUH S( X) IS XD[O; O.q . Bbraucianm npou3BoaHYyI0 (PyHKITUH:

. 2X+2 2X-5 x+1 Xx— 2.5

s= + = + .
2+ 2x+5 A/X- 5+ 85 x2+ X+ 5 x2- H+ 8.

[IpupaBHUBas TPOU3BOAHYIO K HYJIO U BO3BOJs 00€ YacTU PaBEHCTBA
B KBaJIpat, NOJIYy4YHUM:

x+1 _  25-x . (x+1)° _ (25-x)"
I +2x+5 x*-5x+85 X +2x+5 x*-5x+85
(x+1)2[Qx2—5x+8.$=(2.5—x)2[Qx2+ X+ %‘:
(x+1)°({(2.5-%)"+ 2.28=( 2.5%)°1] 4( £x)*);
(x+1)2(2.5—x)2+ 2.28x+ }Zz 4 2.5x)2+( 2.5x)2( -H.X)Z;
225x+1)°=425%)°; 226¢+ 2+ JE (4 6.25 x5 X°)
1.75¢ - 24.%+ 22.75 0 x°- M+ 18 .

Kopusimu nosyuerHoro nuddepeHmaibHOr0 YpaBHEHUS SBIISIOTCS YHC-
na 1 u 13, HU OJIHO W3 KOTOPBIX HE MPUHAJICKHUT OTPE3KY [O; 0.5] . [ToaTomy

BBIYHCJINM 3HAYCHUC Cl)YHKI_II/II/I S( X) Ha KOHIAX 3TOro OTpPC3Ka WU M3 IOJYYCH-
HBIX YU CCJI BBI6epeM MCHBIICC.

s(0)=+/5+/8.5= 5.14
5(0.5)=v0.5+ 2105 5+ 05 B 05 85/ 6235/ 6.25.

CrnenoBatenbHO, MyTh phiOaka OyneT KpaTdaiiuM, €Cliu OH i MOMOJI-
HEHUs 3a1acoB BeIcaauTcs B Touke N .
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3ajanus 11 CaMOCTOSAITEJILHOM PadoThI

3ananme 1. HaiiTu cTOpOHBI NPSAMOYTOJIbHUKA HAUOOJIBIIETO EPUMETPA,
BIIMCAHHOT'O B MOJIYOKPYKHOCTb paaunyca R.

IRV5 RS

OrtBer: u .
( c c )

3aganme 2. [IpoBonoka mmmHOIO | COrHyTa B MpsAMOYroibHUK. KakoBbI
pa3Mepsl ATOr0 NPSIMOYTOJIBHUKA, €CIIM €70 IIJI0LaAb HanOOobIIast?

|1
OtBeT. —, —.
(TBT44)

3apanue 3. U3 durypsl, orpaHUYeHHON KPUBOU y=3\/; U TPSAMBIMU

X=4, y =0, BeIpe3aTh NPAMOYTOJbHUK HANOOJBIIECH MIOUIAIBIO.
(OtBer: $S=9.22))

3apanue 4. Halitn HauGonpmuii o0beM HWIMHIPA, Y KOTOPOTO IOJIHAS
MOBEPXHOCTh paBHA S.

SVS
err

3amanue 5. Haitftu paanyc koHyca HaMMEHBIIETOo 00beMa, OMUCAHHOTO

OKOJIO IMIMHIpa paguycoM R (MI0CKOCTH OCHOBaHMN NMIMHIPA M KOHYCa

JIOJDKHBI COBITA/IATh).
(OtBert: 1.5R.)

(OtBet: V =

3ananue 6. B xakoM OTHOIIIEHNN HAXOATCS HAUMEHBIINNH 00bEM KOHYCA,

OTMCAaHHOTO OKOJIO Iapa K o0beMy mapa?
(OtBer: 2.)

3aganue 7. B KakoM OTHOIIIEHWH HAaXOAUTCS 00BbEM KOHycCa K HanOOJIb-
memMy o0beMy IMJIMHAPA, BIIMCAHHOTO B KOHYC?

(Ortser: % )

3apmanue 8. Haiitu oTHOIIeHHE MEXIy 0ObEMOM Iapa M HAUOOJIBIINM
00bEMOM ITWJIMH/IPA, BIIMCAHHOTO B IIap.

(Ortser: J3 )

3aganue 9. B kakoM OTHOIIEHWH HAXOAUTCS IUIOMIAAb MOBEPXHOCTH IIIa-
pa K HanOOoJIbIIEH MIIOMAAN TOBEPXHOCTH LUJIMH/IPA, BIMCAHHOTO B IIap?

4
OtBeT. ——.
( 1+\/§)
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1.2 IlpunoxxeHusi NPOU3BOAHOI B 3a7a4ax (GU3UKH U aJredpbl
3axaum HA IBHIKEHHE

1. Cpeonsa ckopocmo u ckopocmu 8 3a0anmuviii MmomeHm epemeru. [1ycThb
3aKOH MNPSIMOJIMHEMHOTO JIBUKECHUS MATEPUAJIbHOW TOYKU UMEET BHUI S= S(t),

rae t —Bpems. CpemHsst CKOPOCTh TOUKH 33 MMPOMEXKYTOK BpeMeHH OT 1, 1o t,
BBIYHCIISIETCS IO (hopmyIie

L s _s(t)-s(t)
R t,-t,

CKOpOCTh B 3aJ]aHHBII MOMEHT BpeMeHH (MM MTHOBEHHAs! CKOPOCTB) CO-
IN1IaCHO (PU3UYECKOMY CMBICITY TPOU3BOAHOM

V.., (1) =V(t) =S (1)

2. Ilyms, npotioenuwvii moukoti. IlycTh 3alaH 3aKOH MPSIMOJUHEHHOTO
JBU)KEHUSI MATEPUATIbHON TOUKU S = S(t) , t —Bpems. UToObl BBIUNCIUTH MYTh,

MPOWJICHHBIN TOYKOM JI0 MOJHOW OCTAHOBKH, HAUJEM MOMEHT BPEMEHHU t, B KO-
TOPBIN CKOPOCTH TOYKH v(t) =0. Cormacao 1. 1

Pemas ypaBHeHue s’(t) =0, HaXOUM MOMEHT OCTAaHOBKHM TOukH t . To-
raga S(t*) — Iy Th, TPOWICHHBIN TOYKOW 0 OCTAHOBKH.

3. Vexopenue. TlycTh MaTepuaibHasi TOUYKA JBMKETCS IIPAMOIMHERHO €O
ckopocThio V=V(t). Torxa ycKOpeHHe TOYKH B 3aJaHHBIi MOMEHT BPEMCHH

BBIYHCIISIETCS 110 (hopMmyIie

Ecin 3aKoH JBIDKCHHS TOYKH 3a1aH B BUe S=s(t), T0

a(t)=s'(t).

4. Bpawamenvioe osudicenue. I1ycTh 3a1aH 3aKOH BPalllcHUs MaTepPHUaIb-
HOM Toukn @ = a(t). Toraa yrioBast CKOPOCTh TOYKH PaBHA

a YIJIOBO€ YCKOPEHHE



Ipumep 13. IlycTh MaTepuanbHas TOYKAa MABMIXKETCS MO 3aKOHY
s(t) =—t° +6t* + 37 + 3C. HaiiT HaMOOIBLIYIO CKOPOCTH TOYKU M MOMEHT Bpe-

MEHH, B KOTOPBI CKOPOCTHh HAMOOIbIIIAS.
Penienue

Haiiném o6macTh ONMyCTUMBIX 3HAYeHUW aiig apryMeHta t. Tak kak
JIOJDKHO BBINOJHSITHCSL HepaBeHCTBO S(t) =0, To mMeeM

—t*+6t°+37% + 302
~(t+1)(t+3)(t-10= C.

Periasi HepaBeHCTBO METOZIOM MHTEpBANOB, HaiaéM t 0 (—c0;~1] O[-3;14 .
VYuursiBag uto t =0, OKOHYATEJIHHO OTYYUM t [ [0;10] .
Haiiném ckopocTh TOUKH, UCTIONB3YS 1. 1

v(t)=(-t*+6t? +32+ 30 =- 3%+ 12+ 3.
Hccnenyem monydeHHyr0 (QYHKIMIO Ha HauOOJbIIee 3HAYEHHE HAa OTPE3-

ket 0[0;10] . Haiiném KpuTHdecKue TOUKH

v(t)=(-32+12+ 37 =-6+ 1,
-6t +12=(,
t=2.

BhIYMCIIMM 3HAUeHUs UccaeayeMoil QYHKIUM B KPUTHUECKOH TOUKe U Ha
KOHIax otpeska [0;10]

v(2)=-3[F + 1202+ 3% 4,
v(0) = =3[0 + 1200+ 37%= 3,
v(10) =-30.6 + 12116 3% - 14.

3HAYNT MAaKCHMAIBHOE 3HAYCHHE CKOPOCTH V(2) = 49.

Ipumep 14. [IycTp 3aKOH NPSMOIMHENHOrO IABUKEHUS MaTepUAIbHON
T04KH UMeeT BuA S(t) = 3t? + 5t + 1. BEIYHCIHTB CPEIHIOI CKOPOCTH 32 IepBble 5

CEeKYyHJ| JBUXKEHHUS U CKOPOCTh TOUKM B MOMEHT BpeMEHU t =2 C.
Penienue

Ncnonb3ys n. 1, BBIYUCIUM CPETHIOI0 CKOPOCTH Ipu t [ [0;5]

20

\Y

_s(5)-s(0) 305 +506+1-( 36+ 56 | 100
Cp_ 5_ - - -

0 5 5
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¥ MIHOBEHHYIO CKOPOCTh B MOMEHT BpEMEHH t = 2 ¢
v(t)=(3?+8+1) =@+ g
v(2) = 62+ 5.

Ipumep 15. HaifTu nyTh, NpOiiACHHBIA TOYKON 0 MOJHOW OCTaHOBKH,
€CITH 3aKOH MPSMOJIMHEIHOTO ABMKeHHs uMeeT Buj S(t) =te™ .

Penienue

BBIUKCIMM CKOPOCTH TOYKH
v(t) = (te‘t ) =e'-te" =e"(1-t).

Haiiném MOMEHT BpeMeHH, B KOTOPBIi Touka octanoButcs (V(t) =0)

Brruucnum nmyTh, npoiieHHbINH TOUKOH 3a 1 ¢

s(1) =1 = é = 0.37.

IIpumep 16. 3agaH 3aKOH NPSIMOIMHEWHOTO JBUYKEHUS MaTepHAIbHOM
16

(t+)*

Ha4dajaa ABUKCHUA.

Toukn S(t) = t — BpeMsi. BEIYHUCIIUTL YCKOPEHHE TOUKH Yepe3 3 ¢ Mociie

Penienue

Ucnonb3ys n. 3, Haxoaum

I

o[ 16 ) -32
S(t){(tu)z} e

_oafey | 32 ’_ 64
o= 5 | = o

Brruncnum yckopenue yepes 3 ¢. mociie Hauaja JIBHKEHUs

64 3
3)= =—=0.3€.
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IIpumep 17.3akoHBI ABUXKEHUS IO MPSIMOU JABYX MaTepUalIbHBIX TOYEK
UMEIOT BUJL q(t) =5t’+2X+6 u S, (t) =4t? + 3 +18. C kakoii CKOPOCTBIO yJans-

IOTCSI 9TH TOUYKH JAPYT OT JIpyra B MOMEHT BCTPEUH ?
Penienue

B MoOMEHT BcTpeud paccTOsiHUS, MPOWJICHHBIE TOYKAMHU OJMHAKOBHI.
Haiiném MmomeHT BCcTpeun TOUek

5t2+ 2+ 6= 4%+ 3+ 1§,
t?-t-12= 0,
t,=-3 t,=4.

VYyuuteiBasg uto t=0, nenaemM BBIBOJ O TOM, YTO TOYKH BCTPETATCS MPHU
t =4 c. Beruuciaum ckopoctu Touek. Menonesys . 1, umeem

w(t)

v(t)=(42+a+18 =8+ =

(s2+2+6) =10+ ¢

Hariném ckopocT B MOMEHT BCTpEUH

v, (4) =104+ 2= 4.,
v,(4) = 8%+ 3= 3t

IIpumep 18. MaxoBuk, 3aaep>KUBaeMblii TOPMO30M, TOBOPAYUBAECTCS 32
t ¢ Ha yrox a(t)=3t-0.01* (pax). Haiitu yrioByro CKOpOCTb BPAIEHHS MOXO-

BUKA B MOMEHT t =7 C U MOMEHT BPEMEHH, B KOTOPBIA MOXOBUK OCTAaHOBUTCH.
Penienue

Hcnonb3ys 1. 4, HaliaéM yTIIOBYIO CKOPOCTh MaXOBHKA B MOMEHT BPEMEHH t
w(t)=(3t-0.012) = 3- 0.02.
BbIuucium yriioByro CKOPOCTh B MOMEHT BPEMEHU t =7 ¢
w(7)=3-0.0207= 2.8t (pao/c).
Haiiném MOMEHT OCTAaHOBKH MOXOBHKA (a)(t) = O)

3-0,02 =
t =150 (c).
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JKcTpeMalibHbIe pU3nUecKHe 3a1a4u

[Tpu pemernn SKCTpEeMabHBIX PU3NYECKUX 3a/1a4 (3a71a4 Ha HauOoJIbIIee
U HauMEHbIllee 3HAUYeHUEe (DYHKIMHM Ha 33JaHHOM OTPE3KE) UCIIONB3YIOT PEKO-
MEHJal1H, IPUBEAEHHBIE B HAYaJE pa3iena.

Ipumep 19. Teno maccoii m, =1500 ke mamaet ¢ BoicoTel h=4500 u u
TepsieT Maccy (cropaer) MpONOpLUUOHAILHO BpeMeHH majeHus. Koadduiument
npornopunoHanbHocT K =50 K% . Cunras, 4TO HayajgpHasg cKoOpocTh V, =0,

yckopenue @ =10 fy ,, U TpeHeOperas COMPOTUBICHUEM BO3/yXa, HAUTH
c

HaI/I6OJII>H_Iy1-O KHHCTHYCCKYIO DOHCPI'UIO TCJIA.

Penienue

mv?
KuneTnueckas s3Heprus Tejia BeIYUCIseTcs o ¢popmyse E, = — Macca

Tela B 3aJaHHBII MOMEHT Bpemenn M=, —kt=1500- 5@, a ckopocTh
v=V,+gt =10 . Tormna

(= 0500 S0 10 ey
K2 2 2 '

YroO6bl HaliTH 00JACTh AOMYCTUMBIX 3HAUEHUI NIl aprymMeHTa t, Haiaém
BpeMs MaJieHus Tena ¢ BeIcoThl h. Umeem

gt® _gt’
>

h=vyt+=—=
o 2

Otkyna, yuutsiBas uto t =0, Haxoaum

{ = 2h _ /2D4500:30.
g 10

E, :%(15EL0‘t2— F16t°) =

Kpowme Toro, E, =20

Pemas HepaBeHCTBO

1t2(15EL0‘— 516t) = ¢
2
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HaxoauM O0<t<30. 3HayuT, 0OJACTh JOMYCTUMBIX 3HAYCHHH apryMeHTa
t0[0;3q.
Uccnenyem nonyuennyio pynkuuo E, = E, (t) Ha HanOoJIbIlIee 3HAYCHUE

Ha otpeske t[0;30]. Haiiném npoussontyo
E, = %(30&0‘% - 15716t%).

Kputnueckne Toukn

t(30010 - 15716t) = ¢

3000 _ 300
= = 222= 20.
15016~ 15

:O,

Kputnueckue TOUKU MPUHAIIEKAT OTPE3KY [O;3q . BeruncnuMm 3HaueHue
¢bynkuun E, B KpUTHUYECKHUX TOUYKAX M HA KOHIAX OTpe3Ka

E(0)=0,
1
E (20)==(150 026- ®11d0 20 = 1
k ( ) 2 ( 21) !
E, (30) =0.
3HaAYMUT, HauOoJIbIIee 3Ha4YECHUE KUHETUYECKOU SHEPruu

E __=E(200=10 Joc.

IMpumep 20. Ha kakoM paccTOSIHUH h OT TOPHU30HTAIBHOW ILIOCKOCTH
CIIeAyeT pPa3MECTHTh JaMIIOYKY, 4TOObI B 3aJaHHOM TOYKE A IJIOCKOCTH OCBE-
WEHHOCTH ObuIa Hanbonburelt (OA=a)(puc. 11)?

E

Pucynok 11
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Penienue

OCBENIEHHOCTh TPSMO TPOMOPITMOHATIbHA CHHYCY YIUIa TAJCHHS JIyden
CBETa M 00PATHO MPOIOPIMOHAIEHA KBAJPaTy PACCTOSHUS OT HCTOYHHKA CBETa
(puc. 11)

sing
rz -’

E=k

Haiiném paccrossnue AB no ncrounuka cseta. M3 tpeyronsauka OAB no

teopeme ITudaropa AB=+/OA*+OB?. 3nauut r =+/a’+h?.

Haniném cunyc yrna nanenus nyuen csera. M3 tpeyronpauka OAB mo-

ewm 3anucath Sin[JOAB = % 3HauuT Sing = h = L Torna
AB r Ja2+h?
h
E=k———.
(o)

Vcxons U3 ycloBMs 3aaud, 061JacTh JOMYCTUMBIX 3HAYEHMi aprymMeHTa
h 10 mpomexyrok [0;«). Hccienyem dynkumto E=E(h) Ha nauboubiiee

3HAYCHHUC HAa YKA3aHHOM MHTCPBAJIC. Boerauciaum IMPOU3BOAHYIO

(a2 + hZ)a“2 - hag(a% hZ)”mh )

£ =k — N | =k -
(a2 + hz)s/2 (a2 + hz)3 (a2 + hz)g/2
Haiiném kputnueckne Touku
a’-2h*=0,
a a
h = —E, h, = ﬁ :
Touka h, = a MIPUHAJICKUT HpOMC}KyTKy[O;OO) . Haliném 3Hak mpowus-

V2

BOJIHOM CJIEBA U CIIPABA OT KPUTUYECKOU TOUKH

1
2 _ 2 —a
£'(0,50) = a’-2(0,5%) _ 2 -0

[ r0s))" (2t (omy)”
sy at-2a®* _  -a
= (a°+a))" (a"+a)” e
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a .
B Touke E MIPOU3BOJIHASI MEHSIET 3HAK C «+» HAa «—», 3HAYUT, B 3TOU

TouKe (QYHKIUS UMeeT MakCUMyM. [1oCKONIbKY KpUTHUYECKash TOYKa Ha IpOMe-
KYTKE [0;00) eMHCTBEHHAs, TO HAUOOJIbIIIee 3HAUCHNUE (DYHKITHS OCBEIIEHHOCTH

E(h) JIOCTUTaeT B OTOU TOUKE.

Ipumep 21. Ha kakoM pacCTOSHUM OT 3€MJIM HYXKHO CJIejaTh OTBEPCTHE
B IIIJIMHIPUYECKOM COCYE BBICOTOH H , 4TOOBI JadIbHOCTH CTPYH U3 OTBEPCTHS
ObL1a HAaNOOJIBIIIEH ?

Penienue

[Tycts L — gamsHOCTH cTpyH (puc. 12).

~ T,
P
H=
(T
H ™ X
X .,
RS
A
e L ™
Pucynox 12

Torma L =vt, r1e V — CKOPOCTh BBITEKAHUS KHIAKOCTH, t — BpeMs 3a KO-
TOPOE KHUAKOCTh Jocturaet 3emid. [lo 3akony Toppudeisin CKOpoCThb BBITEKA-
FOILIEH YKUIKOCTH

v=,/2gh,

rie g — YyCKOpeHHEe CBOOOJIHOTO mMajeHus, h — BricoTa cT0JI0A KUIKOCTH HAJ
OTBEPCTUEM. 3HAYUT

v=/2g(H -x).

Jlanee, ucnonb3ys M3BECTHYIO (DOPMYITy 3aBUCHMOCTH PACCTOSTHUS S OT
BPEMEHH, 32 KOTOPOE MPOIIEHO 3TO pacCTOsIHUE (PABHOYCKOPEHHOE JABIKECHUE)

2
S
2



g _|2X
HMEEM X = 7 , OTKyJa t = E . Torma majnbHOCTH CTPYH

=.,/29 Hx 2\/H xx 2\/Hxx

Io puc 12. 5cHO, YTO 06JIACTh JOIMYCTHMBIX 3HAYEHUI apryMeHTa X 9TO
npomexytok [0;H]. Uccnenyem ¢ynxumo L =L(t) Ha HanGonblice 3HAYCHNUE

Ha yKa3aHHOM OTpe3Ke. Beraucnnm nponsBoaHyo

" H-2x
L :Z(x/Hx—xz) __A-2x
VHx-x?

HaXOI[I/IM KPUTHUYCCKUEC TOYKHU

H-2x=0,
H

2

Kputnueckast Touka IpUHAIIEKUT OTPE3KY [O;H]. Haiiném 3nak npous-

BOJIHOM CJIEBA U CIIPaBA OT KPUTUYECKOU TOUKH

H 1
L'(ﬂj: SR T >0
3 H (H)? Y2, V2
o
3 (3 3
3H 1
(). H2,  oH
L = = -"£<o0.
4 3H (3HY V3, 3
H2 o 2 —H
4 (4] 4

Tak kak mpu mepexoje Yepe3 KPUTUUYECKYH0 TOUYKY 3HAK MPOU3BOTHOU
MEHSIETCA C «+»Ha «—»,TO B 3TOM Touke QyHKIMS uMeeT MakcuMyM. [1ockosb-

Ky 3TO CAMHCTBCHHAA KPHTHYCCKAsA TOYKa Ha OTpC?;KC[O; H] , TO HanOOJIbIIAS
AAJIBHOCTDb CTPYH AOCTUTACTCH, €CIIM CACTIATh OTBCPCTUC HA BBICOTC E OT 3€CMJIN.

Ipumep 22. IMes N OAMHAKOBBIX 3JEKTPUUYECKUX AJIEMEHTOB, MOXKHO
pPa3IMYHBIMKU CIIOCOOAMM COCTaBUTh M3 HUX OaTapero, COeAUHSS M0 a DJIEMEH-

n
TOB TIOCJIEJIOBATENBHO, & 3aT€M IMOJyYEHHBIE TPYIIIBI (YMCIIOM — ) — Mapaiielb-
a

HO. Tok, naBaeMblii Takoil Oarapeeit, onpeaensercs Gopmyoi
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nakE

l=—
nR+a‘r

rae E —anexTtpoaBuKyIas cuia OJHOTO 3JIEMEHTa, I — €r0 BHYTPEHHEE
CONpOTHUBJIEHUE, R — BHemIHee conpoTusiieHne. OnpeaenuTs, Npyu KakoMm 3Ha-
yeHUu a Oarapes 1acT HauOOJIBIIINUNA TOK.

Penienue

Ucxons u3 ycmoBus 3amaun, aD(O;n]. Hccnenyem Ha 3TOM MOJIyUHTED-

Basie pyHkumio | =1 (@) Ha HaubosblIee 3HAYCHHE. BBIUHCINM IPOU3BOHYIO.

nR+ a’r

I 2, _ 2
% nE( a j _ g R*a’r (ZT)a—nE nR T
(nR+a2r) (nR+a2r)

Haiiném xputryeckue Touku

nR-a’r =0

2o wefE

nR
IIpomexyTKy (O;n] NPUHAAJIC)KUT TOJBKO KPUTHYCCKAsA TOYKA a = ‘/— .
r

Hariném 3Hak mpon3BOAHOM CJI€Ba U CpaBa OT KPUTHUYECKON TOUKHU

NR—-— —
| OR = e r__-pg_ 2 _=2Es,
2r ( nR j (3nRj 9R
NR+—r
2r 2
2nR
NnR———r _
HNEELA S r e o L1eog
R
r

Tak kak npHu Mepexoae 4epe3 KPUTUUECKYH0 TOUKY 3HAK MPOM3BOJHOM
MEHSIETCS ¢ «+»Ha «—»,TO B 3TOM TouKe (PyHKIUA nMeeT MakcuMyM. [Tockob-
Ky 3TO SIAMHCTBEHHasi KpUTHYECKasi TouKa Ha npoMexyrtke (0;n|, To HanGob-

o nR
I TOK JOCTUT'ACTCsI HpI/I a=,[—.
Vr
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Ipumep 23. U3BecTHO, YTO MPOYHOCTH Opyca C MPSIMOYTOJIbHBIM IOTe-
PEUYHBIM CEYEHHEM MPONOPLUOHATIbHA €r0 IIUPUHE a M KBaJpary BBICOTHI b.

Haiitu pazmepsl Opyca HanbOobIIel MPOYHOCTH, KOTOPBI MOKHO BBIPE3aTh U3
OpeBHa quametTpoM d .

Penienue

[Tpounocts Opyca N =kab®, rme K — xod3pPULMEHT IPOIOPLHOHAILHO-
cru, k>0. U3 puc. 13.BugHo, uto a’+b*=d? nm b* =d*-a’.

Pucynox 13
Torma
N = ka(d2 —az) = k(dza—a"') :
W3 puc. 13. BUaHO, 94TO 00JaCTh AOMYCTUMBIX 3HAYEHH apryMeHTa a —

VHTEpBAIl (O;d). Uccnenyem dynkimoo N =N (a) Ha HaumOOoJIbIlIee 3HAYCHUE HA
3TOM MHTEpBAJIE. BhIunciIinM NpOU3BOAHYIO

N'=k(d%a-a?) =k(d>-3a?).
Kputnueckne Toukn
d*-3a*=0,

:—i a:i
ATTR 2T

d . .
Untepsaiy (0;d) NpHHAAIEKUT TOIBKO TOYKA A Haiiném 3HaK npous-

BO,Z[HOﬁ CJICBa U CIipaBa OT KpHTH‘ICCKOﬁ TOYKH
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2 2
N'(E]:k(dz—sd—j:kd—>0,
2 4 4

d d? d?
N'| —= |k| d*=3~—= |=-k—<0.
(«/Ej [ 2) 2

d
IIpn nepexone yepe3 KPUTHIECKYIO TOUKY E IIPOM3BOIHAS. MEHSIET 3HAK

C «+»Ha «—»,3Ha4uT, B 9TOH Touke pyHkuus N(a) nmeer makcumym. Tak Kak
9TO eIMHCTBEHHAs KpHMTHYeCKas Touka Ha uHTrepBane (0;d), To HauGoibLice
d
a=—
J3

3HAYCHHUC IMPpOYHOCTDb 6pyca JOCTHUTACT €ClIn

2
b:«/dz—az = dz—d_ :@_
3 3

51

3agaum aaredpsol

Ipumep 24. Cymma nByX nmosiokuteiabHbIX yucen paBua 10. Haiitu Bo3-
MO>KHOE HauOoJIblIIee MPOU3BEACHUE TAKUX YHCE.

Penienue

O6o3naunm umcia a u b. Torma I7=ald. [lo yciooBuio 3amaum
a+b=10, 3gayur b=10—a. meem

1=a(10-a)=1®@-a’.

Vcxozs U3 ycnoBus 3afaddl 06MacTh JOMYCTHUMBIX 3HAYEHHH apryMeHTa
a oro nnrepsan (0;10). Uccnenyem ynkumto /7 =71(a) na Hanbonblee 3Ha-

yeHue npu all (0;10) . BeIurcimMm npou3BOIHYIO

T =(10a-a) =10- 2.

Harném kputrdeckue Touku

Kputnueckas Touka npuHajIeKUT UHTEPBATY (0;10) . Beruuciaum 3Haue-

HUSI TPOU3BOAHOMN [T’ (a) CJIeBa U CIpaBa OT KPUTUUECKON TOUKU
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I7'(4)=10- 24= 2>
I7(6) =10- 206=~- % .

[Ipu nepexoze yepe3 KPUTUUECKYIO TOUKY 3HAK IIPOU3BOHON MEHSETCS C
«+»Ha «—»,3Ha4UT, B TOUKe a=5 (QyHKUUA JoCTUTaeT MakCUMyMa. Tak Kak Ha
VHTEpBAJIE (0;10) 3TO €AMHCTBEHHAs KPUTHYECKAsl TOUKa, TO HauOoJbIlIee 3HA-

YyeHue npoussenenue I/ (a) nocturaet mpu a=>5. Torma b=10- 5= E.

Ipumep 25.Yucno 54 npencraBieHo B BUJAE CYMMBbI TPEX MOJOKUTEIb-
HBIX claraeMbix. [lepBoe crmaraemoe B 1Ba pasza Oojblie BToporo. Haiitu stu
cliaraemble, 3Hasl, 9TO UX MPOU3BECHUE HAUOOIIbIIIEE.

Penienue

O603HaYMM BTOpOE ClIaraeMoe a, TOrJa MepBOe claraeMoe paBHO 2a, a
TpeThe paBHO S54—a— Za= 54— &. CocTaBUM MPOU3BEICHUE

I1=2alal54- %) = 108’ - &°.

Haiiném ob6macte gomycTuMblx 3HaueHHd aprymenta a. Ilo ycmouio
CJIaraeMspl€ MOJIOKUTEIbHbIE, 3HAUUT

a>0
2a>0
54-3FA> 0

Orkyna cnenyer al(0;18). Hccnenyem ¢ynkumto [7=I1(a) na
HanboIbIIee 3HAYEHIE Ha TIOTy4eHHOM HHTepBaie. HaxoauM npous3BoIHYI0

I = (108 - &°) = 216.- 18>

Kputnueckne Toukn

a(216-1&) = (,
a=0, a=12.

