MunucrepcTBo 00pa3oBaHus U HAYKH, MOJIOIEKH U CIIOPTa Y KPaUHbI

Jlonbacckasi rocy1apcTBeHHAsi MAIIMHOCTPOUTEIbHAsI aKaJAeMHUsl

MPUKJAJHBIE 3AJIAYA
MATEMATHUYECKOT'O AHAJIU3A

MeToauvecKkue yKazaHus
K CAMOCTOATEJIbHOM padoTe

JUIS CTYICHTOB TEXHUYECCKUX M SKOHOMHUYCCKUX CICIUATbHOCTEH
BceX (hopM 00yueHus

Kpamaropck 2011






MunucrepcTBo 00pa3oBaHus U HAYKH, MOJIOIEKH U CIIOPTa Y KPaUHbI

Jlonbacckasi rocy1apcTBeHHAsi MAIIMHOCTPOUTEIbHAsI aKaJAeMHUsl

MPUKJAJHBIE 3AJIAYA
MATEMATHUYECKOT'O AHAJIU3A

MeToauvecKkue yKazaHus
K CAMOCTOATEJIbHOM padoTe

JUTSI CTYJICHTOB
TEXHUYECKUX U SKOHOMHUYECKHUX CIEIUaTbHOCTEN
BceX opm oOyueHust

YTBEPXKIACHO

Ha 3aceaHuH
METOJIMYECKOTO COBETA
[TpoTokon Ne 6 ot 17.02.2011

Kpamartopck 2011



VIK 517

[Ipuknagueie 3alaud MaTeMaTUYECKOTO aHAJIU3a : METOAUYECKUE YyKa-
3aHUS K CaMOCTOSATEIbHON padoTe Ml CTYJEHTOB TEXHUYECKUX M IKOHOMHU-
YecKux crenuaibHocTed Bcex ¢opm oOydenus / coctT.: O.I'. PoBeHckas,
H. B. bensix. — Kpamaropck : II'MA, 2011. - 152 c.

MeToanyeckue ykazaHusl COJIEPKAT B KPATKOM BHJIE OCHOBHOW TEOPETH-
YeCKU Matepuaj 1Mo MPUIIOKECHHUSIM Ju(GepeHITNaTbHOTO U UHTETPAIHLHOTO
WCUHCJIEHUWA ISl CTYJE€HTOB TEXHHYECKOTO M SKOHOMHYECKOIO HANPAaBIICHUS.
VYkazaHna TemaTHKa, IPUBEACHBI 00pasibl PEIeHUs KOHTPOJIBHBIX U TECTOBBIX
3aJaHHH.

CocraBurenu: PoBenckas, cT. BUKII.,

O.T.
H. B. bensix, acc.

OTB. 32 BBIITyCK A. H. ObyxoB, non.



COJIEPKAHME

BBEJIEHUE ...ttt ettt s 4
1 IPMJIOXXEHUE ITPOU3BOHOM K PEIIEHWIO

TTPUKITAZTHBIX BAJTAU ..ottt 5
1.1 TECOMETPHUCCKHUE BATAUM ....eeeeernerrreeeeaerrereeeninnrreeeesssseeeesessssreeesessssseeesesssseeens 6
1.2 TlpunoxeHust pOU3BOAHON B 3a7a4ax (PU3UKU U AIITEOPBI.....ccveenveeeeannen. 25
1.3 TIpunoxkeHust IPOU3BOAHOM B 3371aUAX DKOHOMUKH ....ccevuvvvreeeernerreeeeenennennns 43
2 MTPUJIOXKEHU S OITPEJEJIEHHOI'O UHTELPAJIA ... 54
2.1 I'eoMeTpuyecKkre NPUIOKEHUS ONPEAECTEHHOTO HHTETPAMA «..eevveennveenneenns 54

2.2 [lpunoxeHus onpeeaEHHOro HHTErpaia K peleHru0 PU3nIeCcKux

BATTAY .. eeeeeeeee e et e e et e e e e e e e e e e e e e e e e e a e e ee e e e a e e e e e e et e e e e enna e e een—aaann—ns 96
3 IIPUJIOXKXEHUE JUPDEPEHIIMAJIBHbBIX VPABHEHUU
K PEIHEHNIO ®U3NYECKNX U TEOMETPUYECKHUX 3AJIAY.......... 104

3.1 T'eomeTpuueckue 3a1auu, TPUBOSIINE K PeIIeHUI0 TU(hepeHIINaTbHBIX
L2053 (5151 1 SO PRSPPI 105

3.2 ®dusuyeckue 3a1a4uu, TPUBOIAIINE K peleHnio qudepeHIInaaIbHbIX

D L2032 (53 112 O PURRS 117
RGP (0)% 0 7 (Y- D b 1 1 SRR 142
JIATEPATYPA ..ttt 151



BBEJAEHHUE

B cBsA3U C mepecTpOrKON BBICIIEN IIKOJIbI, CBI3AHHOW C MPUCOECIUHEHUEM
VYkpauHnbl kK bosoHCKO# cucTteMe ¢ €ée OCHOBHBIMM IOJX0JaMU K (hOpMHpOBa-
HUIO €BPOIENCKOTo BhICIIEr0 00pa30BaHUs, 0COOYI0 aKTyaJbHOCTh MpHUOOpe-
TAalOT KypChl, KOTOpBIE ITO3BOJIIKOT PAacCMOTPETh B3aMMOCBSI3b H3Y4YaeMbIX
HayK, B3aMMHO€ MCIIOJb30BAHUE MX NMOHATHUM U METOJIOB. MaTemaTuka urpaer
BAXKHYIO POJIb B €CTECTBEHHOHAYYHBIX, WHKECHEPHO-TEXHUYECKUX U T'yMaHMU-
TapHbIX HccienoBaHusax. OHa crana s MHOTMX OTpaciell 3HAaHUN HE TOJIbKO
OpYIHEM KOJMYECTBEHHOTO pacué€ra, HO TAKKE METOJOM TOYHOI'O MCCIIEI0Ba-
HUS U CPEACTBOM IMpPEAEIbHO YETKOW (HOPMYIMPOBKU TMOHATHA U MPOOIIEM.
be3 coBpeMEHHON MaTeMaTUKU € €€ Pa3BUTHIM JOTMYECKUM U BBIYHCIIUTENb-
HBIM arapaToM OB ObI HEBO3MOXKEH MPOTPECC B PA3IUUHBIX 00JIACTAX Yes0-
BEUYECKOU JIESITEIBbHOCTH.

[Tpuxnanueie 3agaun AUQPQHEpPEeHINaIbHOrO U UHTErPajJbHOIO HCUHCIIe-
HUSl, — YHUBEPCAIBHBIN CIOCOO TEOPETHUUECKOTO N3YUEHMSI OKPYKAIOILIEro MUpa
4yepe3 MOJEIMPOBAHUE IIPOLIECCOB, KOTOpPbIE B HEM IIPOUCXONAT. B mpakrnue-
CKOH JEATENBHOCTH BaKHYIO POJIb UTPAET HAXOKECHNUE BO3MOXXHOCTH 3aTPATUTH
MUHHAMAJIBHOE KOJIMYECTBO BPEMEHH U MAaTEpPHAIbHBIX CPEJCTB, IOJYYUB IIPU
ATOM MakcUMalIbHBIN 3 dekt. Kpome Toro, Bce mporeccsl B IpUpoJIe MPOUCX0-
JST TaKUM 00pa3oM, UYTO HEKOTOpas XapaKTEpPUCTHUKA JTOCTUTAeT dKCTPEMyMa.
CH0XXHOCTb TEOPUHU HKCTPEMyMa COCTOUT HE B TOM, YTOOBI HAUTH MTPOU3BOTHYIO
U TPUPABHATH €€ K HYJIO, a B TOM, KaKyl0 U3 XapaKTePUCTHK BHIOPATH AJIS OII-
tumuzanuu. [Ipu 3ToM BBIOOp cHCTEMBI KOOPAMHAT TAK)KE€ MMEET HEMaJOBaXK-
HOE 3HA4YCHHUE.

Teopust nuddepenimanbHbBIX ypaBHEHHM — OJTHO M3 OCHOBHBIX OpYyIUN
MaTEMaTUYECKOIO0 €CTECTBO3HAHUA. OTa TEOpPUs IO3BOJISIET M3ydaThb BCEBO3-
MOJKHbIE (DU3MUECKHE 3aKOHBI, OMMCHIBAIOLIUE pa3HOOOpasHble siBIeHUs. Mc-
CJIEOBaHME MHOTMX TEXHMUYECKUX, PU3NYECKUX 3a/ay, a TaKKe 3a1ad u3 Japy-
rux o0JacTel HayKu CBOJUTCS K PELIECHUIO TUPPEepeHInaTbHbIX YPABHEHHUH.

Hacrosiee nocoOue npegocTaBisieT CTyIeHTaM JTHEBHOUN (popmbl 00yye-
HUSI BO3MOKHOCTh IMOJATOTOBUTHCS K Cllaye TeCTHpoBaHusA Mo pasnpenaM «IIpu-
JIOKEHUsL TPOU3BOAHOW», «lIpunoxxenus omnpeaenéHHoro mHrerpana», «llpum-
noxeHus nuddepeHIanbHbIX YpaBHEHHID Kypca BBICIICH MaTeMaTUKH, a CTy-
JeHTaM 3a04HOU (hopMbl 00ydeHHs] JAET BO3MOKHOCTH BBIMOJIHUTH KOHTPOJIb-
HBbIE pabOThI, KOTOPBIE ABIAIOTCS 00S3aTEIBHON YaCThIO OTYETHOCTH MPHU U3Y-
YEHUHU Kypca BBICIIEW MATEMATHKHU.

B kaxnou teme KOPOTKO pacCcMaTpPUBAIOTCA OCHOBHBIE TEOPETHYECKHE
MOHATUS, ONPEEICHUS, aITOPUTMbI, OOJIBIIOE BHUMAHHUE YIEISETCS PEIICHHUIO
PAKTUYECKUX 3aJaHUN.

ABTOpBI BBIpaXXAIOT 0J1aro1apHOCTh AOLEHTY Kadeapsl BhICIIEH MaTeMa-
TUKHU K. T. H. A. H. O0yx0BY 3a LIeHHbIE 3aMe€uaHus U OMOILb B paboTe.



1 IPUJIOKEHUE MMPOU3BOJHON
K PEHIEHUIO ITPUKJIA/THBIX 3AJTAY

3HaueHue f (xo) Ha3bIBACTCS JIOKAJIBHBIM MaKCUMYMOM (MHUHUMYMOM)

dyHkmmn f(x), ecin cymecTByer Takask O -OKPECTHOCTh TOYKH X,, YTO JJIsI

0
BCex x€ (x,—0; x,—0) U X #Xx, BolIONHsIeTcst HepaseHCTBO f (x) < f(x,)
(1(x)> 1 (%))

Touky MakCUMyMa M MUHMMyMa (DYHKIIMM Ha3bIBAFOTCS TOYKAMHU DKCTpE-
MyMa.

Heobxooumoe ycnosue sxcmpemyma. Ecim dynkumst y = f(x) umeer B
TOYKE X, SKCTPEMYM, TO €€ TPOM3BOJIHAS B 3TOM TOUKE PaBHA HYIIIO MM HE CY-
IECTBYET.

Touku, B kKoTopsix f'(x)=0 mam f’(Xx) He CylieCTByeT, HA3BIBAIOTCS
KPUTHYECKUMHU.

Jlocmamounvle ycnosus sxcmpemyma

1. IlycTs x,— KpuTHYeCKast ToUKka GyHKIMU y = f(X); eCIH HPH Iepexo-
Jie Yepes 3Ty TOUKY CJIeBa HalpaBo HpoM3BOAHAs [ (X) MEHseT 3HaK C IUIrca
Ha MUHYC (C MHHyca Ha ILIOC), TO GyHKIms f (Xx) B TOYKE X, HMEET MAaKCHMYyM
(MUHUMYM).

2. Ecmu f'(x,)=0, f"(x,)#0, To dyrkius f(x) B Touke x, MMeeT
SKCTPEMyM, a HMEHHO MakcuMyM, ecim f7(x,)<0 © MHHAMYM, eCiu
/7 (x,)>0.

HauGonbmee 3naveHne QyHkuuu f(x) Ha MHOXKecTBe X Ha3bIBAOT

rJ100aJbHBIM MaKCUMYMOM, a €€ HauMEHbIlIee 3HaUeHHE — r100aabHbIM MUHU-
MYMOM.
YroObl HalTH TII00ATbHBIC 3KCTpeMyMbl (yHKImH f(x) Ha OTpeske

[a; b], Ha KOTOpOM OHa HempepbIBHA, HA/O: HAWNTH KPUTHYECKUE TOYKH, IPH-
Ha UIeXKaIue UHTepBaty (a; b) ¥ BBIMUCINTD 3HAYCHHS (PYHKIMH B 3TUX TOY-
Kax; BBIYHCIIUTH 3HAYCHHS (DYHKIMU B TPAHUYHBIX TOYKAxX OTpe3Ka, T. e. f(a) u

/(b); 13 Beex MONyYCHHBIX 3HAYCHHI BEIOPATh HAMMEHbIIIEE U HANOOJIbIIEE.

OO0uras cxeMa pelieHus NPUKIaIHbIX 3a7a4 TAKOBA:

1) 3ammcpiBaeM 00mIy0 (GopMyiTy, KOTOpas, BOOOIIE TOBOPS, SIBISETCS
dyHKIMeH AByX IHepeMeHHbIX z=z(x, y) (0603HA4YCHMUs, Pa3yMeeTcs, MOTYT
OBITH IPYTHMHU );

2) UCHoNB3ysl YCIOBHE 3a/1au, YCTAaHABIMBACM CBsI3b MEXKIY TEpEeMEH-
HBIMA X H ) ;

3) moacTaBisisi ypaBHEHHE CBsi3u B oOmIyto (opmyry, moidydaeM (QyHK-
LIMIO OJTHOM TIePeMEeHHOM z = z(X);



4) HaXOMM €CTECTBEHHYIO 00JIACTh ONpPEIENEH s OTOM (yHKIINY;
5) k QyHKIMK z = z(X) IPUMEHSEM TEOPUIO IKCTPEMYMOB.

B npuknanHbeIx 3agadax yaile BCEro BCTPEYAETCs Cllydaid, KOrja BHYTpU
paccMaTpuBaEMOIo IMPOMEXKYTKAa (OTpe3Ka, IMOJIYWHTEpBaja WIM HHTEpBAJIa)
OKa3bIBACTCs JIMIIb OJHA KpUTUYECKas Touka x,. Ecim B 5TOM TOYKE Hempe-

pBIBHASE (YHKITUSI UMEET JTOKAIBHBI MakCUMyM (MUHUMYM), TO OH SIBIISIETCS €€
HanOOIBIITUM (HAUMEHBIITUM ) 3HAUCHUEM.

1.1 I'eomeTpuyeckue 3a1a4u

Ipumep 1. Ha napa6one y=x"—6x+11 Haiitu Touky, HauMeHee y/a-
JICHHYIO OT MpsIMON y =—x (puc. 1). Beraucinurs 310 paccrosinue.

Perienue

y=x

[

d o MRy

o0 2 3 ¥

Pucynox 1

[TycTh M(x*, y*) — TOYKa, YJIOBJIETBOPAIOIIAs 3aaHHOMY yclioBUIO. [lo-

CKOJIbKY M mpuHa[JIe:)KUT napadosie, €€ KOOPAUHATHI yAOBJIETBOPSIOT ypaBHeE-
HUIO TTapadoJIbl, T. €. ) =(x ) —6x +11,M(x; (x ) —6x +11).

Paccrosinue oT TOUKH 710 IPSMOM onpeiesieTcs: o popmyiie

B ‘Axo + By, +C‘

d
JA* + B



3anuiieM ypaBHEHUE TpsiMOM y =—x B obmiem Buzae: x+ y=0. Orcrona
A=1, B=1, C=0. IlonctaBuB BMeCTO X,, J, B (popMyr1y KOOpPAUHATBHI TOUKH
M, nonyunm
‘l-x* +1-((x*)2 —6x*+11)+0 (x*)2 —5x" +11‘
d= = :

JE 412 V2

* 2 *
Pemas ypaBHeHue (x ) —5x +11=0, naxomum: D=25-44<0, 1. e.
* 2 * *
BBIPaKCHUE (x) —5x +11 pgmg Bcex x HWMeEET OIMH 3HAK, a HMEHHO

(x* )2 —5x +11>0. Takum o06pazom,

(x*)2 —5x +11

J2

d =

Obnacte ompenenenus dTod ¢yHkuun x € R. TpeOyercs HalTu
%
HavMeHbIllee 3HaueHue QyHKuuu d (x ) , 17151 TOTO BBIYMCIIUM €€ IPOU3BOIHYIO:

2x =5

N

d'(x*)z

[TpoussoaHas d'(x*) paBHa HyIIO, Korja 2x —5=0,T.e. x =2.5.
Tak kak d”(x*) =2, d”(x*) >0, To mpu X =2.5 PyHKIUA d(x*) J0CTH-
raeT MUHHUMYyMa, KOTOPBIM WU SBJISETCS €€ HauMEHbIIMM 3HaueHueM. Torma

Y =2.5-6-2.5+11=2.25 1 MEUHAMAIbHOE PACCTOSIHHE MEXIy MPSIMOH U Ta-
pabostoi

(2.5) =5-2.5+11

2

d= =3.36.

IMpumep 2. Yepes touxy M (1,4) mpoBecTn IpsIMYIO Tak, 4TOOBI CyMMa

BEJTMYMH TIOJIOKUTEIILHBIX OTPE3KOB, OTCEKAEMBIX €F0 HA OCSIX KOOpIWHAT, Oblia
HaVMEHbIIEH. 3anucaTh YpaBHEHUE ATOUN NPSIMOil.



Pemienue

ypaBHeHI/Ie HpHMOﬁ B OTpE3KaxX UMECT BU
X
N + Z e 1 R
a b

rne a#0, b#0, a u b — BeIMYNHBI OTPE3KOB, OTCEKAEMBIX IIPSIMON Ha
ocsx koopaunat. Heo6xoammo, urodsl cymma S =a +b Obuta MUHUMATBHOM.

N3BectHa Touka M, mpuHajexamias npsMon (puc. 2); MOJACTaBUM €€
KOOpPJMHATHI B ypaBHEHUE U BBIPA3uM b:

l+ﬂ:]; ﬂ:l—l; ﬂ:a—_l, b=4—a
a b b a b a a—1
m?

<

Pucynox 2

[ToncTaBuM 3HaueHue b B cymmy S, moayduMm (DyHKITUIO OJHOW Tiepe-
MEHHOM

da =a+wza+4+ 4 .
a—1 a—1 a—1

S(a)=a+

OO6nacTei0 omnpeieseHns TaHHOW (PYHKIIUM SIBISETCS € ( l; oo). Hccie-

nyeM QyHKImO S(a) Ha SKCTPEMyM.