Kputnueckas Touka a=12 mpuHAIIEKUT UHTEPBAILY (0;18). Brrancinm

3HAYEHUsI TPOU3BOHON [T’ (a) CJIEBA U CIIPaBa OT KPUTHYECKOWU TOUKH

I7(10) = 216110~ 18110= 368 |,
I7(13) = 216113 18113=~ 234

37



[Ipu nepexoze yepe3 KPUTHUECKYIO TOUKY 3HAK IIPOU3BOIHON MEHSIETCS C
«+» Ha «—»,3HAuuT, B Touke a=12 QyHKus gocTuraer Makcumyma. Tak Kak
Ha WHTEpBaJe (0;18) 3TO €JUHCTBEHHAsl KpUTHYECKas TOYKa, TO HauOoJblliee

3Ha4YeHue npoussencHue I/ (a) gocturaer npu a=12. 3HauuT, NpOoU3BEACHUE
OyneT HauOOJBIINM, €CITU caraembie paBHbl 24, 121 18.

Ipumep 26.Yucno 15 npeacTaBieHo B BUI€ CYMMBI JIBYX TOJIOKUTEIIb-
HBIX ClIaraeMbIX TakK, YTO CyMMa Ky0a MepBOro U YTPOSHHOTO BTOPOTO cliarae-
MOro HanMeHbIas. HaliTu Takoe pasioxeHue.

Penienue

O0o3HauuM mepBoe ciaaraeMoe a, Bropoe ciaraemoe b. Torma cymma
Ky0a IepBOTr0 M YTPOSHHOTO BTOPOTO CjlaraeéMoro paBHa S= a>+3b. Io yCII0-
Buro b=15—a. 3uauur

S=a’+3(15-a)=a’+ 45- &,

Haiiném o6nacth JOMyCTUMBIX 3HAaueHUW aprymeHTa a. [lo ycioBuio
CJIaraeMspl€ MOJIOKUTEIbHbBIE, 3HAUUT

15-a>0
a>0.

3Ha4YuT aD(0;15). Hccaenyem pyHkIuo S= S(a) Ha HaMMEHbIIIEE 3Ha-
YeHHUE Ha MOJYy4YEeHHOM oTpe3Kke. Haxoaum mpou3BoaHYIO

S=(a’+45- ) = - &

Kputnueckne Toukn

3a?-3=0,
a=-1 a=1.

Kputnueckas touka ale(O;lQ. BeruncnuM 3HaueHHs S'(a) CleBa U

CIIpaBa OT KPUTHUYECKON TOUKHU

S(0,5=3D,5- 3*-125 ,
S(2)=3-3=9> (.
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[pu mepexoje 4epe3 KPUTHYECKYIO TOYKY 3HAK MPOU3BOIHON S (a) Me-

HSETCS C «—»Ha «+», CIIe0BaTeNIbHO, B TOUKe a=1 (QyHKIUS UMEET MUHUMYM.
Tak kak a=1 — eAUMHCTBEHHAass KPUTHUYECKas TOYKA WHTEpBaja (0;15) , TO

HAaUMEHBIIEr0  3HAYEHUs  CyMMa  JOCTUIraeT  IpHU a=1. Torna
b=15-1=15 = 1.

Jlpyrue npuMeHeHus1 NPOU3BOIHOM

[pumep 27. IIpu noaroToBke K 3K3aMeHy CTYJEHT 3a t 1gHeil u3ydaer
t 1 .
——— -0 9acTh Kypca, a 3a0piBaeT —1t-10 yacTh. CKOIBKO JHEH HYKHO 3aTpa-
t+16 25
TUTH Ha MTOATOTOBKY, YTOOBI ObIJIa M3y4eHA MaKCUMaJIbHAS YacTh Kypca?

Penienue

Iycts U (t) — 4acTs Kypca, KOTOPYIO CTYHEHT 3HAET B MOMEHT BPEMEHH
t. 3HauuT

U(t)= L1y

t+16 25

Haiiném o6macte momycTUMBIX 3HaueHHi aprymenTta t. Mmeem t=0.
Heo0Oxoanmo U (t) >0

t _Lliso
t+16 25

-1 - Llso,
t+16 25

, 25-(t+16 .0
25(t +16)

__t

25(t +16)

(9-t)=0.

YuyuteiBag 410 t=>0, OKOHYATEIHLHO HAXOIUM tD[O;Q]. Uccnenyem

dynkiuro U (t) Ha HanGonbliee 3naveHue Ha otpeske [0;9]. Haxomum mpous-
BOJIHYIO

!

t 1 16 1
"(t) = -t
ur(t) (t+16) 25 (t+16)2 25
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Hariném kputndeckue Touku

Boraucium 3Hadenne Qynkuuu U (t) B KPUTHYECKHX TOYKAX, KOTOpbIC

IpUHAAJIEKAT OTPEKY [O; 9] U Ha KOHIIAX OTpe3Ka

u(0)=o,
( ):4:116_?15 >0
u(9)=0

3HauUT, MAKCUMaJIbHAs 4acTh Kypca OyneT u3yuyeHa 3a 4 JHs.

Ipumep 28. TpebyeTcsi U3rOTOBUTH OTKPBITHIM HUIMHAPUYECKUM Oak
BMecTuMOCThIO V . CTommocTh 1 m® MaTepuana, U3 KOTOPOrO M3rOTABIMBAETCS
HO 0aKa, COCTaBIISET a IPH., a CTOUMOCTh 1 m° MaTepuasa, UIyLIEro Ha CTEH-
ku Oaka, — b rpH. [Ipu kakoM OTHOIIEHUH BBICOTHI Oaka K paJnycCy JHA 3aTpaThl
Ha MaTepuan OyayT MUHUMAIbHBIMH ?

Penienue

[Inomaner nHa HMUIUHApPUYECKOro Oaka S =7w?, a miomaar OOKOBOM

OCH

nosepxHoctu S, , . =27wh. Torna 3aTpaTsl Ha U3roTOBIEHUE Oaka

noe

IT1=alnr?+bRmrh.
2 — V
N3BectHO, uTo jytst nuuHapa V =7 “h. Orcroma h= pt Torma

H:aEm2+bDanL2:anr2+2b—V.
m r
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OG6nactb JOMYCTUMBIX 3HadeHui aprymenra r[1(0;«). Hccnexyem
bynkuuto 17 =11 (r) Ha HAaMMEHbIIIEE 3HAYEHUE HA TAHHOM MHTEpBaje. Brrumc-
JIUM TIPOU3BOJAHYIO

H':(anr2+2b—vj :2aﬂr—zov.

r r2

Haiiném xputrueckue Touku

Tak kak

arr
TO B TOUKE I = 3W q)YHKHI/IH HMCET MHHHUMYM. Tak kak ATO €OUHCTBEHHAs

KpUTHUYCCKass TOYKad, TO HAUMCHBLIICC 3HAYCHHUC 3arpar AOCTUTACTCA IIPU

arr
I =3— . 3HauuT
\/bV
T\ bV a m)

Haumensiiee 3HaueHHE 3aTpaTr AOCTUTACTC, CCJIU BBIIIOJIHCHO COOTHO-

IMICHUC
nzééxf
r al\m)’
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3aganus il CaMOCTOSITEIbHON padoThI

3apanme 1. Touka maccoil M), ABMXKETCA NPAMOJUHEHHO IO 3aKOHY

s(t)=(t-2)2. JlokaxwuTe, 4To ACiCTBYIOIAs HA HEE CHJIA MPONOPIHOHAIBHA
KBaJIpaTy IPOIEHHOrO MyTH.

3ananmne 2. MarepuanbHasi TOUKa JABMXKETCS MO MPSMOM COTJIaCHO ypas-

1+t .
HEHUIO X(t) :E . HaiitTi ckopocTh U YCKOpeHHE B MOMEHT BpeMeHH 1, = 2.

(Otger: 0.0625, -0.03125.)

3ananme 3. Teno, BBINYIICHHOE BEPTHKAJIbHO BBEPX C BHICOTHI I
C HAYAJIbHOM CKOPOCTBIO V,, IBIXKETCS 110 3aKOHY

h(t) :h)+v0t—i,

rne h —BreicoTa B MeTpax, t —Bpems B cekyHaax. HailTu BEICOTY Tella B MOMEHT
BpPEMEHH, KOTJIa CKOPOCTh Tella B 3 pa3a MEHbIIIe MepBOHaYaIbHOM, eciu hy, =2

M, V=4 mlc (g=10m/c?))

122
(Otser: 5 " )

3ananue 4. Ha npsmonuHeiiHoM oTpe3ke AB, COeIMHSIONIEM J[Ba UCTOY-
Huka cBeta: A (cumoit p) u B (cwtoit ), HaliTH TOYKY, OCBEIIaeMYIO ciiabee

BCEro, €ciiu \AB\=a. (OcBeméHHOCTh OOpaTHO MPOMOPLIMOHATBHA KBaApaTy
pacCTOSsIHUS OT UCTOYHHKA CBETA.)

a3
(OTBeT: HA pacCTOSIHAH \/—\/?j/— OT ToukH A.)

3aganue 5. U3 kpyrmoro OpeBHa auamerpoM d Hajo BbIpe3aTh Oanky
IPSIMOYTOJIBHOTO ceueHus. KakoBbl JOMKHBI ObITH miMpUHA b 1 BbicoTa h 3TOTO
cedeHus, YToObl Oanka, Oyaydu TOPU30HTAIBHO PACTIOIO0KEHHOW U PABHOMEPHO
HArpy»KCHHOH, MMena HaumMeHblmwmid mporu0? (Bemuumna mpormba oOpatHO
PONOPLUOHAIIbHA MPOU3BEACHUIO IIUPUHBI MTONIEPEYHOI0 CEYEHUs U KyOa BbI-
COTHI.)

(OtBer: b=d/2, h=d+/3/2.)
3aganue 6. Cuna AeiicTBUS KPYTrOBOTO AJIEKTPUUECKOTO TOKA Ha HEOOIb-

IIOM MAarHMT, OCh KOTOPOTO NEPIEHAUKYIAPHA IUNIOCKOCTH Kpyra, MIPOXOSILETO
yepes3 ero UEeHTp, BbIpaxaeTcs Gpopmyson
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CX

I7Ie @ — paauyc Kpyra, X — pacCTOSHHE OT IIEHTpa Kpyra /0 MarHuTa,
c=const.
[Ipu kakux X BenmuuuHa F OyneT HauOOJbIIeH?

(OtBet: X = % )

3apanue /. Haiftu 4ymucio, KOTopoe B CyMME CO CBOMM KBaJpaTOM JaéT
HAaUMEHBIITYIO CYMMY.

(OtBert: —% )

3aganue 8. Haiitu pa3noxenue uncna 12 Ha cymMmMy JIByX HEOTPHIIATEIb-
HBIX CJIaraeMbIX TaK, 4TOOBl CymMMa KBaJpaToB JTUX ClIaracéMbIX ObLIA. a)

HauOoJIbIIEH; 0) HAUMCHBIIICH.
(OtBet: a) 121 0;0) 6u 6.)

3apanue 9. [Ipu moAroroBke K SK3aMeHY CTYJCHT 3a t JnHEW u3yuaer

2 .
t+0 5-10 4acCTb KypcCa, a 3a0bIBaeT 4—9t -10 4acTh. CKOJIBKO JHCHU HYXXHO 3a-
+ 1

TPaTUTh HA TIOJTOTOBKY, YTOOBI ObLJIa M3yYeHa MaKCUMaJIbHAs 4acTh Kypca?
(OtBer: 3.)

1.3 Ilpunoxkenusi NpOU3BOAHOI B 3a]aUaX IKOHOMUKH
3agaun Ha HAaMOOJIbIIIEee M HAMMEHbIIIee 3HAaYeHue PyHKIUn

B mpakTuueckol AesSTENbHOCTH Ba)KHYHO POJIb UIPAET HaXOXKICHHE BO3-
MOHOCTH 3aTpPaTUTh MHUHUMAJIBHOE KOJMYECTBO BPEMEHM W MaTEpPHAIbHBIX
CPEIICTB, MOJYy4YHUB MPHU 3TOM MakcUMalbHbIN 3ddext. Kpome Toro, 60mbmnH-
CTBO MPOIECCOB B SKOHOMHKE MPOUCXOJAT TAKUM 00pa3oM, YTO HEKOTOpasl Xa-
PAKTEPUCTUKA TOCTUTaeT 3KcTpeMyMa. lIpaBuiia HaxO0XIEHHUS JIOKAJIbHBIX M
r7100aNbHBIX 3KCTPEMYMOB PacCMOTPEHHI B II. . PaccMOoTpuM 3a1a4n mpakTuie-
CKOI'O COJICpKaHUS.

Ipumep 29. Kanutan B 8 MIH. rpH. MOXKET OBITh pa3MelleH B OaHKe MoA
40% rofoBBIX WM MHBECTHPOBAH B IMPOU3BOJCTBO, MpudeM 3((HEKTUBHOCTH

BJIOKeHUsT oxuaaercs B pasmepe 150% .M3aepxku 3agaroTcsi KBaAPATUIHON
2

X 0
3aBUCUMOCTBIO 20 [TpubbLIs 06Maraercs HamoroM B p%. [Ipu kakux 3HaueHU-

X p BJIOXKEHUE B MPOU3BOJACTBO SBJsIETCA OoJiee 3(PPEKTUBHBIM, YEM UYUCTOE
pa3MeleHre KanuTaaa B OaHke?
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Penienue

Becp xanuTan 8 MiIH. TpH. pa3fgenuM Ha 4acTu: X (MJIH.) — B IPOU3BOJ-
ctBO, (8- X) —B Gank mox mpoueHTsl. Toraa yepes roj U3 GaHKa MOXKHO B3ATh

(8— x) + (8— x) 0.4 —T0, 4TO BJIOKWJIU Y IUTFOC IMPOLIEHTHI:
(8-x)+(8-x)0.4=(8-x)( ¥ 0.4=( &x) 1.

I[OXOI[ OT IMPOU3BOACTBA YCPE3 roa COCTABUT (y‘H/ITBIBa}I HA4YUCJICHHBIC
150%):

X+ x@: X+1.5x = 2.%.
100

Torz[a HpI/I6BIJII> OT BJOXXCHHA B IIPOU3BOACTBO — 3TO JOXOA MHUHYC H3-
2

ACPKKHN —, T. €.
PR 50

XZ

2.5x——.
20

Uucras npuObLIL OKAXETCS PaBHOM
2 2
2.5x—2—| 25— |-
20 20) 10C

T. K. IpUOBLTL o0araercst HajioroM B p%. O0603HAYMM = l—gc uyepe3 ;i = 1_8C , TOTJIa

2 2 2 2 2
25x-2 | 252 | B = p5-X | 25-X liz| 28X |( 1i).
20 20) 100 20 2 2

Yepes rox ob1ras cymma (0T OaHKa ¥ OT IPOM3BOJICTBA) MTPUOBLITA COCTABHUT:

2

S(x)=1.4(8- x)+( 2.&—%)]( ).

Jlns pereHus 3agadyud HEOOXOAMMO HAWTH HauOOJbIIee 3HAYEHUE ITOU
byukiuu Ha otpeske [0;7]. s 3Toro HaxoAuM MPOU3BOIHYIO:

S(x):1.4(—1)+(2.5§—)(()j(1—i):— 1.4{ 2.5110j( 1i)
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U npupaBHuBaeM e€ K 0:

(2.5—%}(1—0 =14

25-X =22

10 1-i
X o514,
10 1-1

x:(z.s-l_-‘_‘j 10= 25—
1-1 1-1
14
3HAYUT, KPUTUYECKAs TOYKA X, :25_ﬁ' T. x. umerca HauOosbIIEE

3Ha4YeHue QyHkuuu Ha otpeske [0;7], To 3Ta TOYKa OKHA MPUHAIICHKATH OT-
pe3ky, T.e. 0< X, <7:

25—1—4_>0, 25>1—4, : 1—i>i4, i<—21: 0.8,
1-i 1-i 25 25

P

T.K. | =——, TO

10C

P <084, p<s.
100

3HauyuT, npu 3HaueHusX P<84 % BioXKeHHE B TPOU3BOICTBO SIBJISCTCS
6onee 3¢ (HEeKTUBHBIM, UEM YUCTOE Pa3MEICHUE KanuTaia B OaHKe.

IIpou3BoauTEJIBbHOCTH TPYAA

1. ITycts U (t) — KOJIMYECTBO MPOU3BEAEHHON NpoAyKuu U 3a BpeMs
t. Heo6xoaumo HailTH MpOU3BOAUTENBHOCT Tpyaa. B MomeHT oT t, mo t, +At
KOJIMYECTBO MPOM3BEAEHHOM npoayKiuu nsmenntest ot Uy =U (t,) no Uy +AU |
Torna cpednsa npouzeooumenvrocms Tpyaa 3a nepuoj At

_AU
Zcp —E.

IIpouzeooumenvrocms mpyoa 8 3a0anmsiii Momenm 1ty

. AU ,
Z= lim Z.. = lim — =U'lt, ).
A|{I’_T:Io P At-0 At ( O)

45



2. Ckopocmb uzmeneHus npoussooumenvHocmu — z'(t). Jlorapudpmuue-
CKYIO MPOU3BOAHYIO

(In y)' =

< <.

Ha3bIBalOT OTHOCUTEIILHOMN CKOPOCTBIO UBMCHCHUA (I)YHKHI/II/I HJIN TEMIIOM H3ME-

I Z'
HeHus QpyHkuuu. B wactHocTH, (Inz) = = memn usMeHenus npoussooument-

HOCmu.

Ipumep 30. CratucTryeckuM NMyTEM YCTAHOBJIEHO, YTO O0BEM MPOIYK-
1Y 1exa u(t) yCII. €11. B TeUeHHe pabouero AHs ONMUChIBaeTCs (QyHKIMEH

u(t)=_T20t3 +60t2 +160 +240,  1<t<8,

rae t —Bpewms, 4.

Haiitu:

a) I[Ipou3BOAUTEIBHOCTh TPY/Aa, CKOPOCTh U TeMIT €€ HM3MEHEHHsS uepes3
3 yaca nocie Hayajga paboThl;

0) B kakoii MOMEHT BpeMEHH MPOU3BOIAUTEIBLHOCTh TpyJaa OyIeT
HauOobIIe. Pe3ynbTaT MosICHUTh aHATUTHYECKH U rpaduuecku. CaenaTh KO-
HOMUYECKHUI aHaJIU3 pe3yJbTaToB.

Penienue

a) TPOM3BOAMTENBHOCTH Tpyaa Z(t) paccumthiBaetcs mo  (opmyse
z(t)=u'(t):

!

z(t) = (_—g‘ot?’ +60t2 +160 + 240) =-20t* +120 +160.

HaxoauMm npoun3BoauTensHOCTh Tpy/Aa uepe3 3 yaca mociie Hayaiaa padoThI:
z(3) = -20[3* + 12008 +160= 340.

CKOpOCTh M3MEHEHHS POU3BOJNTEILHOCTH HAWIEM KaK IEPBYIO IIPOM3-
BOJHYIO OT Z(t):

Z(t) = (- 20t +120t +160) =40t +120.
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Haxoaum ckopocTh H3MEHEHHS TIPOU3BOAUTEIHLHOCTH Yepe3 3 yaca 1mocie
Hayasa paOoThI:

Z(3) = -40[3+120=0.
I[anee BBIYUCISAEM TCEMII UBMCHCHUA HpOI/ISBOI[I/ITeJ'IbHOCTI/I:

Z(t) . -40+120
Z(t) -202 +120 +140°

M HaXOJUM €TI0 3HaAYCHHUEC UCPEC3 3 Jaca 1ocJe Hadana pa6OTBI:

Z(3)_  -40[3+120 _ 0 _
z(3) -2008 +1200B3+160 340

0) I'padux byHKIIIN IIPOU3BOAUTEIILHOCTH Tpyaa
Z(t): -20t* +120 +160 mnpexacraBaseT coboit  mapa®oiy, BETBH KOTOPOM
HanpasieHbl BHU3. CliejoBaTeNIbHO, HauboJiblliee 3HaueHue 3Toi GyHKuuu Oy-
JeT JAOCTUTAThCA B BepluMHe mapabosbl. s moctpoeHus rpaduka QyHKIUU
HalAEM KOOPIAUHATHI BEPILIUHBI 1apaboibl:

-b_ -120
t,=——= = t,) = 2(3) = -2008 +12003+160= 340.
*% 22~ 20-20) 3 zt,)=2(3)=-2008* +120[B+160= 340

Bepmmna mapa6onsl HaxoauTcs B Touke M (3;340). Tak kak BeTBM Mapa-
00JIbI HaITpaBJICHBI BHU3, TO HaIEM TOUKH Tiepecedenust ¢ ocbto Ot . Jlns aToro
pUpaBHUBAEM Z(t) K HYJIIO:

- 20t* +12(t +16C=0,

-t +6t+8=0,
D =36- 4[{- 1) (B= 68, tlz-ﬁ-_j@: 7.12:"6+—ja3=— 1.

Jlnst Haxosxennst mepecedeHust ¢ ocbto Oz moncraBum t =0 B Z(t):
2(0)=-2010+120[0 +160=160.
[Toctpoum rpadux Gyukuuu (puc. 14):

[To rpaduky BHJIHO, UTO MPOU3BOJUTEIBLHOCTh TPYAa PACTET B MEPBBIC 3
yaca pa0boThl, a 3aT€M MOCTENEHHO CHUYKAETCS K KOHILY paboyero AHsl.
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]

- 1
H

-

7 t

Pucynok 14
Cpennue u npejaejbHble H31EPKKH MPOU3BOICTBA

[TycTh X — KOJMYECTBO BBITYCKAEMOW MPOAYKIHUHU; Y — U3AEPKKHU MPOU3-
BoJicTBa. Eciin Ax — mpupaiiienre npoaykiuu, a Ay — npupalieHue u3aepxirex
POU3BOJICTBA, TO % — cpe/iHee IpHpalleHue U3IepKEK MPOU3BOJICTBA HA €U-

X

HULy nmpoaykuuu. Torma

— npeoevbHole U30epIHCKU TIPOU3BOICTBA.

AHaJIOTUYHO MOKHO J]aTh MTOHSTUE CICAYIOIUM SKOHOMUYECKUM TI0Ka3a-
TeJISIM: TIpe/ieNIbHAs BRIPYUYKaA, IPENeTbHBIN 0X01 U 1p. [IpenensHbie N3aepKKu
MPUOIMKEHHO XapaKTEPU3YIOT JOTOJHUTENBHBIC 3aTpaThl HA MPOU3BOICTBO
€AVHUITBI TOTIOTHUTETHHOU MPOTYKITHH.

Ipumep 31 Ilpenmpusitiie BbIMYCKAEeT U peanu3yeT NPOAYKLHIO B 00BE-
me Q yci. en. ®ynkmum 3atpat C (Q) U IIEHBI P(Q) UMEIOT BUJ:

C(Q)=192Q° + 432Q% + 288Q+15,  P(Q)=-144Q +8928.

Haitru:

a) MaKCUMAJIbHYIO MPUOBLIb MPEINPUATHS, 00bEM H IIEHY, COOTBETCTBY-
IOLIME MAaKCUMAIbHON NPUOBLIH;

0) cpeaHuWe W TpEIeNIbHBIC 3aTpPaThl, COOTBETCTBYIOIINEC MAaKCUMAJIBbHOM
pUOBLIH;

B) YYaCTKH pOCTa U yObIBaHUS MPUOBLIN Ha oTpe3ke [2; 5;

') HAaUMEHbIIIee 3HaYCHHE 3aTpaT Ha [2; 5].

Penienue

a) [IpuObuIbI0 HAa30BEM pa3HOCTH J0XOAa M 3aTpaT. Ilpum 3TOM moxomoM
HA30BEM MPOU3BEICHUE IICHBI Ha 00bEM BBIMYIICHHON MPOAYKIIHH:

17(Q)=Q[P(Q)-C(Q) = (-144Q +8928) [Q - (192Q° + 432Q7 + 288Q +15)=
=— 192Q° - 5760 +864Q-15
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Uccnenyem 3Ty GyHKUIHIO HA HAaMOOJbIIEe 3HAYEHUE, JJI1 ATOr0 HauaEM
€€ MPOU3BOJIHYIO:

7' =-192[3Q% - 576[2Q +86.4[1=
=-576Q% -1152Q +864.

Haiiném kputuueckue touku (I71'=0):

-5.76Q° - 11.50+ 86.4 (= 5.7,

Q? +2Q-15=0,
-2+ /4+4015 -2+8
Q:LZ_ - ’
2 2
Q=3 Q=-5

OtpunarensHas BeauunHa Q, =—5 He MMeEET YKOHOMHMYECKOIO CMBICIA,
[O3TOMY €IMHCTBEHHON KpUTHYecKOM Toukoi Oynem cuutath Q, =3. OT0 M

€CTh 00BEM BBIITYCKA, KOTOPHIA COOTBETCTBYET MAaKCHUMAaJbHOW MpUOBLIH, TaK
KaK MpU NEpexo/ie Yepe3 3Ty KPUTHUECKYIO0 TOUKY MPOU3BOJIHAS MEHSIET 3HaK C
IUTIOCA HA MUHYC!

17'(2)
1r'(4)

-576[2* -1152[2+86.4>0,
—-576[4° -1152[4+86.4<0.

Haiiném MakcuManbHYy!O NpUObLIb, BBIYMCISSL 3HaueHue [/ (Q) B OTOH
TOYKE:!

11(3)=-192[B° - 5768 +86.4B-15=14052.
Haiiném ey, KoTopasi COOTBETCTBYET MAaKCUMAJbHOU MPUOBLIH:
P(3)=-144[3+8928=8496.
0) Haiiném 3aTpaThl, COOTBETCTBYIOIINE MAaKCUMAaIbHON MIPHOBLIH:
C(3)=192[8° + 432[B* + 288[B+15=11436.

Torma cpennue 3aTpaThl, KOTOPbIE COOTBETCTBYIOT MAaKCHUMAJIbLHOU TMPH-
OBbLIN PaBHBI:

c - C(3) _11436

: =3812.
!
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YroObl HAWTH MpeAenbHBIC 3aTpaThl HY)KHO BBIYHCIHUTH MPOU3BOIHYIO
(yHKITUHU 3aTpart:

C'(Q)=576Q° + 864Q + 288.
B Touke Q =3:
C'(3)= 5768 + 864[B+ 288=8064.

B) Haiiném y4yacTtku pocta u yObIBaHHUS MPUOBLIH, UCIIOIB3YsI PE3YJIbTaThI
npeapiaymero 1. a). [Ipu 00béMe BhIMycka MPOAYKIIMK OT 2 10 3 /1. MPUObLIb
Bo3pacTaet (T. K. Ha ’TOM Y4acTKe MPOU3BOHAS TOJIOKHUTEIbHAS), & IPH 00BE-
Me BBIITycKa oT 3 10 5 1. mpuObLIb YObIBaeT (IIPOU3BOAHAS OTPUIIATEIbHA).

r) HanmMeHbIliee 3HaUeHUE 3aTpaT HalAEM UCTIOJB3Ys TPOU3BOIHYIO!

C'(Q)=576Q° + 864Q + 288.

Haxoaum KpUTHUYECKHE TOYKH (C’ (Q)= 0) :

576Q° + 864Q + 288= (:288,

2Q°+3Q+1=0,
_-3+./9-4[2 -3%1
Q1,2_ 4 - 4 ’

Q=-05  Q,=-1.

HyXHO BbIYMCINTH 3HaueHUE (YHKUIUU C(Q) B KPUTHUYECKUX TOYKaX,

OPUHAISKAMX YKA3aHHOMY IPOMEXYTKY, M Ha KOHIaX IIpoMexyTka. 13 no-
JYy4YEHHBIX YMCEN BHIOPATh HAaMEHBbIIIEE.
Kpurnueckue toukn Q =-0.5 u Q, =—1 He mpuHALIEKAT IPOMEKYTKY

[2; 5], 3HauuT BRIUKCIMM 3HaUEHUE (PYHKIIMH TOJIBKO B TOUKax 2 1 5:

C(2)=192[2° + 432[2* + 288[2+15= 4476,
C(5)= 1925 + 4325 + 2885 +15=3774.

3Ha4MT, HAaMMEHbBIIIEe 3HAYCHUE 3aTPAT Ha MPOMEXYTKe [2; 5] paBHO 44.76.

IJIaCTHYHOCTD M eé NPUMEHCHUEC B IKOHOMHKE

OpHuM U3 BaKHEHIINX MPUMEHEHUN U depeHIInanbHOr0 HCUUCICHUS B
DKOHOMMKE SIBJIIETCS] BBEJICHHE C MOMOILBIO MPOU3BOAHOMN MOHATHUS 3JIACTHYHO-
cti. KoadpuumeHnt 3macTHYHOCTH NMOKa3bIBAET OTHOCUTEIHHOE M3MEHEHUE HC-
CJIEAYEMOr0 SKOHOMHMYECKOIO MOKA3aTeNs M0 JEMCTBUEM €IMHUYHOIO OTHOCH-
TEIbHOTO U3MEHEHHUSI SKOHOMUYECKOTO (paKTopa, OT KOTOPOTO OH 3aBUCHT.
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1. OnactuyHocThio dyHKIMK Yy = f (X) HasbIBaeTCS Mpeaen OTHOLICHHS
OTHOCHUTCJIIBHBIX H3MeHeHHﬁ HepeMeHHBIX y u X.
ay . ax _ F(x)x

E.(y) = glxrp07.7_ )

Dnacmuunocms cnpoca no yeHe

d
Edm=—%

_Ql'c

MOKa3bIBAET OTHOCUTEIILHOE M3MEHEeHHE (B MPOIEHTAX) BEJIUYMHBI CIIpoca Ha

Kakoe-JIMO0 Oaro rmpu M3MEHEHUH IIEHBI ATOTO OJlara Ha OJWH TMPOIEHT B Xapak-

TEpU3yeT YyBCTBUTEIHHOCTD MOTPEOUTENECH K N3MEHEHUIO 1I€H Ha PO TYKIIHIO.
AnacmuyHocms cnpoca no 00Xo0y

dq |
E =" .
1 (9) dl g
2. Yacmnas snacmuunocms. Pacemotpum pyukmuio z = f(x,y). Benuun-
HBI E, (2), E, (2), KOTOpBIE ONPENENAIOTCA HOPMyTaMu

E(=2% g =2
0X z

oy z
HA3BIBAIOTCSA YACTHBIMHU 3JIACTHYHOCTAMH (QyHKIuH Z= f(X,y) oTHOCHTEIBHO
nepeMeHHbIX X uY. YacTHas 31acTHYHOCTh E, (Z) NMpUOJIM3HUTENBHO O3HAYaeT
MPOIEHT pocTa (MM CHIDKEHUS) (QYHKIMH Z, €CJTH apryMEHT X YBEIIMYUBACTCS
Ha 1%,a apryMeHT Y 0CTaeTCs MMOCTOSHHBIM.
Hanpumep, Ep (z5) — yacTHas smacTHYHOCTH CHpoca HA ToBap A OTHO-
CUTENIBHO LIEHBI P,, MPUOIM3UTEIBHO O3HAYaeT MPOLEHT pOcTa (CHUDKEHMS)

crpoca Ha ToBap A, eciu LieHa ToBapa B Bo3pacraer Ha 1%, a nena ToBapa A
OCTaeTCsl HEU3MEHHOM.

Mpumep 32. ONBITHHIM TyTEM yCTaHOBJEHB dyHKIMu crpoca g(p) u
IPEIIOKEHHUS S(p):

_p+8 _
= , S(p)=p+ 05,
a(p) 0+ 2 (p)=p

rJie p — IIeHa TOBapa, U S —KOJIMYECTBO TOBAapa MOKYMAeMOTro U Ipejiia-
raeMoro Ha IpoJIaxy.

Haitru:

a) paBHOBECHYIO IICHY;
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0) 21aCTUYHOCTBH CIPOCA W MPEAJIOKEHUs I 3ToM 1eHbl. Caenarh 9Ko-
HOMUYECKHUH aHaJIU3 pe3yJIbTaToB,
B) M3MEHEHHE JI0X0/1a ITPH YBEIMUEHUH IICHBI Ha 5% 0T paBHOBECHOM.

Penienue
a) PaBHOBeCHas 1ieHa 3TO IIeHa, IIPX KOTOPOH CIIPOC U MPEI0KEHUE PABHBI

p+8
p+2

1 5
8=(p+2) p+=|=p?+>p+1:
p+8=(p+ )(p+2j p*+ P+,

= p+05;

p= p2+gp+1—8= p2+gp—7;

p*+2p=7=0;

p,=2
(p, = _E HE MMEET SKOHOMHYECKOTO CMBICIIA).
0) DMacTUYHOCTH CIPOCA BBIUUCIIACTCS 110 POpMyIie

Ep(q)=QLGq(p—p)-

!

p+8J _p+2-(p+8)_ -6

Beruncnum Q) =(

p+2 (p+2)° (p+2)°
o -6 P _  -6p
I E,(a)=q,B-== - ) |
onyunm E (q) = q, q(p) (p+2) p+8 (p+2)(p+8)
p+2
ITpu p=2
_ 62 _
Ez(Q)—W_

D1aCTUYHOCTD IMPCHJIOKCHUA BBIYUCIIACTCA 110 q)OpMYJIC

' o P
E(S)=S O
(8)=5, s(p)
Boeraucimm S, = (p+ 0.5)’ =1.



[omyunm Ep(S)=S' gP =13 P

[Tpu p=2

T. k. ‘Ez (q)\ <lm ‘EZ (S)‘ <1, T0 cpoC U NPEUIOKEHUE HE DIACTUYHBI OT-

HOCHUTEJIBHO LIEHBI. DTO O3HAYAET, YTO U3MEHEHHE LIEHbI HE MPUBEAET K PE3KOMY
M3MEHEHUIO CIIPOCa U MPEI0KECHHUS.

[Tpu yBenuuenuu nieHs! p Ha 1% copoc ymensimres Ha 0.3%,a npemio-
xenue yBenuuutcs Ha 0.8%.

B) [Ipu yBenuyennu neHsl p Ha 5% 0T paBHOBECHOU CIIPOC YMEHBIIACTCS
Ha 1.5% (. x. —0.3(b=-1.£), cnemoBarenbHO A0X0] Bo3pacraeT Ha 3.5%.

3agaHus 119 CAMOCTOSITEIbHOM PadoThI

3aganue 1. O6bEM MpOAYKIUU NPEANPUATHS B TEUCHHUE PaOOUEro JHs
o -10
onuchbiBaeTcss QyHKIMEH u(t) = Tt3 +40t% + 20 +30. BpauciauTh mpou3BOAM-
TeIBHOCTH uepe3 4 yaca mocje Havyana padoTel. OnpenennTsb, 4yepe3 Kakoe Bpe-
Ms1 TEMI U3MEHEHHsI POU3BOAUTENBHOCTH OyeT paseH 0.

(Otser: 200; 2.)

3aganue 2. 3aBUCUMOCTb MPUOBUIM MPEANPUITHS OT 00bEMa BBITyCKae-
MO TPOIYKIIUH OMUCHIBaeTCs popmynon M = -x* +4x +11. HaliTi 3HaueHne o0bE-
Ma MPOAYKIMH, TP KOTOPOM JOCTUTAECTCS MAKCHUMAIbHOE 3HAYEHHE MPUOBLIH.
VYka3are yuacTku pocTa v yobIBaHUs TpUObLIH. I1oCcTpOnTh rpadmk 3aBUCUMOCTH.
(OtBer: 2.)

3apanue 3. [Ipeanpusrre BhIMYCKAET U peaTu3yeT MPOIYKIHIO B 00hEME
3

Q ycn. en. OyHKIUsA 3aTpar C(Q) HUMEET BHJ C(Q)=%—3tz+5t+20. Haititu

MUHHMaJIbHOE 3HAUYEHHUE 3aTpar, eciiu 00béM mMensiercs ot 0.510 3 yei. e,
(OtBer: 17.)

3aganue 4. 3aBUCUMOCTD U3ACPKEK NPEANPUATUS OT 00BbEMA BBIMTyCKae-
MOU TpOoAyKIMK 3aJaHa pyHKIHMeH K =x* —x+2. Haiiti 3HaueHne 00bEMa, mpu
KOTOPOM M3JEPKKM MPUHUMAIOT 3HaueHue 8 yci. el. YKa3aTb BO3MOXKHOE MH-
HUMAaJIbHOE 3HAUEHUE U3JIEPKEK U 00BEM MPOAYKIIMH, IPU KOTOPOM JOCTUTAET-
Csl IKCTPEMAIBHOE 3HAUYCHHE.

(OtBer: 3, K(0.5) = 1.7%.)

Jluteparypa: [5,rn. 11,8 1, 6; 6r1. IV, 8 2; 7, p. 2,1 II; 8, 9. 1,171. 5,
81;9,p.4,85.2;10y. 1,p. 10, 8§ 10.7; 119. 1,p. 6, § 6.8].
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2 MPUJIOKEHUA ONPEAEJEHHOI'O HHTETPAJIA

C mareMaTU4eCKOM TOUYKH 3PpCHUA IMPHUIIOKCHUC OHpC,Z[CJ'IéHHOI‘O HHTCTpa-
Jla MOXKHO p€ain30BaThb 110 O,Z[HOﬁ M3 IBYX CXCM. HCpBaH OCHOBAaHa Ha OIpCac-
JICHMHU MHTCTpajia

n-oo,

maxAx, - 0171

jif(x)dxz Lim Zn:f(fl)mq

Bropas cxema nmpuMeHeHHUs! ONpeNeEHHOr0 MHTErpajga COCTOUT B clie-
nytotieM. [lycts TpeOyeTcss HallTH HEKOTOPYI0 T€OMETPUYECKYI0 Wi (pu3nye-
CKYIO BeJIMUMHY Q, UMEIOIIYIO ONpe/eIEHHOE 3HAaUeHHE Ha 3aJaHHOM OTpe3Ke

[a; b] . IIpennonaraercs, uro BeauunHa Q SIBJISETCS aIIMTUBHOM, T.€. €CIIU pa3-
JEIUTh OTPE30K [a; b] Ha 4acTH, TO BeJimunHa Q OyJeT paBHa CyMMe 3Ha4YCHUI
Q, COOTBETCTBYIOIIMX ATUM YacTsM. M3 yclioBus 3a/1aul HAXOJUTCS <OJIEMEHT
dQ BeaumuuHbl Q, COOTBETCTBYIOIIMN <«AJIEMEHTAPHOMY MPOMEKYTKY>»
[X; X+AX] , B Buje dQ = q(x) dx. [Ipu 3TOM MOJB3YIOTCS PA3IMUHBIMU JIOMYIIIE-

HUsAMHU. Hampumep, nepeMeHHy0 CUIy Ha <OQJIE€MEHTApHOM MPOMEXKYTKE» CUH-
TalOT TOCTOSHHOM, KPHUBOJMHEWHYIO Tpareuui0 — MPSIMOYTOJbHUKOM U T.II.
Y6enuBmuce, uto dQ HailAEHO BEPHO, T.€., uTo dQ =AQ, HHTETPUPYIOT IO OT-

pe3Ky [a; b] aneMeHT dQ U Moy4yaroT UCKOMYIO BEJIMYUHY

Q:jq(x)dx.

a

2.1 I'eomeTpuyecKkue NPUI0KEHUS ONIPeAeTEHHOT0 HHTerpasia
Ilmomaan odacTu

1. Ilnowaow 6 oexapmogoii cucmeme Koopounam. JJis TIOIMATNA KPUBO-
JIMHEHHON Tparelny, OrpaHUYeHHON cBepxy rpadukom Qynkumu y = f,(x),

cHu3y rpaduxom Y= f,(X), cieBa u cipasa npsiMbiMu X=a 1 X =b, Hemocpea-
CTBEHHO M3 T€OMETPUUECKOTO CMbICIIa ONPEAEIEHHOTO HHTETpaia UMeeM

b

S:I[ f,(x) = f,(x)]dx.

a
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2.B ciyuae obiactu, orpaHndeHHol auHueit, X =x(t), y=y(t), tD[tl;tz]

(3amaHHOM napamempuuecku), yauThiBas 1. 1, uMeem

s==[y()x (t)ct,

4

3HaK «+»eciu X(tz) > X(tl) mpu t, >t
sHak «—»ecmn X(t,) < X(t,) mpu t, >t,.

3. [Inomane obmacT, OrpaHUYECHHON JTUHUSMU, 3aIaHHBIMUA B HOJSPHOU
cucmeme KOOpOUHam, BBIYUCISAETCS TI0 popmyIie

s=21[02(0)- st (#)]00.

)

rgpc p = ,01(¢) — BHYTPCHHSS I'paHMIIa 06J'IaCTI/I, P = ,01(¢) — BHCIIIHAA I'PaHH-
a, ¢ D[¢1’ ¢2] )

Ipumep 33. Beruucauth miomaas 00JacTH, OTPAaHUUYEHHOW ITUHUSMU
2
y=X -2x+1, y=2x-2.

Pemienne

I'paduxom Gyskmun Yy = x> —2x+1 sBisgercs mapaboya ¢ BEPIIMHON B
TOYKE (l; O), BETBU HarpaBJieHbl BBepX. [’ paduk nuHelHOW QyHKIUU Y = 2X— 2

—npsivasi. 300pas3um rpaduku Ha oqHOM yepTeke (puc. 15).

P

Pucynox 15
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Haiiném Touku nepecedyeHus rpadukoB

X2 =2x+1= 2x- 2,
x> —4x+3=0,
X =1 Xx,=3.

Hcnonw3ys dopmyiy n. 1, BBIYHCINUM IUIOMIAIL 007IaCTH

S:i[2x—2—(x2— 2X + ])]dx:i(—x% 4 — :)dx:

3
= (—X— +2x° — 3XJ
3

3

wlh

1

IMpumep 34.Haiitu mmomans smumumnca X =acost, y=bsint, t D[O; 277] .

Perienue

[lycTe nnomanp smumnca S, MIOWIAAb JJUIMIICA B MEPBOM YETBEPTU S .
Torma S=4S Ttak kak 00JacTb CUMMETPUYHA OTHOCHUTEIBHO KOOPAMHATHBIX

oceii (puc. 16)

N

i
K/a i
Pucynox 16
Boruncnum minomans, ucnonb3ys Gopmymy . 2.
7 7 75
S=48 =-4| bsint[{~asirt)dt= 4b | siftdt= ab[( + codpdt=
0 0 0

:2ab(t—%sin zj —
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IMpumep 35. BeruucauTh mion@aab, OrpaHuuEeHHYIO TUHUSMU

p=2L-cosp)
p=2cosp

Pemienne

[TocTpouM rpauKy 3a1aHHBIX QYHKIHH. 0 = 2(1-Ccosp) — KapaAUOMAa, TaK
KaK IepeJ] COsp CTOMT 3HAK « — »,HAIpaBJI€HA BJIEBO; O =2C0SY — OKPYNKHOCTb

¢ nentpom B Touke (1;0)u paguycom 1 (puc. 17).

Pucynok 17

Hckomas momaar S COCTOMT M3 JIBYX PaBHBIX ydacTel. 3Hauut S=29
rje S — 3alTpUXoBaHHAs IJIONMIAAb. S MPEACTABIIET COOOM CyMMY ABYX ILIO-
maaei S u S;, KKy U3 KOTOPBIX HaaéM B oTnenbHOCTU. Haliném 3HaueHue
@ , KOTOPOE COOTBETCTBYET TOUKE TMepeceueHust rpadukoB QyHKIIHMA

2(1- cogp) = 2cogp,
2cosp =1, cos¢=%, ¢:%.

[Lomans S, orpanmueHa rpadukom kapauounsl (¢ wusmensercs ot O

71
O_
i 3)

4(1- cogp §Sdp== 4 (+ 2cog+ cO dp=

O —wly
o iy

1
%75

o w\a

o[ (1= 2cog + L1 OS2 COS” Wp== 20— 2sigh+— ¢+— sing

O'—-w\ll

3

4
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[nomanas S; orpannyeHa rpaguKoM OKPYKHOCTH (¢ W3MEHSETCS OT 3

71
10 E)
s, :%i4co§ pdd ::i (4 cos@ ¢ =
1 Z_ﬂ_\/é
—(¢+§sm2¢4 Bt

n

3Haunt S=2(S+ )= 2(71—7%4/5+g—§j :%7—4\/?%.

IMpumep 36. BeruncauTs mionaab, OrpaHuuEeHHYIO TUHUSMU

X2 —4x+y? =0
X2 -8x+y?=0’
X
y== ¥

Perienue

[Toctpoum rpaduku 3amaHHbix QyHknmi (puc. 18). Jlanee mepeiiném k
MOJISIPHON CUCTEME KOOPJUHAT C MTOMOIIBI0 (OpMYIT

X = pCcosp
{y:psinqb.

Nmeem

X*—4x+y*=0 = p°cos ¢—-4pcosp+p’sinfp=0 = p=4cosp,
x> -8x+y*=0 = p’cos ¢—-8pcosp+ p’sing=0 = p=8cosy,

—'OCOS¢ i:>¢:£’

_ X L _
y—\/é = psing 73 = tgg 73 5

y:\/§x = psin¢=\/§pcos¢ = tg¢=\/§ = ¢=%.
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Ycnosue 3aJa4uu IMpuMET BU

p=4cosp
p =8cosp
T T
6 3
2
Pucynox 18
UtoObl HAWTH TUIONIAAb 3AIITPUXOBAHHON (DUTYPHI BOCIIOIB3YeMcs (op-
MYyJIOH 11. 3.
- z
s:§£(64co§¢— 16c0’5p)dg == 1j”2 @ cog2dg =
6 6

Iy

3
m

:12(¢+%sinﬂ - .

ol

JlanHa JTuHuHA

1. Jlnuna nunuu 6 dexapmosoti cucmeme koopournam. Eciu QyHKIMS
y=Yy(x) Taxas, uro y(x) HempepbiBHa Ha [a;b], To mmHa L coorBeTcTBYyIO-

LIEN JTMHUU CYLIECTBYET U

L :_[ 1+(y’(x))2dx.

a

2. Ecnu nunust L 3anana napamempuuecku, x=x(t), y=y(t), tO[t;t,],

npu otoM X (t), y'(t) HenpepsbiBHBI, TO
t
L= j X2 +y2dt.
b
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3. Ecnu nmuamst L 3amaHa B nosspHou cucmeme KOOpouHam p = ,0(¢),
¢D[¢1;¢z] , 1 ,0'(¢) HETpephIBHA, TO

¢,
L= j\/,o2 +0'%dg.
b

IMpumep 37.BbrunciauTs AIUHY TyTH MOTyKyOHYeCKO# mapaboisl y* = x°
ot Toukw (0;0) no Touku (4;8).

Perienue

13 ypaBHeHus napabosbl y =+ x° . Tak kak Ha y4acTke rpaduka ot To4-

ki (0;0) mo Touku (4;8) y>0,T0 y= NN =x2. Haiiném mpon3BoaHy0
=3 =3
3003 x.

[Ipenensr unterpupoBanus O u 4, 1. k. abcuucca nepBoi Touku paBHa 0,
BTOpO# paBHa 4. Micnionb3ys ¢popmyiy 1. 1, BBIYUCTUM IIUHY JTHHUA

L= j1+( jdx j\/uTld —j\/md _j 4+9‘ X =

;I(4+9x)y2dx—27(4+9<)% :?7(403/2 4%) 7(4@’_(} 3

0

IIpumep 38. BbluuciauTh IJWHY JyTW IEMHON JIUHUM y:e%+e%,
XD[O;Z].

Penienue

Brrancinm nponsBoaHyro
y=1e-17 :—l(eyz —e%) .
2 2 2

Hcnonw3ys dopmyiny m. 1, BBIYUCIUM AJIUHY JTUHUH

= e (3o oxe 12 (o] - 2w (67 Jos
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:J%\/l+£(ex—2ﬂ+e‘x)dx:.2[\/4+ex _42+e_xdx:_ﬁJde:
%J%\/(e%)z+2@yz®%+(e%)2dx:—ﬁ (eyz+e_y2)2dx:
%J:(eyue%)dx— (Zﬁey2 Zeyz) (ey2 )

(e%—e_%)—(e/z—e/z)ze—e‘ —e-1.

€

AN

0

Ipumep 39. Berauciauts JJIMHY 1yTU KPUBOU y =Incosx+2, 0< x< % .

Penienue

Bpraucioum IMPONU3BOAHYIO

y' = (ln COSX + 2)’ = (—Sin X) = —tgx .

COsX

Haitném niunHy nuHuM, UCnoas3ys Gopmyny . 1.

n/s 6 n/e dx

j 1+tg*xdx = I ———dx= =

) \/cos2 X cos<| "~ |lcosX = cox CO%
=In

tg(§+7—Tj tg(£+7—Tj —In tg(9+7—7j =
2 4)|, 12 4 2 4

tg(gj‘—ln tg,—j =In/3-1In1=InV/3.

Ipumep 40. BerauciauTs JJIMHY OAHOTO BUTKA ITUKJIOUIBI

{ x =9(t - sint)

y =9(1- cog)

cosx> 0, x0[0;77/6]| _ J»_x_

0

=In

=In

Penienue

OnuH BUTOK ITUKJIOUIBI COOTBETCTBYET tD[O;Zﬂ]. Beruucnum npousBos-
HbIE

I

X =(9(t=sint)) = 9 1- cos)

I

y, =(9(1- cog)) = 9sin .
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Haitném niuHy TMHUM, UCTIONB3YS Gopmyay . 2.

L:Zf\/sl(l— cog)’ + 81Siﬁtdt:2f\/ g1 2cos Cas ot =

27T 21T =
:9J'\/2— 2cogdt = 9/_4\/ + caslt = 2 2 =
0 0

23in2£: 1- co$
2
\/_271 t
=92 2sirf—dt= 1
g

18[{-2) cos;

0stsZn, O<s—<i, I
sm—‘ = 1? sin}dt:
sz >0, sm = sin— 0

2 2

2”:—36 cog- coyG- $6 )2

0

IIpumep 41.BerauciauTs JJIMHY JyTU KPUBOU

{x:500§t
CEe Vi
y =5sin’t, Osts/zl

Penienue

Bpraucioum IIPONU3BOAHBIC

x, =5[2cog (- sin)=- 5sint
y, =5[2sint co$ = 5sini2 .
BBI‘II/ICJ'II/IM I[J'II/IHy JIMHUN

2

L= [25sirf 2+ 25siR &t = 5(_ \/ si tat =
J

sin2 > 0, O<t</2
|sm2t|— sin 2

/2 /2
Sﬁj sinadt = — 5/ 2 cos# =

0

:¥(COSH— cos())—_S\/_Z( 2= 4§ .
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IMpumep 42. BeiuucauTh AJIMHY OyTH ACTPOUABI

X = 2cost
y = 2sir't.

Penienue

Tak kak rpaduk muauu (puc. 19) cummerpuuen otHocureabHo Oxu Oy,
TO MO>HO BBIYMCIUTh YETBEPTYIO YACTh JUIMHBI IyTH, a 3aTEM YMHOXKUTH Ha 4.
[Tapametp t mpu 3ToM OyneT usmensTecs ot 0 10 % , T.K. OTPE30K [O; %] COOT-

BETCTBYCT UCTBEPTHU JAJIMHBI Ieproga [0;2771 :

Pucynox 19

X =2[Bcost(- sin)=- 6coe sir

Beruncnum o OU3BOJHBIC . ]
’ {yt' =2[Bsirft co$ = 6siAt cds .

Ucnonb3ys hopmyiny 1. 2, Haiaém qymHy auHuu L, L =41,

772

L = [ V/36cost sift+ 36sift cdsdt = "/jéJ cs sif dos =

2

2 % ;
= 6J' Jcogtsin®tdt = 6J'c051 sintdt = 3J'sin2tdt = —gcoszt ’
0 0 0

0
= —g(cosw— cosQ= .

L=4L, =4[B=12.
IIpumep 43. BerauciauTs JJIMHY JyTd KPUBOU

x=3(2cog - cos?
y=3(2sint-sin2) ,0<t<m
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Penienue

Bpraucioum IIPONU3BOAHBIC

x, =3(-2sin+ 2sin )
y; =3(2cog - 2cost)

L:jz\/9(—23in+ 2sin2)’+ ¢ 2cds- 2cosPdt =

0

:f\/gm(sinzt— 2sirt sing+ sih B+ @4 cBs- 2dos cos2 ‘cagde=
0

=6j\/sin2t+ codt+ siR B+ cdst2 (2 sin sih® dos cog=
0

:6j\/2— 2(’sint sin2+ cos cospit= (6 2 2dus=
0 0

cog 2-t)= cos

ot
- " - ‘ smE>0, Ostsm Ty
:6f2j [2sirf —dt = equ% siw‘dt: = 1jz siadt =
) 2 ) 2 t

sin—| = sin£ 0 2
2 2

m

t
= -24cos—

= —ZA(COSI—ZT - cosoj = -24(0-1) = 24.

0

Mpumep 44.BbrauciuTs JUIMHY 1yrH Kapauouast o = 2(1- cosp).

Penienue

Tak xak ymaus cummerpuuHas (puc. 20), BBIYUCIMM JUIMHY AYTH Kak

L=2L, rme L, — arMHa BepXHEH MOJOBUHBI KPUBOW, ¢ TMPHU 3TOM OyJeT U3Me-
aatbes ot 0 1o 7.

Pucynox 20
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Haitném npowusBognyio o :(2(1— Cosﬁ)) = 2sip. Ucnonw3ys dbopmyny
1. 3, BBIYUCIIUM JIJTUHY JTUHUU

L = j\/ 4(1- cop)’ + 4sifgdg = N + 2cgh+ cog+ Sipdg =
—2j«/2 2cogpdg = z/_:fw/} cagdg = \ﬂa/ 2sﬁ$d¢—

e = 4£sim2d¢::—8co%o——

sin—

:4.([

@ ce%— co%@c— (8-0)4 .

Ipumep 45.HHalitu mmuny nuauu 0 = ave” | <@P<

el
2 2

Penienue

I

b b
Bbluncinum npou3BOgHYHO 0O :(ae2¢j :7e2¢. Hcnone3yst dopmyiy .

3, HalIEM JUTHHY JTHHUH.

0,57 b \? 0,57 22
L= J' ae2¢ + ab d¢ J' \/ 26h4 +ﬂeb¢d¢:
-0,57 2 -0,57 4

0,57

e’ d¢ =
2 -0,5m7 b -0,57
_J4a? +a? (e” o bf]
—b .

Ipumep 46. Boraucnuts JiMHy Ayru Kapmuounsl o =5(1+ sing),
O<¢g<rr.

Penienue

Haiiném npousBoanyo o' = (5(1+ sin¢)) = 5co9 . Beruuciaum qymHy 1yru

L:T\/25(1+ sinqa)2+ 25co5pdg = :é\/ 1 2sip+ Sip+ cogdg =

:5].1«/2+ 2singdg = 5/_%7-:/ ¥ sigdg =| sig = c(ESIZ_T—¢j‘:
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O0BLEM TeJa

1. O6vém mena c useecmuvim nonepeunvim ceuenuem. IlycThb IIOIIAIb
CeUeHMsl TeNa IUIOCKOCTBIO, NEepIeHAMKYIspHOM K ocu  Ox pasHa S(X),

xD[a; b]. (puc. 21). Ins yactu o0bEMa Tella MEXIy CCUCHHUSIMH B TOYKaX X H
X+Ax umeem dV = S(x)dx.

W)/ X
S

(x)

Pucynox 21

3Ha4YMT, 00BEM Tella ¢ U3BECTHBIM MOTIEPEUHBIM CeueHHEeM (TTepIeHINKY-
JSIPHBIM K OX ) MO’KHO BBIYHCIIMTB TI0 (hopMyJie

V:TS(x)dx.

a

Ecnu u3BecTHO cedeHue Tena MIOCKOCThIO, MEPHEHAUKYISIPHON Apyrou
KOOPJIMHATHOM OcH, TO PopMyJia aHaJOTUYHA.

2. O6vém mena epawenus. Ecnu Teno oOpa3oBaHO BpallleHUEM BOKPYT

ocu OX MJIOCKOM 00nacTH, OTpaHUYEHHON CHU3Y M CBEpXy IrpaduKamMu JMHUN

(%), ,(x), a cmeBa u cnpaBa mpsMBIMH X=a M X=b, uMeeM

y=f =f
S(x) = 77[ f7 (%)= f? (x)] Hcnons3ys Gpopmyay 1. 1, umeem

b

Vo, =7 [fzz(x)— ff(x)]dx.

a
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Ecnu Teno obpa3oBaHo BpallleHHEM TUIOCKON o0sactu BOKpyr ocu Oy, TO
aHAJIOTUYHO UMEEM

b

Vo, =17 [fzz(y)— flz(y)]dy.

a

IIpumep 47.Bbruncauth 00bEM TeNa, OTPAHUYEHHOTO TOBEPXHOCTSIMU

2 2
X
z=—+ y_z z=1.
a b
Pemenne
X2 y2
[TocTporM MOBEPXHOCTH Ha OJHOM 4epTexe (puc. 22). z :¥ += —oI-

JUTNITUYECKU mapabosions, ocb cuMMmeTpur Oz. Z=1 — IJIOCKOCTb, apaiesb-
Has ockoctu XOy , mpoxoasiias oT He€ Ha paccTosiHuur 1.

Pucynox 22

[lepeceyéM mONYUYEHHOE TEJNO IUJIOCKOCTBIO Z=CONst, mnapayieabHOU
I0CcKOoCTH XOY . B ceueHnn nosryqyum 3JUTUIC

N

2
.y _
P
2 2



[Tonyocu smnunca \/Ea u \/Eb. [Tomraas monepeyHoro ceueHwus (TUToIab
snmunca) S(z) = 7/zav/zb = 7rabz . Vienonbsys . 1, BeraucinM o6béM Tena

\Y; :‘TS(Z) dz= Jl'nabzdz :nabj% zdz =rrab
0 0

a

Z' mb
20 27

0

IIpumep 48. Boruuciauth 00bEM Tela, MOTYUYSHHOTO BpAIIEHUEM BOKPYT
Ox ob6nactu y = 2sinx, ,y=sinx, 0< x<77.

Pemrenue

[Toctpoum obmacts (puc. 23).

¥

¥ =dsinzx

P =snx

Pucynok 23

Hcnonw3ys dopmyny 1. 2, umMeeM

V,, = 77]7[4sin2 X = sirf dex: BT’IT sirf xdx =
0 0

=3r,
2

:§77J'(1—0052<)dx :Err(x——l sin Xj
2 2 2

0 0

IMpumep 49. Berancanuth 00bEM Tena, MOTYYEHHOTO BPAICHUEM BOKPYT
Oy miocKoi 00J1acTH, OrPAHUYCHHOMN JIMHUSIMU Y = x*=2x+1, x=2, y=0.

Pemrenue

[Toctpoum rpaduku JTUHUN, OrpaHUYMBAIONIME 00JIaCTh, HA OJHOM Yep-
texe (puc. 24).I'padux pynkinuu y = x> —2x+1 — napaboia, BETBU HampasJe-
HBI BBEPX, BEPIINHA B TOYKE (l; O). ['paduk x =2 —mnpsmas, napamienbHas Oy .

Iepenuuiem ypasHenue nuHud Y =X’ —2x+1 B Buge x=f(y). Umeem

y=(x-1)°, x=1+.fy.
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/5/=f—2x+1
) X
v =2

Pucynox 24

Tak kak o0yiacTh OrpaHUYeHa MPaBOM BETBBIO MapaboJibl, TO x:1+\/§.
Jl1s1 BeIuMciIeHus 00bEMa UCob3yeM Ghopmyay 1. 2.