Ecin § =0, To =1, (a=1) =4 = a,=—1; a,=3.



Pemenne a,=3 ynoBieTBopseT OO0JACTH OIpeesIeHUs (YHKIHU.
Beruncianm

§"(a)=——; §"(3) =

(a-1)

Orcroga crnenyer, 4ro a, =3 ABIAETCA TOYKOM MUHUMYMa, KOTOPBIN

4.3
B JaHHOM cnyqae ABIICTCAA HAWMMCHBIIINM 3HAUYUCHHCM CI)YHK]_II/II/I, b=ﬁ=6

8,
(3-1)

Y ypaBHEHHE UCKOMOM MPSMON UMEET BUJT

+==1 wm 2x+y=6.

W | =
=

IMpumep 3. IIpoBomokoii, gymHa KOTOPOH [ M, HEOOXOIUMO OTOPOJIUTH
KITyMOy, UMEIONIyto (GOopMy KpyroBoro cekropa. Kakum moimkeH OBITH pajmyc
KpyTa, 4TOOBI TUIOMAb KIIYMOBI Obli1a HAUOOJIbITICH ?

Perienue

Brenewm cnenyromue o6o3HadeHus: R — pagnyc, « — MEHTPAIbHBIN yroJl
KpyroBoro cektopa (puc. 3). Toraa miomnianb KI1yMObI onipeaensercs GopmMyion

2
s=2&
2
R

o
R
S

Pucynox 3

[Tepumetp kaymOb1 P=2R+ L, tne L — qyMHa IyTy CEKTOpa. Y UUThIBas,
yTto L = Rer, monyyum

P=2R+Ra=R(2+a).

[TepumeTp KIyMOBI TOJKEH COBIIAJATh C JJIMHOM IPOBOJIOKH, T. €.

R2+a)=I = a:%—z.



[ToacTaBuM BhIpaskeHue U1l & B HOpMYITy IUIOIIAIN:

[Tonyyena ¢GyHKIMS OIHOM TEpeMEHHOW S (R); HaliieM ee 00JacTh
[
onpenenenusi: Re| 0; —|. Kpome Toro, Heo6Xxoammo, 4TOObl BBIMOJIHSIOCH

ycioBue S(R)>0; 9To yclnoBHe BBHINOIHSACTCS HA Beeil 00JIACTH ONpPEACICHHS

GyHKITUH.
Haxonum npoussozuyro Gpyskuun S(R)

S’(R):é—zR.

[ [
S’(R)=0 mpu R = @ TaK KaK S”(R)=-2<0, To B TOuKE R = MMeeM Mak-
CUMYyM, KOTOPBIN SIBIISICTCS HAMOOJBIMM 3HadYeHWeM (QYyHKIUU. Takum obpa-

30M, IJIOMIAh KITYMOBI OyJIeT HauOOBIIIeH, €CIIU PainyC paBeH 7 M.

IIpumep 4. Haiitu cTOpOHBI NPSIMOYTOJbHUKA HAaWOOJBIICH IUIOMIA[H,
2 2

BIIMCAHHOTO B 3JUTUIC — + Yo 1.

a b?
Pemienne

BBegem cuctemy KoopAMHAT, KaK MOKa3aHO Ha puc. 4.
sk *
[lycTh BepuinHa IpsiMOYToJibHUKAa A UMEET KOOPJAUHATHI X , ) . YUUTHI-
Basi, YTO ATa TOUYKA MPUHAJICKUT TAKXKE U DILTUIICY, UMEEM

)2 %\ 2 £\2
R A

* sk w
(paccmarpuBaem 3HaueHust x >0, y >0, Tak kak Touka A HAXOAUTCS B IEPBOM
KOOpJIMHATHOM 4yeTBepTH). Toraa miomanb npsMoyronbHuka 4ABCD

S =‘2x*‘-‘2y*‘ =4x -y =4x -g./az —(x*)2 =47bx* -,/az —(x*)2 .

10



D Ay

C -

-b

Pucynox 4

Ob6nacTeio onpeeneHus GyHKIHH S(x ) sistercst x € (0; a), HOCKOJIb-

Ky mpu X =0 M X =g TPAMOYTOIBHHK BHIPOXKIAETCsA B IpsMylo. Mccemyem
¢ynkiuio S =S (x) Ha PKCTPEMYM.

/ * :47 x*. ;2)(:* — :%b( az_(x*)Z_
2\/a —(x)
(x*)z 4 a —(x*)z—(x” 4 a —2(x*)2

* * 2
[IpounsBonnas S'(x) paBHA HYJIO, KOrja 2(x) =d® wm X =t

5

* * * a
MPOU3BOIHAS S'(x ) HE CYIIECTBYET B Toukax x =zta. Touka x =— mpu-

V2
sk
HAJJICKUT 00JIaCTU ONPEAEIICHUS U IIPU MEPEXOE apryMEHTa X 4epe3 3Ty TOU-
Ky IPOU3BOJHAs S'(x ) MEHSIET 3HaK C IUII0Ca Ha MUHYC, MO3TOMY (DYyHKIHS

S (R) B OTOM TOYKE MMeEeT MakCUMyM. [IoCKOIbKy TOYka MakCMMyMa €IWH-

~ * ~
CTBCHHAas, B HCHU q)YHKHPI}I S(x ) JOCTHUTaCT HauOOJIBIIETO 3HAYCHHS. HaI/II[eM

CTOPOHBI IPAMOYTOJIbHUKA ABCD :

—2a; BC=2 |4 (%jz =/2b.

a

1
[\
S\‘ Q

11



IIpumep 5. OxkHo umeer Gopmy NpPSIMOYTOIBHUKA, 3aBEPILICHHOIO T0-
nykpyrom. Ilepumerp okna paBen 15 m. [Ipu kakom paamyce MOJIyKpyra OKHO
OyJIeT mpoIycKaTh HauOOJIbIlIEe KOJTUYECTBO CBETA?

Pemienue

Ilycte R — paguyc monykpyra, ctopoHy AB npsmoyroasHuka ABCD
o0o3HauuM a, cropora BC Oyner paBHa 2R (puc. 5).

OxHo Oyzer mporyckaTb HauOOJIbLIEE KOJMYECTBO CBETA B CIy4ae, €Ciu
€ro IIomaae OyAer MakcumasbHOH. [lnomaab OkHa COCTOMT M3 IUIOIIAJEH
IPSIMOYTOJIbHUKA U MOJIYKPYTa, T.€.

S:2R-a+%7rR2,

a ero NepuMeTp

P=2R+2a+rR.

R

Pucynox 5
[To ycnoBuro nepumeTp OKHa paBeH 15 m., T. e.
2R+2a+7wR=15,
OTCIOJIa BBIPA3UM a M MOACTABUM B (OPMYJTy JUISl IIJIOIIAIN:

a=75-r-"R.
2

2
S=2R-(7.5—R—%)+%fm2 _15R—2R* R

12



1
OO6nacTei0 ompeeneHusl MojaydeHHOU (QyHKIuu Oyner Re (O; 2—5j
+7T

Kpome 3toro, He00x011MMO, YTOOBI BBIITOJHSIOCH YCIOBUE S (R) >0,T. e

2
15R—2R* "R

>0,

15
otkyna Re| 0; —— |. DTOT MpOMEXYTOK BXOJUT B 0OOJIACTh OMpEeNICHus,

2+
2

15
MIOATOMY, OKOHUYaTeNbHO, R€ | 0; oA )
+ T

Haiinem npousBoanyto GpyHKIuu S :

S'=15—4R—7z‘R=15—(4+7z)R.

15 ”
[Ipou3BojIHAsL paBHA HYIIO B TOYKE R, “Tan Tak kak S"=—(4+7),
+T

4YTO MEHbIIE HYyJs, R, sABIAETCA TOYKOM Makcumyma (yHKuuu S u ee
HanOobIIUM 3HaueHueM. ClienoBaTesibHO, OKHO OyAET MpOIycKaTh HauOOJb-

15 =2.1 m.
4+

mec KOJINYCCTBO CBCTA IIpU R=

IIpumep 6. B kakoM OTHOIIIEHUU HAXOJATCS HAUOOJbIIAS TUIONIA]Ab PaB-
HOOEJIPEHHOT0 TPEYTrOJIbHUKA, BIMCAHHOTO B KPYT, K IJIOMIAAN 3TOr0 Kpyra?

Pernienue

O6o3Haunm cTopoHbl TpeyroiabHuka CB=a, AB=AC=») u paauyc
okpyxHoct OA =R (puc. 6).

Pucynox 6

13



a .
Torna HB = 5 YuutsIBas TO, UTO LIEHTP OKPYKHOCTH, ONTUCAHHOW OKOJIO

TPEYTOJbHUKA, SIBJSIETCS TOUYKON MEPECEUCHUS] CEPEIMHHBIX MEPHEHANKYISIPOB
b 2
K CTOpOHAM TpeyrojbHuka, AK =E, yron AKO mnpsmoit u OK =, |R* 7 o

teopeme [Iudaropa. [Lnomans TpeyronpHIKa

B ab’®
8 4R
a IJiouraab prra
_ 2
S, =7R".

YcTaHOBUM CBSI3h MCKIAY HCHU3BCCTHBIMU IIapaMCTpaMHu a, bnR. I[JI}I

3TOr0 PACCMOTPUM JBa MPSMOYTOJbHBIX TpeyrojibHuka: ABH u AOK . Otu
TPEYTOJIbHUKHU MOI00HBI IO TPEM YTJIaM, CJI€I0BATEILHO,

a
me_ap Y% b
KO 40 > p2/ R’

R-b,

OTCroJ1a

2b\[R* - A b\/4R -b*
R
19\/4132—192

4R*

a=

S, =

Hccnenyem S, Ha skcTpeMyM, Kak (yHKIMIO apryMmeHTa b. O01acTbio

ompeneseHns 3Toit GyHKuuy siBisiercst uarepsain (0; 2R). Haxoxum

Si(b)=——| 3b°V4R* —b* + ~2b) 3b2(4R2_b2)_b4:
2

4R2 b* 4R*\4R* - b*
3R b D3RP -P7)
RAR:—b®  R*AR —b*

14



otkyna crenyer, uto S, (b)=0 npu b =+/3R, b,=0 u S, (b) me cymectsyer
mpu b, =2R. Ho b, & (0; 2R), b, & (0; 2R). Touka b, =~/3R sBiseTcs KpHTH-
YECKOH, MY IIepexo/ie Yepe3 Hee npon3BoaHas Sy (») MEHseT 3HaK ¢ IUIca Ha

MHHYC, I03TOMY GyHKIHs S, (b) B 3TOif TOUKe MMEET JIOKAIbHBIN MaKCHMYM,

KOTOPBIN SBJISICTCS TAK)Ke HAMOOIBIINM 3HaueHueM 3Toi pynkmuu. Halinem Te-
neph HAUOOJIBIITYIO TUIOMIAAh PABHOOCIPEHHOTO TPEYTOJIbHUKA U BRIYUCIUM OT-
HOIICHUE TTOMIAJEH TPEYTOJIbHUKA U KPYTa.

3 2
(V3R) \/‘“’32 ~(V3R) 53R R 3R>
4R? 4R* 4
2
s, _3\/513% _3\/5

S TR* 4r

Kp

SA(bl):

Mpumep 7. Ha smmance 2x° + y* =18 pannt age toukn 4(1,4) n B(3,0)

(puc. 7). HaiiTu Ha naHHOM 3iutUIice TpeThio TOUKy C Takyro, 4YTOOBI ILJIOIIAIb
tpeyronbHrka ABC 6bu1a HaubombIe.

Pemienne

ofbnacTe (2)

Cix.y)

Pucynok 7

O603HaunM koopauHaThl HckoMoi Touku C x u y. Ilmomane Tpeyrois-
Huka ABC 3amaercs Gpopmyon

s=—|aBxac|.
2

15



Haiinem xoopaunatel BeKTOpoB AB U AC ¥ BBIYUCIHM HUX BEKTOPHOE
MIPOU3BE/ICHUE:

AB={3-1,0-4}={2, —4};
AC={x—1, y—4};

ik
ABxAC=|2 -4 0/=2(y-4)-(-4)(x-1))k=(4x+2y-12)k.
x=1 y—-4 0

Torna

Szé\/(4x+2y—12)2 =|2x+y-6.

PaccmoTpum aBa ciyyas:
1) 2x+y—-6>0, orcrona y >6—2x, torga Touka C HaxoauTcs B 00Ja-

ctu (1) (puc. 7);
2) 2x+y—-6<0 wm y<6-2x, torna Touka C HaxoauTcs B obyacTu

).

OueBuHO, yTo TpeyroiabHUK ABC Oynetr uMeTh HauOOJbIIIYIO TIJIOMIA b B
ciydae pacrnonoxenus: Touku C B obnactu (2), moaTtoMy B JajbHelemM Oyaem
paccMaTpuBaTh QYHKIIMIO

S=—(2x+y-6)=6-2x—y.

HOCKOJ’H)KY touka C MPUHAJIC)KUT DJUIAIICY, €€ KOOPAUHATHLI YIOBJICTBO-

pAIOT paBeHCTBY 2x° +y° =18 mmu y=++18—2x" . [lofcTaBuB 3HAaUeHUE ) B
byskuio S, momyduM (QyHKIIUIO OJHOM MepeMeHHON

S=6-2x+t~18-2x".

HeoOxonumo HaiiTh HaumOosbiee 3HaueHUE HToM ¢yHKIuu. OO61acTh
onpenenennst (ynkuun S(x) xe[-3;3). Halinem kputndeckue Toukn QyHK-

AU, IPUHAJICKAIME YKa3aHHOMY MTOJTYUHTEPBATY:

SI

_ o4 —4x ot 2x
218242 V1824
[Ipupasuss S’ K HyJII0, HAXOIUM:

T S S S

T 18- 2% “J18-2x

16



BOSBG,ZIGM 00e yacTu PaBCHCTBA B KBaJparT:

2
X

mzl; X =18-2x% 3x*=18; x*=6; x=+6.

Brerauciaum COOTBCTCTBYIOIIHUC 3HAYCHUSA ) !

N =\/18—(i\/5)2 =\6; y,=- 18—(i\/€)2 =—6.

Takum o0OpazoM, MOITYYUM YETHIPE KPUTHUECKUX TOUKH: Ml(\/g; J6 ),

Mz(\/g; —\/6), M3(—\/6; \/g), M4(—f; —\/6), npu4eM Touka M, HE mpu-
Hagexut obnactu (2). S° He CymIecTBYeT B TOUKax X =3, O1Ha M3 KOTOPBIX

SABJIACTCA FpaHHqHOﬁ TO‘IKOI?I, a apyrasa HC IIPUHAOJICKHUT obmactu OIIPCACIICHUA

GyHKITUH.
Boruncnum 3nauenue GyHkuu S =6—2x—y B KPUTUYECKUX TOUKAX U B

TPaHUYHBIX TOUYKaX 00JaCTH OMPECIICHUS.
S(—V6:4/6)=6+26 -6 =6+6 ;

S(V6; =+/6)=6-26 +~/6 =6 -6 ;
S(—v/6:=7/6)=6+2v6 +6 =6+3V6 ;
S(-3;0)=6+2-3-0=12.

HauOonbimium 3HaueHueMm (QyHKIUM sBiasieTcss S (—\/_ ; —\/g)=6+3\/g,

nosromy C (—f ;— J6 ) — TpeThsl BepIIMHa TpeyronbHuka ABC .

IIpumep 8. O0beM npaBUIBHON TPEYroJbHON NpU3MBbI paBeH V. Kakosa

J0JKHA OBITh CTOPOHA OCHOBAHUS, YTOOBI MMOJTHAS TTOBEPXHOCTH MIPHU3MBI ObLIa
HaUMEHbIIEH?

Pernienue

[TycTh a — cTOpoHa OCHOBaHMS MPABUIBLHON TPEYTOJIbHOW MPU3MBI, [ - ee

a3 a3
4 4

pebpo, Torma oObeM MpU3Mbl V = -[. W3 ycnoBus I=V,, 1. e.

41 . .
[ = 2—\7_ [TotHAst MTOBEPXHOCTH MPABHJIBHON MIPU3MBI 3a71aeTCsl (HOPMYJIOM
a3

a’\3

4

S=2- +3al .

17



HO,ZICTaBHB Cr0J1a BBIPAXXCHUC I [ , IOJIYUHUM

azﬁ K ARE 127
2 B2 aB

Teneps, korma pynknus S npeacTaBieHa Kak GyHKIUS OJTHON IMepEeMEH-
HOH a, 3anuiieM ee o0JacTh onpeaeiacHus: a > 0.
Haiinem kputuuecknue TOYKU JaHHOU (PYHKIIMM, UMEEM:

S’ =[3a-

S =

[

B CUIIY HGO6XOI[HMBIX YCJIOBI/Iﬁ IOKCTpEMYMA HAXOAUM

Ja- 125_ 0; 3a= 125_ @’ =4V, a=34v, .

[Tockonbky S” = =3 + \/_ >(, TO HaliIcHHAs] TOYKA SIBJSIETCS TOYKOU

MUHHUMYMa, a TakkKe HaUMEHbBIIUM 3HaueHueM QyHkiuu. Takum obGpa3om, cTo-
pOHa OCHOBaHMUSI MPABHIILHON TPEYTOJIbHON MPU3MbI C HAUMEHbIIIEH MOJTHOM MO-

BEPXHOCTBIO a =3/4V, .

IIpumep 9. TpeOyeTcss U3rOTOBUTH 3aKPBITHIA LWIMHIPUYECKUN Oak ¢
MIOJTHOM TOBEPXHOCTHIO, paBHOM S . Kakoit qomkHa OBITH BhICOTA Oaka, 4TOOBI
ero o0beM ObLT HAanOOIbIITUM?

Pemienue

O6o3HaunMm paauyc uuinuHapa R, a ero BbicoTy H . IlomHas moBepx-

HOCTh UunuHapa S=27RH +27R*, otciona H =%—R. Ob6beM numUHApa
T
V=rnR'H WJIN, YYUTHIBAsA HAWJICHHOE BbIpaKeHue s H ,
v—xr| S _Rr|=R g
27R 2

[Ipn R =0 nuimHIp BRIPOKIAAETCA B NPSIMYIO, a IpU R = ‘/2& — B KpYT.
V4

[TosToMmy obnacteio ompexencuus Qyuxiuu V(R) smuasercs Re | 0; S

¥4

YcnoBue V(R) > () BBINIOJIHSAETCS Ha BCel 00JIACTH OIpeIeTICHHUS.

18



Haiinem npoussoanyto Gpyrkimu V (R):

=5 3R,
2
A)
[IponsBomHass paBHa  HymO, Korga R= P a TaKk Kak
T

V'=—6zR, V" ‘/i <0, T0o B Touke R=, /i (yHKIMsA V' mocTUTaeT Mak-
6 6

CuMymMma, KOTOpBIﬁ, IMOCKOJIBKY KPHUTHYCCKAsA TOYKA Ha MHTCPBAJIC CIAWHCTBCH-
Has, U ABJISICTCA HauOOJIBIINM 3HAYCHUEM q)YHKHHI/I Breraucioum BBICOTY 6&1(8,,

COOTBETCTBYIOIIYIO HAUOOJIbIIIEMY O0BEMY:

IIpumep 10. ITlepumerp paBHOOSAPEHHOTO TpeyroJibHUKA paBeH 2 p . Ka-
KOBBI JIOJDKHBI OBITH €r0 CTOPOHBI, YTOOBI 00hEM KOHYCa, 00Opa30BaHHOTO Bpa-
IIEHUEM 3TOT0 TPEYTrOJIbHUKA BOKPYT BBICOTHI, OMYIICHHON HAa OCHOBaHUE, ObLI

HaAnOOJIBIITUM?

Pemienue

BBG,ZIGM 0003HAUCHHUSA. OCHOBAHUE paBHO6€,ZIpCHH01"O TPCYIrOJIbHHUKA

AC=a, ero 6oxoBas ctopona AB = BC = b (puc. 8).
E

A C
w
Pucynox 8

[To yciioBHIO EepuMETp TPEYrojbHUKA paBeH 2p, T. €. a+2b=2p, oT-

Kyna b=p —% . O6Bem KoHyca onpeaenseTcs mo Gopmyre

V :%ﬂRzH.
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3necb R — paauyc OCHOBaHUSI KOHYCa, OH paBeH MOJoBUHE CTOpOHbI AC
a .
TpeyrojbHuKa, R = E; H — BpICOTa IOJTy4YEHHOT'O KOHYCA, COBIIAJIA€T C BHICOTOM

TpeyroiabHuka ABC. UToObl HailTH BRICOTY, UcHONb3yeM Teopemy [ludaropa s
MNPSIMOYTOJIBHOTO Tpeyrojibhuka BCN :

2 2
BN =+/BC*~CN*> wum H=\/(p—gj —[gJ =\p —2pa.

2 2

[TogcTaBuM momydeHHbIE BhIpakeHUs 111 R u H B dopmyny oObema
KOHYyCa

1 2
VZEE-%\/pZ—pa =£2-a2\/p2—pa.

1

OG1acThIO  ONpeJeleHNs] MONYYEHHOW (YHKIUM SBJIAETCS WMHTEpBAI
(0; 2p). TpeGyercst Haiitn HanboblIee 3HaYeHHE GyHKIMK V (@) Ha STOM HH-

TepBaie. BeranciuM nponsBoaHyio GyHKImK V(@) 1 mpHpaBHSEM ee K HyJIo.

2_ j—
V(a)= 2| 20— pa ot — 2|z Hplopa)-pa_

12 2yp*-pa) 12 2{p’—pa
:ﬂp.a(4p—5a)
24 \p*—pa

74 4 4
V'(a)=0 xorma a=0 mwm a :?p; V'(a) cymectByer BO BCex TOUKax

obnactu ompexeneHust. a =0 He npuHagIexuT uatepsary (0; 2p). B kpuru-

. 4
YCCKOHU TOYKC Clz?p IIPpOU3BOAHAs V,(Cl) MCHACT 3HAK C IINIFOCA HAa MHUHYC,

CJICOOBATCIbHO, B ATOM TOYKE q)YHKIII/I}I V(Cl) HUMCCT MAKCUMYM U JOCTHUIACT
cBoero HaumOojbmiero 3HadeHus. O0beM KOHYCa 6y,Z[CT HaI/I6OJIBIHI/IM, Koraa

4
a= ?p Haiinem 60KOBYIO CTOPOHY TPEYTOJIbHUKA:

IIpumep 11. M3 kpyra BbIp€3aH CEKTOp C LEHTPAJIbHBIM YyIJIOM (.
N3 cextopa cBepHyTa KOHUYECKasl MOBEPXHOCTH (puc. 9). Ilpu kakom 3HaueHUU
yria & o0beM MOIYy4EHHOTI0 KOHyca OyJeT HanOoabIIM?

20



Pemienne

B
S
R
= R
o,
ke E

Pucynox 9

[lycts SB=R — paauyc kpyroBoro cekropa. OOpa3syromas konyca SB
COBIIAJIaE€T C PAagUyCOM KPYTrOBOI'O CEKTOpa; JJIMHA IYyTH CEKTOpa COBIIAJAET C
JUTMHOW OKPY>KHOCTH, JICKAIIEH B OCHOBAHUMU KOHYCA, T. €. SB- o =27 - KB wnu

R-a=2rn-KB, orcrona KB = ?. O06BeM KoHyca
V4

V= %JZ(KB)Z -SK = %JZ(KB)Z \/(SB)Z —(KBY’

WM, C YYETOM BBEJIEHHBIX 0003HAUCHUI U BBHIMOJIHEHHBIX TPEOOpa30BaHNUH,

R2 2 2 .2 3
Vz%- @ Rz—Rai _ R —-0’NAT — o .

Ar’ 4 247

Hccnenyem GpyHKMO V' Ha SKCTpeMyM Kak (QYHKIHMIO apryMeHTa ¢ HpH
YCIIOBHH, 4TO 0071aCTh OnpeeneHus 9Toi Gpyrkuun o€ (0; 27).

24w

, R’ -2
V(o) =— -{20(\/47:2 o+ o’ -2—ﬁ}
R e24r-a)-a’| g a8 -30)

6477 Jar - 47 Jar' -
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EnuHcTBEeHHON KPUTUUYECKOM TOUKOM, YOBICTBOPSIONICH 00JacTH Ompe-

NGY:

nenenusi GQyHKUUU SIBISIETCSl TOYKa azT. [Ipun nepexone aprymeHTta o

4epes 3Ty TOUKY IpousBoiHas V() MeHseT 3HaK ¢ IUIF0Cca Ha MEHYC, TT09TOMY
—_ 227
npu o =
V3
V' Takum o0pa3oM, 00BEM MOJYYEHHOTO KOHyca OyaeT HauOOJBIINM, €Cld
227
o=—-.
V3

IIpumep 12. Pribaky HYKHO NEpenpaBUTHCSA € OCTpoBa A Ha ocTpoB B
(puc. 10). YToObl MONOJHUTE CBOM 3amachl OH JOJDKEH MONAcTh Ha y4acTok Oe-
pera MN. Haiitu nHaukpargaiimmii myTts pelbaka s=s,+5,, ecin a= 1 km,

b=1.5xm, H=2xm, h=1.5xm, L = 3.5 xm.

HMCEM MAKCHMMYM, a TAKIKC HanuOoJIbIIIee 3HAUCHHUE (I)YHK]_II/II/I

Perienne

A
H =P
P M
g
b
L
Pucynox 10

[TycTth pribak momageT Ha ydacTok Oepera MN B Touke O. O603HAUNM
pacctosinue Mexnay toukamu M u O x. Torapa ‘PO‘z‘PM ‘+‘M0‘=1+x,

|00|=|PQ|-|PO| =3.5-1-x=25-x.
ITyTh, mpoiiieHHBIH pbI0aKOM, IPEACTaBIsET COO0N PyHKIUIO s =35, + 5, .
Havinem s, u s, U3 NpAMOYTOJIBbHBIX TpEYroabHUKoB APO u BQO.

APO: [40|=\|4P] +|PO]' w5, =2 +(1+x)" =" +2x+5;
ABQO: |BO|=\|00] +|BO[" mm s,=(25—x) +1.5 =/x’ =5x+8.5.
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Torna

s=\/x2+2x+5 +\/x2—5x+8.5.

Haiinem o6nacte omnpeneneHust 3tol pynkuuu. [logkopeHHbIe BbIpaXke-
Husl B GyHKuuH s(x) Goblue Hyst juist Bcex x . Touka O NPHHAIEKHUT OTPE3-

Ky MN ,

Hue GyHKumn s(x) L1 x€ [O; 0.5]. Boruncnum npon3BoAHyI0 QyHKIUU:

MN ‘ =1.5-1=0.5, moaToMy HEO0XO0JAMMO HAWTH HAHOOJbIIICE 3HAUEC-

, 2x+2 N 2x-5 _ x+1 N x—2.5
N +2x+5 20x’—5x+485 Jxl42x+5 Jxi—5x+8.5

S

[IpupaBHuBasi MPOU3BOAHYIO K HYJIIO U BO3BOJA 00€ YacTU PaBEHCTBA
B KBaJIpat, MOJIYYHM:

x+1  25-x ()H-l)2 _ (2.5—96)2 .
VP 42x+45 ¥ —5x+85 X +2x+5 x’-5x+85
(x+1)"(x* =5x+8.5)=(2.5-x) - (x* +2x+5);
(x+1)"((2.5-x) +2.25) = (25— x)" - (4+ (1+x)");

(x+1)"(2.5-x) +2.25(x+1)" =4(2.5-x)" +(2.5-x) (1+x)’;
225(x+1) =4(2.5-x)"; 2.25(x” +2x+1)=4(6.25-5x+x);
1.75x> —24.5x+22.75=0; x*—14x+13=0.

Kopusmu nmonydennoro auddepeHImanbHOr0 YpaBHEHUS SIBIISTFOTCST YHC-
na 1 u 13, HM OZHO M3 KOTOPBIX HE MpUHAMIEKHUT 0Tpesky [0; 0.5]. TTosTomy

BBIYHCJINM 3HAYCHUC (1)YHKLII/II/I S(.X) Ha KOHIAX 3TOro OTpC3Ka M M3 IOJYyYCH-

HBIX YUCEN BBIOEPEM MEHBIIICE.

5(0)=~/5++/8.5~5.15;

5(0.5)=0.5+2-0.5+5+0.5 —5-0.5+8.5 =/6.25 +~/6.25 = 5.

CrnenoBarenbHO, MyTh pbl0aka OyneT KpaTyauilluM, €CIM OH JUIsl MOMOJI-
HEHUS 3aacoB BBICAJIUTCS B TOUKE N .
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3ajanus I CaMOCTOSAITEILHOM PadoThI

3ananme 1. HaiiTu cTOpOHBI NMPSAMOYTOJIBHUKA HAUOOJIBIIETO IEPUMETPA,
BIIMCAHHOTO B MOJYOKPY>KHOCTb paanyca R.

4R5 RS
: 5 u )

5

(OtBet

3apanme 2. IIpoBosioka JUIMHOK / COTHYTa B MPSMOYroJbHUK. KakoBbl
pa3Mepbl ATOr0 MPSIMOYTOJIBHUKA, €CIIM €T0 IJIOLaAb HanOobIIast?

[ 1
OtBeT: —, —.
(TBT44)

3ananme 3. U3 Qurypsl, orpaHU4eHHON KpUBOMU y=3\/; U MPSIMBIMU

x =4, y=0, BeIpe3aTh NPIMOYTOJbHUK HAUOOJBITICH TIIOIAIbIO.
(OtBet: §=9.22.)

3ananue 4. Halitn HauOonpimuii 0o0beM HMIMHJPA, Y KOTOPOTO IOJIHAS
MMOBEPXHOCTh paBHA S .

SJS )
N

3ananme S. Haiitu paanyc KoHyca HauMEHbIIEro 00beMa, OMUCAHHOTO
OKOJIO IIWJIMHJIpa paauycoM R (IJIOCKOCTH OCHOBAaHUM IWIMHIpPA M KOHYCa

JOJKHBI COBITAJIATh ).
(OtBeT: 1.5R )

(OtBet: V =

3aganue 6. B kakoM OTHOIIIEHNWN HAXOIATCS HAUMEHBIIINA 00hEM KOHYCA,
OTMCAHHOTO OKOJIO Mapa K o0beMy 1rapa?
(OtBet: 2.)

3aganue 7. B KakoM OTHOIICHWH HAXOAWTCS 00BEM KOHYyCa K HanOOJIb-
meMy o0beMy HWJIMH/IPA, BIUCAHHOTO B KOHYC?

(OtBer: % )

3ananue 8. Haiitu oTHOmIeHHE MEXTy 0ObEMOM Iapa M HAUOOJIBIINM
00beMOM ITUJIMHApPA, BIUCAHHOTO B IIIap.

(OtgBert: J3 )

3aganme 9. B kakoM OTHOIIEHHM HAaXOJUTCS TUIONIA/Ib TOBEPXHOCTH IIa-
pa K HanOOoJIbIIEH MIIOMIAIN TOBEPXHOCTH LUJIMH/IPA, BIMCAHHOTO B IIap?

4
OrBeT: ——.
( =5 )
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1.2 IlpuiioxeHust MPOU3BOJAHOM B 3aa4axX (PM3UKH U AJIredpbl
3ajaun HA ABHKEHHE

1. Cpeonas ckopocms u ckopocms 6 3a0anHviti Momenm gpemenu. I1ycThb
3aKOH NPSMOJIMHEHHOTO ABMKCHHUS MaTEPHAIBHON TOUKH MMEeT BUA s =s(t),

rae ¢t — BpeMs. CpemHsisi CKOPOCTh TOYKH 3a MMPOMEKYTOK BPEMEHH OT £, [0 t,
BBIYHUCIIIETCS 110 (hopmyIie

Vv =
LY t,—t,

CKOopOoCTh B 33JJaHHBIII MOMEHT BPEMEHHU (UJIM MTHOBEHHAsl CKOPOCTh) CO-
IJ1IaCHO (PM3UYECKOMY CMBICITY TPOU3BOIHOM

Vo (1) =v(2)=5"(2).

2. Ilymo, npotidennwviti mouxotu. IlycTh 3a1aH 3aKOH TPSAMOJMHEHHOTO
JBH)KCHHUSI MaTePUAIBHOM TOYKK S =5 (), ¢ — Bpemsi. UTOOBI BBIYHCIHTH MYTh,

MPOMJICHHBIN TOYKOM JI0 MOJHOW OCTAHOBKH, HAUJEM MOMEHT BPEMEHHU ¢, B KO-
TOPBIA CKOPOCTh TOUKHU v(t) =0. Cornacuo 11. 1

Pemrast ypaBaenue s'(t)=0, HAXOAMM MOMEHT OCTAHOBKH TOYKH f . To-
raa s(t*) — IIyTh, IPOUJIEHHBIN TOYKOU 10 OCTAHOBKH.

3. Vcexopenue. TlycTh MaTepuaibHasi TOUKa JBMKETCS MPSIMOIMHEHHO CO
ckopocTblo v=v(¢). Torga yckopeHHe TOYKM B 3aJaHHBI MOMEHT BPEMEHU

BBIYHCIIIETCS 110 (hopmyJie

Eciy 3aK0H ABMKEHHS TOUKHU 331aH B BUzie s = s(¢), TO

a(t) = S”(t) .

4. Bpawamenvhoe osudicenue. I1yCTh 3a1aH 3aKOH BPAICHUS MaTePHaIb-
HOM ToukH « = &(¢). Torga yriosast CKOpOCTb TOYKU PaBHA

a YIJIOBO€ YCKOPEHHE



Ipumep 13. Ilycrs MarepuanbHas TOYKA JIBHIKETCS 110 3aKOHY
s(t)=—1+6t> +37t+30. HailTu HauGOJIBIIYI0O CKOPOCTh TOYKH M MOMEHT Bpe-

MEHH, B KOTOPBI CKOPOCTHh HAMOOJIBIIIAS.
Pentenue

Haiiném o6macTh MONMyCTUMBIX 3HAYCHUW i1 apryMeHTa ¢. Tak Kak
JIOJDKHO BBINOTHATHCSA HEPABEHCTBO s(7) 20, TO UMeeM

—2+6t+37t+30=0,
—(¢+1)(¢+3)(¢-10)20.

Pemasi HepaBeHCTBO METOIOM MHTEPBAJIOB, HANIEM /€ (—oo;—1]U[-3;10].
Y4uThIBast 4TO ¢ > (), OKOHYATEIBLHO HOTy4uM £ € [0;10].
HaitnéM ckopoCTh TOYKH, UCTIOB3YS 11. |

v(£)= (= +61+371+30) =3¢ +121+37.

Hccnemyem noirydeHHyro (DyHKIHIO Ha HAHOOJbIIEE 3HAYEHHE HA OTPE3-
ket e [0;10]. Haiiném KpuTHUECKHE TOYKH

V(t)= (-3¢ +12+37) =61 +12,
—61+12=0,
r=2.

BbruncinM 3HaYeHHUsI nccleayeMoil QYHKIMKE B KPUTHYECKOM TOYKE M Ha
KOHIax oTpeska [0;10]

=-3-2°+12:2+37=49,
v(0)=-3-0+12-0+37=37,
v(10)=-3-10°+12-10+37 =-143.

v

3HAaYNT MaKCUMAaJIbHOE 3HAYCHUE CKOPOCTH v(2)=49.

IIpumep 14. [lycTh 3aKOH NPSMOIMHENHOTO ABUKEHUS MATEpUATIBHON
TOYKU UMeeT BUJ s(¢)=3t"+5¢+1. BBIYUCIUTD CPETHIOIO CKOPOCTD 3a TIEPBBIC 5

CEeKYyH/{ IBU)KEHHUS U CKOPOCTh TOUKHA B MOMEHT BPpEMEHU ¢ =2 C.
Pentenue

Vcnoss3yst 0. 1, BBIYMCIMM CPEAHIOI0 CKOPOCTH IpH £ € [0;5]

_ 3.5 45-5+1—(3-0°+5-0+1
, =206)=s(0) _ ( ) _100_
5-0 5 5
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U MT'HOBCHHYIO CKOPOCTb B MOMEHT BPEMCHH ¢ = 2¢C

(3 +5t+1) =61+5,
v(2)=6-2+5.

v(?)

IIpumep 15. Haiitn nyTh, NPOWIECHHBIA TOYKOM IO MOJHOM OCTAHOBKH,
€CJIM 3aKOH IPSIMOJIMHEHHOT0 IBIKEHUS UMEET BUA s (1) =te™ .

Penrenue

Bpraucioum CKOpPOCTb TOYKH

’

v(t)= (teft) =e¢'—te'=¢"(1-1).
Haiiném MOMEHT BpeMeHH, B KOTOPBIH TOUKa 0CTaHOBUTCS (v(¢)=0)

e’ (1-1)=0,
t=1.

Berunciaum myTh, NpoiAeHHBIA TOUKOM 3a 1 ¢

s(1)=1~el=éz0.37.

IIpumep 16. 3amaH 3aKOH NPSIMOJIMHEWHOI'O ABWKEHUS MaTEPHUATBHON
16

+1)

Ha4dajIa ABUKCHUA.