VW:H_I(ZZ—(1+\/§)2jdy: i(:%— 2\/§—y)dy:
=ﬂ[3y-gyf-y—;j

IIpumep 50. Beruucnuth 00bEM Tena, 0Opa30BaHHOTO BpAIICHUEM BO-
Kpyr OX OJHOTO BHTKA IIUKJIOUIBI

{ x=a(t-sint)

y=a(1-cog)

7
=—17I.
, 6

Pemenue

OnuH BUTOK ITUKJIOWIBI COOTBETCTBYET 3HAUCHHUIO TapaMmeTpa tD[O;ZiT].
Hcnone3ys popmyity 1. 2,1 yuuTsiBas uto dx = xdt = a(l— Cost) dt, umeem

2 2w
Vo, = 77_[ a?(1-cog)’a( & cos)dt = a3ﬂj( t cag’dt=
0 0
2
= asﬂj (1— 3cog + 3co&t - cd’$)dt =
0

=a’ t—33int+§(t+—1 sinzj—( sir’l——1 siﬁtj
2 2 3

2
= &7

0
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Inomaab NOBEPXHOCTH BpallleHUsI

1. IInomanas NOBEPXHOCTH, KOTOpasi oOpa3oBaHa BpPAILIEHUEM BOKPYT OCH
Ox nmuuum y = f (X) : XD[a' b] BBIUUCIISIETCS 110 hopMyIie

S= 2nj X)\ 1+ £/(x)° Jox.

2. Ecim kpuBas 3ajaHa IapaMeTPUYECKUMH ypaBHeHMsMH X = X(t),
y = y(t), To momans MOBEPXHOCTH, 0OPa30BaHHOM BpaleHHEM BOKPYT ock OX

JyTH 3TOW KPUBOU, BEIYUCIISIETCS IO (hopmyJie

rae t, u t, —3Ha4YeHud mapamerpa t, COOTBETCTBYIOIIUE KOHIIAM OyTH.

Ipumep 51. BeruucauTh miomaas NOBEPXHOCTH, 0Opa30BaHHOM Bpallie-
HueM BOKpyr OX mapaboisl y° = X, OTCEUEHHOM npsAMoi X = 3.

Perienue

3anuuem ypaBHeHne napaGonbl B Buge Y= f (X). MoxHO cuuTars, uto

OBEPXHOCTh 0Opa30BaHA BpAIICHHEM BETBH mapabomel Yy =+/X. Torma

f'(X) = (\/;) = 2—% Beraucnum miomnianas, ucnoiaszys Gopmyny . 1.

s=anffe 1+ 5 i ox- o] ¢ 2

:2nj“4’2‘ Lo _2n—§ 1(4x+1)% (13/‘} 1.

0
Ipumep 52. BeruncauTth mioiaab moBepxHocTy cepsl paauyca R.
Pemenne

[ToBepxHOCTh Cdepbl MOKHO MOJTYYUTh B pe3yJbTaTe BPAILECHUS BOKPYT
OX MOIYOKpY:KHOCTH Y =+/R? — X, Ipu 5TOM XD[—R; R] . Ucnonp3yst popmyiy
n. 1, BBIYMCIUM IJIOIIA/b
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S= Zﬂj\/r\/H[ﬁTdX—
—2n_ij\/7dx 2nj Rdx = 47R?.

IMpumep 53. Beraucauts miomaas TOBEPXHOCTH, 00Opa30BaHHOMN Bpaliie-
HHUEM BOKpYr OX acTpou.bl

y = asin’t.

{x = acost
Perienue
Jlyra AB acTpouzbl IIpH BpallleHuH BOKpyr OX oOpasyeT MOJOBUHY HC-

komoii momanu (puc. 25). Haiiaém 1uromaas MOBEPXHOCTH, IOJTYYCHHOMN
oT BpauieHus 1yru AB Bokpyr OX, U pe3yabTaT YIBOUM.

1
jxt}
o
-

Pucynox 25

Hanném npemensr  wuHTErpupoBaHus. B Touke A(a;O) nMeeM

x=acos't=a, sHaunt cost=1, t=0. B touke B(0;a) umeem x=acost= C,
/s
3HauuT Ccost = C, t:E' BbrunciauM npou3BOIHbIE
X :(aco§t) =-3 coét sih

y :(asing’t)' = A sift cos
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Bocnonb3yemcs Gpopmysioit . 2.

3
%S:2ﬂ_fasin3t\/9a2 codt siAt+ 8% sift cdsdt =
0
2 sir’t|z 6
= 6na2J'S|n4t coddt = 6@*=——|" ==rma>.
) 5| 5

Bcsg uckomas miomans S= Enaz.

3ajanus I CaMOCTOSAITEJILHOM PadoThI

3aganue 1. Boruncnuth miomaab (GUrypel, orpaHMYEeHHONW mapabosioif
y =X, npAMBIMU X =—1, X=2 1 ocbi0 OX.
(OtBet: S=3.)

3aganue 2. BolumcnuTh miomans o0JacTH, OTPAHUYEHHOW JTHHHUSIMH

p = 4(1+ cosp), pzé.

(OtBer: S=8m+9%/3.)

3ananue 3. BerauciauTth 00bEM Tea, OTPAHUUEHHOTO MOBEPXHOCTSIMU

XZ y2

—+=—=1, z=+/3y, z=0.

3 4 \/_y
(OtBert: V =8.)

3ananue 4. Boruncauth 00bEM Tena, MOJYYEHHOTO BpallEHUEM BOKPYT
OX TJI0CKOM 00J1aCTH, OTPAaHUYCHHOMN JIMHUSAMH 2Y = X2, 2xX + 2y—-3=0, y=0.

11
OrtBeT: V, =—7T.
( Ox 120 )

3ananne 5. Beruncnuth 00bEM TeNa, KOTOPOE MOTYYAETCS OT BpalllCHHUS
BOKPYI' OCH OpJIMHAT 00JIACTH, OIPAaHUYEHHON AYroll CMHYCOWIbI Y =SinX, co-

OTBETCTBYIOLIEW YETBEPTHU MEPUOA.

(Otget: V,, =:11722 -2r1.)

N

3ananue 6. Beruucnuth 1iauHy Ayru auHAU Y =Incosx+ 2, 0< x< 5

(Otser: L =1In+/3.)
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3apanue 7. BeruucnuTh IUHY AYTH JUHWU, 331aHHON apaMeTpUIeCKH

x=5cogt

y =5sin’t, Ostsg

(OtBer: L=5/2))

3ananne 8. BeryuciuTth miomaas MOBEPXHOCTH, 00Opa30BaHHOW Bpaile-
HHEM BOKPYr ocu OX ayru mapabosbl y* = 2X+ 1, 3aK/IIOUEHHON MEXITy TOYKa-
MU ¢ abciuccamu X, =1, x, =7.

(OtBet: S= 1?1277)

2.2 IlpunoxeHns onpeeTéHHOr0 HHTErpajia K pemeHuio Gpu3nyecKux
3aaa4

JlaBJ1eHME KMAKOCTH

CornacHo 3akony Ilackans cwia gaBia€HUS >KMJIKOCTH Ha 3JIEMEHT ILIO-
maau ds BerymciseTcs o Gopmyse

dP = yhds,

I )/ — yAeIbHBIN BeC HUAKOCTH, h — BbIcoTa cTOJI0A KHUIKOCTH HAJT dJ1e-
MEHTOMdS.

Pucynok 26

1. Jaerenue na 6epmukaibHO NOSPYHCEHHVIO 8 HCUOKOCHb NAACTUHKY.
YroObl BBIYUCIUTH JABJICHHUE JKUAKOCTH Ha IUIACTHUHKY 3aJlaHHOW (OPMBI, BBI-
oepem cucremy koopauHat. Ock OX HampaBHM BepTHKaJIbHO BHU3 (OX ymoOHO
HAIPaBUTh B CTOPOHY YBEIMYCHHUS MCKOMOU BEIMYMHBI, TaK OyJeM Nenath U B
nanpHemeM), ocb Oy coBIamaeT ¢ MOBEPXHOCTHIO KHUAKOCTH (puc. 27).
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by et _
Nals FolEh | £
= 7 dx
i ::_"———:- /__
X

Pucynox 27

Torma h=x, ds:(yz(x)—yl(x))dx, dP:yx(yZ(x)—yl(x))dx. 3HauuT
PZVTX(Yz(X)_yl(X))dX’

e X, X, — 3HAYCHMs [EPEMEHHON X, KOTOPBIE COOTBETCTBYIOT BEPXHEMY
¥ HIKHEMY Kpato IIacTuHkH, Y;(X), Y,(X) —ypaBHeHws TUHMIA, KOTOpbIE 3a1at0T

JIEBBIM Y MIPABbIN KPal TUIACTUHKA COOTBETCTBEHHO.
2. Jlasnenue scuoxocmu Ha cmenku cocyod. YToObl BBIYUCIUTD CUITY JIaB-

JICHUS JKUJKOCTH C YJCIbHBIM BECOM ) Ha CTEHKH COCYyJZa, BIOEpPEM CHUCTEMY
koopauHat. Ock OX HampaBUM BepPTHKAIBHO BHU3, och Oy COBIagaeT C IO-
BEPXHOCTBIO )KHIKOCTH (puc. 28).

Pucynox 28

Torna h=x, ds=2my 1+(y’)2dx. 3HaunuT

P= 2nijy1/1+(y’)2dx,

e K— BbICOTa XKHUAKOCTH B cocye, Y = Y(X) — ypaBHeHHe JIMHHH, BpaLle-

HHEM KOTOpOH BOKpYT ocu OX 00paszyeTrcs MOBEPXHOCTH COCY/IA.
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Ipumep 54. Boruucnuth AaBiIeHUE BOJBI HAa TUIOTHHY, CEYEHUE KOTOPOM
umeet hopmy napadonst (puc. 29).Y nenbHbIi Bec Boabl 1 ’7/ 3
M

YROEEHE HMAKOCTH

PR T R P

Pucynox 29
Pemenue

BBenem cuctemy koopauHat kak nokazano Ha puc. 30.

i} 2 YROEEHE HMAKOCT_
j 4 I1 - Y

Pucynox 30

YrtoOBI HAUTH BBIPAXKCHUA TJIA yl(x) )41 yz(x), COCTaBHMM YpPAaBHCHHC IIa-

pabonbl. YpaBHeHHE Mapaloibl, BETBH KOTOPOU HampaBiieHbl B CTOPOHY, IPOTHU-
BOIOJIOKHYIO ~ TOJIOKUTENIbHOMY HampaBieHuto ocu OX wuMeer BU!

(y— y0)2 =-2 p(x— xo) , e (X,,Y,)—KOoOpauHAThl BepuIUuHBI mMapadonbl. Kak
BUJIHO U3 PUCYHKA, BEpIIMHA 1apaboJibl HaXoauTcs B Touke(5, 2).3HauuT ypas-
HEHUE TMPUMET BUJ (y— 2)2 = —2p(x— 5). Omnpenenum p. Tak kak mapaboiia

npoxoaut yepe3 Touky (1, 0), To KOOpAWHATHI 3TOW TOYKH YAOBJICTBOPSIOT
YpaBHEHUIO MapadOoJIbl:

3HauuT, ypaBHEHUE NapadoIbl UMEET BUT
(y-2)"=-(x-9).
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Otcrona

Jasnenue Boabl () =1) Ha TIIACTHHY paccuyuTaeM 1o hopmyie
X2

P= [ x(y,(%) -y, (x)lix

X

1

P:Tx(\/a+2—(—\/a+ Z))dx:Tx 2/ 5 xdx = jxﬁdx—

Beruuciaum HHTCTpall

[Ex= 15 < (52w = (- %
:Z(i_f}{d(&s—xf sf59), .
5 3 5 3
[x/B=xe= 4[“5:)5 - 50(5;)3]5:
' 1
:4[\/(5"5)5 _5(5-9° _{\/( 5-)° g(5 )SDZ 416 _
5 3 5 3 15

IMpumep 55.PaccuntaTs maBieHWE BOJLI HA TUIACTHHKY, U300pPaKEHHYIO
Ha puc. 31

1m YRIOE EHE HMBKOCTH

Pucynox 31
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Pemenne

BBenem cuctemy KoopAMHAT Kak MMOKa3aHO HA puc. 32.

0 Z YROEEHE HMLKICTH

Pucynox 32

CocraBuM ypaBHeHHUE mapabosibl. BepiimHa B Touke (3;2). 3HauuT, ypas-
HEHUE UMEET BU/T

x-3=2p(y-2)°.

[Tapa6ona npoxoaut yepe3 Touky (-1;0). [TomcraBum e€ xoOpaWHATHI B

- 1
YPaBHEHHUE U HAUJEM P = 5 Torna ypaBHeHue napaboJibl UMEET BU!

x-3=-(y-2),
NN

=2-v3-X, y, = 2+ 3-X.

Jasnenue Bojbl () =1) Ha IIIACTHHY paccuuTaeM 1o GhopmyJe

P = [ x{y,(x)- (<)l

X

P= Ix2x/— Xdx = 24\/3

IIpumep 56.Paccunrtath naBineHue XUAKOCTH C YACIBHBIM BECOM ) Ha
MJIACTUHKY, U300pakE€HHYIO Ha puc. 33.

Penienue

Bribepem cuctemy KOOpAMHAT KaK MOKa3aHo Ha puc. 34.
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Paznenum mnacTuHy Ha OoJsiee MPOCTbIE YACTU TAK, YTOOBI OAHO3HAYHO
MOYKHO OBLIO 3aIlMCaTh YPABHEHUS JIMHUM, ONPaHUYMBAIOLINX [IJIACTUHKHU CIIpa-
Ba U cieBa. O003HaYMM AaBiieHHE Ha 3TH 4yacTh P, u PB,.

IIOBENEHOCTE FHOKOCTH HDBE_EXHDCT‘L FHOKOCTH
Y, i

2 2 M

Pl
Z
3im Py im
A 1
lm im % " iu
Pucynox 33 Pucynox 34

Beraucium B . CocTaBuM ypaBHEHHE MPSAMbIX, IPOXOAIIUX Yepe3 TOUKH
A(5;0), B(0;1) (upsmas AB) u B(0;1), C(2;3) (upsimas BC). Bocnons3yemes
ypaBHEHUEM IPSMOU, MPOXOSIIEH Yepe3 ABE 3aJaHHbIC TOUKH:

X_Xlzy_yl_
X=X Yo W
Torna ypaBHeHnue AB:
x=5_y-0.
0-5 1-0
X
=1-—.
Y 5
YpaBuenne BC:
x-0_y-1
2-0 3-1
y=x+1.

3HauuT




Beruncnum P,. CoctaBuM ypaBHEHUE MPSAMOM, IPOXOASILEH Yepe3 TOUKH

A(5;0) u C(2;3) (upsivast AC):

x=-5_ y-0,
2-5 3-0'
y=-X+5.
3HaUuT
yz(x)—yl(x):—x+5—(1—§J:—ﬂx+4;
5 5
4 \|° 54
R = —x+4ldx=y| 2¢-—x*|| =—y.
yj(s j y( 15j2 5/
Torna

P=B+P, —Ey+zly 14y.

Ipumep 57. BeraucnuTs cuily, ¢ KOTOPO# BO/A IaBUT HA IJIOTHUHY, CeUe-
HHE KOTOpo# mmeeT Gopmy paBHOOeapeHHOH Tpamnenuu (puc. 35). Y aenbHbIi

Bec BOJbI 1 ”/ 3.
M

IOEEPEHOCTE EHIKOCTH T u
S
Am
Pucynox 35

Pemenune
BribepeM cuctemy kKoopanMHaT Kak moka3aHo Ha puc. 36.CocTaBum ypas-

HeHus npsameix AD u BC.

A T E
¥
S
D YRS
| H
Pucynok 36
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YpaBHeHne npsiMoi, npoxoasiieit yepes toukn A(0;0) u D(5;2) umeer
BUJ (CM. IPEIBIIYIIAN TIPHMED):

BHJI.
x=-0_y-7,
5-0 5-7
2
=7-=X
y 5

Boruncinum AAaBJICHUC HA INIOTHHY.
P= yXJg X(y,(x) -y (x))dleix 7—Zx—£—2xj dx =
. 2 1 ) 5 5
2
= (7)(_ —ﬂx_sj
2 53

IMpumep 58. Boruncouth gaBiacHue xuakoctu (yAeIbHBIM Bec ), Ha

CTEHKHU pe3epByapa, mpeicrasistoniero coboit momychepy paaumyca R. Pesep-
Byap 3aIT0JTHCH MOJHOCTHIO.

> 325
=—T.
6

0

Perienue

BriOepeM cuctemMy KOOpJIMHAT KaK MOKa3aHo Ha puc. 37.

Pucynox 37
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PesepByap MOXHO paccMaTpuBaTh Kak MOBEPXHOCTh, OOpa30BaHHYIO
BpaieHueM BOkpyr ocu Ox ayru AB. CocraBum ypaBHenue AB. Jlyra npen-
CTaBJIsieT COOOW YacTh OKPY>KHOCTU C IIEHTPOM B TOUKE (0;0) U paguycom R.

VpaBHEHHUE Takol OKPYKHOCTH MMeeT Bua X° + y> = R?. Orcrona

y=+JR* - x°.

Tak kak nqyra AB IpOXOIUT YE€PE3 TOUKY (R; 0) , TO ypaBHeHuEe AB

y=vR*-x°.

Haxommm Y :

R? —x?

3HayuT

R 2 R
P =27 xR =X, 14| ——2— | dx =2 x/RE - X
nyl \/ (\/Rz—xzj !

R R3
= 277yj xRadx :277y7 = nyR°.
0

de:

Ipumep 59. Berumcnuth maBneHne Boasl () =1) Ha CTEHKH COCYIa,
MpEeCTaBISIoNero co0oil KoHyc, OOpalEHHBIA BEPUIMHONW BHHU3 C PaguycoM

OCHOBaHMS 2 M U BBICOTOM 5 M. BricoTa BoabI B cocye 3 M.

Pemienue

Bribepem cucteMy KOOpIMHAT Kak MOKa3aHo Ha puc. 38.

Pucynox 38
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KoHyc M0XHO paccmaTpuBaTh Kak MOBEPXHOCTh, 00pa30BaAHHYIO Bpallie-
HueMm BOKpyr Ox mpsimoii AB. CocTaBuM ypaBHEHHUE MPAMOM, MPOXOASAIIEH Ye-
pe3 TOUKHU A(—2;2) 151 B(3;0).

-(-2) _y-2

g—(—z) 0- 2’

y= —2(x—3).

Torma y' = —é. 3HauuT

3 _ _ 2 3 _ — f
P:ZHIX—Z(X ) 1+(—Ej dx:ZIT_[x 2Ax=3 29dx:
5 5 5 5 5 5

_ 4J29 % _18/29
———ﬂ_[x(x—3) ==
25 25

0

PaboTa mepeMeHHOM CHIIbI

[Iycts mox neWCTBHEM IMOCTOSHHOM CWJbl F MarepuanbHas TOYKa JBH-
KETCS 10 MPSIMOTMHEHHOMY y4acTKy yTH S. Pabota A CHITBI HA 5TOM y4acTKe
BBIYHCIISIETCS 10 (hopMyIie

A=FLs.

1. Paboma no evikauusaruio sxcuoxkocmu. YToObl BBIYUCIUTD PaboTy, He-
00XOIUMYIO ISl BRIKAYMBAHMS KUJKOCTH C yIETLHBIM BECOM ) U3 pe3epByapa
Ha BBICOTY h BBenEM crcTeMy KOOpIHMHAT KaK MOKa3aHo Ha puc. 39. och Ox
yI00HO HAINPaBUTh B CTOPOHY YBEJIWUYEHHS] KICKOMOM BEJIMYUHBI, TaK OyaeM Je-
JaTh U B JaJIbHEHIIIEM).

Ilyctb dP — Bec cmos kuakoctu  BeicoTo  dx. Torma
dP = ydV = yS(x)dx, rae S(x) — miowanp cnost. Ilycts dA — snemeHTapHas
paboTa, T. €. paboTa, KOTOPYIO HEOOXOJAMMO 3aTPaTUTh, YTOOBI MOJHSIThH CJION
xujnkoctu BecoM dP Ha BeicOTy X+h.
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Pucynox 39

Tak Kak cjoif kMAKOCTH BecoM dP HEoOXOAMMO TOJHSTH HAa BBICOTY
x+h, to dA=dP[{x+h)=y(x+h)S(x)dx. 3nauur

A:yT(x+h)S(x)dx,

X

rac S(X) — IJIomagb CCUCHUA pE3€pByapa Ha pacCTOAHHMHM X OT Hadallia

KOOpIMHAT, X, X, —3HaU€HUs, COOTBETCTBYIOIINE BEPXHEH U HIKHEH IpaHule
KHUJIKOCTH.
2. Paboma no noovémy cnymuuxa. YtoObl BEIYUCIUTH pabOTy, COBEpIIIa-

€MYI0 NpU NObEME CITyTHUKA MacCOM M € MOBEPXHOCTH 3eMJId Ha BBICOTY H ,
BOCIIOJIb3yEeMCsI 3aKOHOM T'pPaBUTALIMH

Mm
F(r)=G >
r

rae G —rpaBUTalMOHHAA NOCTOsIHHAA, M, —Macca 3emim, r — paccros-

HHUE OT IeHTpa 3eMJIM 10 CIyTHUKA. BBeEM cucTeMy KOOpAMHAT KaK MOKa3aHO
Ha puc. 40.

Pucynox 40
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OGo3naunM vepe3 F (X) cuity, KOTOpast IeHCTBYET Ha CIlyTHUK Ha BBICOTE
X Haja 3eMIiéi, a(x) — YyCKOpeHHe CBOOOJHOIo majacHus Ha BbicoTe X. [lpu
sroM F(x)=ma(x). Ecmu x=0 (CryTHUK HaXOQUTCs Ha IOBEPXHOCTH 3eMJIH)

10 a(X)=g=9,8 %z , 3raunt F(0)=ma(0)=mg. C apyroil CTOPOHBI, UCTIONb-

3ys 3aKOH I'paBUTalliy, UMCCM

F(x)=6—™_ fF(o)=c™
()=Crme  FO=cT
3HAYUT
_ mM _ mM
m(x)—G—(R+X)2, mg GRZ.
gR’

N3 nocnennent popmysel Haxoqum M = ? Torna

e M gR_ mgR’
"R TR

[Tycts dA — snemenTapHas pabota, T. €. paboTa, 0 MPEOTOICHUIO CUITBI
npursbkennst F (x) Ha Boicote X. Torza

_ _ Mgk’
dA= F(x)dx—de.

PaboTa, coBepimaemasi mpu MOAHITHHM CIYTHHKA Ha BbicoTy H Han 3ewm-
n€N, BRIUUCTSETCS TIO PopMyIie
H 2
A= _f mg;Fidx.
o (R +x)°
3. Paboma no pacmsocenuro npyscunol. YToOBI BBIUUCIUTH PabOTY, KO-
TOPYIO HY)KHO 3aTPaTUTh, YTOOBI PACTAHYTh MPYKHHY HA S elI. JIUHBI (K03(-
¢burmeHT xEéctkocT MpyXuHbl K ), Bocnosib3yemcs: 3akoHoM ['yka F =ks, rae
F —cwuia, pactsaruBaromiasi IpyxuHy.
UToOBl pacTsHyTh NPYXUHY Ha IIUHY OX HEOOXOAMMO 3aTPATHUTH dJe-
MEeHTapHy10 padoty dA=F (x) dx. Torma

A:TF(x)dx,

rie S — yJJIMHEHUE IPYKUHBI.
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4. Paboma no coicamuro eaza. YToObl BBIYHUCIUTHL pabOTy, 3aTpayuBae-
MYIO Ha CXaTUE Ia3a B LMIMHJApE paguyca R u BbicOTOH H & Bocmosb3zyemcs

YpPaBHEHHEM COCTOsAHUA raza PV, = PV,.

[Tycth B Havasne mpouecca JaBjieHue B HWIMHAPE ObuIo paBHBIM F,. O0Bb-
ém umHapa V, = 71R°H . O603Ha4nm P(x) — JaBJICHUE ra3za B HUJIMHIPE IIpU
NepEeMENICHUH MTOPITHS Ha PACCTOSHUE X OT HaYaIbHOTO mosioxkeHus (puc. 41).

Pucynox 41

Ipu sToM 06BEM vacTn wuimHApa ¢ rasoM V (X) = 7R? (H - x). Toraa
PV, =P(x)V(x),  PyR*H =P(x)7R*(H -x).
VI3 nocieHero ypaBHEeH s HAXOAUM CHILy JaBieHus rasa P(X)

P/TR*H
P(X) e i
H—Xx
[Ipy nmepemMeneHny MOPIIHA HA PACCTOSIHUE OX 3aTpayuMBaeTCs DJIEMEH-
P TR*H

TapHas pabora dA=P(x)dx= dx. Torga paGoTa 1o CKaTHIO ra3a B LU-

JUHAPUYECKOM pe3epByape BHIYUCIAETCS Mo popmyrie

dx
H-x'

A:J%anRZH

dx = P77R*H
H - x ° -([

0

IJIe & —pacCTosHUE, HA KOTOPOE MEPEMEIAETCS MOPILIEHb.
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IIpumep 60. Boruucinutb paboTy MO BhIKAUMBAHUIO KUJIKOCTH, yAEIbHBIN
BEC KOTOPOH ), U3 KOHUYECKOTO pe3epByapa pazmepamMmu R u H .

Pemenue

Breném cuctemy koopauHaT u 0003HAYCHHSI KaK MMOKAa3aHO HA puc. 42.

0
X
&Y B
B -
%
Pucynox 42

OGo3naunM vepe3 S(X) miowags cedeHHs: KOHyCa Ha PACCTOAHHH X OT

Hauana KoopauHat. Haiiném paguyc cedennst r(x). PaccMOTpUM TpeyroibHUKH

BOC u AOD. U3 nmonoOus E—% Tak kak AD:r(x), BC =R, OA=X,
BC OB’
OB =H , noiyuum
) x g2
R H' H
Torpa
X*R?

H?

Hcnone3ys hopmyny 1. 1, Berauciaum padoty

2 2 H 2, 2
x+O XR dx:ﬂRz_fx3dx:nRH .
0

A=

O'—.I

IIpumep 61. XKenoO, nmeprneHAUKYISIPHOE CEUCHHE KOTOPOTO SBIISETCS
napaboJIoii, 3aMOJIHEH KUJIKOCTHIO C YIEIbHBIM BECOM ). BhramciuTh padory,

KOTOPYIO HYXXHO 3aTpaTUTh Ha MepeKauyuBaHUE KUJIKOCTH Yepe3 Kpai xenooa.
JnuHa sxeno0a 5 M, mupuHa 4 M, TmyOuHa 4 M.

86



Pemenne

BBeném cuctemy KoopAMHAT Kak MOKa3aHOo Ha puc. 43.

— == —uT =
R ¢ A y
T S
5 H
Pucynox 43

O603HayuM MIOHIaAb CEUEHHs Keao0a Ha pacCTOSHUM X OT Havaia
koopauHar yepe3 S(x). Ceuenue sBISETCA NPSIMOYTOIBHAKOM, OJHA U3 CTOPOH

kotoporo a=5 M. Haiiném BTOpYyr0 CTOpOHY. YpaBHEHHE MapadoJibl B TaKOH
CHCTEME KOOPJAMHAT UMEET BHJI X=4-Yy° Wi Yy, =—J4-X, Yy,=4-X.
3HayurT,

b=y, —y1:\/4—x—(— 4—x) =2/ 4-x.
Boeruuciaum mIomaab IMpsAMOYTOJIbHUKA
S(x) =alb=502/4-x =10/ 4-x.

Haxoaum paboty, ucnonsiys popmyny m.3

A= yjloxJde = —zcy(g(m)s _}(m)f,j

Ipumep 62. [lunuuap HAMOJHEH ra3oM NHpU aTMOC(HEpPHOM JIaBJIEHUU
103.311.6 ITa. Cuuras ra3 uaeaabHBIM, ONPEACIUTE PadoOTy, COBEPIIAEMYIO IIPH
U30TEPMUUYECKOM CXKATUU ra3a MOPIIHEM, [IEPEMECTUBLIEMCS BHYTPb LIWJIMHApPA
(pannyc ocnoBanusi 0.4 M, BeicoTa 2 M) Ha 1.5 M.

Pemenue

Bocnonb3yemcs popmyroit n. 4. Umeem

7;-5103.3116 00.402 Codx

1.5
A= tx = 77[33.056 10 j
2-X v 2= X

0
15

=-7[33.056110 In 2]  =770133.058 £0 #82—5:775 33.086 10 I[]x.

0
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Ilpumep 63. Boiunciauth paboTy, KOTOPYIO HY)XHO 3aTPaTUTh, YTOOBI
pacTaHyTh npyxkuHy Ha 0.1M, eciu U3BECTHO, 4TO 1 yAinuHeHus e€ Ha 0.01 m
HEOOXOIMMO MPUIIOKUTE cuiy B 2[10° H.

Pemienne

Haiiném xoaddurment x€ctkoctu mpyxuHsl. Vcnonsdys 3akon ['yka
F=ks, mpu F=20C u s=0.01 umeem k=200 :0.0= Z2118. Hcnons3ys
dhopmyity 1. 3, BBIYUCIUM paboOTy

0.7

A=2010 [ xdx = 200>~ = 16/Ix.