TOUKH s(7)= t — BpeMs. BEIUMCIIUTh YCKOPEHUE TOUKH Yepe3 3 ¢ mocie

29

Penienue

Ucnonb3ys 1. 3, Haxoaum

N B T )
slr)= (+1) ) (i+1)

’

a(t)=s(1)=| 22| -6

(t+1) ) (e+1)"

Boeruucinum yckopeHue uepes 3 ¢. mociie Havyalia JBUKEHUS

o4 =§z038
G+ 8

a(3)=

27



IIpumep 17. 3aKkoHbI ABMKCHHS 10 NMPSAMOIl ABYX MaTepUalbHBIX TOUYCK
UMeEIOT BUJ s, (1) =5t"+21+6 u s, (1) =41 +3r+18. C Kakoil CKOPOCTBIO yjiajisi-

IOTCS TH TOYKH JIPYT OT JIpyra B MOMEHT BCTpeUun?
Penienue

B MOMEHT BcTpeuu paccCTOsIHUS, MPOWUJICHHBIE TOYKAMHU OJMHAKOBBI.
Haiiném MmoMeHT BCTpedn TOUEK

5t +2t+6=4t" +3t+18,
t*—t-12=0,
=3 t,=4.

YuuteiBas uto ¢ =0, genaeM BBIBOJ O TOM, YTO TOYKH BCTPETATCA NPU
t =4 c. Beruucnum ckopoctu Touek. Menone3ys n. 1, umeem

vl(z)=(5t2+2z+6)' =10r+2,

v, (£)= (46 +3t+18) =81+3.

Hariném ckopoct B MOMEHT BCTpEUH

v, (4)=10-4+2=42,
v,(4)=8-4+3=35.

IIpumep 18. MaxoBuk, 3a1epKMBAaEMbIii TOPMO30M, ITOBOPAUYUBAETCS 3a
¢t cHa yron «(t)=3r—-0.017 (pax). HaliTu yriaoByro CKOPOCTH BpAICHUs MOXO-

BUKA B MOMEHT ¢ =7 C U MOMEHT BPEMEHHU, B KOTOPBI MOXOBUK OCTAHOBUTCH.
Penienue

Hcnons3ys 11. 4, Haii1éM YITIOBYIO CKOPOCTh MaXOBHKA B MOMEHT BPEMEHH
o(t)=(3t-001") =3-0.021.
BBIUKCIMM YIJIOBYIO CKOPOCTh B MOMEHT BPEMEHH [ =7 C
o(7)=3-0.02-7=2.86 (paod/c).
Haiiém MOMEHT 0CTaHOBKH MOXOBHKa (@(¢)=0)

3-0,02t=0,
t=150 (c).
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JKcTpeMaJibHbIe pU3HNUYecKHe 3a1aUn

[Ipu pemennu sKCcTpeManbHbIX GU3UUYECKUX 3a1a4 (3a71a4 Ha HauOoJIbIIee
¥ HaMMEHbBIIIee 3HaUYCHHE (DYHKIMHM Ha 33JJaHHOM OTPE3KE) MCIOJB3YIOT PEKO-
MEHJALNUN, IPUBEACHHBIEC B HaYaje pasjea.

IIpumep 19. Teno maccoit m, =1500 xe magaet ¢ BbICOTBI 7 =4500 m u
TepsieT Maccy (Cropaer) npoHOpPLUOHAIBHO BpeMeHu najeHus. Kosddumuenrt
IIPONOPLHUOHAIBHOCTH &k =50 K% . Cumras, 4yTOo HavaimbHasg CKOpoctb Vv, =0,

yckopenune g =10 Mcz, U TpeHeOperas CONMPOTHUBICHUEM BO3/yXa, HaWTU

HaH6OHBHIy1-O KHHCTUYCCKYIO DQHCPTUIO TCJIA.

Penienue

mv’
Kuneruueckasi sHeprus tena Beraucisercs no gopmyne £, = ER Macca

TeJla B 3aJaHHBIM MOMEHT BpeMeHu m=m,—kt=1500—50¢f, a CKOpOCTBH
v=vy,+gt=10¢. Torna

2 (1500—507)(10¢)
g =" L )(107) ~Lusa0te—s107).
2 2 2

YroObl HalTH 00JACTh AOMYCTUMBIX 3HAYCHU NIl apryMeHTa ¢, Halaém
BpeMs IIAJICHUs TeJla C BBICOTHI /. Mimeem

2 2
h:v0t+&:&
2 2

Otkyna, yauTsiBas uto ¢ =0, HaX0 UM

o 2h _ [2-4500 ~30.
g 10

Kpowme Toro, £, 20
E, :1(15-10%2—5-103;3)20,
2

Pemas HCPaBCHCTBO

lz2(15-104—5-103z)20,
2
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HaxomuM 0<<30. 3Ha4ur, 00JaCTh J[OIMYCTUMBIX 3HAYCHHH apryMeHTa
t€[0;30].
Uccnenyem nonydennyro Gyukuuo E, = E, (t) Ha HanbGoubluee 3HaYEHHE

Ha otpeske ¢ € [0;30]. Haiiném npomnsBoaHyro
E| =l(3o.104t—15-1o3z2).
2

Kputnueckne Touku

t(30-10* -15-10°¢) =0,

t_3o-1o4 300
15-10° 15

=20.

b

Kputnueckne TOUKH NpHHAUIEKAT OTpe3Ky [0;30]. Berauciim 3HadeHne

(1)}’HKHPIPI Ek B KPUTHYCCKUX TOYKAX WU HA KOHIAX OTPC3Ka

Ek(O):O’

Ek(20):%(15-104 :20°-5-10°-20°) =107,

E,(30)=0.

3Ha‘H/IT, HanOOJIbIIIEE 3HAUYCHHUC KUHETHUYECKOM OHCPIrun
_ _ 7
E  =E(20)=10" Jxc.

k m

Ipumep 20. Ha xakoM pacCTOSHUU A OT TOPU3OHTAIBHON TUIOCKOCTH
ClIeyeT pa3MeCTUTh JIAMIIOUKY, YTOOBI B 33JJaHHON TOYKE A TIOCKOCTH OCBe-
EHHOCTH OblTa HanbonsLieit (04 =a)(puc. 11)?

B

Pucynok 11
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Penienue

OCBEIEHHOCTh NPSIMO MPONOPLHOHATIBHA CUHYCY YIUIa MAJECHUS JIydeu
CBETa U 00paTHO MPONOPLUUOHAIbHA KBAAPATY PACCTOSHUSA OT UCTOYHHUKA CBETA

(puc. 11)

sin @
7"2

E=k

Haiiném paccrosinue 4B 1o ucrouHuka cseta. M3 tpeyronsauka OA4B 1o

teopeme ITudaropa AB =04’ + OB* . 3naunt r=~a’ +h’ .

Haniném cunyc yrna nangenus iyuen csera. M3 tpeyronpHuka OAB MoO-

YKEM 3arucarth sin ZOAB = OB . 3HAUUT sin@ = h = _h . Torna
AB r a’+h’

h
E= k W .
(a +h )
Wcxomst U3 ycloBus 3a7a4du, 00JacTh JOMYCTUMBIX 3HAYCHUH apryMeHTa
h 910 mpoMexyTok [0;). Wcciaenyem dyHkimio E=FE(h) Ha Haubojbliee

3HAYCHHUC HAa YKAa3aHHOM MHTCPBAJIC. Brerauciaum IMPOU3BOAHYIO

,=k(a2+h2)3/2—h;(a2+h2)1/2-2h: o

E' =k 3
(a2+h2) (a2 +h2)

h
(a*+4)"

Haiiném xputryeckue TouKu

a’—2h* =0,
a a

hl:_ﬁj hz:ﬁ.

Touka A, = MPUHAUICKUT TPOMEKYTKY[0;00). Haiiném 3HaK mpoms-

a
V2
BOJHOM CJIEBA U CIIpaBa OT KPUTHYECKOW TOUKHU

2 1,2
a’-2(0,5a)" 24

(a2 + (0,561)2 )5/2 B (a2 +(O,5a)2 )5/2

E'(0,5q) = >0,

2 A2 2
Ela)=-9"29__ _~4 __y.

(a* + a2)5/2 (¢’ +a° )5/2
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a .
B Touke T MIPOU3BOJIHASI MEHSIET 3HAK C «+» Ha «—», 3HAYUT, B ITOU
2

TouKe (QYHKIUs UMeeT MakcuMyM. [1oCKONIbKYy KpUTHUecKash TOUKa Ha MpOMe-
KYTKe [0;00) eIMHCTBEHHAs, TO HaHOOJIbIICe 3HAUCHNE (YHKIHS OCBEIIEHHOCTH

E(h) nocTturaer B 3TOH TOUKe.

IMpumep 21. Ha kakoM pacCTOSHUM OT 3€MJIM HYXKHO CJIejaTh OTBEPCTHE
B IIIJIMHIPHYECKOM COCYC BBICOTON H , 4TOOBI JaIbHOCTh CTPYH U3 OTBEPCTHS
ObL1a HAMOOJIBIIEH?

Penienue

[lycte L — manbHOCTH CTpyH (puc. 12).

Pucynox 12
Torma L=vt, Te v — CKOPOCTh BBHITEKAHMS KUJKOCTH, ¢ — BpeMs 3a KO-

TOPOE KUAKOCTh Jocturaet 3emid. [lo 3akony Toppuueisin CKOpoCThb BBITEKA-
FOILIEH YKUIKOCTH

v=4/2gh,

r€ g — YCKOpPEHUE CBOOOJHOTO MaJeHusl, & — BBICOTA CTOJIOA KUIKOCTU HaJ
OTBEPCTUEM. 3HAYUT

V= 2g(H—x).

Jlanee, ucnonp3ysi U3BECTHYIO (OPMYIy 3aBUCUMOCTH PACCTOSHUSA s OT
BPEMEHH, 32 KOTOPOE MPOMIEHO 3TO paccTOsIHUE (PaBHOYCKOPEHHOE JIBIKEHHUE)
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gt’ 2x
HMEEM X = 7 , OTKyJa = |—. TOI‘I[& JAJIBHOCTDb CTPYH
g

L=vt=1/2g(H—x) % =2\/(H—x)x =2\/Hx—x2 .

ITo puc 12. sicHO, 4TO 06JACTH JOMYCTUMBIX 3HAYEHHN apryMEHTa X 3TO
npomexyTok [0;H |. Uccnenyem ¢ynkumioo L =L(¢) Ha Hanboblee 3HAYCHUE

Ha YKa3aHHOM OTpe3Ke. BrIuucianm nponsBoIHYIO

L’zz(ﬂ/Hx_XZ) =M

Hx—x*
Haxogum kputnueckne TOUKu

H-2x=0,
H
X=—.

2

Kputrdeckast ToUKa MPUHAICKUT 0Tpe3Ky [0; H |. Haiiném 3nak mpoms-

BOJIHOM CII€BA U CIIpaBa OT KPUTHYECKOW TOUKHU

Tak kak mpu mepexoje Yepe3 KPUTUUYECKYI0 TOUYKY 3HAK MPOU3BOHOU
MEHSETCS C «+» Ha «—», TO B 3TON TOUke (PyHKIUS uMeeT MakcuMyM. [1ockomb-

Ky 9TO C¢IHMHCTBCHHAA KPUTHYCCKAsA TOYKa Ha OTpCSKC[O;H] , TO HanOoIbIIas
H
AAJIBHOCTDb CTPYH AOCTUTACTCs, €CJIM CACTIATh OTBCPCTUC HA BBICOTC ? OT 3CMJIN.

Ipumep 22. iMes n OAMHAKOBBIX SJIEKTPUYECKUX HIEMEHTOB, MOMKHO
Pa3IUYHBIMKU CIIOCOOAMM COCTaBUThH M3 HUX OaTtapero, COSAUHSS M0 @ DJIEMEH-

n
TOB IMOCJICA0BATCIBHO, a4 3aTCM IMOJYYCHHBIC I'PDYIIIIbI (‘—II/ICJ'IOM —) — IapaJuiciib-
a

Ho. Tok, 1aBaeMblii Takoi OaTapeeit, onpeaensercs Gopmysoi
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naE

[=——mMm—
nR+a’r’

rae E — anexTpoaBuKylias cujia OJHOTO JIEMEHTa, » — €r0 BHYTPEHHEE
CONPOTHUBJIEHUE, R — BHEUIHEE compoTuBieHue. OnpeaennuTb, Npyu KakoM 3Ha-
yeHUH a Oartapes 1acT HauOOJIBIINI TOK.

Pentenue

Ucxoxas u3 ycnosus 3anaun, a€ (0;n]. MccneayeM Ha 3TOM MOIyHHTED-

Basie GyHKUMIO [ =/ (a) Ha HauboJblIee 3HAYCHHE. BBIYUCINM IPOU3BOIHYIO.

’ 2 _ _ 2
I'=nE( a : ) B EnR+ar (2czzr)a=nE nR ar2
nR+ar (nR+a2r) (nR+a2r)

Haiiném xputnyeckue TOUKu

nk
[TpomexyTkKy (O;n] IIPUHAJIC)KUT TOJIBKO KpUTHUYECKas TOYKA a =,|— .

r
Hariném 3Hak mpon3BOIHOM ClIE€Ba U CpaBa OT KPUTHUYECKON TOUKHU

nR——r
r| |- e r__pE—2 - 2E>,
2r nR+nRr 3,1713 OR
2r 2
2n

Tak xak mpu mepexone 4epe3 KPUTHYECKYIO TOUKY 3HAK ITPOM3BOJIHOMU
MEHSIETCS C «+» Ha «—», TO B 3TOM Touke PyHKINS nMeeT MakcuMyM. [1ockoub-
Ky 9TO €IMHCTBEHHAs] KPHUTHYECKas TOYKA Ha HMpoMmexytke (0;n], TO HanbGoub-

o nRk
LAY TOK JOCTUTAECTCS IIPU a =, /— .
r
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IMpumep 23. M3BecTHO, YTO MPOYHOCTH Opyca C MPSIMOYTOJIbHBIM TOTIe-
PEUYHBIM CEYEHHEM MPONOPLUOHATIbHA €Tr0 IIUPUHE a M KBaJpaTy BBICOTHI b.

Haiitu pazmepsl Opyca HanOobIIeH MPOYHOCTH, KOTOPBIA MOKHO BBIPE3aTh U3
OpeBHa TUAMETPOM d .

Penienue

[Ipounocts Opyca N =kab®, rae k — x0d>(p(PUIMEHT IPOIOPIHOHAILHO-
ctu, k>0. W3 puc. 13. BugHO, ut0 @’ +b* =d’*, umu b* =d’ —a’.

Pucynox 13

Torma
N=ka(a’2 —a2)=k(d2a—a3).

N3 puc. 13. BUIHO, 4TO 00JACTh JAOMYCTUMBIX 3HAYEHHH apryMeHTa a —
untepBan (0;d). Uccnenyem dyHkimio N = N(a) Ha HanOoJblIee 3HaUYCHHE HA
3TOM MHTEpBaJie. BhIYMCINM NPOU3BOJHYIO

Kputnueckne Touku

d’-3a>=0,

d d

1=—$ azzﬁ-

d o .
UnrepBany (0;d) NpUHAIICKHUT TOIBKO TOUYKA e Haiiném 3HaK npowms-

BOIIHOﬁ CJICBA U CIIpaBa OT KpHTI/I‘{eCKOP'I TOYKH
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2 2
'[ijzk =39 | _pd s,
2 4 4
d

2 2
— |k d2—3d— =—kd—<0.
2 2 2

IIpu nmepexone yepe3 KPUTHIECKYIO TOUKY

N
N/
d
7 IPOM3BOJIHAS MEHSET 3HAK
C «» Ha «—», 3HAYUT, B ITOH Touke PyHKIMI N (a) MMeeT MakcuMyM. Tak Kak
3TO EAMHCTBEHHAs KpUTHYECKas Touka Ha wmHTepBayie (0;d), TO HamOoJibIee

d

G

3HAa4YCHHUC IMPpOYHOCTb 6pyca JOCTHUTI'aCT cCJIn )41

b=~Nd*-a* = dz—d—2=@
3 3

3anaum aaredpsbl

IIpumep 24. CymMa ABYX NOJIOKHUTENbHBIX yncen paBHa 10. Haiitu Bo3-
MO’KHO€ HauOoJIbIlIee IPOU3BEIECHNE TAKUX YUCEIL.

Penienue

O6o3HauuMm uymcia a u b. Torma II=a-b. Ilo ycioBuio 3amayu
a+b=10, 3Haunt b=10—a. Nmeem

=a(10-a)=10a—-a’.

Ncxons u3 ycnoBus 3aauu 00JIaCTh JOMYCTUMBIX 3HAYEHUN apryMEHTa
a oto untepsan (0;10). Uccnenyem dynxuuto 171 =11(a) Ha HaubombLICE 3HA-

genue npu a € (0;10). Boruncinum npousBoHyo

’

H’=(10a—a2) =10-2a.

Hariném kputrdeckue Touku

10-2a=0,
a=>5.

Kputndeckas Touka npuHaiexut uarepsany (0;10). Boruncium 3nave-

HUsI IPOK3BOIHON /1'(a) clieBa U cripaBa OT KPUTHYECKON TOUYKH

36



'(4)=10-2-4=2>0,
'(6)=10-2-6=-2<0.

I[Ipu mepexoie yepe3 KPUTUUECKYIO TOUYKY 3HAK IIPOU3BOIHOM MEHSETCS C
«+t» Ha «—», 3HAYMT, B TOYKE a =5 (PyHKIMA JOCTUraeT MaKCMMyMa. TaK Kak Ha
uHTepBase (0;10) 9TO eqUHCTBEHHAS KPUTHYECKAsi TOUKA, TO HAHOOIIbIIEe 3Ha-

geHne npoussenenne I7(a) nocturaer npu a=>5. Torma b=10-5=5.

Ipumep 25. Yucno 54 npencTaBiieHO B BUJE CYMMBI TPEX MOJIOKHUTEIb-
HbIX ciaraembiX. [lepBoe ciiaraemoe B /1Ba pa3a Oojbiie BToporo. Haiitu stu
cliaraeMele, 3Has, 4YTO UX MPOU3BEICHNE HauOOIbIIIEE.

Penienue

O603HaYMM BTOpOE ClIaraéMoe a, TOT/ia MepBOe CiaraeMoe paBHO 2a, a
TpeThe paBHO 54 —a—2a =54—-3a. CocTaBUM NPOU3BEICHUE

II=2a-a-(54-3a)=108a’ —6a’.

Haiiném oOnacth AOMYCTUMBIX 3HAYeHUU aprymeHTa a. llo ycioBuio
CJIaraeMblI€ MOJIOKUTEJIbHBIC, 3HAUUT

a>0
2a>0
54—-3a>0.

Otkyma cnemyer ac€(0;18). MHccmenyem oynkuuto I1=11(a) Ha
HauOOJIbIIEE 3HAUCHUE HA TIOJyY€HHOM MHTEpBae. HaxoamM mpou3BoHyIO

IT'=(1082> - 6a*) =2162-184".

Kputnueckne Touku

a(216—18a)=0,
a=0, a=12.

Kpurnaeckas Touka a =12 npuHamiexut uarepsany (0;18). Beraucanm

3HAYCHUS IPON3BOAHON I1'(a) cieBa U ClipaBa OT KPUTHYECKOM TOUKH

17 (10) =216-10—18-10* =360 >0,
17'(13)=2l6~13—18~132 =-234<0.
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[Ipu nepexoze yepe3 KPUTHUECKYIO TOUKY 3HAK IIPOU3BOIHON MEHSIETCS C
«+t» Ha «—», 3HAUUT, B TOUKE a =12 (QyHKIUS JOCTUraeT MakcuMyma. Tak Kak
Ha uHTepBane (0;18) 5TO eAMHCTBEHHAs KPUTHUYECKas TOYKA, TO HAUOOIbIIEE

3Ha4YeHue mpomsBeneHue I1(a) mocturaet mpu a=12. 3HAUMT, IPOM3BEACHHE
OyAeT HanOOJBIINM, E€CIIU caraeMbie paBHbl 24, 12 u 18.

IMpumep 26. Yucno 15 npeacTaBieHo B BUAE CYMMBI JIBYX MOJOKUATEIb-
HBIX CJIaraeMbIX Tak, 4YTO CymMMa Ky0a MEepBOro M YTPOSHHOI'O BTOPOTO cliarae-
MOTo HauMeHblIasg. HaliTu Takoe pasziokeHue.

Penienue

O6o03HauuM TIepBOE cllaraéMoe «, BTopoe ciaraemoe b. Torma cymma
Ky0a TIepBOTO ¥ yTPOSHHOTO BTOPOTO CJIaraeMoro paBHa S = a +3b. Tlo yCJo-
BUIO b=15—a. 3HauuTr

S=a’+3(15-a)=a’+45-3a.

Haiiném o6nacth JOMyCTUMBIX 3HAaYeHUU aprymeHTa a. [lo yclioBuio
CJIaraeMbl€ MOJIOKUTEIbHBIE, 3HAUNUT

15-a>0
a>0.

Buaunt a€ (0;15). Uccnenyem pynkuuo S=S(a) Ha HanMMeHbLIEE 3Ha-
YEHME Ha I0J[y4eHHOM oTpe3ke. Haxomum npon3BoaHyto

§'=(a’ +45-3a) =3a>=3.

Kputnueckne Touku

Kpurrueckas Touka a=1€ (0;15). Bpraucaum 3navenust S'(a) ciesa u

CIIpaBa OT KPUTHUYECKON TOUKHU

5°(0,5)=3-0,5"=3=-1,25<0,
§'(2)=3-22-3=9>0.
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[Ipu mepexojie Yepe3 KPUTUUECKYIO TOUKY 3HAK TPOM3BOIHON S (a) Me-

HAETCS C «—» Ha «1», CIIeI0BATENILHO, B TOYKE a =1 (YHKIHI UMEET MUHHMYM.
Tak kak a=1 — eAMHCTBEHHAs KpUTUUYEeCKas Touka uHTepBama (0;15), To

HaUMEHBIIEr0  3HAYE€HUd  CyMMa  JOCTUIaeT  IIpU a=1. Torma
b=15-1=15-1=14.

Jlpyrue npuMeHeHus1 NPOU3BOIHOM

IIpumep 27. IIpy nOATOTOBKE K DK3aMEHY CTYNEHT 3a ! JHEU M3ydaeT

t 1 .
m—m 4acTh Kypca, a 3a0bIBaeT Et—}o yacTh. CKOJIBKO JHEH HYKHO 3aTpa-
+

TUTH Ha MOATOTOBKY, YTOOBI ObLIAa M3y4eHAa MaKCUMallbHAs 4acTh Kypca?

Penienue

[ycte U(f) — gacth Kypca, KOTOPYIO CTYJACHT 3HAET B MOMEHT BPEMCHH

¢t . 3HauuT

1

U(t)=————1t.

T 1116 25

Haiiném o06macTh MOMyCTUMBIX 3HA4YeHHWH aprymeHTta ¢. Mmeem ¢>0.
Heobxomumo U (1) 20

L_it>0

t+16 25

(1
t+16 25

25—-(t+16)
(————L>
25(1+16)
-
25(+16)

>

>

(9-1)20.

YuurteiBass 49ro ¢>0, OKOHYaTeNbHO HaxomuMm fe[0;9]. Hccmemyem
¢yukumuo U(7) Ha Hambosbliee 3HaueHHe Ha otpeske [0;9]. Haxomum mpons-
BOJIHYIO

’

U'(t)=( ! )—iz’zLZ—i.
t+16 25 (t+16) 25
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Hariném kputrdeckue Touku

16 1

(r+16)° 25
161
(t+16) 25
(1+16)° =400,
=4 1=36.

Boruncium 3Hauenue GyHkuun U(f) B KPUTHYECKUX TOYKaX, KOTOPBIC

NpUHAIeKAT OTpe3Ky [0;9] 1 Ha KOHIAx OTpe3Ka

U(0)=0,
U(4)= 1, ,
4416 25
U(9)=0.

3HaunT, MaKCUMaJIbHAs 9acTh Kypca OyeT uzydeHa 3a 4 mHs.

Ipumep 28. TpebyeTcss M3rOTOBUTH OTKPBITHIM HUIMHAPUYECKHM Oak
BMECTHMOCTBIO V. CtoumocTs 1 v’ Marepuana, M3 KOTOPOTO H3TOTABIMBAETCS
JIHO 0aKa, COCTABIISET @ TPH., @ CTOMMOCTH | m° Marepuaia, Uaylero Ha CTEH-
k1 0aka, — b TpH. [Ipu kaKkoM OTHOIIEHUH BBICOTHI Oaka K paJnycCy THA 3aTpaThl
Ha MaTepuan 0yJ1yT MUHUMaJIbHbIMU?

Penienue

— 2 .
[Inomane nHa HUIMHIpUYECKOTo Oaka S, =7r", a IUomaab OOKOBOM
noBepxHoctu S, , ~=2zrh. Torna 3arpaThl HA U3TOTOBJICHUE Oaka

II=a -7r*+b-2rrh.

V
UsBecTHO, uTo 1uist Luimuapa V =zr’h. Otciona h=—. Torxaa
zr

II=a 71’ +b- 27Z7’L2—a7l' +2b—V
r r
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OGnacTh JOIMYCTHMBIX 3HaueHHil aprymenta re (0;00). Mcciaemyem
¢yukuuo 77 =I1(r) Ha HaMMEHbIIIEC 3HAYCHHE HA TAHHOM HHTEpBase. Borunc-
JIAM TIPOM3BOIHYIO

Il = (cm’rz +2b—Vj =2anr—
r

2bV

2
r

Haiiném xputryeckue TouKu

2b2V —0,
r

arr’ —bV =0,

ar
vy =3—.
\ bV

4bV

3
r

7 3/% >0,

’(17[
TO B TOUKE 7 =3} W q)YHKHHH HNMCCT MHUHHMYM. Tak kak 3TO CANHCTBCHHAsA

2anr—

Tak xak

1" =2ar+

KpUTHUYCCKasl TOYKd, TO HAUMCHBIICC 3HAYCHHUC 3arpaTr AOCTUTACTCA IIPpU

/aﬂ
r =3— . 3HauyuTr
bV
h _K(ﬂj_z/s _(éJZ/S (KJS/S
T\ bV a )

HaumMensmiee 3HaueHHE 3aTpar AOCTUTACTCs, CCIU BBIIIOJIHCHO COOTHO-

IIICHUC
ﬁ_é.(sz
r oal\m)’
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3ajganus ISl CaMOCTOSITEIbHON padoThI

3aganue 1. Touka Mmaccoil m, IBHXKETCS NPSIMOJMHEHHO MO 3aKOHY

s(t)=(¢—2)7. Jlokaxure, 4TO NCHCTBYIOIAs HA HES CHJIA MPOIOPLHOHAIBHA
KBaJpaTy NPONIECHHOIO MIYyTH.

3amanue 2. MarepruaibHasi TOUKa JIBHXKETCS IO MPSIMOW COTJIACHO YpaB-
1+¢
HCHUIO x(t) =2— . HaliTu ckopocTh U yCKOpeHrEe B MOMEHT BpEMEHH £, = 2.
+t

(OtBert: 0.0625, -0.03125.)

3aganue 3. Teio, BBIIYHIEHHOE BEPTUKAIBHO BBEPX C BBICOTHI /
C HAYAJIbHOM CKOPOCTBIO V,, IBHXKETCS 110 3aKOHY

2

h(t)=h0+v0t—%

5

rae h — BbICOTa B METpax, ¢ — BpeMsl B cekyHAaX. HaliTu BBICOTY Tena B MOMEHT
BpPEMEHH, KOTJIa CKOPOCTh Tella B 3 pa3a MEHbIIIE MepBOHAYAIBHOU, eciu /i, =2

M, v,=4 mfc (g=10 m/c*)

122
(OtBET: — M.)
45

3ananme 4. Ha npssMoJIMHEHHOM OTpe3Ke AB, COeNMHSIONIEM JBA UCTOY-
HUKa cBeTa: A (cuioit p) u B (CUoM ¢ ), HAUTH TOUYKY, OCBEIIaeMyI0 ciadee

BCEro, €ciiu ‘AB‘za. (OcBeméHHoCcTh 00paTHO MPOMOPLUUOHATIBHA KBaApaTy
PACCTOSIHUSI OT UCTOYHMKA CBETA.)

a3
(OtBeT: Ha paccTOSTHUU NP OT TOUKHU A.)
p+3iq

3apanme 5. U3 kpyrioro OpeBHa nuaMeTpoM d HAJO0 BbIpE3aTh OalKy
IPSIMOYTOJIBHOTO cedeHus. KakoBbl JOKHBI ObITh MIMPUHA b U BBICOTA /i 3TOTO
CEYeHMs], YTOOBI Oanka, OyAyyu FrOPU30HTAIBLHO PACIOJI0KEHHON U PAaBHOMEPHO
HArpy>kKeHHOM, WMena HauMeHblud nporu0? (Benawmumna mnporuba oOpaTHO
IPONOPIMOHANIEHA TTPOU3BECHHUIO IIUPUHBI MTOTIEPEYHOTO CEUYEHUS M KyOa BbI-
COTBHI.)

(OtBet: b=d/2, h=d~[3/2.)
3aganue 6. Cua f1elicTBUA KPYTOBOTO 3JIEKTPHUUECKOTO TOKAa Ha HEOOIb-

1101 MAarHUT, OCh KOTOPOTO MEPIEHANKYISIPHA MIOCKOCTH Kpyra, MPOXOISIIEro
yepes3 ero HEeHTp, BbIpaxaeTcs (Gpopmyron
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F= cx

(a® +x* )3/2 ’

I7I€ @ — paJnyc Kpyra, x — pacCTOSHHME OT LIEHTpa Kpyra J0 MarHura,
¢ =const .
[Ipu xakux x BenmuuuHa F Oynet HauOoJbien?

(OtBet: x = 4 )

V2

3aganme 7. Hailtu 4ncio, KOTOpoe B CyMME CO CBOMM KBaJpaToM JAET
HAaNMMEHBIIYIO CYMMY.

(OtBer: —% )

3ananue 8. Haiitu paznoxxeHue uucia 12 Ha cymMMy JIByX HEOTPHUIIATEIIb-
HBIX CJIaraeMbIX TakK, 4TOObI CyMMa KBaJpaTOB ASTUX CjaraémbiX ObLIa: a)

HanOoJbIIIeH; 0) HAUMEHBIIICH.
(OtBet: a) 121 0;6) 6 1 6.)

3apanue 9. I[lpu MoAroToBKe K SK3aMEHY CTYJICHT 3a ¢ JIHEW u3ydaer

t 2 .
T-}O qacCcTb Kypca, a 38,6I>IBaeT 4—91-}0 qacCThb. CKOJILKO JHEHU HY)KHO 3a-
t+0,

TpPaTUTh Ha TIOJTOTOBKY, YTOOKI ObLTAa M3yYeHa MaKCUMaJIbHAS 9acTh Kypca?
(OtBer: 3.)

1.3 IlpuioxeHus NPOU3BOIHOM B 321a4aX IKOHOMHU KU
3amayu Ha HauOOJIbIICE M HAUMEHbIIIee 3HAUYeHHe (PYHKIIUU

B npaktudeckoi nesTeIbHOCTH BaXKHYIO POJIb UTPAET HAXOXKJIEHUE BO3-
MOKHOCTU 3aTPATUTh MUHUMAJIBHOE KOJIMYECTBO BPEMEHH M MaTepHaIbHBIX
CpEIICTB, TOJIYYHUB MPHU 3TOM MakcUMalbHbIN 3ddext. Kpome TOro, 60abIInH-
CTBO MPOIECCOB B YKOHOMUKE MPOUCXOJIAT TAKUM 00pa3oM, YTO HEKOTOpasl Xa-
PaKTepUCTUKA JOCTUTaeT 3KCTpemyMa. lIpaBuia HaxOXXIeHUsl JIOKAJIbHBIX U
rJ100aJbHBIX KCTPEMYMOB PACCMOTPEHHI B 1. . PaccMOTpuM 3aiaun mpakTuye-
CKOI'O COJICPKAHUS.

Ipumep 29. Kanutan B 8 MIH. IpH. MOKET OBITH pa3MeELIEH B OAHKE MO/
40% TOMOBBIX WM MHBECTHPOBAH B IMPOU3BOJICTBO, MpudeM 3(G(HEKTUBHOCTH

BJIO’KEHMS oxuaaeTcs B pasmepe 150% . M3nepxkku 3amarorcs KBaApaTHYHON
2

X 0
3aBUCUMOCTBIO 50 [TpubbLIs 06araercst HamoroM B p%. Ilpu kakux 3HaYeHU-

X P BJIOXKEHHUE B IPOM3BOJCTBO SABJSCTCS OoJiee 3(PPEKTUBHBIM, YEM YUCTOC
pa3MeleHre KanuTaaa B OaHke?
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Penienue

Bech kanuTan 8 MIIH. TpH. pa3AeliuM Ha 4YacTH: X (MJIH.) — B IPOU3BOJ-
cTBO, (8 —x) — B Gank oy nporentsl. Toraa uepes roj U3 6aHka MOKHO B3STh
(8—x)+(8—x)0.4 —TO, YTO BIOXKHJIU U ILIFOC HPOLICHTBHL:

(8—x)+(8—x)0.4=(8—x)(1+0.4)=(8—x)1.4.

I[OXOI[ OT IIPOU3BOACTBA 4YCPC3 IO COCTABUT (y‘H/ITI)IBa}I HAYUCJIICHHBIC
150%):

x+x@=x+1.5x=2.5x.
100

Torzxa HpH6I)IJIB OT BJIOKCHHA B IIPOU3BOACTBO — 3TO JOXOJ MHUHYC HU3-
2

JEPKKH — , T. €.
P 20

2
X

2.5x——.
20
Yucras npuObLIH OKaXETCsS paBHOM
2 2
2.5x—x—— 2.5x—x— L,
20 20 )100

T. K. IpUOBUTL o0JaraeTcst HaJorom B p%. O603HaUMM - %) yepe3i: i = % , Torza

2 2 2 2 2
25x—2——| 2.5x - | -L=25x -2 | 25x -2 |i=| 2.5x -2 |(1-i).
20 20 )100 20 20 20

UYepes roj o61miast cymma (0T 0aHKa U OT IPOU3BOJICTBA) MPUOBLIN COCTABUT:
x2
S(x) = 1.4(8—x)+(2.5x—%](1—i) .

Jlist pemieHust 3aa4ud HEOOXOAUMO HAWTH HAMOOJbIIEe 3HAYEHUE ITOU
¢dbynkuun Ha otpeske [0;7]. st 3Toro HaxoAuM MPOU3BOIHYIO:

2x

S'(x)=1.4(-1) +(2.5—2—Oj(1—i) - —1.4+(2.5—%)(1—i)
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U ipupaBHUBaeM €€ k 0:

25— = L4 ;

10 1-—i
ENCYENLY
10 1—i

X = 2.5—ﬁ 10=25—i.
1-i 1-i

14

3HAUUT, KPUTHYECKAsd TOYKA X, =25—?. T. k. nmercs HauOobllIEe
—1

3HaueHue QyHkuu Ha otpeske [0;7], To 3Ta TOUKa AOKHA MPUHAJJIEKATH OT-
pesky, T.€. 0<x, <7:

25—i>0, 25>i, 1—i>ﬂ, i<2=0.84,
1—i 1—i 25 25
z:—p

100

>

P 084, p<84.
100

3Ha4YuT, Npu 3HAYCHUSIX p<84 % BIOKEHUE B MPOU3BOJACTBO SIBISIETCS
6onee 2GHEeKTUBHBIM, UEM YUCTOE Pa3MEIICHUE KanmuTaia B OaHKe.

IIpou3BoauTEJILHOCTH TPYAA

1. Tlycte U () — KOMHYECTBO MPOU3BEAEHHOM NPOAYKIUU U 3a BpeMst
t . HeoO0XxoanuMo HalTH MPOM3BOJUTEIBLHOCTD TPyAa. B MOMEHT OT #, 1O ¢, + At
KOJIMYECTBO IPOU3BEAEHHOM HpoxyKuuu m3Menures ot U, =U (¢,) 1o U, +AU .
Torna cpednsis npouzeooumenbHoCms TPya 3a mepuoj At

AU
Zcp —E.

IIpouzeooumenvrocms mpyoa 8 3a0aHHbll MOMeHM 1

AU ,
Z=1im Z.. = lim —=U"'lt, ).
Jim 7o = Jim 5= V)
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2. Ckopocmb uzmeHenusi npousgooumenvHocmu — z'(t). Jlorapupmuue-
CKYIO TPOU3BOJHYIO

/

(Iny) ==
y

Ha3bIBalOT OTHOCUTEILHOU CKOPOCTBIO U3BMCHCHUA (1)}’HKHPIH UM TCMIIOM HU3MC-

’

’
V4
nenus Qyukuun. B yactaoctu, (Inz) == — memn uzmenenus npouzeooumero-
V4

Hocmu.

IMpumep 30. CratucTiyeckuM MyTEM YCTAHOBJIEHO, YTO O0OBEM MPOIYK-
muu exa u(¢) ycir. el B TedeHne pabodero JQHs ONMMCHIBACTCS (yHKIIHEH

u(z)z_Tzof +601> +160t +240,  1<¢<8,

rae t — BpeMs, 4.

Haiitu:

a) [Ipou3BOAUTENBHOCTh TPYJIa, CKOPOCTh M TEMIT €€ M3MEHEHHUS uepes
3 yaca nocine Havyaja paboThI;

0) B kakoii MOMEHT BpEeMEHHU IMPOU3BOJAUTEIBHOCTh TpyAa OyaeT
HauOobIIeH. Pe3ynbTaT NOSICHUTh aHATUTHYECKH U Tpadudecku. CaenaTh KO-
HOMMYECKUN aHAJIN3 PE3yJIbTaTOB.

Pentenue

a) TPOU3BOMMTENLHOCT Tpyda z(¢) paccumTeIBaeTca MO (opMyIe

’

z(t)= (—Tzof +601” +160z + 240) =-20¢ +120¢ +160.