3aaa4m HA IBUIKECHHUE

1. llpamonunetinoe ogusicenue. llycTb maTepualibHas TOYKa JBHUXKETCS
NPSIMOJIMHEHHO C MEPEMEHHON CKOPOCTHIO, SBJISIONICHCS U3BECTHON (DyHKIMEH
OT BPEMEHHU V :V(t). Tpebyercss HANTH MyTh, MPOUICHHBIM TOYKONH OT MOMEHTA

BpeMmeHu t; 1o t,. PaccMoTpruM aieMEHTapHBIN POMEKYTOK BPEMEHH [t;t +At] :
3a 510 BpeMst TOUKa mpoiaET myth ds=v(t)dt. Murerpupys mo orpesky [t;t,],

MOJIYYMM BEJIMYMHY MYTH, TPOUIEHHOTO TOUYKOM 32 3TOT OTPE30K BPEMEHH:
t
s=[v(t)dt.
4

2. Kpusonuneunoe osudicenue. Ilyctb TpaeKTopHs ABMKCHUS TOUKU 3a7a-
Ha apaMeTPUYECKUMH YPaBHEHUSAMHU

{X:AQ

y=y(t).

UToOBl BBIUMCIUTH MyTh, MPONIEHHBIH TOYKOW 3a OTPE30K BpPEMEHU
[tl;tz] , BocTIoJIb3yeMcst (hOopMyJIOi ITMHBI AYTH JIMHUU, 33JaHHON B TTapamMeTpH-

yeckou popme:

s:tj«/(x’)2 +(y) dt.
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Ipumep 64. MartepranbHast TOUKa JBMKETCS MPAMOJIMHENHO CO CKOPO-
cTeio V(t) =6t* + 4t +1 % . Haiitu nyTh, IpOiiIeHHBIN TOYKOI 3a TPOMEKYTOK

BPEMEHU [O; 3] .
Pemenue

Cornacno ¢popmyne . 1, umeem

3

S= J%(6t2+4t+1) (23+ 22+t) = 56Mm.
0

0

HpHMOJ’IPIHCﬁHOFO JABHUKCHUA TOYKH

Ilpumep 65. CkopocTh
v(t)=te” J% . Haiitu 1myTh, mpoiiieHHbIi TOYKOM 3a mepBble B¢ OT Hayala

JABUKCHUA.

Pemienue

[1yTh, mpoiiAeHHBIN TOUKOM 3a [ ¢, BBIYUCIUM T10 (hopMyIie

B
s:jte‘mdt.

HHTEerpupyem «Io 4acTam»:

s u=t dv=e“dt 2
S:Ite"”dt = 1 |=——€" -
du=dt v=—-—e a 0
a
s s s
—f—le'mdt SIS -—e®| = —(ﬁ +—12je""" +—12 M
! a |, «a o a a a

IIpumep 66. BoruucnuTh CpeiHIOI0 CKOPOCTh U MYyTh, MPOMACHHBIA TOU-

Ko 3a Bpemst t 0[0;6], eciu 3aKOH JBUKCHUS TOUKH

x:(t2—2)sint+ 2 cos
y:(2—t2)cost+ 2 sin
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Pemenne

UToOBl BBHIYMCIUTH MyTh, MPOUICHHBIA TOYKOH, BOCIOJB3yeMCsI (PopMy-
7O 1. 2. YUUThIBas 4TO

!

X ((tz—Z)sint+ 2 c0$) =t cok

((2—t2)0051+ 2 sirl)' =t2 sim

y

HAaXOJIUM ITyTh, IPOUJAEHHBIN TOYKOM 3a t [] [O; 6]

6
= 7.

0

6 6 3
s:j\/t4co§t+t4 sirftdt :jtzdt U
0 0 3

Breraucioum CpE€aAHIOI0 CKOPOCTH

Borunciaenue maccosl. MomeHnTsl. LleHTp Mace

Paccmorpum mwockyro kpusyro Y= f(x), xO[a;b], mrotHocts KoTOpON
p=p(x) (puc. 44).

-)%

Pucynox 44
Beraenum snmemenT nyru kpuBou dl .
1. Macca »>Toro ydactka KpHUBOU dm:,o(x)dL. Ucnonu3yst popmyny

dL = 1+(y’)2dx, uMeeM

b

m:Ip(x) 1+(y') dx.

a
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2. Momenmom uuepyuu MatepuagbHOW TOYKU A OTHOCUTEIBHO TOUKHU
(mpsiMoii) BpallleHHs Ha3bIBACTCS BETMYMHA

| =mr?,

IJIe M —Macca TOYKH A, I' —PacCTOSHHE JI0 TOYKH (IIPSMOii) BOKPYT KO-
TOPOU MPOMCXOTUT BpaIllCHHUE.

CoriacHo Onpe/esICHUI0 MOMEHT UHEPIIUH TIOCKOW KPUBOW OTHOCHUTEIh-
HO Hayaja KOOPJAUHAT BBIYHCISICTCS 110 (hopMyJie

b

ly :J.,o(x)(x2 + y2) 1+(y)dx,

a
a MOMEHTBI UHEPIIMH OTHOCUTEIBHO KOOPAMHATHBIX oceil OX u Oy —mo ¢op-
MyJiam

b b

| :jp(x) y2 1+ (y) dx, 1, :j,o(x) X2\ 1+ (y') dx.

a a

3. Cmamuueckum mMomeHmom TOYKA A OTHOCHUTEIBHO TOYKH (IPSAMOIL)
HA3bIBACTCS BEJIMYUHA

M =mr,

rJIe M — Macca TOYKH A, I — pacCTOSIHHE JIO0 TOYKH (MIPsSMOii) OTHOCH-
TEJIBbHO KOTOPOU BBIYUCISETCS MOMEHT.

CoryiacHO OINpEAeNIeHHI0 CTATHYECKUII MOMEHT IIJIOCKOW KpUBOW OTHOCH-
TEJIbHO Havajia KOOPAWHAT BRIYUCISIETCA 1O PopmyIie

b

M, :Ip(x) (x2+ y2) 1+(y') dx,

a

a CTaTUYECKHE MOMEHTBHI OTHOCHUTENILHO KOOPAMHATHBIX oceili OX u Oy — 1o
dbopmynam
° 2 8 2
MX:Ip(x)y 1+(y) dx, My:Ip(x)x 1+(y') dx.

4. U3 cootHouennii M, =my, U M, =mxX, HaxoauM KOOPIMHATHI yeH-

mpa macc C(xg;Ye)

X =% : Ye =%
'i,o(x) 1+(y) dx 'i,o(x) 1+(y') dx
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PaccMOTpHUM IIIOCKYIO 00J1aCTh, OTPAHUYEHHYIO CBEPXY TpaduKoM (yHK-
wn y = f (x), xO[a;b], motsocts koTopoit p = p(X) (puc. 45).

s

Pucynox 45

BhIIenuM 51I€MeHT Momany ds.
5. Macca 3toro yuactka obnactn dm= p(x)ds. Hcrnonb3ys reomerpuye-

CKYIO MHTEPIIPETALIMIO ONPENEIEHHOIO0 HHTETPAJIa, UMEEM

m:Ip(x) f (x)dx.

a

6. CornacHo ompeaencuuio (. 2), momenm unepyuu TIOCKOH 00JacTh
OTHOCHTENIFHO Ha4yasla KOOPAWHAT BBEIYUCIISIETCS 110 hopMyIie

b

I :jp(x)(x2+ £2(x))  (x)dx,

a

a MOMEHTBI UHEPIMU OTHOCUTEILHO KOOpAUMHATHBIX oceil Ox u Oy —mo dop-
MyJiam

b b

IX:J',o(x)f?’(x)dx, Iy:jp(x)xzf(x)dx.

a a

7. CoracHo omnpeaeneHuto (. 3), cmamuueckuti Momenm TIOCKON 00J1a-
CTH OTHOCHUTEIHHO Havajaa KOOPAMHAT BRIUUCISETCS 1O (hopMyIie

b

M, :Ip(x) (x2+ fz(x))f (x)dx,

a

a CTaTUYECKHEe MOMEHTHI OTHOCHUTEIHHO KOOpPJIWHATHBIX ocei OX m Oy —
o ¢hopmysiam



8. Koopaunats! yenmpa macc C(X;; Y. ) BBIYUCIAIOTCA 1O (OopMyIam

dx

f [ () £2(x) o
ab ! yC:ab
I j,o x) f(x)dx

IIpumep 67. Bbl4ucauTh MOMEHT MHEPIUU U CTAaTUYHBIA MOMEHT OJHO-

poHO# OKpY)KHOCTH (0 = const ) X* + y? = R® OTHOCHTEJILHO IICHTPA.

Pemienue

Tak kak y=+JR*=-x*, y' :¢%, NMEEM
R —x

| -4ij22‘/1+R Sdx = 4,0R3j\/7 2PR?,
—X
TR,/ = 4,0sz ﬁ = 2pR?.

IIpumep 68. BeiuncauTh KOOpAUHATHI IIEHTPAa MAcC OJHOPOJHOW IIa-
ctunku (p = const ), OrpaHUYEHHON KPUBBIMU Y =5-X°, y = 0.

Perienue

[Toctponm 3amanHyro obacts (puc. 46).

BNE N

Pucynox 46

N3 0oaHOPOMHOCTH M CHUMMETPHUYHOCTH JAHHON (PUTypbl OTHOCHUTEIBHO
Ox cuenyet, uto x. =0. Jlng ompeaeneHust y. BOCHOJb3yeMcs (opMyIaMu

1. 8. Umeem
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V5 , 0, X 5 20
J'(5—x) dx (25x—x j 20 5
[l-)ac (o) 3 V5
5 3 )|k

IIpumep 69. Beruncants Maccy 1 KOOPAUHATHI LIEHTPa Macc IJIOCKON Ma-

TEPUAITLHON IyTH Yy = %x%, 0< X< 1, ecly IIIOTHOCTE o (X) =+1+X.

Pemienue

J171s1 BBIUMCIIEHUSI MACChl BOCTob3yeMcs (popmyiioi n. 1. YuuteiBas uto

(3

HMECEM

m=Jl’\/1+_X 1+(X%)2dx:'l[(1+ x)dx:(x+X?2J 1

0

_3
>

0

UToOB! BEIUKUCIUTH KOOPAUHATHI IEHTPA MacC KPUBOW HAIEM MHTETPaIbI

':f\/lJr_xD< ;/1+(xy2)2dx:;[X(l+ X)dx:(x—22+x—33] 0
;f\/lJr_X%x% ;/1+(x}/2)2dx:?23':[x%(1+ x)dxz?z))(—éx%+—§x72]

Bocnonbezyemcst popmynamu 1. 4

' 5

Y 1€
=5

0

5,3_10 16, 3_ 32

3aganus 1JIs CaMOCTOSAITEJIbHOM PadoThI

3aganue 1. BerunciauTh CHITy 1aBJIEHUS BOJbI HA IJIACTHHY (MOJYKOJIbIIA,
puc. 47), BepTUKAILHO IMOTPYKEHHYIO B BOJY, CUUTas YICIBHBIA BEC BOJIBI
y=1.

(OtBert: 46.81.)
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YPOoBEHE XKHIOKOCTH

1w

1w

Pucynox 47

3apanue 2. CKOpOCTh IPAMOJIMHEWHOTO IBUKEHUS MaTEPUATbHON TOUKHU
v =te ot % . HaliTu myTh, NpOWICHHBIN TOYKON OT Hayaja ABUKEHUSA 10 MOJ-

HOM OCTAaHOBKH.
(OtBer: 10* m.)

3apanue 3. Beruncnuth paboTy, KOTOPYIO HEOOXOIUMO 3aTPATUTh, YTOOBI
BbIKauaTh BOJAY W3 pe3epByapa, MPEICTaBISIOMIET0 cO0OM MpaBHIIbHYIO Tpe-
yrOJIbHYIO TUpPaMUy CO CTOPOHOM OCHOBaHHUS 2 M M BBICOTOM S M, 0OpailéH-
HYIO BEPIIMHOW BBEPX.

(OtBet: 10.81x.)

3aganue 4. Onpenenuts paboTy, COBEPIIAEMYIO NMPU MOABEME CITyTHUKA
¢ moBepxHocT 3emi Ha BbicoTy 600 M. Macca cnytHuka 7 T. (Pamuyc 3emiun

6.380L0 m, ycKOpeHHe cBOOOIHOIO mafgeHust g =10 f% , )
(OtBeT:38.390116 JIx.)

3aganue 5. Berauciauth cuity naBieHUs KUAKOCTH (YICIBHBIN Bec )y =1)

Ha CTEHKH COCYJia, IPECTAaBIISIONIEro cO00M KOHYC C paJuyCcoM OCHOBAHHS 2 M,
BBICOTOW 5 M, 00paménubIil BepimmHaoi BHU3. COCY/T 3aIM0THEH MOTHOCTHIO.

(OtBet: 242977.)

3amanue 6. BeruyuciauTe Maccy Ayryd KpuBou Y = In X, 3aKI0UYEHHON MEX-
Iy TOUKAMHU X = J3, x=+/8, ecim WIOTHOCTD JIyTH B KOKI0W TOUKE paBHA KBa/I-
paTy abCITUCCHI.

(Ortser: 1—39 )

3amanue /. Beruuciuth Maccy HEOJHOPOIHOM TIACTHHBI, OTPAaHUYECHHOM
JUHUSAMH Y = Jx, x=3, y = 0, €CJIU INIOTHOCTh B KaXKIOH TOUKE ,o(x) = X.

(Ortser: 1—58\/5 )

3aganue 8. HaiiTu koopauHaThl LEHTpa Macc OAHOPOAHOU (UTYPHI,
OTPAHUYEHHOW JINHUAMU Yy =sinx, y= 0, 0< x< 77.

(Ortser: [g : 7—8Tj )
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2.3 IlpuiiokeHusi onpeaeéHHOr0 UHTErpaja K pelieHHu0 3KOHOMH-
YeCcKHMX 3a71a4

Kos¢ppunuent [xunu

PaccMoTpuM 3aBHCUMOCTH Yy — TIPOIIEHTA J0XOJIOB HACEJEHHUs OT Ipo-
IIEHTa X , UMEIOIIEro 3TU JI0XO/Ibl HaceNeHus, T.e., QYHKIH Yy = f (x)

C nomowsto Gpynkuuu f (x) (kpusast Jlopenua, puc. 48) MOXKHO OLEHHUTH
CTENIEHb HEPABEHCTBA B PACIpeIeNIEHUH JOXO0/I0B HACEICHUSI.

1
100 A
(1)
fz)
B
O w1y
Pucynox 48

IIpy paBHOMEPHOM pacIpeieNeHnH 10X0A0B kpusas f (X)BbIpoxnaercs

B Ouccektpucy OA. Ilmomane cermenta OfA, OTHECEHHas K IUIOLIANU Tpe-
yroasHuka OAB HasbiBaeTcs KodhduimentoM JkuHu. ITOT KOdPIULIMEHT Xa-
pakTepu3yeT CTeTIIeHh HEPaBEHCTBA B PACIPEICICHUH JOXO0I0B HACEICHUS:

eciau ko3 dunment xunu He npeBbimaer 0.33,To pacnpeneneHue a0-
XO0JI0OB MOKHO CUHTATh OJM3KUM K PAaBHOMEPHOMY;;

ecnu ko3pduument xunn Haxoautcs B npexaenax ot 0.33 go 0.67,To
pacnpesiesieHre 10X00B CYUTAIOT HEPaBHOMEPHBIM;

eciu kodpdunment Jxunu Oonee 0.67, To pacmpeseneHue 10XOA0B
MO>KHO CUHTaTh CYIIECTBEHHO HEPAaBHOMEPHBIM.

Ipumep 70. [lo ganHBIM HCCIETOBAaHUI B pacHpeneeHUd TOXOAOB B
OIHOW M3 cTpaH, KpuBas JlopeHnma MoxeT OBbITh OINUCaHA YpPaBHEHUEM

5

=————, TIIe X — JI0JIsl HaceJIeHus, Y — JIOJIA JJOXOJ0B HaceleHus. Boranc-
2-x 3

auTh ko3 durueHt JHkuHu.
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Penienue

[Tnomans cermenta OfA, ortHecénHas k turomaau TpeyronbHuka OAB
(puc. 49)Ha3piBacTcs ko dunmenTom JxuHM.

S S 2
P
‘B
o 1 7
Pucynox 49
k = Son = Shone-Sone = Sioe - Sone =1- Sous Zl——SOfAB =1-2S,,:,
S S S S Shons }é

AOAB AOAB AOAB

(T. k. Sy =%ab =% EI.EI.=%). Berurcnum miomans OAfB ¢ momoripio onpe-

JIEIEHHOTO HHTCIpaJia.

L3 5 Ldx 5% 1
S =|| =— = Ax=3|———-=|dx=-3In]2-
o !(Z—X 3) iz—x 3{ 2%
=-3(In1-1In2) —g =3In2 —g = 3ED.69—2 =0.403,

k=1-2[0.402=0.194.

Tak kak ko3dpdunment Jxunau He npepwimaer 0.33, To pacrnpeencHue
J0XO0JIOB MOYXKHO CUUTATh OJIN3KUM K PABHOMEPHOMY .

O0bém Bbimyckaemoii npoaykuuu. CpeaHee 3HaUueHHe QYHKIIUHA.

_° i =

0

0

1. V3BeCTHO, 4TO MPOM3BOJUTEILHOCT TPyJa B T€UEHHE Pabodero JIHs
u3Mensercs. IlycTh M3MEHEHHE ITPOM3BOAUTEILHOCTH TPyAAd OHPENEISIeTCs
(ynkmueii f(t), rae t —oTpe3ok BpeMeHH, OTCUUTHIBAEMBI OT Havaaa pabodero
nus, a f(t) — IPOU3BOANTENLHOCT TPYJa B JAHHBIA MOMEHT. Tora BelIM4nuHa

U :]f(t)dt

€CTb 00beM BBIITyCKaeMON MPOAYKIIMU 32 BpeMs [O;T] :

2. Yacto mpu pemieHHH NPaKTUYECKUX 3a1ad MPHUXOTUTCS HAXOIUTh
cpeonue 3HaueHus GynKyuy, HAIpUMep, CPEAHSS MPOU3BOIUTEIBHOCTh TPY/a,
CpeIHHe U3JIEPIKKU TPOU3BOJICTBA, CPEAHSS MOIIHOCTD BUTATENS | T.A. B 3THX
CITydasiX UCHOJB3YIOT TEOPEMY O CpeHEM 3HaYeHHU (MHTETpaia).
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Teopema o cpennem. Ecnu ¢yHKmms HempepbsiBHA Ha OTPE3KE [a; b] , TO

HalaeTCd Takoe 3HaueHue C [ [a; b] , UTO

L
b-a

f(t

D C— T

Uwucino L Ha3pIBaeTcs CpeaHWM 3HavYeHWeM (yHkiuu f(t) Ha oTpes-
ke[a;b].

IIpumep 71.B Teuenue pabouero AHS U3MEHEHHE MPOU3BOIUTEIBHOCTH
Tpyda Xapakrepusyercs GpyHkiuei f (t) =—t* + 6t + 7. Haiiru:
a) O0BEM BBITTyCKaeMOM mpoaykiuu 3a Bpems [0;4].
0) Cpennee 3HaueHne npon3BoauTeNbHOCTH 32 BpeMs [0;4] u MomeHTHI t, 1 t,,

B KOTOpBIE JOCTUTAIOTCS CPEIHEE U MAKCHUMaJIbHOE 3HAYEHUS NPOU3BOAUTEID-
HOCTH,;
B) Pesynbrar nosicHuTh rpadudeck.

Penienue

a) O0béM BbIyckaemoii mpoaykuuu 3a Bpemst [0;T] BbUUCINM UCTIONB-
3ys popmyny m.1.

_ A3 2
4 +6B4 + 704 - 0—1—24

_4_2 __t3 GLZ 4_
U-{( t +6t+7)dt—( S +7tJ

0

6) Cpeanee 3nauenue npoussourensroctu f(t) 3a Bpemst [0;T] Bbruc-
JIUM UCTIOJIb3Ys hopMyITy TI. 2.

F(c)::lj( t2 +6t+7)dt—%r 24:431.
0

YroObl HAITU MOMEHT BPEMEHU t, B KOTOPBIN JOCTUTAETCsl CPEeJHEE 3HA-
YEHUE MPOU3BOJAUTENBHOCTH, PEIIUM YPABHEHUE!

-t +6t+7:4§1 B,

3t -18+20=0,
(=188 g 18V gy
6 6

3naunt, t, = 1.5, npuuém f (to) = % .
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YroObl HAWTU MOMEHT BPEMEHHU t, B KOTOPBIA JOCTUTAETCsl MaKCHUMallb-
HOE€ 3HAU€HHWE  MPOM3BOAMUTEIBHOCTH, HAWIEM  BepUIMHY  mapabosibl

f(t)— —t® + 6t +7 (MakcuManbHOE 3HaueHHe OyJeT NOCTUraThCs UMEHHO B
BEpIIUHE, T. K. BETBU apaboJIbl HAIIPABJIECHbI BHU3):

B) [liis mocTpoeHust mapaboiibl HaIEM BTOPYIO KOOPIWHATY BEPIIHHBI:
f(t,)=f(3)=-(3) +6B+7=16.

3HaunT, BEpIIMHA MapabObl HAXOIUTCS B TOUYKE (316) . Haiiném toukm
nepecedeHus mapadoibl ¢ ochio Ot :

—t*+6t+7=0;
D=64 t=-1 t,=7.

[Moctpoum rpaduk dyakun npousBoautensHocty (puc. 50).

['padmyecku BUAHO, YTO IUIOMIAAb 3AIITPUXOBAHHOW (DUTYpHI, BhIpaXka-
forasi cob6oit 00bEM BBITyCKaeMO# MPOIYKINK 3a 4 4aca, paBHA TUIOIIAIN TPs-
moyroibHuka OABC, BBICOTON KOTOPOTO SIBISETCS OTPE30K MPSMOM, PaBHBIM
CpeHeMY 3HAYCHUIO MTPOM3BOUTEIBHOCTH TPYy/a 3a nepBble 4 yaca paboThl.

¥

Pucynox 50
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Ipumep 72. Haiitu cpennee 3nauenue usaepxkex K =2x* +12x+7, ec-
1 00BEM mpoayKuuu X u3Mensiercs ot 1 no 3 equnuil. Yka3zate 00bEM IPOAYK-
IIUH, TP KOTOPOM M3JAEPKKU MPUHUMAIOT cpefiHee 3HaueHue. Pesynbrar mosic-
HUTb TpapUIeCKH.

Penienue

CpenHee 3HaUCHUE U3IEPIKEK K(X), eci 00bEM MPOAYKIIMUA X HU3MEHS-
€TCsl OT M 10 N €IMHMUII, BBIYUCIIAM, UCTIONB3YS GOPMYITyY II. 2

3

=3 1T(ZX +12x+7)d —%(2%+122Xz+7xj
1

1 (2[27 129 7[3) (2 12 7] _134
2l 3 2 3 2 3

YtoObl HaliTU 00BEM MPOAYKIMH, NPU KOTOPOM H3IAEPKKH MPUHUMAIOT
CpellHEe 3HaUYE€HHE, PEIINM YpaBHEHHUE:

2X° +12x+ 7= 1—24
6X° +36x+21=134 6x° +36x-113=0,

_ —36- \/ 4008 _ ~_g 3D[1€] X, = 36l-\/ — 36+v 4008 5 -

[Mosichum pesymbrar rpaduuecku. I'padux Qpynkmun K =2x* +12x+7
npeAcTaBiser cobol mapabosly, BETBH KOTOpOM HampaBieHbl BBepX. Haliném
BEPIIMHY MapadoJIbl:

—b -12_-12

= :—3’
%= 2a 202 4

K(x,)=K(-3)=2{-3) +12{-3) + 7=-11.

[Toctpoum mapaboiry Ha otpeske ot 1 no 3 (puc. 51):

K{@)=2012+12[11+7=21  K(3)=2[3 +12(3+7=61.

100



-3 N x

Pucynok 51

Ha rpaduke BumHo, yto miomiaap npsmoyronbauka ABCD, ctoponoii
KOTOPOTI'O SIBJISIETCSI OTPE30K [1;3] , @ BBICOTOM — cpe/iHee 3HaueHHe (QyHKIUU Ha
ATOM OTpe3Ke, paBHa IUIOIIA M 3aIITPUXOBAHHONW 00JIaCTH.

JIMCKOHTHPOBAHHBIN 10X0/

[Tpu u3yyeHnn 3KOHOMHUECKON 3PPEKTUBHOCTH KAMUTAIbHBIX BIOKCHHUN
BCTPEYAIOTCS 3a7a4H, CBSI3aHHBIE C ONPEACIICHUEM HAYAJIBHOW CYMMBI 110 €€ KO-
HEYHOW BEIMYMHE, MOJYyYeHHOW 4Yepe3 t JIET Ipu TOAO0BOM TMpoieHTe p (mpo-

IICHTHas cTaBKka). Takas 3amaya Ha3bIBaeTCS Ouckonmuposanuem. I1ycThb mocTy-
MAOIINN €XKEroJIHO JTOXOJ U3MEHSETCS BO BPEMEHHU U ONMUCHIBACTCS (PYHKIIHUEH

. . ._ P
f (t) npu ymenbHOI HOpMe IPOLEHTA, PABHOM | :H') . IIpouieHT Hauucnsercs

HenpepbIBHO. Torna AMCKOHTHPOBaHHBIHN 1oxo1 K 3a Bpemst T BBIYUCIISIETCS IO
bopmyre

]
K=[f(t)e™dt.
0

Ecnu 6a3oBoe kanuTanoBnoxxenue cocrapiser N (yci. ell.) U HamevaeTcs
©KETrOJIHO YBEJIMUMBATh KAIMMTAIOBIOKEHU HA M (YCIL. e]1.), TO

f(t)=N+mt.
IIpumep 73. Onpenenuth TUCKOHTUpOBaHHBIM fgoxoa K 3a 4 ronma npu
HpOHCHTHOﬁ CTaBKE€ p=60A'J, CCJIM IICPBOHAYAJIBHBIC KAIIMTAJIOBIOXCHHUA COCTa-

BUIM 12 TBIC. TPH., U €KETOJHO HAMEUAaeTCs yBEIUYUBATH KAITUTAJIOBIOKECHUS
na 1 teic. rpu. Haitra lim K(T).
T
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Penienue

Beném ¢dynkmuio f(t) =N+mt, roe N — HayanbHbBIC KaIUTAIOBJIOXKE-

HUSA, M —CyMMa Ha KOTOPYIO HaMEUaeTCs €KEroJHO YBEIUYHBATh KaITHTAJIO-
BioxeHus. 3uaunt, f(t) =12+t.

JIMCKOHTUPOBaHHBIN 0X0 3a Bpems T Beruucisiercs 1o popmysie

K :] f(t)e™dt,

3HaywuT,

u=12+t, dv=edt

—006t |

4
K=[@2+t)e ™ dt =
0

du=dt, v= e
- 006
1 R
— (12 + t) g oot _ J‘ e %8 gt =
- 006 o — 006

4

4
— (12+t) 1 e—oost _ 1 e—oost

-006 |, (ooef " |,
16 0z, 12 0 1 om0
" 0.06 0.06 (0.06)° (0.0§°

Haiiném Benmumumny lim K(T)

T

| . 1 .,
lim K(T)-pm[(lZH)T%e oo

T 1 T

0

T

(fomere ™ tomer* ™)

=Iim((12+T)—l e —(12+0) =% |-
- 006 06
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VYuuteiBas, 4To ITim e”™ =0m ITim e =1 nomyuaem:
lim K (T) :[(o—lzimj— -1 > | =
Toe —0.06 (0.06)
12 1 =477.8.

= + 3
0.06 (0.06

3agaHus 119 CAMOCTOSITEIbHOM PadoThI

3amanme 1. Kpusas JlopeHiia, oruchIBaroIias pacnpeaeneHue J0X00B B OJHOM
U3 CTpaH, 3371aéTcs ypaBHeHHeM Y = 2* —1. Berauciuth ko duimert [[HxuHu.
(OtBer: k=0.12.)

3aganue 2. B Teuenue pabodero JHS MU3MEHEHHE MPOU3BOIUTEIBLHOCTU
Tpyna xapakrtepusyercs ¢yHkiumei f(t)=3t*+6t-1. Haiitu 00béM BBITyCcKae-
MO IpoayKIuu 3a Bpems [1;3].

(OtBer: 48.)

3aganue 3. Haiitu cpeaHee 3HaUeHUE H3ACpKEK K =6x? +8x-3, eclu

00BEM MPOTYKIIMHU X MEHSETCS OT 2 10 S eAMHHUII.
(OtBert: 103.)

3aganue 4. OnpenenuTh AUCKOHTHpOBaHHBIN Aoxon K 3a 3 roma mpu
npoueHTHoi craBke P=8%, eciu nepBoHayaibHbIE KallUTAJIOBIOKEHHUS COCTa-
BWIM 18 ThIC. IPH., U €KEroJHO HaMeuyaeTcs YBEIMYUBATh KAIUTAJIOBIOKEHUS
Ha 2 TeIC. rpH. Haiitu ITImw K(T).

(OtBer: 55.5; 537.5.)

Jluteparypa: [5, . 11, 8§ 9,10; 7p. 2, . 1lI; 9, p. 10, § 10.1, 10.2].
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3 NPUJIOXKEHUE JTU®PEPEHIIUAJIBHBIX YPABHEHUM
K PEHIEHUIO PUBNYECKUX U TEOMETPUYECKHX 3ATIAY

Jlnist perieHust TEXHUUECKUX 3a/1a4 ¢ IpUMEeHeHueM Teopuu quddepenun-
aNbHBIX YPABHEHU MpeIaraeTcs Ciaeayrolas mocie10BaTeIbHOCTh IeHCTBHIA:

1) noapoOHBIN pa30bop yCIOBUH 3ajauyM, BBEJCHHE OOO3HAYEHHUH U CO-
CTaBJICHUE PACUETHOM CXEMBbI, MOSICHAIOLIEH €€ CYTh;

2) cocraBienue auddepeHnnanbHOTO YpPaBHEHUS PaccMaTpPUBAEMOTO
npolecca;

3) MHTErpUpOBaHKUE COCTABJICHHOTO YpPaBHEHHS W OMpEIeNieHHe 00ero
pEIIEeHNUs ATOTO yPaBHEHUS,

4) ompeneneHWE YACTHOTO PEIICHHS 33Jadydl HAa OCHOBAaHHH JIaHHBIX
Ha4yaJbHbIX YCIOBUH;

5) B ciy4yae HEOOXOIUMOCTH ONPECIICHHE BCIOMOTATEIILHBIX MapaMer-
poB (Hampumep, K03 uIHEeHTa MPOMOPIUOHATBHOCTH | JIP. ) C UCIIOIb30BaHU-
€M JIJI 3TOM 1eJId JOTOJHUTENbHBIX YCIOBUH;

6) BBIBOA OOIIEr0 3aKOHA PacCMaTPUBAEMOTrO MPOIECCa W YHCIOBOEC
ornpeJeeHe HICKOMBIX BEJTUYHH;

7) aHa M3 OTBETA U MPOBEPKA UCXOIHOTO MOJIOKEHHUS 33 Ia4H.

B 3aBHCHMOCTH OT yClOBHS 3a/1a4ll HEKOTOPBIE U3 3TUX ITAIOB PEIICHUS
MOTYT OTCYTCTBOBATb.

1. lughghepenyuanvuvie ypasnenus c pazoenaiomumucs nepemeHHbIMU.
HuddepennnanbHoe ypaBHEHUE TIEPBOT0 NOPSAKA HA3bIBACTCS YPAGHEHUEM C
PA30enA0OUWUMUC NePEeMEHHbIMU, €CITA OHO MOKET OBITh MPE/ICTABICHO B BUIE

f(x)dx=g(y)dy.

K pemennro nuddepeHmanbHbIX YPaBHSHUH ¢ pa3IeIsSIONIMMUCS TIepe-
MEHHBIMH ITPUBOJIATCS OUEHb MHOTHE MPAKTUYCSCKUE 3a/aYH.

2. O0HopoOubie u nunelinble ougghepenyuanvhvie ypasuenus. lndde-
pEHIIMAIBHOE YpaBHEHHUE MTEPBOTO MOPSIIKA HA3BIBACTCS 0OHOPOOHBIM, €CITH OHO
MOJKET OBITh MPEJICTABIICHO B BUJIC

y=f(xy),

rae f (X, y) —oiHOpoAHAs (YHKIHUS, TO eCTh f (kX, ky) =f (X, y).
C mOMOINLI0 3aMEHBI U= Y (y=ux, y =ux+u), rue u=u (X) —HOBas
X

Heu3BecTHas (YHKIMSI, OJHOPOJHOE YPaBHEHUE CBOAMTCS K YPaBHEHHIO C pas-
JEJSIIOUUMUCS TTIEPEMEHHBIMMU.
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JlunetinbimM ypasHeHuem TIEPBOTO TMOPSAJKAa HA3bIBAETCS YpaBHEHMUE,
UMeroIIee BU

y +p(x)y=q(x).

Jlns ero pemieHus HpUMEHSETCS MOACTaHoBKa Y =Uulv (y =uv+uv),
rae U=Uu(x), v=V(X)-HoBble Hen3BeCTHBIE QyHKLMM.

3.1 I'eomeTpuyeckue 3aJa4u, NPUBOJsIINE K pelieHUI0 audgepen-
HHMAJTBHBIX YPAaBHEHUI

B 3agayax reomeTpuu, B KOTOPBIX TpeOyeTcs HAUTH ypaBHEHHE KPHUBOM
10 33JJaHHOMY CBOMCTBY €€ KacaTeJIbHOW, HOPMaJIM MJIU TUIOIIAAN KPUBOJIUHEH-
HOM Tpamnenuu, UCIOJIb3YIOTCS TEOMETPUUECKOE UCTOJIKOBAHUE MPOU3BOIHON U
HMHTErpajia ¢ MEePEMEHHBIM IpeaeaoM (IUIOIIaab KPUBOJIMHEHHON Tpameiuu C
HOJIBHYKHOM OTPaHUYHBAIOIIEH OpIUHATON).

T'eomempuueckuii cmolen npouszeoonou. Ecnmu y = f (X) n300paxeHa CBO-

UM Tpa)uKOM — KPUBOH B JIEKapPTOBBIX KoopAWHAaTax (puc. 52),To y’(x) =tga,

rie @ — yroil Mexay ockto OX W KacaTenbHOW K KPHUBOW B €€ TOYKE
MO(XO;yO), OTCUMUTHIBAEMBIN OT MOJOXKUTEIBHOTO HarpasieHust ocu OX mpo-

THUB 4aCOBOM CTPCJIKH.

P06 ¥l

Pucynox 52

IIpumep 74. Haiitn ypaBHEHHE JIMHUH, MNPOXOIALIEH 4Yepe3 TOUKY
MO(Z, 0), €CIu yriaoBod Kod()(PUIMEHT KacaTelIbHOM B MPOU3BOJBLHOM TOYKE

ATOM KPUBOM MPOMOPIMOHANIEH KBaapaTy aOCIUCChl TOUKM KacaHus ¢ ko3pdu-
IIMEHTOM ITPOMOPIIMOHAIbHOCTH K = 3.
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Pemenne

['eomeTpruyecKkuii CMBICT TPOU3BOAHONW COCTOUT B TOM, YTO 3HAUYCHUE
MIPOU3BOTHOM y'(x) byHKITUHN y(X) B TOYKE X, PaBHO YIJI0BOMY KO3 PULINEHTY

KacaTtenbHOU K Trpaduky 3ToN (yHKUIHUU B TOUKE Mo(xo; y(xo)). N3 ycnoBus

3agaun umMeeM Y = kx* mmu Y =3x°. UATerpupys obe yactu auddepeHnnans-
HOTO YpaBHEHHUS, TIOJyYUM €T0 O0IIIee perieHne

y=J3x2dx=x3+C.

M3BECTHO, YTO JIMHMS MMPOXOAUT YEPE3 TOUKY MO(Z, 0), T. €. HAa4aJIbHOE
yCJIOBHUE UMEET BU]I y(2) = 0. Iloncrapnsis 3Hauennss X=2 u y=0 B oOmee
peuenue, Haiinem C:

0=2+C = C=-8
Y 3aIUIIEM YPaBHEHNE HCKOMOUW KPUBOM:
y=x>-8.

Ilpumep 75. Hailtu ypaBHEHHE JUHUU, TPOXOAAIIEH Yepe3 TOUKY
Mo(l, 4), €CJIM YIJI0BOM KOA(h(UIIMEHT KacaTeabHONW B IPOM3BOJBLHON TOYKE

ATOM KPUBOM 00OpaTHO MPOMOPLUMOHATECH OpAUHATE TOYKU KacaHus ¢ Kodpduiu-
CHTOM TPOIOPIUOHATBHOCTH K =2,

Perienue

Hcxons u3 yciaoBus 3a1auH,

Pa3nensis nepeMeHHbIe U UHTETPUPYS YpaBHEHHE, MTOTYUUM:
y2
ydy = 2dx; Jydy= 2de+C s x+C,; y'=4x+C

Hcronb3ysl KOOPIMHATHI TOYKH, Yepe3 KOTOPYIO MPOXOJIUT KpHBas, 3a-
MUIIIEM HAYaJIbHOE YCJIOBHE! y(l) =4 u naiinem C: 16=4+C, otkyna C =12

¥ ypaBHEHHE KPHUBOH uMeeT BUJ Y’ = 4X+ 12w y° = 4(X + 3) . Kpusas siBis-

eTcs mapabosoi ¢ BEpIIMHON B TOUYKE A(—3,0), oceto cummetpun OX U BeT-
BSIMH, HampaBJIeHHBIMU BIIpaBo (puc. 53).
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Pucynok 53

IIpumep 76. Haiit nuHMIO, TPOXOISIIYIO Yepe3 TOUKY Mo(l, 2), eciu

OTpe30K 000K ee KacaTeJlbHOM, 3aKJIIOYEHHBIM MEXIy OCSIMH KOOpJWHAT,
JCIMTCS B TOUKE KacaHus B oTHomeHuH 2:1 (cuuras ot ocu Oy).

Perienue

Pucynok 54

[Tycte M (X, y) — TEKyIllasg TOYKa KpUBOU Y = y(X) . YroJ Mexnay Kaca-
TEIbHOW M TOJOXKUTENIbHBIM HampaBieHueM ocu OX o0o03HauuM @, TOrAa
tga=Yy. B mnpamoyromsHom Tpeyromsauke MBN [OMBN =180 -a,

MN
tg UMBN =u. ‘MN‘ =y, ‘NB‘ HalJieM, paccMaTpuBas TPEYTrOJIbHUKHU

INB|

MBN u AMP, xoTopbie MOI00HBI 11O TPEM yTJIaM:
INB| _|[MB|. [NB| _1

= == NB| =
PM| |AM|" |PM| 2:‘ |

[PM]
2

N | x
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[ToncraBuB HaliZicHHBIE 3HAYCHUS B (POPMYITY AJIs BEIYUCIICHUS TAaHTEHCA
yriaa MBN , nony4um:

tg(180—a)=l; tga—z— —y__ y =-— ﬂ

%

Pa3znensiem nmepeMeHHble U MHTETPUPYEM MOJdydeHHOe auddepeHiraib-
HOE YpAaBHEHHUE:

ﬂ=—ﬂ; dy__ 2dx j j—+C1, In\y\z—ZIn\xHCl.

dx X y
C

Taxkum 00paszoM, Y =—; — ypaBHEHHE CEMEHCTBA KPUBBIX, 00JIaJar0MIuX
NG

3aIaHHBIM CBOMCTBOM. IlojcCTaBisis B 3TO BBIpAKEHHE HayajdbHOE YCJIOBHE
y(l) = 2, T. €. KoopAuHAaThl Touku M, Beranciaum C':

Y 3aIUILIEM YPaBHEHNE HCKOMOUW KPUBOM:

_ 2
Y—F-

Ilpumep 77. Haiitu ypaBHEHHE KPHUBOW, MPOXOIAIIEH dYepe3 TOUKY
Mo(l, 0), €CJIM JIJTMHA OTpe3Ka Ooch adCIuce, OTCEKaeMOro €€ HOpMaibio, Ha 2

OoJbIIIe A0CIIUCCHI TOYKHU KACAHUSL.

Perienue

O003HaYnM MPOU3BOJIBHYIO TOYKY KpuBoii M (X, y). B npsmoyrossHOM

tpeyrosibhuke MON [OMON o6o3nHaunm @ (puc. 55). YuuTsiBas, 4To 3TOT
YTOJI SABJISETCS YIIIOM MEXIy KacaTeJbHOM K KpuBoii i ocbio OX, tga =Y . Jlns

npsiMoyroJibHOro TpeyrojbHuka MPN 3anuiiiem paBeHCTBO:

_[MP|

[PN|
Haitnem yron MNP wu3 tpeyroasauka MON: [UMNP =180- 90-a = 90-¢a .
IMP|=y; |[PN|=|ON|-|OP|=x+2~-x=2.

tgOMNP =
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Takum 00pazom,

tg(QO—a):X; Ctga:X, i:i; tga:_, :_2_
2 tga 2 y
by
TMD -
Olo 1 F MNooox

Pucynox 55

Paznensas mepeMeHHble W UHTErpupys auddepeHnuaibHoe ypaBHEHUE,
3amuileM ero ooIiee perieHue:

y*=4x+C.
Touka M, (1, O) MPUHAJJICKUT UICKOMOW KPUBOH, T. €.

y(1)=0, 0=4+C = C=-¢

[
=
=
o
M{
=
=

Pucynox 56

W ypaBHEHHE KPHBOI MPHHUMAET BHA Y~ = 4(x— 1) . Halinennas kpuBas — ma-
paboyia C BEpPIIMHON B TOYKE Mo(l, O), oceto cummerpun  OX © BETBSIMHU,

HaNpaBJICHHBIMU BIpaBo (puc. 56).
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IIpumep 78. Haiitu nuHuI0, MPOXOAAILYy0 Yepe3 Touky M, (l, 3) u o6na-

JIAIONYI0 CBOMCTBOM, YTO B JIF0OOU ee Touke M xkacarenbHbiil BekTop MN c
KoHIIOM Ha ocu Oy mmeeT nmpoekiuio Ha ock Oy paBHYHO —2.

Perienue

o

Pucynok 57
[Tycte M (X, y) — IPOU3BOJIbHASL TOYKA KPUBOH, MD(X,Y) — Ipou3-

BOJIbHAsI TOYKA KacaTeJbHOM. Torna ypaBHEHHE KacaTEIbHOM K KPUBOU B TOUYKE
M (X, y) AMEET BUJI.

Y-y=y(x)(X-x).

Touka N (O, YN) MIPUHAJJICKUT KacateabHou (puc. 57); moacTaBiss ee Ko-

OpAMHATHI B YPaBHEHHE KacaTeIbHOMN, HAXO0IUM
Yo =y=y(x)(0-x) = Yy =y-xy.

C npyroii cTOpoOHBI, PN = Yn ~ Y, =Yy T Y U IO yCIOBHIO PN =-2, To-

rima
Yy~ Y="2=Y,=y—-2.

[IpupaBHuBas BelpakeHUs uid Y, , HoayuuM auddepeHnmaibHoe ypas-
HEHHUE!

y—Xy'=y—-2 wum y'=g
X
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HNuTerpupys 3T0 ypaBHEHHUE, MMOJIYUYHUM:
dx
y=2j—+ INC; y=2Inx+InC.
X

N3 oOmiero pemieHuss HaijaeM JHWHUIO, MPOXOJAIIYI0 Yepe3 TOUKY
M, (L,3):
3=2In1+ InC = InC = 3.

OkoHYaTeNbHO, ypABHEHHE UCKOMOW KPUBOM UMEET BH/]L

y=2Inx+3.

IIpumep 79. Halitu ypaBHEHHE KPUBOH, MPOXOAIICH dyepe3 Hayajao Ko-
OpIWHAT, €CJIH IS JTI0OOTO OTpe3Ka [l, X] IJIOIIAJb KPUBOJIMHEWHOW TpaIeuu,

OrPaHUYEHHOW COOTBETCTBYIOLIEH NYyroi 3TOM KPHUBOMU, paBHa KyOy OpJIWMHATHI
KOHIIEBOU TOYKHU JTyTH.

Pemienue

§ Y

Pucynok 58

CornacHo yClOBHUIO 3a/1a4ul UMEEM

HuddepeHunpys 3TO paBeHCTBO MO X, moiiydyaeM auddepeHmanbHoe
ypaBHenue Y =3y’Y , nim



Paznenss nepeMeHHbIe U UHTETPUPYS 3TO YpaBHEHHE, HalijieM o01iee pe-
HICHUE!

y_1. _dx, S 22
—==—; ydy=—; |ydy==|dx “-==x+C; y*==x+C.
dx 3y VT3 Jyy 3J 2 g VT
YuuThiBasi Ha4aJIbHOE YCJIOBHUE y(O) =0, monmyunm C =0 wu 3amumiem
YPaBHEHHUE KPUBOMU, MPOXOIAIIECH Yepe3 HAYAJI0 KOOPAUHAT:

y°==X.

IIpumep 80. Haiitu kpuBYyI0, MPOXOAIIYIO Yepe3 TOUKY A(O;l) , IS KO-
TOPOH TPEYTOJBHUK, 00pa3oBaHHbIN ocbi0 OY, KacaTenbHON K KPUBOHW B MPOU3-

BOJIbHOW €€ TOYKE M PaJnyC-BEKTOPOM TOYKM KAaCaHWs, — PaBHOOEIPEHHBIM
(mpuyeM OCHOBaHUEM €ro CIIY)KHT OTPE30K KacaTelIbHOM OT TOYKH KacaHUs JI0

ocu Oy).

Perienue

|

Pucynox 59

ITycts M (X, y) — IIPOU3BOJIbHAS TOYKA KpuBOU. [IpoBeneM kacaTenbHyro
MN B Touke M kpuBoii 10 nepecedenus ¢ oceto Oy B Touke N (puc. 59).Co-
[JIACHO YCJOBHUIO, JIOJKHO BBIMOJHITHCA PaBEHCTBO ‘ON‘ :‘OM ‘ Ho

‘OM ‘ =JX’+y*, a ‘ON‘ HaiiJleM W3  ypaBHEHUs  KacaTeJIbHOU
Y-y= y’(X —X), nojaras X =0, 1. e. Y=‘ON‘= y—Xxy.
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Wtak, npuxoauM K OAHOPOJTHOMY YPABHEHHIO

NXEHY =y -y

ITonaras Y = UX, IIOCJIC 3aMCHBI 1 pa3JCIICHUA IICPEMCHHBIX ITOJIYYHM.

VX +uPx? =ux— x(ux+u); x2$ =—xy1+u? % = —d—)z(.

Otcrona
In(u +\/1+u2) =INC-InX wm u++v1+u? _<
X
IToacraBisig U = Y , TOJTy4YUM
X
x> =C(C-2y)

(cemeiicTBO MapadoJ1, OChIO KOTOPBIX sBJIsIETCs 0ch OY ).

[ToncraBnsist KoopaAMHATHI TOYKKM A B HaliieHHOE 00lliee pelieHue, moiy-

yum 0= C(C - 2) ; n3 aByX 3HaueHnt C =0 u C =2 nmoaxoauT JUIIb BTOPOE,
nockobky 1pu C =0 mapabona BeipoxaaeTcsa B ock Oy. Mtak, uckomoit kpu-

BOH ABIIsIETCA Mapabona X° = 4(1— y) :

IIpumep 81. Haiitu nunHuto, y KOTOPOM KBajpaT JJIUHBI OTpE3Ka, OTCeKa-

eMoTo JIF0O0OM KacaTeIbHON OT OCH opAuHaT, paBCH IMPOU3BCACHHUIO KOOPAWMHAT

TOYKH KaCaHU:I.

Pemenue

[Tycte M (X, y) — IIPOU3BOJIbHAS TOYKA KpuBOW, M D(X ,Y) — IIPOU3BOJIb-

Has Touka kacatenbHOW. ON — OTpe30K, OTCeKaeMblil KacaTeIbHOM, MPOBE/ICH-

o o 2
HOU B Touke M kpuBo# ot ocu opauHat (puc. 60). Ilo ycmoBuro ‘ON‘ =Xy

AN ‘ON‘ = i@, a Tak kak N (0, Yy ) , TOTYYUM:

Y, =+ /xy.

C ydyeToMm BBEIEHHBIX 0003HAUCHUN, 3aITUIIIEM ypaBHEHUE KacaTeIbHON K
KpuBOM B Touke M (X, y) :

Y-y=y(x)(X-x).
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1Y

M, )

a1 o = ¥

Pucynox 60

B Ttouxke N (0, YN) YPaBHEHHE KAaCATEIbHOU MPUMET BUL
YN —y= _Xy’ )
OTKyJa
YN =y- Xy’ .

IIpupaBHuBas BelpakeHUs Ui Y, , HoayduM auddepeHnnanbHoe ypas-
HEHHE

y—xyziﬁ WIH y'=Xi X,
X

X

KOTOpOE SBJISIETCSI OAHOPOJHBIM. 3aMeHsis Y Ha UX, pasliensis MepeMEeHHbIE U
UHTErpUpysl, HailjieM 0011iee pellieHre ypaBHEHUS:

, du
Ux+u=u+Ju: ux=+Ju: ——+—; Inx=+2Ju+InC = x=CE&2",

Ju
y

BrinonHuB oOpaTHyI0 MOJACTAaHOBKY U =-—, MOJYy4YHMM ypaBHEHUE CEMEHCTBa
X

KPUBBIX, 00JIaIafOIINX 33/IaHHBIM CBONCTBOM:
a
X = Ce .

IIpumep 82. 3anmcarh ypaBHEHHE KPHUBOW, MPOXOASIIEH 4Yepe3 TOUKY
P(l, 2) U o0Jagarome CiaeayrIMM CBOMCTBOM: IIONIAJAb TPEYTrOJbHUKA, 00-

Pa30BaHHOIO PAJUYC-BEKTOPOM JIFOOON TOYKM KPUBOM, KacaTelbHOW B ATOM
TOYKE U OChIO abcuuce, paBHa 2.
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Pemenne

v

o

Pucynok 61

Brenem cnenyromue o6o3naueHuss: M (X, y) — MIPOM3BOJIbHAS TOYKA KPU-

Boi, M D(X,Y) — MPOM3BOJIbHASL TOYKA KacaTenbHOH. [nomanp TpeyrojapHUKa
OMA (puc. 61 )onpenensiercst popmynoit

1
Sowa :E\OAHMB\.
‘MB‘ =y, ‘ON HaliJieM, 3alMcaB ypaBHEHUE KacaTeIbHON

Y-y=y(x)(X-X)

U TIOJICTABUB B HET'O KOOPJIUHATHI TOUKHA A A( XA O), TOrIa

—y=y(X,-X); X =x-X.
Y=Y (Xa=x); Xa=x=3

YuurteiBas, 4To ‘ON = X, U IO YCIOBUIO S, =2, 3aIMILIEM CIEAYIOIIEe
BBIPAXKEHUE U1 S5 -
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[IpeoOpazyem auddepeHmaabHOe ypaBHEHUE U ONPEETUM €r0 BU/L!

yl_,.. y__ 4 .,y dx_xy-4 ., x_ 4
y| X—=|=4;, ==x—-—; Y= , —= , X ——=-—,
( yj y y y Y

T. €. TIOJIyY€HO YpaBHEHUE MEPBOTO MOPSIIKA, JIMHEHHOE OTHOCUTENHHO (HYHKIIUU
X:X( y). Pemlaem ero ¢ moMompbr MOACTAHOBKA X=W (u :u(y), V:V( y))

Nmeewm:

V-~=0;

u’v+uv—ﬂ=—i2; u’v+u(\/—xj=—i2:> Y
y y y y u’vz—i'
2!
y

(1) Q:X; g:ﬂ; |nvz|ny; V=y;
dy vy v vy

4 4 4 2
(2) Uy=——; U=—-—; u=—-|—dy+C; u=—+C;

yz y3 Jys yz

x=uv=y(%+CJ=E+Cy
y

Hckomast kpuBasi IpOXOAUT Uepe3 TOUKY P(l, 2), T. €. X(2) =1, mosTomy

1=2C+1, C= C CnenoBareibHO, €€ ypaBHEHHE X = E uim Xy =2.

y

3aganus 11 CAaMOCTOSITEIbHOM PadoThl

3apanme 1. Haiitu ypaBHEHHE JMHUM, NPOXOIALIEH 4YEpE3 TOUKY
M0(1,3), €CIM YrjaoBOM KOA(D(PHUIIMEHT KacaTelbHOW B MPOW3BOJBHON TOUKE

9TO# KpUBOI 00paTHO MPOTOPIUOHANIEH a0CIMCCe TOUKU KacaHus ¢ K03 durm-
€HTOM IMPOIOPIUOHATEHOCTH K =5.
(OtBer: y=5Inx+3.)

3apanue 2. Haiitu ypaBHEHHE JHMHUH, TPOXOJAIICH Yepe3 TOUKY
M0(0,3), €ClIi YIJIOBOM KO3(PPUIIMEHT KacaTeJbHON B MPOM3BOJIBHON TOUKE

ATOW KPUBOW MPOMOPIMOHATIEH MPOU3BEACHUIO a0CIHCCHl U OPJIMHATHI TOUKHU
KacaHus ¢ KO3 PHUIMEHTOM IPOOpuruoHaTbHOCTH K = =2,

(OtBer: y=3€%))
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3apanme 3. Haiitu xpuByto, Il KOTOPOM OTPE30K, OTCEKAeMbIii HOpMa-
JpI0 HAa OCH OpAMHAT B Kakou-IuOO TOYKE KpHUBOM, paBeH pPaCCTOSHUIO
OT Hayaja KOOPAUHAT 10 3TOW TOUYKH.

(OtBer: X*=C (2y + C) )

3ananme 4. 3anucaTh ypaBHEHUE KPUBOM, €CIIM U3BECTHO, YTO TOUKA Iie-
pecedyeHus 000 KacaTeIbHOW K KPUBOHM € OChIO a0CHMCC OJIMHAKOBO yJlajeHa
OT TOYKHM KacaHMs U OT Havajia KOOpIMHAT.

(OTBer: y = C(x2 + y2) )

3apanue 5. Hailtu ypaBHeHME KpHUBOH, MNPOXONSAIICH dYepe3 TOUKY
Mo(l, 0), €CJIM TUIONIA/b Tpamenuu, 00pa3oBaHHOW KacaTeIbHOU, OCSIMU KOOP-

JUHAT 1 OpI[PIH&TOﬁ TOYKH KaCaHM:, IIOCTOSIHHA XU PABHA E .

(OtBer: y= 1 x>.)
X

3.2 duznyeckue 3a1a4u, NPUBOsIIIKE K pemieHuIo TuddepeHnaibHbIX
YPAaBHEHHH

JAuddepenunaibHbie ypaAaBHEHUS TEIUIOOOMEHA Tejla ¢ OKPYKAKOLIEH
cpenou

[Ipennonoxxum, 4TO T(t) — TeMIlepaTypa Tejla B MOMEHT BpeMeHu t, a
T, — Temmepatypa OKpysKatomen cpeusl. TpeOyercss HalTH 3aKOH W3MEHCHHSI
TeMIeparypsl Tena ot BpeMeHnu t. Ilo uzBectHomy 3axoHy HbroToHa OeckoHeu-
HO Mayioe KoiruecTBO TerioThl dQ, OTIHaHHOE TENIOM B TEYCHHE OECKOHEYHO

MaJIOTO MPOMEXYTKa BpeMeH:u dt, mpOomoOpIHOHATBFHO PA3HOCTH TEMIIEPATyp
TeJa U OKPYXKaroIle Cpelibl, CIEN0BaTENBHO,

dQ=-k(T-T,)dt, T>T,.

3neck K — kK03 PUIIMEHT MPOMOPIHOHAIBHOCTH; 3HAK “—" TOCTaBIICH
MMOTOMY, YTO TIOTEPS Terjia dQ - BenmuwmHa orpumareiabHas. Ho, ¢ apyroi

cTopoHbl Q = mC(T —TO), rae M — Macca Tejaa; C — TEIUIOEMKOCTh Tena. J[o-

MMycKasi, YTO TEIUIOEMKOCTh — BEJIMYMHA, HE 3aBUCAIIAS OT TEMIIEPaTypbl, HaXo0-
qum dQ = medT . CnegoBarensHo,

medT = k(T -T,, )dt
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WIH, pa3/ieliuB IPaByIO U JIEBYIO YaCTU PaBEHCTBA HA MC, nojydyum auddepeH-
[[MaJIbHOE YPaBHEHUE OCTHIBAIOIIETO TeJla B BUJIE

dr _ k(
dt mc

T-T,).

p

Paznenss NNEPEMCHHEIC, ITOJIYUUM

dT —kdt.

T-1, mc

WuTerpupysi ypaBHEHHUE, TOCIE JOCTATOYHO MPOCTHIX MpeoOpa3zoBaHUM
3aMuileM petieHue:

_k,
T=T,+Ce™,

rae C, — HoCTOsiHHAs UHTErPUPOBAHUS.
[TycTh B HauanbHbIH MOMEHT BpeMenu t =0 Temmeparypa tena T (O) =T,.
Torna, ucnosnb3ys HauanbHble ycnosust, Haxoqum C, =T, =T = u 3aKoH u3Me-

HCHUIA TeMnepaTprI OCTBIBAKOIICTO TEJIa UMECT BU/T
K
— - mc

T(t)=T, +(T0 Tcp)e .

Crnenyer 3ameTuTh, uTOo Aud@epeHuanbHOe ypaBHEHUE TeMIIepaTyphl
HarpeBarolIerocs Tena (Tcp >T) Oyzner UMeTh TOT K€ BUJ, a CIEeI0BATEIbHO, U

AHAJIOTUYHOC PCUHICHUC

T(t)=T, + (T0 —Tcp)e‘klt ,

rac k1 = E OIIpCACIIAIOT OKCIICPUMCHTAJIBHO.

AHaM3 MOJYYeHHBIX 3aBHCUMOCTEH IMMOKA3bIBAET, YTO B OOOMX CIydasx
(ocThIBaHMS M HarpeBaHUs Tella) C TECYCHUEM BpeMeHH t — oo Temreparypa Tena
CTPEMHTCS K TeMIIepaType OKpyKaromiei cpenst (puc. 62).
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To
To=Tep
P - _
T Tg
Ta
0 t
Pucynox 62

Ilpumep 83. B »snekrponarpeBarefibHyl0 TII€db C TEMIIEPaTypoit
T, =1000 nmomectunu 3arotoeky ¢ Temneparypoit T, =200 . Uepes iBa yaca

TeMmmepaTypa 3aroToBKH ToBbickiack 10 T, =500°. Haiitu Temneparypy 3aro-

TOBKH 4Y€pe3 D 4acoB, €CJIM U3BECTHO, YTO CKOPOCTh U3MEHEHHUsS TEMIIEpaTypbl
3arOTOBKM IMPONOPLMOHAIBHA Pa3HOCTH TEMIIEPATYpPbl CPEIbl U TEMIEPATyphl
3arOTOBKU.

Perienue

[Tyctb T(t) — TeMIiepaTypa 3aroToBKH, TOTJa Y — CKOpOCTh M3MEHe-

HUS TEMIEPATypPhl 3arOTOBKH. 3anuiieM auddepeHImaib-Hoe YpaBHEHUE Harpe-
BAIOLLErOCA Tea!

dr _ _ dar _ _
E—k(TCP T) wm = k(1000-T).