HaXO,ZII/IM IMPOU3BOANTCIIBHOCTD TpyAda 4CPEC3 3 yaca IocJje Havajia pa60T1>12
z(3)=-20-3" +120-3+160 =340

CKOpOCTh U3MEHEHHMSI POU3BOJIUTEILHOCTH HANIEM KaK MEPBYIO MPOU3-
BOJHYIO OT z(t):

’

Z(t)= (= 20¢* +120¢ +160) =—40z +120.

46



Haxoaum ckopocTh H3MEHEHHS TIPOU3BOAUTEIHLHOCTH Yepe3 3 gaca 1mocie
Havaja paboThl:

Z'(3)=-40-3+120=0.
I[anee BBIYHCJIAICM TCMIT U3SMCHCHUS ITPOU3BOANTCIIbBHOCTHU

Z(6)  —40t+120
z(f) =202 +120¢+140°

N HAaXOJHUM €TI0 3HAYCHUC YCPC3 3 yaca 1ocJje Havana pa6OTBI:

Z(3) _ —40-3+120 0 _,
z(3) —20-3°+120-3+160 340

0) ['paduxk byHKIIIH MIPOU3BOAUTEIILHOCTH Tpyaa
z(t): —20¢*> +1207 +160 mpencrasiser coboil Tapaboiy, BETBH KOTODOM
HarpaBjeHbl BHU3. ClieoBaTebHO, HauOoIblllee 3HaUeHHe 3TON QyHKIMHU Oy-
JeT JAOCTUTaThCsA B BeplinHe mapabosbl. s moctpoeHus rpaduka QyHKIIUU
HalJEM KOOPIMHATHI BEPIIMHBI 1apadoJIbl:

b -120

=3, t,)=2z(3)=-20-3*+120-3+160=340.
sy =

¢

Bepmmna mapa6oss1 Haxoautes B Touke M (3;340). Tak kak BEeTBU mapa-
00JIbI HANPABJICHBI BHU3, TO HAUJEM TOUKH TepecedeHus ¢ ockto Of . lst aToro
npupaBHUBaeM z(¢) K Hymo:

—20¢ +120t+160=0,
—+6t+8=0,

_—6-+/68 r
— 1.

D=36-4-(-1)-8=68, 1, 7.11,

_ —6++/68
-2

Jlnst HaxoxkIeHusl nepeceyenusi ¢ ocbto Oz nojcraBum ¢t =0 B z(t):
z(0)=-20-0+120-0+160=160.
[Toctpoum rpaduk bynkmuu (puc. 14):

[To rpaduky BHUIIHO, UTO MPOU3BOJUTEILHOCTh TPYAA PACTET B MepBbIC 3
yaca pa0oTbl, a 3aT€M MOCTENEHHO CHUYKAETCS K KOHILY pabo4ero JaHsl.
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i =——————

R t

Pucynok 14
Cpennue u npejieibHbIe H31E€P:KKH MPOU3BO/ICTBA

HYCTI) X — KOJINYCCTBO BI)IHYCKaeMOﬁ IIPOAYKIHHU;, Y — U3JCPKKHU IIPOU3-
BOJCTBA. Eciin Ax — mpupalmieHue npoaykKiuu, a Ay — npupaiieHue u3aepxiex
IIPOMU3BOACTBA, TO Ay — CpC€AHEC IpHUPALICHUE U3CPKEK IIPOU3BOJCTBA HA €U~

AX

HuLy nmpoaykuuu. Torma

Ay ,
lim 7, =Y®)
Ax—0
— npeoeiibHble U30epIHcKU TPOU3BOJICTBRA.
AHaJIOTUYHO MOKHO JaTh TTOHATHE CJIEIYIONAM SKOHOMUYECKAM TOKa3a-
TeJISIM: TIpe/ieNIbHAs BRIPYUKa, IPEICTbHBIN 0X01 U 1p. [IpenenbHbie N3aepKKu

npUOMIKEHHO XapaKTePU3YIOT JOMOJHUTENbHBIE 3aTpaThl Ha MPOHU3BOJICTBO
€UHULBI JOTIOJHUTEIBHON MPOAYKLIUH.

Ipumep 31. [IpennpusiTiie BbIMYCKAET U pean3yeT NPOAYKIHUIO B 00BE-
me O yen. en. @ynkuuu 3atpat C(Q) u uenst P(Q) UMeIOT BUA;

C(0)=1.920° +4.320” +2.880+15,  P(Q)=-1.440+89.28.

Haitru:

a) MaKCUMAaJIbHYIO MPUOBUIb MPEANPUATHS, O0BEM U 1IEHY, COOTBETCTBY-
IOLIE MAKCUMAJIbHOM MPUOBLIH;

0) cpeaHue W MpeAelibHbIE 3aTpaThl, COOTBETCTBYIOIINE MAaKCUMAJbHON
pUOBLIH;

B) YYaCTKH pOCTa M yObIBaHUS TpUObUIH HA OTpe3ke [2; 51;

I') HAaUMEHbIIIee 3HaUeHUe 3aTpaT Ha [2; 5].

Penienue

a) [IpuObLIbI0 HA30BEM pa3HOCTH A0xonaa M 3arpar. [Ipu 3tom moxomom
HA30BEM MPOU3BEICHUE IIEHBI Ha 00bEM BBITYIICHHON MPOAYKIIHH:

11(0)=0- P(Q)- C(0)=(~1.440 + 89.28)- O — (1.920° + 4.320* + 2.880 +15)=
=—1.920° -5.760° +86.40 —15
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Uccnenyem a1y GyHKIMIO HA HauOOJbIIEe 3HAUYCHHE, IS ITOr0 HalaEM
e€ IPOU3BOJIHYIO:

I'=-192-30"-5.76-20+86.4-1=
=-5.760" —11.520 +86.4.

Haiiném xpurndeckue Touku (I7'=0):

—5.760% -11.520+86.4=0 |:-5.76,

0 +20-15=0,
—-2%x-J/4+4-15 -2%8
Q1,2: = >
2 2
Q1:3; Q2:_5'

OtpunarensHas BeauunHa (), =—5 He MMEET YKOHOMHYECKOIO CMBICIA,
II03TOMY €IMHCTBEHHOW KPUTHYECKOM TOYKOM Oyaem cumrath O, =3. OTO M

ecTh 00BEM BBIITYCKA, KOTOPHIA COOTBETCTBYET MaKCUMaJbHOW MpPUOBLIN, TaK
KaK MpU Nepexoje yepe3 3Ty KPUTUUECKYIO0 TOUKY MPOU3BOIHASI MEHSIET 3HAK C
IJII0Ca HA MUHYC:

—-5.76-2* —=11.52-2+86.4>0,
—5.76-4* —11.52-4+86.4<0.

m(2)
17'(4)

HaiiiéM MakcHUMaibHYIO0 TpUObLIb, BhUUCHSs 3HaueHue [7(Q) B »Toit
TOYKE:!

1(3)=-1.92-3-5.76-3" +86.4-3-15=140.52.
Haiiném neny, Kotropasi COOTBETCTBYET MaKCUMAaJIbHOW MTPUOBLIN:
P(3)=-1.44-3+89.28=84.96.
0) Haiiném 3aTpathl, COOTBETCTBYIOIIME MAKCUMAJIbHOU MPUOBLIH:

C(3)=1.92-3+432-3"+2.88-3+15=114.36.

Torma cpemnue 3aTpaThl, KOTOPHIE COOTBETCTBYIOT MaKCHMAJIbLHOW IPH-
OBLIN PaBHBI:

c o= C(3) _114.36

i =38.12.
r3
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UtoObl HATH TMpenenbHbIE 3aTPaThl HYKHO BBIYMCIUTH MPOU3BOJIHYIO
GbyHKLINU 3aTpar:

C'(0)=5.760" +8.640 +2.88.
B Ttouke O =3:
C’(3)=5.76-3* +8.64-3+2.88 =80.64 .
B) Haitném ydyacTku pocta U yObIBaHUS IPUOBLIN, UCTIONB3Ys PE3YIbTAThI
npeasaymero 1. a). [lpu o6béMe BhITycka TPOAYKIUU OT 2 10 3 1. NPUObLIH
BO3pacTaeT (T. K. Ha 3TOM y4acTKe MPOU3BOJHAS TOJIOKHUTEIbHAS), a TIPU 00BE-

Me BBIITyCKa OT 3 710 5 e1. NpuObUIb YOBIBAET (MPOU3BOIHAS OTPUIIATEIIbHA).
r) Haumenbiniee 3HaueHMe 3aTpat HalIEM UCIIONIb3YsI MPOU3BOIHYIO:

C'(0)=5.760" +8.640 + 2.88.

HaxoauM KpUTHYECKHE TOYKU (C'(Q) = 0) :

5.760° +8.640 +2.88=0/:2.88,

20°+30+1=0,
-3+/9-4.2 -3+%1
Q1,2: 4 = 4

0=-05 0,=-1.

HyxHO BbMUCIMTH 3HaueHHe QyHKIMU C(Q) B KPHTHUECKHX TOYKAX,

[IPUHAJIeKAIUX YKA3aHHOMY IIPOMEXYTKY, U Ha KOHIAX NpoMexyrka. M3 mo-
JYy4YEHHBIX YMCEN BHIOpATh HAaMEHBbIIIEE.
Kpurnueckue toukn Q =-0.5 u O, =—1 He NPUHALICIKAT IPOMEKYTKY

[2; 5], 3HAUUT BBIYUCIIMM 3Ha4YeHUE (PYHKIIUU TOJHKO B TOUKAX 2 U 5:

C(2)=1.92-2° +4.32-2> +2.88-2 +15=44.76,
C(5)=1.92-5+4.32-5"+2.88-5+15=377.4.

3HAuUT, HAUMEHbIIIEE 3HAYCHHE 3aTpaT Ha MPOMEXKYTKe [2; 5] paBHO 44.76.

JIaCTHYHOCTD U €€ NMPUMEHEHNE B IKOHOMHUKE

OpHuM U3 BaKHEHIINX MPUMEHEHUN T (epeHITnaibHOTO HCUUCICHUS B
DKOHOMHMKE SIBJIIETCS] BBEJICHHUE C MIOMOIIBIO IPOU3BOAHON MTOHATHS JIACTUYHO-
cti. KoadpuumeHnt 3macTHYHOCTH TOKa3bIBa€T OTHOCUTEIHLHOE M3MEHEHUE HUC-
CJIEAYEMOr0 SKOHOMHMYECKOIO MOKA3aTeNs MO AEHCTBUEM €IMHUYHOTO OTHOCH-
TEJIHHOTO U3MEHEHUSI IKOHOMUYECKOTO (PaKTOpa, OT KOTOPOTO OH 3aBUCHT.
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1. DnacT4HOCTBIO QYHKIMHU y = f(x) Ha3bIBAETCS NpPEAEN OTHOIIEHHS

OTHOCHUTENBbHBIX U3MEHEHUN MCPEMCHHBIX )y WU X!
. A A ' X)X
Ex(y):hm_y:_x:—f( ) .
Ax—0 y X f (x)

Dnacmuunocms cnpoca no yeHe

dq p
E =297
,(q) dp q

MOKA3bIBAET OTHOCHTEIHLHOEC M3MEHECHHE (B MPOIICHTAX) BEJIWYMHBI CIIpOca Ha

Kakoe-n00 01aro mpu U3MEHEHUH IIEHBI ATOTO OJlara Ha OWH MPOICHT W XapaK-

TEpU3yeT YyBCTBUTEIHHOCTh MOTPEOUTENCH K N3MEHEHUIO 1IeH Ha PO TYKIIHIO.
Anacmuynocms cnpoca no 00xXo00y

dq 1
D= Gf g

2. Yacmuas snacmuunocms. PaccmorpuMm QyHKIHio z = f(x,y). Bemnuu-
HBI E, (2), E(z), KOTOPBIC ONPEACIAIOTCSA dbopmynamu

0z x oz y
E()=22 E(=2%2
(2) s ,(2) % 2

HA3BIBAIOTCS YACTHBIMHU JJIACTUYHOCTIMH (QYHKIHH Z = f(X,)) OTHOCHUTEIHHO
NEPEMEHHBIX X M ). YacTHas 3macTUYHOCTh E, (z) NpUONM3UTENBHO O3HAYAET

IPOIIEHT pocTa (MM CHMKEHUS) (PYHKIUK Z, €CIIM apIyMEHT X YBEJIHYUBAETCS
Ha 1%, a apryMeHT y 0CcTaeTcsi HOCTOSIHHBIM.
Hanpuwmep, Ej (2, ) — 9acTHas 5MacTHHHOCTH CIpOCa HAa TOBAp A OTHO-

CUTEIBHO LEHBI P,, NPUONM3UTEIBHO O3HAYACT IPOLEHT pPOCTa (CHHKCHHSA)

crpoca Ha ToBap A, eciu 1eHa ToBapa B Bo3pacrtaer Ha 1%, a neHa toBapa A
OCTaeTCsl HEU3MEHHOM.

IMpumep 32. OnbITHBEIM MyTEM ycTaHOBIEHBI QyHKIMM cnpoca g(p) u
npetoxenus S(p):

a)=L33 S(p)=p+0s.
p+2
r7ie p — lieHa ToBapa, q U S — KOJIMYECTBO TOBapa MOKYMaeMoro u mpesa-
raeMoro Ha MpoJaxy.
Haitru:
a) paBHOBECHYIO LICHY;
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0) 2JIaCTUYHOCTH CIIpoca U MPEJIOKEHUS I 3TOM 1eHbl. CaenaTh KO-
HOMUYECKHUI aHaJIu3 pe3yJIbTaTOB,;
B) U3MEHEHHUE J10X0/1a MPU YBEJIWUYCHHUH IIeHbI Ha 5% OT paBHOBECHOM.

Pentenue
a) PaBHOBeCHas 11eHa 3TO 1I€HA, P KOTOPOM CITPOC U MPEIOKECHUE PABHBI:

p+8
p+2

p+8=QHQ{p+%)=pz+§p+h

=p+0.5;

p=p2+§p+1—8=p2+§p—7;

3
*+=p-7=0;
p 5 P
p =2
7
(p, = —5 HE UMEEeT SKOHOMHUYECKOT'0 CMBICTIA).

0) DIacTUYHOCTH CIIPOCA BBIYUCISAETCS 1O OpMyIIe

E,(9)=4q,— .
q(p)
Borancnum g = p+8 :p+2—(p2+8): —0 —.
©o\p+2 (p+2)  (p+2)
/ —6 p —6p
[Tomyunm Ep(q)qu- P _ - = .
a(p) (p+2) (p+8) (p+2)p+8)
p+2
[Ipu p=2
—6-2
E,(q)=———+———=-03.
:(9) (2+2)(2+8)

DIaCTUYHOCTD MNPCAJIOKCHUA BBIYUCIIACTCA 110 q)OpMy.HC

E (S)=5 L
S(p)
Boruucinum S’ = (p+ 0.5), =1.



[Monyunm E (S)=S5- P__p. P

[Ipu p=2

E(S)

= =0.8
2+0.5

T. k. ‘Ez (q){ <lmu ‘EZ (S ){ <1, TO cipoC M NMpEI0KEHUE HE ITACTUYHBI OT-

HOCHUTEJIBHO LIEHBI. DTO 03HAYAET, YTO U3MEHEHHUE LIEHbI HE MPUBENIET K PE3KOMY
M3MEHEHUIO CITPOCA U MPEAJIOKEHUS.

IIpn yBenuuenuu nensl p Ha 1% crpoc ymensmmres Ha 0.3%, a npenio-
xeHune ysennunres Ha 0.8%.

B) IIpu yBenmuenun nensl p Ha 5% OT paBHOBECHOM CIIPOC YMEHBIIAETCS
Ha 1.5% (1. k. =0.3-5=-1.5), cnegoBaTeapbHO A0X0[ Bo3pacrtaet Ha 3.5%.

SaHaHl/Iﬂ JAJISA CaMOCTOSITEJILHOM paﬁoTl)I

3aganme 1. O0BEM NPOAYKUMU MPEANPUATHS B TEUEHHUE paboyero AHs

onuchbiBaeTcs QYHKIMEH u(f)= _Tloﬁ +40¢* +200¢ +30. Bprancnuth npou3Bou-

TEJBHOCTH Yepe3 4 yaca mocie Hadaja padotel. OmpenenuTsb, uepe3 Kakoe Bpe-

MsI TEMIT U3MEHEHUS TTPOU3BOAUTEIIBLHOCTH OyeT paBeH 0.
(OtBert: 200; 2.)

3aganue 2. 3aBUCUMOCTb MPUOBLIN NPEANPUITUS OT 00bEMa BBHITyCKae-
MOM TPOIYKIIMH OMUCHIBAaeTCS GopMymon IT=—x’ +4x+11. Haiiti 3Ha4eHne o0bE-
Ma MPOAYKIMH, TPU KOTOPOM JOCTUTACTCS MAaKCHMAaIbHOE 3HAYEHHE MPUOBLIM.
VYka3are yuacTku pocTa 1 yobIBaHus puObLIH. ITocTpouTts rpaduk 3aBUCUMOCTH.
(OtBer: 2.)

3amanue 3. [IpeanpusiTue BbITYCKAET U peaau3yeT NPOIYKIHIO B 00bEME
3

QO ycn. en. OyHKIMA 3aTpar C(Q) MMeeT BUJ C(Q):%—3t2+5t+20. Hantu

MUHHUMAJIBHOE 3HaY€HUE 3aTpaT, eciii 00béM MeHsieTcs ot 0.5 o 3 yci. en.
(OtBeT: 17.)

3aganue 4. 3aBUCUMOCTD M3CPKEK MPEANPUATHS OT 00BbEMA BBITTyCKae-
MO¥ TIpoayKInH 3a1aHa pyHkimen K = x* —x+ 2. Haiitu 3HaueHne o0nEMa, mpu
KOTOPOM HM3JIEPKKH IPUHUMAIOT 3HaY€HUE 8 yci. ell. YKa3aTh BO3MOKHOE MU-
HUMAaJIbHOE 3HAUEHUE U3JIEPKEK U 00BEM MPOIYKIINH, IPU KOTOPOM JOCTUTACT-
Csl IKCTPEMAIbHOE 3HAUCHHE.

(OtBet: 3, K(0.5)=1.75.)