Paznenss INNEPEMCHHEIC, 3alIMIICM

_dar .
1000-T

[IpounterpupoBaB 00e 4acTH paBEHCTBA, 3alUIIEM O0IIee pelieHue:

J-dT

1000-T _ k[dt+C;; ~In(1000-T)=kt+C,; In(1000-T)=~kt -C;;

1000-T =Ce™; T =1000-Ce™
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N3 ycnoBust U3BECTHO, 4TO T (O) = 200, T( 3 = 50C [TogcTtaBuM ATH HaH-
HBIE B 00111ee pereHne qudGepeHIanTbHOr0 YpaBHEHHUS

T(O) =1000-Ce” = 1006-C = 20, orctoma C =800u T =1000- 80@™;

1
T(2) =1000- 80@™ = 50, orcrona 800 = 500,&™* :g e :(g)z

u T (t) =1000- 80([62)2.

Briuuciaum Temneparypy 3aroToBku 4epe3 S yacos:

T(5)=1000- 80@62)2 ~ 752.9

IIpumep 84.Temneparypa Tena B TeueHue 20 muH. cauxkaercs ot 10010
60° C. Temmeparypa Bosmyxa pasaa 20° C. Ompeneiauts Bpems, 3a KOTOPOES
TeMIepaTypa Tena moHm3uTcs 10 25° C, eclu CKOpOCTh OXIAXKICHHS Tea IIPo-
MOPIIMOHATIbHA PA3HOCTH TEMITEPATyp Tela U BO3ayXa.

Perienue

Jubdepennmansaoe ypaBHEHHE, OIMMCHIBAIONIEE MPOIECC OXJIAKICHUS
TeJla UMEET BUJ

dT
— =—k(T-T),
dt ( 8)

rae T, — temneparypa Bo3ayxa, I, =20, noacTaBUM 3TO 3HAUYEHUE B
ypaBHEHHUE!

dT
== k(T -20).
a - K120

PaznenseM nepeMeHHbIe U UHTETPUPYEM YPAaBHEHUE!

SLLE— d—T:—kjdHcl; In(T -20)=-kt +C,;
T -20 T-20

T=20+Ce™.
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Hewussecthbie kodddunmentsl C u K ompeneiarm U3 HadalbHBIX yCIIO-
suit: T(0) =100, T(20) = 60.

T(O) =20+Ce°=100= C= 8(u T=20+8%E™":
1
T(20)= 20+ 8@% = 60= e = 0.5¢*= 038 ,7orma
T(t) = 20+ 800f 0.52.

BBIYHCITHM BpEMsI, 33 KOTOPOE TeMIiepaTypa Teia monmsures a0 25° C,
JUISL 3TOTO PEIIUM YpPABHEHUE

20+ 80(] o.szto = 2%

20 = O 20 = . 20 = . = 4:> =
[q 3 , ( 5 y ( ¥ ( . , .

TakuMm 00pa3zoM, TEJIO OXJIAJAUTCS 0 28 C yepe3 80 munyT wim 1 yac
20 MUHYT.

Aud¢epeHunanbHbie ypaBHEHHs] JIBHKEHHMSI TBEpPAOro  TeJia
MOJ AeCTBHEM 3aJaHHBIX CHJI

[Iycth TENO Maccom MIBMMKETCS MOCTYMATENBHO IMOJ JIEUCTBUEM CHIIBI
TATM F ¥ CUJIBI CONPOTUBIICHUS IBHKEHUIO Fmp. Hawitu ckopocts Tena kak

byHKIUIO BpeMeHu 1, ecnu B HayalbHbII MOMEHT Bpemenu t =0, V(O) =V,.

3nmecp V — UCKOMasi CKOpOCTh ABMKeHus, F = f (V), F = g(v). CocTaBuM

conp
audepeHnranbHOe ypaBHEHNE ABIKEHUS Tea.

CornacHo BTOpoMy 3akoHy HploTOHa, cuia, moja JelcTBHEM KOTOPOii
ABIDKETCSl MaTepuajbHas TOYKa, paBHA MPOU3BEACHUI0 MAcChl TOYKM Ha e€e
YCKOpEHHe:

myzF,
dt

\ o
rIe o — YCKOpEHHME IBIWKEHHMS TOukM, F - cuna, neWcTByromnias B

HaIpaBICHUU JBIKEeHUA. B HameMm ciywae F =F —F  u ypaBHeHne nBHxKe-

conp

HHA 3aIlIMIICTCA B BUJC



Petienue 3Toro ypaBHEHHUs M MOJICTAHOBKA HAYaJIbHBIX YCIIOBUN MOJHO-
CTBIO OITMCHIBAIOT XapaKTEP JBUKECHUS TENa.
[Tycth Ham TpeOyeTcsi HAUTU CKOPOCTh KaK (PYHKIUIO MTPOUJEHHOTO TOY-

Koit mytH. OGo3HauMM myTh uepes S(t), Torna Lo v(t), W Gdé =V
dt dt dS dt ds

N YpaBHCHHC ABMIKCHUS IIPUMET BUI

dv _
WE - - FCOI’lp .

IMpumep 85. Teno ABMKETCS MPAMOIMHEHHO C YCKOPEHUEM, TTPOIIOPIIHO-
HaJbHBIM MPOU3BEJIEHUIO CKOPOCTH V Ha Bpems t. HaiiTu 3aBUCUMOCTH MEXIY
CKOPOCTBIO U BPEMEHEM, €CJIM B HaYaJIbHbII MOMEHT BPEMEHHU CKOPOCTH Teia
obuta 50kMm/4, a yepes 20 MuHyT ociie Havyana apwkeHus 60 km/4.

Perienue

Vicxozs u3 yCa0BHsl, 3aIMILEM:
dv
a=-kvt wmm E = kvt

(ypaBHEHHE C pa3ICNSIOMIMMUCSI TICPEMCHHBIMH) M HA4YaJIbHBIC YCJIOBUS

V(O) =50, v 1) 60 (20 MuHYT COCTABIIAIOT 1 4acTh Yaca).
3 3

[Tocne pa3nenenus nepeMeHHbIX B MU PepeHInaTbHOM YPaBHEHUH U UH-
TETPUPOBAHUS, ITOJyYUM

dv_ .. . pdv_ . _ ket e
=kt Jv—kjthC, Inv==-+C; v(t)=C€.

[ToncraBuM B oO1iee perieHre HauaabHbIe YCIOBUS:

kt2

v(0)=Ce’=C=50=C=50; v(t)= 5@€2;

1 k k
v(éj — 5B = 60— €2 = 1.3,

Torz:a 3aBUCHUMOCTb MCIKIAY CKOPOCTbIO M BPCMCHCM JBMIXCHHUS TCJa
IMPUHHUMACT BU/

v(t)=5001.2".
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IIpumep 86. MoTopHas JloAKa ABUXKETCS B CIOKOWHON BOJE CO CKOpPO-
cTeio V,=20km/4. Ha momHOM X0y ee MOoTOp BhIKIIOUaercs u uepe3 40 ¢ mocne

3TOTO CKOPOCTH JIOJKM yMEHbIIMIAch 10 V, =8km/4. ConpoTHBIEHHE BOABI IIPO-

IMMOpHIHUOHAJIBHO CKOPOCTHU ABUKCHUA JTOIKH. OHpC,Z[CJ'II/ITB CKOPOCTDb JOAKH YECPE3
2 MUH TI0CJIe OCTaHOBKH MOTOpaA.

Perienue

Pucynox 63

CornacHo BTOPOMY 3aKOHY HB}OTOHa, ABMIKCHUE JIOAKH OIPCACIIACTCA
PaBE€HCTBOM

ITo ycnosuto F_ =Kv, oTcioga

conp

HavyajabHbIE YCIOBUS V(O) =20u V(g—loj =8.

Haiinem obmiee penienre ypaBHEHUS TBUKESHUS JIOIKU:

_k
g:—kdt, QZ—EJ‘dt‘FC, v(t)ZCe mt.
\Y m \Y m

[ToxcraBmsisi B oOmiee pemieHre HavalbHBIE YCIOBHS, HAleM HEM3BECT-
HBIE IOCTOSIHHEIE

_k
v(0)=Ce®=20= C=20; v(t)= 2€™

__k _k
v(gio)zzoe om=8= €m=04°; v(t)= 2af 0.5

BoruricnuMm cKOpOCTh JTOJKK Yepe3 2 MUHYTHI MOCJIe OCTAHOBKH MOTOPA.

1
2MUAH=—14, TOTJa
30

1) 3 _
V(%j = 20[@ 0.4) = 1.2¢ (km/u).
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IIpumep 87.ITapamrtotuct maccoit 80 kr nipeiraeT ¢ BeicoTel 1000M 6e3
HavanbHOU CKOpocTH. CONMpPOTHRIICHHE BO3AyXa MPH CITyCKE MPOMOPIUOHAIBHO
KBaJ[paTy €ro CKOPOCTH ¢ KO (HUIMEHTOM MpornopiuuoHaabHocTH K =4. Omnpe-
JENIUTh 3aBUCUMOCTh CKOPOCTH CITyCKa OT MPONICHHOTO IMyTH U YCTaHOBUTH
CKOPOCTb MApaIIFOTHCTa B MOMEHT MTPU3EMIICHHUS.

Pemenue
Hy =0
I*I l_:-;:unp _I+I_
E] 1000M
mg
Y
!
Pucynox 64
3anuieM 3aKOH JIBFKCHUS MapalTioTHCTA!
dv \Va
ma=mg-F,_ 158105 —=mg—.
v dt m

IlycTh h(t) — IIPOMACHHBIN MMAPALIIOTUCTOM IYTh IIpHU ciycke. M3BecTHO,

qTo

@:V( )Hﬂ=ﬁ£=vﬂ,
dt d dh dt dh

TOraa ypaBHCHUC JIBUIKCHHA ITaPaAlIOTUCTA HPUMET BUA

v mg -4
dh m

Pa3znenum nepeMeHHbIE B MONTy4eHHOM AU(PEepeHIInaTbHOM YPaBHEHUU U
IIPOUHTErPUPYEM €TO:
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vav dh ; ,[ vdv

1
L YV~ L (dh+C;
mg-4° m’ Jmg-4v? m-[ '

-8h

—lln\mg—4v2\=ﬂ+c ; Injmg —4v2\=ﬂ— &,; mg-4?=Cen :
8 m m

\/mg—Ce_?“h.

YuuTeIBas, 4TO CKOPOCTb M IIyTh, NPOWJIECHHBIM IAPALIIOTUCTOM B
HavyaJIbHbII MOMEHT BPEMEHHU PaBHBI HYJIIO, T. €. V(O) =0, maiigem C:

-8h

W =mg-CE" = v(h)=

N =

v(0)=%«/mg—C=O:> C=mg.

[IoxcraBuB B BBIpAXEHUE IS V(h) sHadueHne C, a TakXe W3BECTHHIC
JAHHBIE, MOJYYUM 3aBUCUMOCTh CKOPOCTH CITyCKa MapallOTUCTA OT MPOUAEH-

HOT'O MyTH.
1 —8h _h
v(h)=E 80(D.§ 1-€% |= 14 €1,

Jly1st Toro 4TOOBI HAWTH CKOPOCTH MAPAITIOTHCTa B MOMEHT MPU3EMIICHHS,
HEOOXOIMMO BBIYUCIIUTD V(lOOO):

—-1000
v(h)=14/1-€ 1 =14/ €= 1wm/c.

Takum 00pa3oM, CKOPOCTH MAPAIIIOTHCTa B MOMEHT mpu3emiieHust 14 m/c
Y 3Ta CKOPOCTH SABJISCTCS JIJISI HETO MaKCHMAaJIbHOM.

IIpumep 88.Tloe3n, Bec koToporo P BMecTe ¢ TEIIOBO30M, ABMKETCSA IO
npsMOJIMHEHHOMY TyTH (rOpu30HTa bHO). CHila TATH TEIIOBO3a IMOCTOSHHA U
paBHa F. Cuia W conpoTuBieHusl NpU JBHKEHHH 33Ja€TCs KakK JIMHEHas

byHKUIUS (W =Pf + kv) OT CKOpOCTH moe3na. HallTu 3aBUCHMOCTb CKOpPOCTH

Moe3/a OT MPOIIEHHOTO IyTH, €CITM B HAYaJIbHBIII MOMEHT BPEMEHH CKOPOCTh U
nyTh paBHbl HymO. (3necy f — xoadpdunument Tpenus, K — koaddumment mpo-
MOPITUOHAIILHOCTH).
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Pemenne

Pucynox 65
3aKoH IBWKCHUS TI0€3/1a IMEET BUI:
ma=F -W.

[ToxcraBmss JaHHBIC U3 YCIIOBUS, TIOJTYIUM
dv
Pa=F -Pf —kv wm PE:F - Pf —kv.

Y4yuteiBas, 4TO

dv _ declé_Vgcll

dt dS dt = ds’

riae S — paccrosHue, V= V(S) nepenumieM quddepeHnnanTsHoe ypaBHe-
HUE B BUJIC:

Py = F - pf —kv.
ds

Paznensas mepemeHHble W UHTErpupys AuddepeHuuaibsHoe ypaBHEHUE,
HalJeM 3aBUCUMOCTb CKOPOCTH MO€3/1a OT IPOUIEHHOTO MTyTH.

vdv  _dS. 1|:F—Pf—kv—F+Pf _ds,
—_— =, —— dv=—,;
F-Pf-kv P K F-Pf -kv P

1- PP 1o Kyg v P |n(F—Pf—kv)=—55+c.
F-Pf-kv) P k P

W3 HayanpHOTO yCIoBUs V(O) =0, S( O) = Cnaitnem noctosinnyio C:

F - Pf

In(F-Pf)=C,
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TOT/Ia 3aBUCUMOCTb CKOPOCTH I0€3/1a OT MPOMJICHHOTO PACCTOSHUS MPUHUMAET
BU/I:

v+ E P In(F - Pf —kv)=—55+ F Pt In(F - Pf)
WIN
v+—F P In 1__kv =—ES.
Kk F - Pf P
IIpumep 89. CHapsan BbICTpENEH BEPTUKAIBHO BBEPX C HAYaJIbHOM CKO-
pocThio V,. CHa CONPOTHBIEHHS IBMKXEHHIO CHapsaa pasHa F = BV, rae

conp
[ — aspoauHamuueckuii koddduiment, M — macca cHapsga, V — HCKOMas
CKOpOCTh. OnpeaenuTs BEICOTY MOIbeMa CHapsia.

Pemenue

CocTaBuUM pacyeTHYIO CXeMy U BBeZleM 0003HaueHus. [[Bmkenne cHapsiaa
YCJIOBHO ITPUHUMAETCS 3a ABHXKEHUE MATEPUATIBbHOW TOYKH MACCOM M moja Aeu-
CTBHEM CHJIbI CONPOTUBIICHUS Bo3ayxa F_ u coOctBeHHoro Beca P=mg, rae

conp

g — yckopenue cBobogHoro nagaeHus. O6o3naunm t — Bpems, h(t) — NpoieH-
o \Y
HBIM CHapsIIOM MYTh, V(t) — CKOPOCTb JIBM)KEHUS CHapsija; Toraa pr — ycKope-

HUE CHapsaa.

3 H
ma
a
}
I_:-;onp
mad
H, =0
Pucynox 66

CoctaBum nuddepenimanbHOe ypaBHEHUE ABMKEHUS cHapsiaa. CornacHo
BTOpOMY 3akoHY HbI0TOHA,

dv
maz—(P+F ),

conp
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/i€ 3HaK MUHYC YKa3bIBAET, YTO CUJIbl BECA U COMPOTUBIICHUS 3aMEJJISIOT
JBMDKEHUE CHAPS/IA, T. €. HAIPABJICHBI IPOTUB €ro IBUXEHUs (puc. 66). YuuThi-
Bas BolpakeHus g . u P, momyuum

conp

g =~(moamv)
nJIn
d
(o)

Y4yutwiBasg, 4To

Moy o Ddvgh_ dv
dt dh dt dh

NepenuiineM ypaBHEHUE B BUJIE

d 2
vd—\r:=—(g+,8v).

910 u ecth AuddepeHInaTbHOEe ypaBHEHNE IBIKEHUS CHapsAaa. Tak Kak
B HayaJIbHBIH MOMEHT BpemeHu t =0, ckopocTh CHapsiia paBHa V,, a IPOHJIEeH-

HBIM ITyTh PaBEH HYJIO, TO HAYAJIbHOE YCIIOBHUE 3aIIMILIEM B BUJIE V(O) =V,.

Haiinem uvacthHoe pemienne nud@epeHnaibHOr0 ypaBHEHUS JIBHKEHUS
CHaps/a, YAOBJIETBOPAIONIEE HAYaIbHOMY YCIOBHUIO V(O) =V,. Pa3nensas nepe-
MEHHbIE, TOJYYHM:

LY
g+pv
HNuTterpupyem:
J‘ﬂ:—J‘dh_'_C- iln‘g+ﬂv2‘=_h+c. g+ﬂv2=Ce—2ﬁh.
g+ﬁV2 11 Zﬁ 11 y

ce” -
v(h)= /Tg'
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Hcnons3yst HayanbHOE yCI0BUE, Hainem 3Hauenue C:

v0)=,=5% =v = c=g+ A,

OKOHYATEJIbHO YaCTHOE PEUICHUEC ITPUMET BHU

(9+p%)€™ -9

v(h)= ;

B MOMEHT J[OCTIKCHHSI CHApsJOM CBOErO HAMBBICIICTO 3HAYCHUS
(h=H) ckopocTh ero, oueBUIHO, NODKHA PABHATHCS HYIIO, T. €. V(H):O.

[loncraBmsist 3TO yClIOBUE B ypaBHEHUE JABIMKEHUS CHApsAA, MOTy4YnM HanOOJb-
LIYIO BBICOTY IOJbEMA CHApAAA!

(9+8%)€°" -g

v(H)= =0: + AR e =g e = g ;
(H) 5 (9+8%) g Y
H=-tn[_9 = |.
26 9+pv,

Ipumep 90. Touka Maccoit M ABMKETCA NPSIMOJIMHEWHO, Ha Hee Jei-
CTBYEeT CHJIA, IPONOPIHOHANBHAs KyOy BpemeHu (koddduumeHT mpormopimo-
HanmbHOCTH K). KpoMe Toro, Touka HCIbITHIBACT MPOTHBOACHCTBUE CPEIbI, IPO-
MOPLUOHAIBEHOE MPOM3BEICHHIO CKOPOCTU U BpeMeHH (koddduimeHT mpormop-
nroHansHOCTH K, ). HaifTn 3aBHCHMOCTB CKOPOCTH OT BPEMEHH, €CIIM B MOMEHT

t =0 ckopocTh TOUKH OblIa paBHa V.

Pemenue
_a .
Ennp @ F
Pucynox 67
dv
[Tycth V(t) — CKOpPOCTb JIBUKCHHUS TOUKH, TOTJIa — — YCKOPEHHUE TOYKH.
3anuireM ypaBHEHUE IBHXKEHUS TOUKU
dv
ma=kt3—klvt wm v + kvt =kt®,

129



KOTOpOE SIBJISIETCS JIMHEWMHBIM ypaBHEHHEM IepBoro mnopsijaka. CaenaB 3aMeHy

V=yz (y= y(t), zZ= Z(t)) , IOYYUM:

z’+ﬁzt=0;
yz+yZ+Sya=Xp, Y2+y(2'+£2t)=5t3; |
m m m m ks
yz=—t%
m
klz
(1) %:—ﬁzt’ g:—ﬁtdt, |n2=_ﬁt2; Z= ezm ,
dt m z m 2m
_ﬁtZ k k12
2) ye =X y——3e2m : jt3eZn dt =
m
Zﬁtzzp’ t2 2_mp, 2
m
= 5 kl :EIZ(EJ eP
2tdt=—mpdp, tdt=mdp m 5
I K, K
(MHTETpPHUPYEM I10 YaCTSIM)
_2km km K .2
[&" — | ePdp| = e’ 1)+ ezm —+t“-1|+C.
e Je) AT (py 0= Se e

Taxum 06pazom,

ky ;2 L k2
= se-[ 20 ol Mg

N3 HayanbHOTO YCIOBUS V(O) =V, HanzgeMm C:

2km 2km

(o) =-2¢ =

H 3allMIIEM BBIPAXXCHUC, ONPCACIIAIOMCE 3aBUCUMOCTb CKOPOCTU TOYKH OT BPC-
MCHHM.

V(t)=2km(k1 )em*( zki;n)z?(;tz_1+ezka2j+ve5a2.
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Ilpumep 91. MammHa Maccoii M TPUBOJIUTCS B JIBHOKEHUE CHJION
F (F = const), KOTOpasl 3aMeUIsIeTCsl CuilaMu TpeHus B onopax. Cuia TpeHus

MPOIMOPLUHUOHAIBHA CKOPOCTH, HO TaK KakK IMPOUCXOAUT HAarpeBaHUE CMAa3Ku B
omopax, To Ko3hOUIMEHT TPOMOPIIMOHATIEHOCTH MEHSIETCS CO BPEMEHEM, U €T0

a o
NPUHUMAIOT PaBHBIM m (a u [ omnpenensioT ’KCHepUMEHTANbHO). HaliTu
+

YpPaBHCHHEC JABHUKCHHA MalllMHBI, IIpEAIrojgaras, 4T0 B MOMCHT BPCMCHU t=0

v(0)=0.

Perienue

Eall

_a
Pucynox 68

dv
O603Ha‘{I/IM CKOpOCTI) MallInuHbBI V(t), E - YCKOPCHI/IC MallruHbI, TOrAa

YPaBHCHUC JIBHUXCHHUA MAIMHbI UMCCT BU/T

dV—F— a V W v'+—av =E.
m

m— =
dt t+ m(t + 3)

[TomyyeHHOE ypaBHEHHE SIBISETCS JTUHEWHBIM Tud(epeHnnanIbHbpIM ypaBHEHHU-
€M, Il €ro pelIeHus CAeJIaeM 3aMeHy V = yZ (y = y(t), zZ= Z(t)) . Umeem:

z'+%:o-
ayz _F. , az |_F. m(t+3)
Y ) m ”*V(“mj‘m
y'Z—E,
(1) %:—L- %:—Ldt InZ=—£|n(t+,3):>Z=(t+,8)_%'
d mt+B) z mt+p) m ’

Q

(2) y’(t+,3)‘f;=%; y':%(t+ﬁ)m; y:%J‘(t+IB)idt+C:>
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a+tm a+tm

v(t) =(t+ﬁ)_$( F (t+ﬁ)$”+Csz+C(t+ﬁ)‘Z].

[Toncrainsst B 00111€e pellieHre YpaBHEHHUS HAYaJIbHOE YCJIOBUE V(O) =0,
Hagem C:

v(0) = Fp +CAMm=0= c=-F~
a+m a+m

U 3aIIUIIeM 3aKOH ABUKCHUS MallINHBI.

V(t)zF(t+,8)_Flgm (t+8)m _ F e

a+m a+m _a+m (t+,8)

JAu¢ppepenunanbHoe ypaBHeHHe CUJIBI IEPEMEHHOI0 TOKA B ciy4ae,
KOI'/Ia B LIEIIM €CTh CAMOMHAYKIMSA U OMHYECKOe CONPOTUBJIEHHE

[Ipeanonoxxkum, 4TO B LIEMHM OMHYECKOE COMpPOTUBIEHUE paBHO R, cuna
Toka | BO3OyxkmaeTcs aiekTpoaBwxkyiied cunmoit E. CamounHaykuus paBHa L.
[IycTh W3BECTHO, YTO DSJEKTPOABMXKYIIAS CHJIa MEHSETCS 1O 3aKOHY
E=E,sinwt, rne E, m w —nocrostansie. TpeGyeTcs onpenenuTs CUily TOKa B
LIeNH1 B MOMEHT 1, 3Has, uto B MOMeHT t =0 oHa paBHa Hymo: |, =0.

N3BecTHO, uTO JU1s cuiibl ToKa | u compoTtuBieHus R moreps Hampsbke-
Hus paBHa |R. Jlnsg uenu ¢ camouHaykuumen L moTepst HampsiKeHUs paBHa

| .
La . IloaTomMy mosiHast HOTEPs HATIPSKEHHSI BO BCEH 1ienu Oy ieT:

E=IR+ Ld—l.
dt

3aMeHsisl JEKTPOABHKYINYIO cwiy E ee 3HaueHuem, Mbl BUIUM, 4YTO
OTBICKAHWE CUJIBI TOKA | TPUBOAUT K MHTETPUPOBAHUIO JIMHEHHOTO AuddepeH-
[UAJIBHOTO YPAaBHEHUS MEPBOT0 MOPSIIKA:

—+— =Tsina)t. ()



Pemum nosryuennoe ypasuenue. [Iycte | = uv, roe u(t) u V(t) SABJISIFOTCS

peneHusMU Qg hepeHInaIbHbIX YpaBHEHHH

Q+B :0’
dt L
du _ E;sinwt

dt Lv(t)
R

Pemas nepsoe ypasHenue, noitydum V=€ L . Iloacrasmiss 510 3Ha4eHUE
BO BTOPO€ YpaBHEHUE, ITOIYYMM YPaBHEHUE IS ONpeaenaeHus U (t) )

R

~t
du = 5sina)t e .
d L
NuTerpupyst, Haxoaum
R
t
u =%jsina)t e dt+C.

Torna o6wmuit uaTerpan ypasaenus ( 1) npumeT BuI:

_Rt Rt
| =@t (%J‘sina)t e dt+CJ.
Ho Tak xak
R eBt
=t LE" (Rsinwt —L wt
jeL sinwtdt = ( >IN weo )
R? + oL

TO

- E (R ot
| =—2 _ (Rsinwt - Lwcoswt) +CE L .
R2+a)2L2( I )

cnons3ys HauansHOe yenosue (mpu t =0 |, =0), naiinem nocrosauyto C:

_ EBlw
R? + L%’
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[ToaToMy

E, it
| =——2 | Rsinwt - Lwcosut + Law€ - |.
| e ]

[IpencraBum nckoMoe perieHue B 6ojiee y100HOM /ISl BRIYUCIICHUS BUJIE.

Lw
[Tonaras =) =tg¢ (yron ¢ Ha3bIBalOT CMeIIEHUEM (a3bl), TOJYUUM:

Rsinawt - Lwcogwt =R + aL? sifawt - ¢),

YTO JaeT

. EOLwe_ft , Eosin(wt -¢)

R+’ R+ AL

Cuiia TOKa, Kak IMOKa3bIBa€T 3TO PABEHCTBO, COCTOUT U3 JBYX YacCTEW:
_Rt
TepBasi MIMEET XapakTep 3aTyxanus (MHoxkuTen» € L ); Bropas — nepuomude-

CKUH Xapakrep (MHOXHUTEb sin(a)t - ¢) ).

Ipumep 92. DnekTpoMOTOp BKIIOYEH B Liemnb ¢ HanpsbkeHnem E=300B,
obmiee comportuBienue R=150 Om. Kosdduuument camounnykiuu L=30 I'H.
Haiitu cuty Toka uepes 1 ¢ mocine 3aMbIKaHUS LIETIH.

Pemenue

Bocnons3zyemcst auddepeHnaibHbIM ypaBHEHUEM [IJIs1 OTIPEEICHUS CH-
JIbl TOKA B LIETIH B JIFOOOH MOMEHT BpeMeHH 1 :

IR+ Ld—I=E.
dt

HOI[CTaBI/IB CI0J1a JaHHBIC U3 YCJIOBHUS, ITOJIYYHM CICAYIOIICC YPABHCHUC.

30l'+150 = 30C wm |'+51 =10.

DTO ypaBHEHHE SBIISAETCS IHHEWHBIM, CaegaeM 3aMeHy | =u(t)|]/(t)
(I'=uv+uv):

uv+u/ +5uv=10 = uv+u(V +5/)=1C
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IMpeamnomaras, uro V' +5v =0, momyuum u'v =10.

V +5v=0: %=—5/; yz—fdt; InNV=-% = v=e™;
v

ue=10; u=1¢" = u= 2*+C.
Takum 00pazom,
|(t)=e™ (26" +C)=2+Ce™.

YuutheiBas, uTo B MOMEHT Bpemenn t =0 cuia Toka Obla paBHa HYJIIO,
T.e. | (O) =0, maiigem C:

1 (0)=2+Ce’ = 2+C =0, orcrona C =-2,
I(t)=2-2™.

OnpenenuM cuity Toka yepe3 1 ¢ rmocie 3aMbIKaHuUs LETu:
1(1)=2- 27 =1.986! (A).
YpaBHeHHe 3aTyXa0IMUX KoJeOaHuil

PaCCMOTpI/IM cnyqaﬁ JABHKCHHA TOYKH IIO[ I[CﬁCTBPICM CUJIbI, IPUTATH-
BaIOH.ICﬁ TOYKY K HCIIOABHKHOMY LCHTPY, IIPH HAJIUYKUN COIIPOTUBJIICHUSA CPCADI,
MMPONOPHUOHAJIBHOTO CKOPOCTHU TOYKHU.

X
[TycTh X(t) — MepeMeIIeHrue TOYKH, TOT/a E — ckopocTb. O603HAYUM

koapurment nponoprmonansHoct 2hm (h>0), Torma wmcmons3yst BTOpoi

3akoH HprloToHa, nuddepenimaibHoe ypaBHEHNUE JIBHKEHHUSI TOUKH MOXKHO 3a-
nucaTh B BUJIE

2
md—z( = —k2mx - 2hm
dt dt
nJIn
d*x _, dx

F+2ha+k2x=0,

rac X(t) - KOOpAWHAaTa NEpCMCIICHNA TOYKU.
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DT0 NMHEIHOE OAHOPOAHOE YPaBHEHUE BTOPOTO MOPSIAKA C TOCTOSHHBIMU
koadunrenTamu. Ero xapakrepuctuieckoe ypaBHEHUE

ZZ+2hz+k?*=0

naer kopun z =—-h++h*-k® u z,=-h-+/h*>-k*.