Jlureparypa: [S,rn. 11,§ 1,6, 6, . IV, §2;7, p. 2, . 1I; 8, 4. 1, 1. 5,
§1;9,p.4,§5.2;10,u. 1,p. 10,§ 10.7; 11, 4. 1, p. 6, § 6.8].
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2 IPUJIOKEHWS ONPEJAEJEHHOI'O UHTEI'PAJIA

C mareMaTU4eCKOM TOUYKH 3PCHUA ITPUTTOKCHUC OHpe,ZICJ'IéHHOFO HHTCIpa-
Jla MOJKHO PC€aIn30BaTh I10 OHHOﬁ N3 IBYX CXCM. HepBaﬂ OCHOBAaHa Ha OIIpCAcC-
JICHUU UHTCTpajia

Jf()dv= Lim 3 f(&)A,

Bropas cxema mpuMeHeHUs! ONpeNeEHHOr0 MHTErpajga COCTOUT B clie-
nytomieM. [lycts TpeOyeTcss HallTH HEKOTOPYI0 TE€OMETPUYECKYI0 WK (u3nye-
CKYIO BeJIMUUHY (), UMEIOIIYIO ONpe/eIEHHOE 3HAaUCHHE Ha 3aJaHHOM OTpE3Ke

[a;b]. TIpenmonaraercs, uro BenuunHa Q) SBISIETCS Q[UIUTHBHOM, T.C. €CIIH pas3-
JeINTh OTPE30K [a;b] Ha yacTH, TO BeanunHa O OyaeT paBHA CyMMe 3HAYCHHUI
Q, COOTBETCTBYIOIIMX 3TUM YaCTAM. V3 yCIIOBHS 3a/1a4l HAXOJUTCS «IJIEMEHT
dQ BenmuuuHbl (), COOTBETCTBYIOLIUNA «IJIEMEHTAPHOMY IPOMEKYTKY»
[x;x+Ax], B Bune dO =q(x)dx. IIpu 3TOM HOJB3YIOTCS PA3IMYHBIME JOIYIIE-

HusAMU. Hanpumep, nepeMEeHHYI0 CUIly Ha «3JIEMEHTaAPHOM MPOMEKYTKE» CUU-
TAlOT IIOCTOSHHOM, KPUBOJIMHEHMHYKO TPANCLUUI) — IPAMOYTOJIbHUKOM U T.IL
YOenuBiince, 4T0 dQ HANAEHO BEPHO, T.€., YTO dQ = AQ , UHTETPUPYIOT 1O OT-

pesKky [a;b] ameMeHT dQ W HOTy4aroT HCKOMYIO BEJTHUHHY
b
0= j q(x)dx.
a
2.1 TeomeTpHYecKHe MPHIOKEHHS ONPEIEIEHHOr0 HHTErpaia

INaomaan odacTu

1. Ilnowaow 6 dexapmosoii cucmeme koopounam. J{is TIOMAAN KPHUBO-
JIMHEHHOI Tpamenuy, OrpaHHYeHHON cBepXy rpaduxkoM ¢yHKuuu y=f,(x),

cHu3y rpadukoM y = f;(x), clieBa U CIpaBa NPSIMBIME x =a U X =b , HEIOCPE/I-
CTBEHHO M3 T€OMETPUYECKOTO CMBICIIA ONIPENEIEHHOTO HHTErpaia HMEEM

Szj.[f2 (x)—fl(x)]dx.
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2. B ciryuae obGnacTy, orpaHH4eHHOI JtnHueit, x = x(t), y=y(1), te[t;t, ]

(3alaHHON napamempuyecku), yauTbiBas 1. 1, umeem

N ziify(t)-x'(t)dt,

4

3HaK «+» ecu x(¢,)>x(¢,) mpu £, >1,;
3HAK «—» el x(t,)<x(t,) mpu ¢, >1,.

3. [Inomanp obmactu, OrpaHUYEHHON JTUHUSIMH, 33JaHHBIMU B NOJIAPHOLL
cucmeme KoopouHam, BBIYUCISIETCS 10 (hopMyJIe

S

2

S==[[ ()= (9)]de,

1
2

B —

rae p=p, (@) — BHyTpeHHssI rpaHULa o0acTy, p = p, (@) — BHELIHSIS TPaHH-
ma, g [¢;9,].

Ipumep 33. Bpruucauth miomaas 00JacTH, OTPAHUUYECHHOW ITUHUSMU
2
y=x"=2x+1, y=2x-2.

Pemienne

I'paduxom QyHKimu y=x"—2x+1 sBiasgercsa mapabosa ¢ BEpIIMHON B
TOYKE (1;0), BETBU HarpaBJieHbl BBepX. I paduk nuHeiHOM QyHKIMH y =2x—2
— npsimast. M300pazum rpadmku Ha 0JTHOM uepTexe (puc. 15).

Hy

Pucynox 15
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Haitném Touku nepeceuenus rpadukoB

xP-2x+1=2x-2,
x’—4x+3=0,
x =1 x,=3.

Hcnons3ys hopmyny 1. 1, BBIMUCIUM TUTOMIAAL 00TaCTH

3

S=j[2x—2—(x2 —2x+1)]dx =I(—x2 +4x—3)dx=

1
x3

= (——+ 2x° —3xj
3

3

1

Ipumep 34. Haiitu miotmans swmrca x = acost, y =bsint, te[0;27x].

Pernienne

ITycts momanp smmnca S, IUIOIAAbL JJUIMIICA B IIEPBOM YETBEPTH S, .
Torma S =4S, Ttak kak 001acTb CUMMETPUYHA OTHOCHUTEIBHO KOOPIAMHATHBIX

oceil (puc. 16)

)
NV

Pucynox 16

My

Brerauciaum miromnanb, ucnonb3ys GopMmydy 1. 2.

”2 ﬂ2 %
S =48, =4 [ bsint-(~asint)dt =4ab | sin’ tdt = 2ab [ (1-cos2t)dt =
0 0

0

=2ab(t—%sin2t) > —zab.

0
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Ipumep 35. Beruucnuth miomaab, OrpaHUYEHHYIO JTUHUSAMA

p=2(1-cosp)
p=2cosp

Pemenne

[TocTponm rpaduku 3a1aHHbIX QYHKIMH. p = 2(1—cos@) — KapaUOUIa, TaK
KaK TepeJ] cos@ CTOWT 3HAK « — », HAIIPABJICHA BIEBO; p =2c0s® — OKPYKHOCTb
¢ nentpom B Touke (1;0) u pamguycom 1 (puc. 17).

Pucynok 17

Hckomas miomaab S COCTOMT M3 JIBYX PaBHBIX dacTeW. 3HAUUT S=2S,,
rje S| — 3alTpUXoBaHHas TJIOMIA/lb. S| MPEACTABIICT COOOM CyMMY ABYX ILIO-
maae S, v Sz, KKyl U3 KOTOPBIX HAWJIEM B OoTAeIbHOCTU. Haiiném 3HaueHue
@, KOTOPOE COOTBETCTBYET TOUKE MepeceueHus rpadukoB QyHKIIHIMA

2(1-cos@)=2cos g,

1 /1
2cos@p=1, cosp=—, p=—.
®» @ 5 2 3

[Tnomans S, orpannyeHa rpaduxom kapauouasl (¢ usmensercs ot 0

T
A0 E)
1} : t :
SZ=EI4(1—COS¢) dp==2[(1-2cos p+cos’ p)dgp =
0 0
7 i
=2[(1—2005¢+M)d(p==2((p—2sin(p+%(o+isin2(p) =
0 0
-
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[Tnomane S; orpannyeHa rpadukoM OKPY>KHOCTH (¢ H3MEHSIETCS OT 3

. 6 4
3
3nauut S=2(S;+ S3)= 2(7: - ? - % - g} = 7%[ —443.

IIpumep 36. BeruncauTh miomaab, OrpaHuueHHYIO TUHUSMU

xP—dx+y° =0
x* —8x+y’ =0’

LI
=—, y=-f3x.
N

Perienue

[Toctpoum rpaduxu 3agaHubIX GyHKIUN (puc. 18). Janee nmepeiném K
MOJIIPHON CUCTEME KOOPJIUHAT C MTOMOIIBI0 (OpMYIT

X = pcosQ
y=psing.

Nmeem

¥ —4x+y° =0 = p’cos’p—4pcosp+p’sinp=0 = p=4cosp,
x*—8x+)"=0 = p°cos’p-8pcosp+p’sin*p=0 = p=8cosg,

y—l = psin¢—m = tg¢—i = ¢—£
V3 V3 V3 6’

y=\/§x = psin¢=\/§pcos¢ = tg(p:\/g = (p:%.
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Ycnosue 3aga494 IMMpUMCT BU

p =4cos@
p =8cos @,
T T
<o,
6 v 3

Pucynox 18

UtoObl HAWTHU IJIOIIAb 3AIITPUXOBAHHOM (DUTYpHI BOCIIONb3yeMcst Gop-
MyJI0# 11. 3.

: :
S :%J.(64cos2 ¢ —16cos’ (o)d(p::12j.(l+cos2(p)d¢)=
: :
1 3
:12((p+§sin2¢)) =2r.
f

JnvHa TuHUA

1. /[nuna nunuu 6 Ooexapmosoii cucmeme kKoopounam. Ecnm GyHKIUS
y=y(x) Takas, uto )’(x) HempepsIBHA Ha [a;b], TO AMHHA L COOTBETCTBYIO-
LIEH JTUHUU CYLIECTBYET U

b

L =I 1+(y'(x))2dx.

a

2. Eciu munumst L 3aganHa napamempuyecku, x=x(t), y=y(t), te|[t;t,],

npu 3toM x(¢), )'(¢) HelpepBIBHBI, TO

thj X7 +y7dt.

4
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3. Ecnu nuuus L 3amaHa B noasipHou cucmeme koopounam p = p(@),

o< [p;0.],n p'(¢) HenpepriBHa, TO
(%))
=J' ,p2+p,2d¢-

?

IMpumep 37. BerauciuTh JIMHY AYTH MOJIYKYyOMYeCKO# mapadboisl y° = x°
ot Touku (0;0) mo Touku (4;8).

Pernienue

W3 ypaBHeHus mapabosbl y =++/x’ . Tak kak Ha ydacTke Tpaduka OT TOU-

ku (0;0) mo Touku (4;8) y>0,T0 y= N —x", Hainém nponsBoanyto

==x2="4x.
Y= 2

[Ipenensr unterpupoBanus 0 u 4, T. k. abcuucca nepBoil Touku pasHa 0,
BTOpOH paBHa 4. Ucnionb3ys popmydy 1. 1, BBIYUCIUM JJTUHY JTUHUA

L= j1+( jdx I\/1+79—xd j\/m j‘/“;rﬁ -

=27( % 4/) (40f 8).

1
2](4+9x)/ dx —2—7(4+9x)/

0 0

IMpumep 38. BpruuciauTh pIMHY AyTM LEOHOW JIMHUHU y:e%+e%,
Xe [0;2].

Penienue

Brrancnnm npous3BoaHyo

'=le% —le_% =l(e% —e_%).

Y=, 2

Ucnons3ys hopmyny 1. 1, BEIYUCTUM JJIUHY JIMHAH

szl{(/ ) o ;JH;((/)2_2.6%.6-%+(e-%)2jdx=

0
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\/1+%(ex—2-l+e_x)dx=j.\/4+€x_2+e_xdx=%imd =

0 4

O ey

=%J:\/(e%) +2- e/ 74 ( /) dx—EZ[ (e%+e_%)2dx=
=%j}‘(e%+e_%)dx=%(2~e%—26_%) z=(e%—e_%)

(;é—é%)—(;%—e%)ze—64=e—l.

e

0

Ipumep 39. Beruucauts AIMHY AYyTA KPUBOM y=Incosx+2, 0< x < % .

Penienue

Bpraucioum IMPOU3BOAHYIO

’

¥y =(Incosx+2) =

(—sinx)=—zgx .
COS X

Haiiném niunHy nuHUM, UCTIONB3ys Gpopmyny 1. 1.
cosx >0, xel0; 7[/6]‘

/6 /6
j'\/1+tg xdx = I'/cos xdx -[|cosx| ‘cosx‘=cosx

; V4 t””lnzon—
g240g124 £27%

=1In tg(%)‘— tg%‘ =In/3-Inl=In+/3.

IIpumep 40. BerauciuTs JVIMHY OJHOTO BUTKA ITUKJIOUIBI

{ x=9(¢—sinr)

COS X

=In =In

y=9(1-cost).

Penrenue

OIMH BUTOK IIMKJIOMIBI COOTBETCTBYET € [0;277]. BBIUMCINM IIPOM3BOI-
HBIE

X = (9(z—sint)), =9(1—cost)

¥ =(9(1-cost)) =9sint.
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Haiiném niumHy TUHUN, UCTIONB3YS Gopmyny 1. 2.

L= 2.'1[\/81(1—(:ost)2 +81sin’ tdt = 2.'{[\/81(1—2cost+coszt+sin2 t)dt =
0 0

_ 1—cost

t
2z 27 —
=9Im&‘=9ﬁjxll—costcﬁ= 2 2 _
0 0 .

=9ﬁj,/2sm —dt_lsj

t
18-(=2 —
( )C082

sm

2z
=-36(cosw—cos0)=-36(-2)="72.

0

Ipumep 41. Beruucnuts AJIMHY AYyTA KPUBOM

x=5cos" ¢

y =S5sin’¢, OStS%
Penienue
Beruucium npounsBoiHbIE

x,=5-2cost(—sint)=—5sin2¢
¥ =5-2sintcost = 5sin 2t.

Bpraucioum JJINHY JIMHUHN

/2 72

L= I\/25s1n 2t +25sin’ 2tdt = 5\/_.[ \sin® 2¢dt =

/2 /2
5\/_J.sm2tdt=—5\/§ cos2t| =

0

sin2t >0, 0<¢<
‘sm Zt‘ =sin 2¢

= %(cosr:—cosO) =#(—2) =542.
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I[Ipumep 42. BeruucauTh JJIMHY TyTH ACTPOUIBI

x=2cos’t
y=2sin’t.

Pentenue

Tak kak rpa¢uk juHuA (puc. 19) CHMMETpPUYEH OTHOCHTENBHO Oxu Oy,
TO MOYKHO BBIYHMCIIMTH YE€TBEPTYIO YaCTh UIMHEI IyTH, 4 3aT€M yMHOXHUTH Ha 4.
ITapameTp ¢ Tipu 5TOM GyneT U3MeHAThCs OT 0 10 7/, T.K. OTPE30K lO;%J COOT-
BETCTBYET YETBEPTH JJIMHEI Ieproa [0;:27].

Pucynox 19

x, =2-3cos’ t(—sint) = —6cos’ rsint
BhIuKCIIUM IPOU3BOIHBIC

¥/ =2-3sin’tcost = 6sin’ tcos?.

Ucnonb3ys dopmyny 1. 2, HAMAEM JIMHY TUHUM L, L =4L,

/2 /2
L= I J36cos* tsin® ¢ +36sin* fcos’ tdt = 6 I \/cosz tsin’® t(cos2 t+sin’ t)dt =
0 0

/2

7 7 3 A
=6 J- vcos? tsin? tdt = 6J-costsin tdt =3 Isin 2tdt = _ECOS 2t
0 0 0

0
= —%(COSE—COSO) =3.

L=4L =4-3=12.
Ipumep 43. Boruucnuts JJIMHY AYyTA KPUBOM

x=3(2cost—cos2t)
y=3(2sint—sin2z), 0<t< 7.
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Penienue
Brrunciaum npousBoiHbIE

x, =3(—2sin+2sin 2¢)
¥, =3(2cost—2cos2t).

L= I\/9(—2sin+ 2sin2t)2 +9(2cost—2cos2t)2dt =

0

= T\/9~4(sin2t—25intsin 2t +sin® Zt) +9. 4(cos2 t —2costcos2t+cos’ Zt)dt =
0

T
= 6.|‘\/sin2 t+cos’ t +sin’ 27 +cos” 2t — 2(sin£sin 2¢ + cos ¢ cos 21 )di =
0

= 6_[\/2—2(sintsin2t+costc0s2t)dt =6J.x/2—2costdt =
0 0

cos(2¢—t)=cos?

= 6\/5'[‘/251n2 %dt = 6«/5]\/5
0 0

T

.t
sin— >0, 0<t<nm,

sini dt =
2

=12jsinidr=
IS

sin—| =sin—
2 2

=-24 cosi

= —24(005% — oS OJ = —24(0 — 1) =24,

0

IIpumep 44. Berauciuts JUIMHY JyTH Kapauous! p =2(1—cosg).

Penrenue

Tak xak guHUs cummeTpuuHas (puc. 20), BBIUMCIUM JJIMHY JTyTU Kak
L=2L, tae L, — J1HA BepXHEH MOJOBUHBI KPUBOM, @ TPH 3TOM OyAET U3Me-

HATBCS 0T 0 10 7.

4‘\\\“) -

Pucynox 20
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’

Hariném npounsBogHyro p’=(2(1—cos¢))) =2sing@. Wcnons3ys dopmyy

II. 3, BBIYHCIIUM JJIMHY JIMHUA

a

L= I\/4(1 cosgo) +4sin’ pdg = ZJ\/I 2cos @ +cos’ @+sin’ pdo =
—211/2 2cospde = 2\/7%/1 cos@pdp = 2x/7j‘/251n2 gpd(p—

=—8(cos£—cos0) =-8(0—-1)=8.
0 2

Sin%d¢= 4£sin§d¢ = —SCOS%

o,

0

Ipumep 45. Haiitu qiuny muHuu p = ave'™ , —% <p< %

Pentenue

b b
BprunciauM npou3BOIHYIO p'=(ae2¢j =a—2be2¢. Ucnions3ys dopmyy 1.

3, HAUJIEM JUIMHY JINHUH.

0,57 b, 2 ab o 2 0,57 a°b?
L= J. Lan ) +(7€2 j dw: J. \/aZebqﬂ +Teb¢d¢:
-0,57 -0,57
\/4a +c12b2 057 b Vaa® + a*b? gw
[ gttt

-0,57

0,57

-0,57

Ilpumep 46. Bpruucnuts JMHY IyrH Kapauouasl p =5(1+sing),
0<p<r.

Penienue

’

Haiiném npousBoanyo p’ = (5 (1 +sin (p)) =5cos ¢ . Berancinum [IMHY 1yru

L= j\/25(1+sin¢>)2 +25c0s> pdp = SJ\/1+25ingp+Sin2 @ +cos> pdp =
0 0

= 5T«/z+ 2sinpdo = SﬁT\/Hsin pdo=sing = COSG— (0)‘ =
0 0

65



5\/5]5\/1 + cos(%— gojd(p = 5\/5?\/20082 (%—%jd¢ =
f -5 (o)
= —ZO[Sin(— %) —sin %J - —20(—% —%j —2042.

O0BLEM T

1. O6wvém mena ¢ uzeecmuvim nonepeunvim cevenuem. IycTh TUIONMIAIb
CEUCHHsl Tela IUIOCKOCTBIO, NEpPICHANKYISPHOII K ocu  Ox paBHa S(x),

x€[a;b]. (puc. 21). st qacti 06bEMa Tena MEKIy CCYCHUSIMU B TOUKAX X H
x+Ax nmeeM dV =S(x)dx.

\W X
5

(=)

Pucynox 21

3HauuT, 00OBEM TeJla C U3BECTHBIM TOMEPEYHBIM CEYEHUEM (TIepPIICHIUKY-
JSPHBIM K Ox ) MOKHO BBIUUCTUTH IO PopMmyIie

V=ij(x)dx.

a

Ecin M3BECTHO CeyeHHME Tena IUIOCKOCThIO, MEPHEHANKYIISIPHOU IPYrou
KOOPAMHATHOM OCH, TO (popMyJia aHaJOTUYHA.