[Ipexe BCero, paccMOTPUM Hamboliee BaXKHBIH CIydaii, KOr1a KOPHHU Xa-
PaKTEPHCTHYECKOTO yPaBHEHHsI KOMILIEKCHEI, T. €., korna h® —k?<0. ITonaras,
uro h*—k*=w?, 6ynem umethz, =-h+ai, z,=-h-dai u Torma obmee pe-
LICHUE:

x=¢e"(C,cosut +C, sinut)

YLII/ITBIBaH, 4TO B MOMCHT BPCMCHH t =0 HayajgbHOE ITOJIO)KEHUE TOUYKH
X _ o
X= XO’ a HavdaJIbHasA CKOPOCTHb E = X0 OonpeacIuM IMIPOU3BOJBHBIC ITIOCTOSHHEIC.

B cuny nepBoro ycnoBus
X, =(C,cosw0+ C, sitw e = C,=x,

o0pa3zyst MpOU3BOAHYIO

% =e™(~Chcosat - C,h sinut —~ Cw sinut + C 0 CcoGt)

H, IOOYHHIA €€ BTOPOMY YCIOBHIO, IIOJTYYHM.

"+
c, =% XN
w
Takum 06pazom,
I + )
x=¢e"| x,cosat + 20 G
w

I[Nepenuinem nMpaByro 4acTh PABEHCTBA B BHJIE
— —ht 3
x=pesin(at +¢,),

rIe

:1 2 ! 2 = —CL)XO
w\/xowz+(xo+xoh), Py arcthéeroh.
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M3 paBeHCTBA ClIEIyET, YTO ABHKCHUE UMEET KOJeOaTeIbHBIN XapaKTep.
ITepuon xonebanuii

21T 21T

T=C= .
w \/k2_h2

27T o
CpaBHHBas €ro ¢ NEPUOIOM T0 = ? CBOOOIHBIX KOJIEOAHUN, BUIUM, YTO

T>T,.
ITycte X(O) =X, " X(O) =0. Torna

2
0=X%, 1+ (C—U e"sin(at +¢,).

[IpunaBas Bpemenu t 3HaueHUA

T 2
=, t3:_1-"l
w w

YYUTBIBAs ITOJyYEHHOE PABEHCTBO, HAUIEM:

t,=0,t,

_h 2t 3w

X =Xy X TXE Y X TXE Y X, = XL @

Otcroga BUOHO, YTO aOCOJIIOTHBIE 3HAYEHHUS a0CIUCC, T. €. MOCJIEN0BAa-
TEJIbHbIC OTKJIOHEHUS KOJCOJIIOIIEHCS TOUYKH OT HEMOJBHKHOTO IIEHTpa, 00pa-

3YIOT OECKOHEYHO Y6LIB8,IOH_IYIO rCOMCTPHUUYCCKYIO IIPOrpeCCUur0 CO 3HaMCHATe-
—hrmr

JIEM, paBHBIM € “ . DTO M €CTh CiIy4yail TaK Ha3bIBAEMbIX 3aTyXaloIIHUX KojeOa-
HU. 3aKOH U3MEHEHUS X(t) B 3aBUCUMOCTH OT BPEMEHHM MNpeCcTaBieH rpadu-

YyeckH Ha puc. 69.

Pucynok 69
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PaccmoTpum ciywaii, korna h®>—k?>0. Kopuu z u z, GyayT Belie-
CTBEHHBIMHU U OTPHIIATCIHLHBIMU:

x=Ce* +C,e”.

HpOI/IBBOJILHBIC INOCTOAHHBIC OIPEACIIMM Ha OCHOBAHHHW HA4YaJlbHBIX

. dx _
ycnoBuit (X =X,, — = X, npu t =0). Mcnoap3ys HaualbHbIE YCIOBUS, IOIYIUM

dt

CHCTEeMY JIMHENHBIX anredpandeckux ypasHeHuil otHocurensHo C, u C,:

Cl + Cz = Xo»
ZJ.C1 + chz = X'o-

Pewras cucremy, nosryuum:

! !

C — %~ %% C — XoZ1~ X
4~ 74 4~ 7

OxoHYaTeIbHO HCKOMOE PEHICHUEC MOXHO 3aIIMCaTh B BUJC:

X(t) _ X~ X% g4 + Xofy~ Xoezzt
4~ 74 4,— 12,

X
Hccnenyem noiiydeHHOE pELICHWE, A 3TOTO0 X H pry nepenuuem

B BUJIE.
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X
TO HU X(t), HU CKOPOCTb pry HU pa3zy He oOpallatoTcs B HyJb. DTO O3HAYaerT,

9YTO TOYKa HpI/I6J'II/I)KaCTC}I ACUMIITOTHYCCKHU K IIPUTATUBAIOIICMY LHCHTPY, HAXO0-
AsCb BCEC BpEM C OI[HOﬁ CTOPOHBI OT HETO. Ecnn

X4~ % .

X =~ X2,

X
TO KakK X(t) , TaK U EMoryT 00paTUTHCA B HYJb 110 OJHOMY pPasy.

PaccmotpuM mocnenmmii cmywaif, xorma h®—k?=0. Xapaxrepucruue-
CKO€ YpaBHEHHE MMEET JBYKPATHBIH OTpHULATEIbHBIH KOpeHb Z = Z, =—h. O6-

ee pemeHne 0y1eT UMETh BUJT
x=(C,+Cjt)e™.
HpOI/ISBOHBHBIe IMOCTOSHHBIC OIIPCACIINM M3 TCX KC HAYAJIbHBIX YCHOBHﬁ:
C, =X, C, =X+ X.
B sTom ciydae rckomoe pereHue 3anuiieM Tak:
x=| %+ (% + xh)t[e™.

AHanu3upys MOJy4eHHOE BBIPAXKEHHE, JIETKO 3aMETUTh, YTO IO HCTede-
HUM JIOCTaTOYHO MPOAOJDKUTENHHOIO MPOMEXYyTKa BpeMmeHu t Touka Oyner
CKOJIb YTOAHO OJIM3Ka OT MPUTATHUBAIOLIETO LIEHTPA.

Konebanus MarHUTHOM CTPEJIKU raJbBaHOMETPA, KOJeOaTENbHbINA pa3psia
KOHJICHCATOpa, KOJICOAHUsI HEKOTOPBIX PETYISTOPOB IMApPOBBIX MAIIUH MOTYT
CIIy>)KUThb MpPUMEpaMH 3aTyXawlux KojeOaHuil. [[BuKeHHe, COOTBETCTBYIOIIEE
ciydasm  h*—-k®*>0 um h®’-k®=0, wumeer MecTo IpH GONBIIOM COMPOTHB-
JICHUU cpenbl (HarmpuMep, ABMKEHHE MarHUTHOW CTPENKH MPH CHUIIBHOM YCIIO-
KOHUTEIIE).
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3ajanus 11 CaMOCTOSAITEJILHOM PadoThI

3apanue 1. Kycok meramna ¢ temneparypoir 100 C momerieH B mneysb,
TeMIIepaTypa B KOTOpOH mojanaepkuBaercs noctosstHHo paBHoit S00° C. 3a uac
teno Harpenock 1o 200° C. Onpenenuth Temmepatypy Tela depes 2 daca u

BpeMs, 32 KOTOPOE TeMIlepaTypa Tejaa yTPOUTCS.

(OtBeT: 275C, t =In—2 =24 25MuH.)

INn4-1n3

3apanue 2. TemnepaTypa BeIHYTOr0 U3 neuu xjebda cauxkaercs ot 100 10
60° C 3a 20 mun. Temneparypa Bozmyxa 25° C. Uepe3 kakoil mpoMeKyTOK Bpe-

MeHH (OT Hayasa OXJaXKIeHHUs) TeMIieparypa xjueba nouusurcs 10 30° C?
(OtBer: 71munH.)

3amanue 3. Temo maccoil M magaeT ¢ HEKOTOPOUM BBICOTHI CO CKOPOCTHIO
V(O) = 0. [Ipu mageHnn TEI0 UCIBITHIBAET COMPOTHUBIICHNUE BO3AyXa, TPOIIOPIIH-

OHAJIbHOC CKOPOCTH. Haiitn CKOPOCTh Magaromiero Tejaa V(t) B JIFOOOM MOMEHT

3
BpeMeHH t (Koa(hUIMEHT PONOPIUOHATFHOCTH PaBeH E)

3y
(Otger: v(t)==mg|1-€ 2" |)

wIinN

3aganue 4. [Ipoxoxas yepes Jec U UCIBITHIBAas COMPOTHUBIICHUE JIEPEBHEB,
BETEp TEepsSET 4acTh CKOpOCTH. Ha OECKOHEUHO MalloM MYyTH 3Ta MOTEps Mpo-
MOPIIMOHATIFHA CKOPOCTH B HaYaJie IMyTH U ero JyinHe. HailTu ckopocTh BeTpa,
npomenero B gecy 150M, 3Hast, 9T0 70 BXOXKICHUS B JIEC Ha4adbHas CKOPOCTh
BeTpa Obuta V,=12 m/c, a mocne mpoxokaAeHus B Jiecy myTd S=1IM cKOpoCTh

BeTpa yMeHbImiach 1o V;=11.8wm/c.
(OtBer: 0.931m/c.)

3apanme 5. Jlogka 3aMenisieT CBOE IBHXKEHHE T0]T IEWCTBHUEM COMPOTHUB-
JIEHUSI BOJBI, KOTOPOE€ NPONOPLMOHAIBHO CKOpPOCTH JIOJKU. HauanbHas cko-
pocth nonku 1.5wm/c, ee ckopocth uepe3 4 cexynubl 1 m/c. Haiitn Bpems, 3a ko-
TOpOE CKOpOCTh JIoAKK yMeHbmHTCs 10 0.01wm/c m myTh IpOWICHHBIN JIOAKOW
110 OCTaHOBKH.

(OtBert: 50¢, 15Mm.)
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3aganme 6. YCKOpeHHE JJOKOMOTHBA MPSMO ITPOIMOPIIHOHAIBHO CHJIE TATH
F u 0OpaTHO IpOMOPLHHUOHAILHO Macce moe3na M. HagampHast CKOpOCTh JIOKO-
MOTHBA V,, cuia Tarn F =b—-kv, roe v —ckopocts; b, K —mocrosiuubie Benu-

ypHbl. HalfTu cuity TSy JIOKOMOTHBA 110 UCTEYEHUH BPEMEHH 1, ecnu B Havasb-
HbIif MoMeHT Bpemenu t =0 F =F, =b—kv,.
k

<
(Otser: F=FE™ )

3apanme /. Touka Maccoil M JBHKETCA NMPSIMOJIMHENHO; HA HEE IEHCTBY-
eT CWia, NMPONOPIHOHANBFHAS BpeMeHH (KO3(QQUIIMEHT MPOMOPIUOHATBHOCTH
k). Kpome TOro, TOYKa WMCHBITHIBAET MPOTHBOACHCTBHE CPEIbI, MPOMOPIIAO-
HaJbHOE CKOpOCTH (K03 duiueHT npomnopruoHansHocTH K ). Haiitn 3aBucu-
MOCTb CKOPOCTH OT BPEMEHH, eciau B MOMEHT t =0 ckopocTh TOUKH ObLIa paBHA
HYJIIO.

_kt
(Orger: V=% t—m+me m 1)

k. ki

3aganue 8. Llens coctout u3 omuueckoro conportusieHuss R=0.360m u
camouHaykuu L=0.02T'H. Onpenenuts | (t) B MOMEHT pa3MbIKaHUsI TOKa, €C-

mm | (O) =1,, a Taxxe yepe3 Kakoe BpeMs BeJIMunHa Toka ynajet a0 1% coeil

UCXOJIHOW BEIUYMHSI | .

R
Rt
(Otser: I (t)=1,€%, t=0.27c.)

3amanue 9. DiekTpuueckas IMenb COCTOUT M3 IMOCIEI0BATEILHO BKIIIO-
YEHHBIX UCTOYHUKA MTOCTOSHHOT'O TOKA, JAI0IIero HanpsbkeHue E, compoTusie-
Husa R, camouwnayknuu L W BKIrO4aTens, KOTOpbld Bkirouaercs npu t=0.
Haiitu 3aBUCUMOCTD CUJIbI TOKA | OT BpeMeHH.

R
Rt
(Otser: | =E 1-e: |)

3apanme 10. Temno maccoit 1.96 kr, moBemieHHOE HA TPYKUHE, KOTOpas
cunoit 10 H pactsarusaercsa na 0.2 M, pu IBUKEHUU BCTPEUYaeT CONPOTUBIICHHUE,
nporopiruoHanbHoe ckopoct U mipu ckopoctrn 0.01 m/c paBroe 0.2 H. B
HavyaJbHBI MOMEHT MPYKMHA PACTAHYTA U3 MoJokeHus: paBHoBecust Ha 0.05m
U Tell0 MPUXOIUT B JABIKEHHE 0e3 HaualbHOW CKOpOocTH. OmnpenenuTh 3aKOH
JBUKCHHS TEJIA.

(OTBer: X =5¢™ (5t + ZI) [10% m.)
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3.3 Ipyrue 3agaumn

IIpumep 93. B pesepByape comepkuTcsi A Kr BEIECTBa, PACTBOPEHHOTO
B B nuTpax Bonbl. 3aTeM Kakayro MUHYTY B pe3epByap noctynaet M nmuTpos

BOAbI M BbITeKaeT N JHTPOB pacTBOpa (M > N), IpUYEM KOHLIEHTpaIusl CO-

XpaHsieTcsl paBHOMEPHOM MyTeM nepeMennnBanus. HaliTu koaudecTBo BeliecTBa
B pe3epByape uepe3 T MHUHYT MOCJE Hayaja Mmpolecca.

Perienue

[Iycth X(t) — KOJIMYECTBO BEILIECTBA B pe3epByape uepe3 { MUHYT mociie

Hayayia mporecca 1 X+ AX — B MoMeHT Bpemenu t +At. 3amerum, uto AX<0
npu At >0 (1. e. pactBOp "00eaHsIETCA").
O06o03HaunM 00BEM cMecH B MOMEHT t V (t):

V(t)=B+Mt-Nt.

KoHieHnTparust BelectBa B MOMEHT BpeMeHH ! paBHSETCS, OUYEBHUIHO,

X o
— . 3a OECKOHEYHO MaJblii OTPE30K BPEMEHU [t, t+At] KOJINYECTBO BEICCTBA

U3MEHsETCS Ha 0ECKOHEYHO Majylo BenuuyuHy AX, JUisi KOTOpOH CIpaBeIMBO
npUOINKEHHOE PABEHCTBO

Ax=-XNat=—— N A
% B+(M - N)t

3amenss npupamieHus AX u At guddepennnanamu dX u dt, moaydaem
audepeHnraibHoe ypaBHEHHUE!

dx=—— g
B+(M - N)t

HuTerpupys 3T0 ypaBHEHHE C pa3IesIONIMMHICS EPEMEHHBIMUA U CUUTAs
M > N, Haiinem of1iee pemieHue:

dx Ndt . o dt

x  B+(M-N)t' I x __NJB+(M ~N)t

+ Cl;
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In|x| =~

In[B+(M =N)t/+InC =
M -N

x(t) = c_
(B+(M =N)t)v-n

Hcnonb3ys HayanbHOe yciaoBue X= A npu t =0, Beruucium C u 3amnu-
IIIEM YaCTHOE peIlICHuE:

N
A= < — = C=AB"™";

(t)= A(B+(|\/|B— |\|)tjMTN '

[lomaras t=T, HaiiieM KOJIMYECTBO BEUIECTBAa B pe3epByape uepe3 |
MUHYT MOCJIE Hayaja mpoluecca:

X(T)=A[B+ (MB_N)TjMT”.

IIpumep 94.B 6ake naxoautcs 1001 pactBopa, coaepxkamero 10 kr co-
nu. B Gak BiaMBaeTcs BoAa CO CKOPOCTBIO 5 JI/MUH, M CMECh BBITEKACT M3 HETO C

TOM k€ CKOpOCThIO0. KoHIIeHTpaus mpuHUMaeTcsi paBHOMEpHOW. CKOJIBKO COJH
ocTaHeTcs B Oake yepes yac?

Perienue

O603HaYUM X(t) — KOJIMYECTBO COJIM B pe3epByape yepe3 t MUHYT mocie

Havaja npouecca. Bocronp30BaBIIMCh pe3ysIbTaTaMU NPEABIAYILIETO IPUMEPA U
yuuthiBas, uto M = N, 3anumem nuddepeHnuanisnoe ypaBHeHHE:

dx = _ N\ dt.
B
[To ycnosuto, B=100, N = &, Torma

dx=—ldt.
20
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Haxoaum oO1iee pemieHue:

_t
%z—ﬂ; Inxz—it+InC; x=Ce 2,
X 20 20

[Tockoneky B MomeHT Bpemenun t=0 xomuuectBo comu X=10
(X(O) = 10), to 10=Ce” u C =10. Takum o0Opazom,

x(t) =10 2.

OnpenenuM KOJUYeCTBO cou B Oake uepes yac. 1 yac=60 muH,

60

x(60) =100 % = 1@ = 0.K(xr).

Ipumep 95. [{ununapudeckuii pezepByap ¢ BBICOTOM 6 M U AHMaAMETPOM
OCHOBaHMS 4M MOCTaBJIEH BEPTUKAJIBHO U HAIIOJIHEH BOJIOM. 3a Kakoe BpeMs BO-
114, 3alOJIHSIONIAs PE3EPBYap, BBITEUET U3 HETO Uepe3 KPYIJIoe OTBEPCTUE PaTu-

yca B M, CAETIaHHOTO B JTHE pe3epByapa?

Pemienue

Jljia perieHus MOCTaBIEHHOM 3aaun Bocmoiab3dyeMcs hopmynoit bepryi-
JIY, OIIPEAENSAIOMIEN CKOPOCTh V UCTEYEHUS )KUIAKOCTU U3 OTBEPCTHS B PE3EPBY-
ape, HaxoJsmIerocst Ha h M H¥ke CBOOOIHOTO YPOBHS JKUIKOCTH:

v=0.2gh.

2 .
3neck g =9.8 M/c” — ycKOpeHHUE CHITBI TSHKECTH, 0 — TOCTOSIHHBIN (Oe3pa3mep-

HBII) KOA(PPHUITUSHT, 3aBUCSIINANA OT CBOKCTB XUIKOCTH (11 Boasl O = 0.6).
[TycTth "epe3 t ¢ mocie Havyaa UCTEUCHHS KUJKOCTH YPOBEHb OCTaBIICH-

csl B pe3epByape BoJibl ObLT paBeH h M u 3a Bpems dt monusmics emie Ha dh m

(dh < O). [Toncuntaem 06beM BOJBI, BHITEKIIEH 32 OECKOHEYHO Majblii IMpome-

KyTOK BpeMeHH Ot IByms criocoOamu.
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Pucynox 70

C omHOI CTOPOHBI, 3TOT 00beM OV paBeH 00beMY IHIHHIPUIECKOTO CIIOS
C BBICOTOM ‘dh‘ ¥ paJInycoM, paBHBIM paJuycy I OCHOBaHUS pe3epByapa (I =2
Mm). Takum obpazom,

dv = 7z ?|dh| = —7r *dh.

C nmpyro#i cTOpOHBI, 3TOT 00bEeM paBeH 00beMy IHWJIWHIPA, OCHOBAaHHUEM
KOTOPOTO CITY)KUT OTBEPCTHE B JIHE pe3epByapa, a BbicoTa paBHa VAt (rme v —

CKOpOCTh HcTeueHus ). Eciu pagunyc otBepctus paBeH o (0 = 1—12 M), TO
dv = 7pvdt = p’o./2ghdt.

HpI/IpaBHI/IBaH 9THU JIBa BBIPAKCHUA AJII OJHOI'O M TOT'O K€ O6’bCMa, Impu-
XOOHUM K YPaBHCHHUIO

—r’dh = gp®\/2ghdt.

Paznenss nepeMeHHbIE U HHTETPUPYS, IOJIy4aeM

2r\Jh
ap’\[2g

ITpu t =0 umeem h=6wm, T.e. h(O) = 6. OTcro1a HAXOAUM

2
C= 2./6r

“op’\2g°
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Takum oOpa3om, CBs3b MEXIYy t U h onpenensieTcs ypaBHCHHEM

-2 {Vo-h),

a MOJIHOE BpeMsI UCTeUeHUs T Haljem, nojaras B 3toi popmyne h=0:

“:ZJéz
ap’y[2g

Wcnonw3yst manHbie 3amaun (r =2 M, ,0=1—12 M, 0=0.6, g=9.8 M/CZ),

gaxoquM 1 =1062c=17.7MuH.

JNuddepennnaibubie ypaBHeHHsS] HENPEPHIBHOTO pocTa (YObIBAHUSA)

[TycTh M3BECTHO, YTO CKOPOCTh HpupocTa (Wi yOBIBaHUS) HEKOTOPOIA
BEJIMYMHBI P nponopuuoHanbHa HATMYHOMY KOau4decTBy. IIycTh B HauanbHbII
MoMeHT t =0 BesnnuuHa Obl1a paBHa P,. TpeOyercs HaliTH 3aBUCUMOCTh MEXTY

BenM4MHONW P 1 Bpemenem t.

. dP
Tak Kak CKOpPOCTb IPUPOCTA BBIPAXKAETCS TPOU3BOTHOM R TO COINIACHO

YCJIOBHIO 3aJ1a4H 3aIITAIICM.

P e,

dt
rne K>0 — xoadumueHT mponmopIHOHAIEHOCTH, 3HaK “+” B ciy4ae
IpUpoOCTa; 3HaK “—" B ciydae yObiBaHus. [lomydeHHOE BbIpakKEHUE SIBISETCS

audepeHnanbHbIM YpaBHEHHEM HEMPEPBIBHOTO pocTa win yobiBanus. Pasne-
JIUB IEPEMEHHBIE, HANAEM:

£=ikdt,
P

OTKYJa, UHTErpUpPYs, IOJy4yuM oO0IIIee pelIeHrne
P=Ce™"

rac C — mocrosiHHAA HHTCTPUPOBAHUA.
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Toscrapisis HavanbHoe yciosue, npu t =0 umeem C=P, u P=Pge™.
OKOHYATENBHO, B CIIy4ae HEIPEPLIBHOIO POCTA

a B cliydae yObIBaHHUS
P=Pe™.

AHanu3upysi MOJYyYEHHBIH pe3yJbTaT, MOXHO YTBEpKAaTh, YTO B pac-
CMOTPEHHOM CjIy4ae MpupocT (KWiu yObIBaHWE) HEKOTOPOM BEMYUHBI P mpowuc-
XOJIUT MO SKCIIOHEHIIMAIbBHOMY 3aKOHY.

IIpumep 96. CkopocTh oOeclieHHMBaHUsI 00OPYIOBaHUSI BCJICICTBUE €T0
M3HOCA MPOIMOPIHUOHATIbHA B JaHHBIH MOMEHT ero (h)akKTHYECKOH CTOMMOCTH.
Hawanenas croumocts paBHa 10 miH. rpH. M3BeCTHO, YTO CTOMMOCTH 000PYI0-
BaHUs yepe3 2 rofa craja 8 MJIH. TpH., HAWTH CTOMMOCTh 000PYAOBAHUS TIO HC-
teuenuto 10 mer.

Pemenue
dP
Croumocth 000pyJ0BaHMUS O0O3HAUYUM P(t). Torna E — CKOpOCTH
dP [13 ”
obecriennBanus obopynoBanus. [1o ycioButo E =-kP (3mak “-”, T. k. cTOM-

MOCTh 000pyZ0BaHUs yMeHbIaeTcs). HauanbHas croumocth obopymoBanus 10
MJIH. TpH., T. €. P(O) =10; gepe3 2 roga CTOUMOCTb COCTaBUT 8 MJIH. TPH., T. €.
P(Z) = 8. Tpebyercs HallTH P(lO). [Tonyuum nuddepeHimaiLHoe ypaBHEHHE
C pa3IesSIIOIIMMHUCS TePEMEHHBIMU

®_ o
dt
HayaJlbHOE YCIOBHE P(O) =10 u 7oTONMHUTEIBHOE YCIOBHE P(Z) =8.

Pemas nuddepennmanbuoe ypaBHeHHE, pa3esieM NepeMeHHbIe U UHTe-
IPUPYEM IIOJyYEHHOE BBIPAKEHUE.

P ot d—Pz—kjdt; InP=-kt+C; P=Ce™.
P P
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HaﬁHCM HensBecTHbIe mocTosinabple C m K M3 HavaapHOTrO M JOITIOJIHHU-
TCJIIBHOTO YCJIOBI/Iﬁ 3a0a4H.

P(O) =Ce’=C, orcrona C=10u P=10e™":

P(2) =10 = & orcropa € =0.8, e =( 0-8;;

TOT/la YaCcTHOE penieHne nudepeHImanbHOro ypaBHEeHUs IPUMET BU/T

P(t) =100{0.9:.

Teneppb BbIUKCINM CTOMMOCTH 000OpynoBanus yepe3 10 er:
10
P(10)=100{0.§2 = 10J0.8= 3.Z (. rpu.).

Ipumep 97. CkopocTh pacnaia pajusi B KaXIbli MOMEHT BPEMEHH IPO-
MOPIMOHANIbHA €r0 HAIMYHOM Macce. OnpeaesinTh, KaKoi MPOIEHT MacChl pa-
st pacnazaercs yepes 2007eT, eciu U3BECTHO, UTO TIEPHUO/T TIOTypacaia paaus
(mepro; BpeMEHH, MO MUCTCUCHUU KOTOPOTO paCHaJeTcs IMOJOBHHA HAJTHYHOM
Macchl paaus) paBen 1590ronam.

Perienue

m
[Tycts m(t) — macca paaus, Torjaa i CKOPOCTh M3MEHEHUSI MacCChl

HJIX CKOPOCTSL paciiaaa paausd. CornacHo YCJI0BH1O,

d—mz—km.

dt

HuddepeHunanbHoe ypaBHEHHE pelIaeTCsl aHAJIOTMYHO YPABHEHHIO W3
IpeabIAyEero npuMepa, 3aBUCUMOCTbh CKOPOCTH pacliaja paiusi OT BPEMEHH
UMEET BU/T
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[IpeanonoxumM, 4TO IEpBOHAYalbHAas Macca pajus paBHa [T}, T..
m(O) =m,. U3BecTHO, 4TO Nepuo nosnypacnana paaus paseH 1590ronam, T.e.

1
m(1590) ZErrb. [ToxcraBnsss 3TM HAYAIBbHOE W JOIOJIHUTEIIBHOE YCIOBHUS B

obmree pemenne qudGepeHnanTbHOTO YPAaBHEHHM S, TIOTYyYUM

m(O) =Ce’=C, 3nauur C=m, u m(t) - n,be—kt;

1

m(1590) = m)e'lsgck =%mo, sgaunt € % =0.5, e = 0.835%0 y

m(t) = m, [0.55%,

Breruucioum m( 200) :

200

m(200) = m, [D.55° = 0.91686,.

Taxkum ob6pazom, yepe3 200 neT OoT mepBOHa4YaIbHOW Macchl paius M,
ocra"erca 0.9165m unu 91.6%0, 3nHauut, 3a 310 Bpems pacnagerca 100%-
91.6%%=8.33% paaus.

3aganus I CAaMOCTOSITEIbHOM PadoThI

3aganue 1. CkopocTh pacmaja paaus MporopluroHalbHa KOJUYECTBY He-
pacmaBmierocs pajaus. BeraucauTh, uepe3 CKOJIBKO JIET OT 1 KT pajus OCTaHETCS
650T, ecu u3BecTHO, uTo 3a 1600seT pacmagaeTcs MoJIOBHHA TIEPBOHAYATLHO-
r'0 KOJHNYECTBA.

(OtBer: yepe3 1000meT.)

3aganue 2. B pesepByape, o6beM koToporo 100 1, HaxomuTcst paccod,
conepxammii 10 kr pacTBopeHHOM conu. B pe3epByap BTekaeT Boja CO CKOPO-
cTbo 3 JI/MUH, a CMECh C TaKOH e CKOPOCTHIO MEPEKaYnBAETCs BO BTOPOH pe-
3epByap emKkocThio Takke 1001, mepBoHavaIbHO HATIOJHEHHBIH YUCTON BOMOIA,
13 KOTOPOTO M30BITOK JKUAKOCTH BbuIMBaeTcs. CKOJIBKO coin OyJeT coaepkKarb
BTOPOH pe3epByap Mo mpouiecTBUM yaca? KakoBo MakCMMajabHOE KOJIHMYECTBO
COJIM BO BTOpOM pe3epByape? Korga 3To MakcuManabHOE KOJIMYECTBO JIOCTUTA-
ercsa? (KoHIEHTpauus COMM B KaXIOM M3 PE3epPBYapOB MOJIEPIKHUBACTCS PaB-
HOMEPHOH IMOCPEACTBOM IEPEMEITNBAHHS. )

(OtBer: 2.97 xr; wmakcumym paBeH 3.68 kr wu jgocTtHraercs
npu t =33.3muH.)
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3apanue 3. llunuaapudeckuil pesepByap JJIMHOW 6 M U paauycoMm 2 M
pacmooXKeH TOPU30HTAIBHO. 3a KaKoe BpEeMs BOJIa BRITEUET U3 Pe3epByapa, ec-

JIU OTBEpPCTHE paauyca T M HaXOJUTCS HAa YPOBHE caMOi HMKHEH U3 00pasy-

IOIIUX IUJTUHIpa?
(OtBer: =18.4Mmun.)
Jlnteparypa: [1, p. 1, 2, 4; 3; 4u. 2,rn. IV, 8 1; 6,rn. X1V, 8§81, 2; 6;

8,u.2,rm. 9, § 1; 101 2,p. 15, § 15.1, 15.2, 15.5, 15.6; k1,2, p. 11, § 11.1,
11.2].
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Haesuanvne suoanns

MMPUKJIAIHI 3BAJAYI MATEMATHYHOI'O AHAJII3Y

MeToan4uHi BKa3iBKH

10 CAMOCTIMHOI po00TH
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ycix ¢opM HaBUaHHS
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