2. O6vém mena spawenus. Ecnu Teno oO0pa3oBaHO BpaIllCHHEM BOKpPYT
ocu Ox TUIOCKOM 001acTv, OTpaHMYEHHON CHHU3Y M CBEpXy Trpadukamu JUHUN
yzfl(x), y=f2(x), a cleBa W crpaBa IPSIMbIMU x=a U x=b, UMEeM

S(x)= n[ff (x)—-f; (x)] HWcnons3ys Gpopmyay 1. 1, umeem

V,, =7

L3 (x)= 17 (x) Jdx.

Q — >
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Ecnu Teno obpa3oBaHo BpallleHHEM TUIOCKON 00sacTu BOKpYr ocu Oy, TO
aHAJIOTUYHO UMEEM

Vo =2 ][ 12 (0) -2 ()]dy-

IIpumep 47. Berancints 00bEM Tel1a, OTPAaHUYCHHOTO TTOBEPXHOCTIMHU

2

2
X
z=—+ y—z, z=1.
a b
Pemienne
2 2
[TocTpouM MOBEpXHOCTH HA OJHOM uepTexe (puc. 22). z :x—+y— — 3JI-
P P P puc. . a2 2

JIMIITUYECKUMN Hapa6on0Hz[, OCb CUMMCTpHUHU Oz. z=1— IIJIOCKOCTD, IIapaJljICiib-
Hasd IINIOCKOCTHU xOy , Ipoxoadamas OT HEeE Ha pPacCTOAHNHA I.

Pucynox 22

[lepeceuém mONMydEeHHOE TENO IUIOCKOCTBIO z =const, TapalyIEIbHOU
I0CKOCTH xOy . B ceyeHnun noJrydnm 3JUTHUIIC

X
T2

Q

xZ yZ
—2+—2:1.
za~ zb



[Tomyocwu s1urica Jza u \zb . Tlnomans MONEPEYHOT0 ceueHus (TUI0Ab
ynmmmica) S(z) = zav'zb = mabz . Vicnonsys . 1, BEIMuCIM o6béM Tema

b 1 1 211
v=[S(z)d= _([ﬂabzdz =7mb£zdz =7[ab% =1

a 0

IMpumep 48. Beruncauth 00bEM Tela, MOJYYCHHOTO BPAIICHHEM BOKPYT
Ox obnactu y =2sinx,,y=sinx, 0<x<7r.

Pemienne

[Toctpoum obsacts (puc. 23).

¥

y =2sinx

P =s8nx

Pucynok 23

Hcnone3ys hopmyiny 1. 2, umeeM

[4 sin” x —sin’ x] dx =37£T sin® xdx =
0

Vo, =7

X

S =N

T
2

=§nj(l—cos2x)dx =§7z(x—lsin2xj 3
2 2 2 2

0

0

IIpumep 49. Beruncaute 00bEM Tela, MOIYYEHHOTO BPAIICHHUEM BOKPYT
Oy IIJIOCKOM 00J1aCTH, OrPaHMYEHHON TMHUAMU y =x" —2x+1, x=2, y=0.

Pemienne

[TocTponm Tpaduku THHMIA, OTpaHUYUBAIONIKE 00JacTh, HA OJHOM Yep-
texe (puc. 24). I'padux pynkiuu y =x° —2x+1 — napabosa, BETBU HalpasJie-
HEI BBEpX, BepinHa B Touke (1;0). [padux x =2 — npsmas, mapamiensaas Oy .

Ilepenuuiem ypaBHeHHE JMHHH y=x’—2x+1 B Buae x= f(y). Umeem

yz(x—l)z, lei\/;.
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/5/=f—2m1
N
H

1 2
=2

Pucynox 24

Tak kak 00JlacTb OorpaHMY€Ha MPaBOil BETBBIO MapaloJibl, TO x=1+\/;.
Jiist BIunCIeHUs: 00bEMa UCIIONb3yeM GopMydy II. 2.

Oy—nj(zz (1+7) jdy-ﬂl(g_z(_y)dp
_ﬂ'[?)y—gy\/; y?j

IIpumep 50. Berunciuth 00bEM Tena, 00pa30BaHHOTO BpaIllCHUEM BO-
Kpyr Ox OJHOTO BUTKA LUKIJIOWIbI

{xza(t—sint)

y=a(l—-cost).
Pemenue

OnuH BATOK IUKJIOWABI COOTBETCTBYET 3HAYCHHUIO TMapamerpa 7€ [0;27].

Ucnons3ys Gopmyity II. 2, U y4UTBIBast 4TO dx = x,dt = a(1—cost)dt , iMeeM

2r 2r
j (1—cos?) (l—cost)dt:a%j(1—cost)3dt:
0

2r
=a37rI(1—3cost+3coszt—cos3t)dt:
0
; .3 1. 1 ) s
a’mw|t—3sint+—| t+—sin2¢ |—| sint——sin’ ¢t =Sa’x".
2 2 3 0

69



Ilomaabs NoOBEpXHOCTH BpallieHUsI

1. Tlnomaap MOBEPXHOCTH, KOTOpask 00pa30BaHa BpaIllEHHEM BOKPYT OCH
Ox nuHun y = f(x), x€[a;b], Braucisiercs no Gopmysie

S = zn} £ )1+ (x) Jax.

2. Ecim xpuBas 3ajaHa NapaMeTPUYCCKHMH YPaBHCHUAMH x =x(f),
y=y(t), To IIOIab IOBEPXHOCTH, 00pa30BaHHOH BpalleHHEM BOKPYT ocH Ox

JYTH 3TOW KPUBOU, BEIYUCIISICTCS IO (hopMyJie

S= zﬂT y(0) 2 (0)+ 2 (t)de,

4

Tae ¢, U {, — 3HAYCHU HapamMeTpa ¢, COOTBETCTBYIOIIINE KOHIIAM OYI'U.
1 2

IIpumep 51. BerauciauTh 1mIoia b NOBEPXHOCTH, OOpa30BaHHOM Bpalile-
HMEM BOKPYr Ox mapaboibl y° = x, OTCEYEHHOMN MPAMOH x = 3.

Perienue

3amuireM ypaBHeHHE 1apaboisl B Buie y = f(x). MOXHO c4uTaTh, 4TO

OBEPXHOCTh 00Opa30BAHA BpAIICHHEM BEeTBHM mapabomsl  y=+/x. Torma

f(x)= (\/; ) = ﬁ BbIuucanM miomais, HCrojib3ys GopMyiy 1. 1.

S= 27sz— 1+[ jdx Zﬂ.[\/—\/mdx—

J‘ 4x+ = z l (13\/— )

4(4 +1)

0
IIpumep 52. Beranciuth miomaas MoBepxXHOCTH cepbl paauyca R.
Pemienne

[ToBepXHOCTL CHEPHI MOKHO MOIYYHUTH B PE3YJILTATE BPALIEHHS BOKPYT
Ox TOJYOKPYXHOCTH y =+ R’ —x*, ipu 3ToM x€ [—R; R]. Ucnonb3ys Gopmyity
1. 1, BBIYMCIIUM IIOIIAb

70



R
S=2ﬂI\/R2—x2 1+[
-R
K R
=27ZJ.\/R2—x2
-R

X de:
NR —x°

R
dx =27ZI Rdx =47 R*.
-R

2
2 2
R —x

IMpumep 53. BeraucauTs miomaas TOBEPXHOCTH, OOpa30BaHHOM Bpaliie-
HHEM BOKPYT Ox acTpPOUIbI

{x = acos3t

y=asin’t.
Pemenue
Jlyra AB acTpowujbl NPH BpaIlllEHHUH BOKPYr Ox 00pa3yeT IMOJOBUHY HUC-

KoMoM Turomaau (puc. 25). Haiiném 1miomanps MOBEPXHOCTH, MOJYYCHHOM
OT BpallleHUs1 IyTu AB BOKpYr Ox, U pe3yabTaT YJIBOUM.

¥
atB
A
-a a ox
-
Pucynok 25

Haiiném mpenmensl wuHTerpupoBaHms. B Touke A(a;0) umeem

x=acos’t=a, 3HaunT cost=1, t=0. B Touke B(0;a) nmeeM x=acos’t=0,

T
3HAYUT cost =0 , = 5 . Beruncianm IIPONU3BOJHLIC

’

x = (acos3 t) =—3gcos’ tsint

’

y = (asin3 t) =3asin’ tcost.
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Bocnonb3yemcs gpopmysioit m. 2.

v

| 3 : :
ES = 27[_[(151ﬂ3 t\/9a2 cos*tsin’t+9a’ sin* tcos’ tdt =
0

T

3 SEPI LA
SIn"f|2

2 =—7a’.
5

2
=67xa’ _[ sin’ ¢t cos tdt =67a
0

12
Bcs nckomas miomane S = ?ﬂaz.
3ajanus 11 CaMOCTOSAATEJILHOM PadoThI

3aganue 1. Boruncnuts miomanb (GUrypsl, orpaHMYEHHONW mHapaboiioif
y=x", IpIMbIMA x=—1, x =2 1 OCbIO Ox .
(OtBet: S=3.)

3aganme 2. BpuucauThe muionaab 00MACTH, OrPAaHUYEHHON JIMHHUSIMU

p=4(l+cosg), p= .
cos @

(OtBer: S=87+9/3.)

BanaHHe 3. Berunciute 00BEM TCJId4, OI'PAaHUYCHHOI'O ITOBCPXHOCTAMH
2 2

X )
Z 42 =1,z=-3y, z=0.
3 4 4
(OtBeT: V' =8.)
3aganue 4. Borancouts 00bEM Telna, MOTYYCHHOTO BpAIIEHHEM BOKPYT

Ox TIJIOCKOM 00J1aCTH, OTPaHMYEHHON TMHUAMHU 2y = x°, 2x+2y—3=0, y=0.

11
OtBet: V, =—1.
( Ox 120 )

3apanue 5. Beruncnuth 00bEM TeNa, KOTOPOE MOTYYAETCS OT BpalllCHHUS
BOKPYT' OCH OpJIMHAT 00JIACTHU, OIPAaHUYEHHOMN AYrol CUHYCOUIBI y =sinx, CO-

OTBETCTBYIOIIEH YETBEPTHU MEPUOA.

(Otser: V,, = %ﬂ'z —-2r.)

3amanue 6. Beruncnuth qnuHy Ayru IMHUU y =Incosx+2, 0<x < % :
(OtBet: L=1In+/3.)
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3ananue 7. BeruucnuTh IJIUHY AYTH JUHUAW, 3IaHHON apaMeTpUUIECKH

x=5cos’ ¢

y=S5sin’t, OSIS%.

(OtBet: L=5v2.)

3ananue 8. BrauciuTh miomaas MOBEPXHOCTH, 0Opa30BaHHOW Bpaillie-
HHEM BOKPYT OCH Ox JIyru mapabossl y° =2x+1, 3aKIFOYEHHON MEXKIy TOYKa-
MU ¢ abcuuccamu x, =1, x, =7.

(OtBeTt: S = %ﬂ )

2.2 IIpuiioxkeHus onpeeIéHHOr0 NHTErpajia K pemeHnio Gu3nyecKkux
3ajpa4

I[aB.]IeHI/Ie AKUIAKOCTH

CornacHo 3akoHy Ilackans cuia JAaBieHHS XKHIKOCTH Ha AJIEMEHT ILIO-
maau ds BBIYUCISIETCS 1O (hopmyIie

dP = yhds,

I7Ie ¥ — YIENbHBIA BEC )KUIAKOCTH, /7 — BBICOTA CTOJI0A KUJIKOCTH HAJI dJie-
MEHTOM ds .

Pucynox 26

1. Hasrenue Ha 6epmuKkanbHO NOSPYIHCEHHYIO 8 IHCUOKOCMb NIACHUHKY.
YToOBbl BBIYHCIUTH JABICHHUE JKUIKOCTH Ha TUTACTUHKY 3aJIaHHOW (DOPMBI, BBI-
oepem cuctemy koopauHat. Ock Ox HampaBUM BEPTUKAIHHO BHU3 (Ox yAO00HO
HaIpaBUTh B CTOPOHY YBEIWYEHUS WCKOMOW BEITWYHHBI, TaK Oy/neM JejaTh U B
JanbHenIeM), ocb Oy COBNAAAET C MOBEPXHOCTHIO KUJKOCTH (puUc. 27).
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N b
B i, (=) Fa\Eh | E
= 7 dx
Xg::_"_——:' /__
A

Pucynox 27

Torna h=x, ds=(y,(x)—y (x))dx, dP = yx(y,(x)—y,(x))dx. 3naunr

P= 7] (3 (1)= 3 (x)) dx.

X

rIe X,, X, — 3HAYCHMUSI TIEPEMEHHOM X, KOTOPBIE COOTBETCTBYIOT BEPXHEMY
¥ HIDKHEMY Kpalo IUIACTUHKY, J,(x), ¥, (X) — ypaBHCHUS JIMHUMH, KOTOPBIC 3a1al0T

JIEBBIN Y MIPABbIN KPal TUTACTUHKHA COOTBETCTBEHHO.
2. Jlasnenue sicuokocmu Ha cmenku cocyoa. YToObl BBIUUCIUTH CUITY JIaB-

JIEHUS! )KUJIKOCTU C yJAEJIbHBIM BECOM ) Ha CTEHKH COCYyZa, BHIOEpEM CUCTEMY
koopauHar. Oce Ox HampaBUM BEPTHKAIBHO BHU3, OCb Oy COBIAAAET C IIO-

BEPXHOCTBIO )KUAKOCTH (puc. 28).

Pucynox 28

Torma h=x, ds =27y\1+ (y')zdx . 3HauuT
k
P= 2717/]xy,/1+ (y')2dx )
0

rae k— BBICOTA XKUIKOCTH B COCyZe, V= y(X) — ypaBHEHHE JIMHHH, BpaIlle-
HHEM KOTOpOr BOKpYT ocu Ox o0pa3yeTcs MOBEPXHOCTh COCY/a.
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IIpumep 54. BeruucauTh 1aBiIC€HUE BOJIbI HA MJIOTHHY, CEYCHUE KOTOPOMH
umeeT Gpopmy napadounsl (puc. 29). Y nenabHbii Bec BobI 1 ”/ ;.
M

YROEEHE HMAKOCTH

PR R R PR

4 {na

Pucynox 29
Pemenue

BBenem cucteMy KOOpIMHAT KakK MOKa3aHo Ha puc. 30.

i 2 YEOEEHE HALHKOCTI_
j 4 I1 - Y

Pucynok 30

YroOb! HaiiTH BBIpaskeHUst Uit y,(x) U y,(x), COCTABUM ypaBHEHHUE Ia-

pabonbl. YpaBHEeHHE MapaloIibl, BETBU KOTOPOU HANpaBJICHbl B CTOPOHY, TPOTHU-
BOIIOJIOXKHYIO  MOJIOKUTEIIbHOMY — HampaBiieHHto ocu  OX wumeer BUL:

(y=3,) ==2p(x-x,), Tae (x,,¥,)~KOOPAMHATE BepIMHBI Tapabomsr. Kak
BH/IHO M3 PUCYHKa, BEpIIMHA Mapabosibl HaxoauTcs B Touke(5, 2). 3HaUuT ypas-
nenne mpumet Bux (y—2)° =-2p(x—5). OnpenemuM p. Tak kak mapaGona

npoxoaut yepe3 Touky (1, 0), To KOOpAMHATBHI ATOW TOUKHU YIOBJIECTBOPSIOT
YPaBHEHUIO MapadOJIbl:

(0-2) =2p(1-5),
4=-2p(-4),

1
pP==.

2
3HauuT, ypaBHEHUE MapadoIbl UMEET BUJT

(y=2) ==(x-5).
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Otcrona

(y_2)2 :S—X,
y—2=%J5-x,

Vi ==5=-x+2, y,=V5-x+2.

JlaBnenue BojbI (¥ =1) Ha IIACTUHY paccuuTaeM 1o Ghopmyie

P = [ s (x) - ()i

X

P=ix(m+2—(—m+2))dx=jx2mdx =2j.x\/§dx=

1

Beruuciaum HHTCTpA

J5-x=t5-x=0,
J.X\/S_de:x=5it2,dx=x—2tdt =I(5—t2)t(—2tdt)=2I(t4—5t2)dt=

=2(t5—5—t3j=4[\/(5_7x)5—5m rC.
5 3

5 3

1

j.x\/S—xdx=4[ “(S_X)S —5“(5_x)3]5=
5 3
1

—4 \/(5_5)5 _5\/(5_5)3 _{\/(5—1)5 _5\/(5—1)3] =416
5 3

T.
5 3 15

ITpumep 55. PaccuntaTh maBieHre BOJBI HA TUIACTHHKY, U300paKEHHYIO
Ha puc. 31

1 m YPOEEHE HMBKOCTH

Pucynox 31
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Pemienne

BBegem cuctemy KoopAMHAT Kak MMOKa3aHO HA puc. 32.

1} 2 YROEEHE RMLKICTH

Pucynox 32

CocrtaBuM ypaBHeHUe mapabosbl. Bepmmna B Touke (3;2). 3HauuT, ypas-
HEHUE UMEET BUJT

x-3=2p(y-2).
[TapaGona mpoxoaut 4yepe3 Touky (-1;0). ITomcTaBum €€ KOOpIMHATHI B
o .. 1
yPaBHEHHE U HAHAEM p =~ Torna ypaBHeHHE TTapabOIIBl KMEET BUI:
2

x=3=—(y-2),

YITH
Y, =2-+3-x, Y, =2+~3-x.

JaBnenue Bojbl (¥ =1) Ha MJIACTUHY paccunuTaeM 1o ¢popmyie

P = [ ()=, (6 )

X

3
P= J.x2\/3—xdx=# T.

0

IIpumep 56. PaccuuraTe naBieHHE )KUIKOCTH C YIEIbHBIM BECOM ¥ Ha
IJIACTUHKY, N300pKEHHYIO Ha puc. 33.

Penienue

Bri0epem cucteMy KOOpIMHAT KakK MOKa3aHo Ha puc. 34.
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Paznenum miacTuHy Ha Oosiee MPOCTbIE YacTU TaK, YTOOBI OAHO3HAYHO
MO’KHO OBLIO 3aIucaTh YpaBHEHHUs JIMHUM, OrPaHUYMBAOLINX [JIACTUHKHU CIIpa-
Ba U cieBa. O003HAUYMM JaBJICHUE Ha 3TU 4acTu b, u P,.

IIOEEREHOCTE FHOFKOCTH HDBE_iEXHDCT‘I: AHOKOCTH
Y, i

Zm 2 M

B
Z
3 P2 3m
A 1
1 m iMm % " iu
Pucynox 33 Pucynox 34

Berancium P . CocTaBUM ypaBHEHHE TPSIMBIX, POXOSIINX Yepe3 TOUKH
A(5;0), B(0;1) (mpsmast AB) u B(0;1), C(2;3) (mpsimast BC). Bocmons3yemcest
ypaBHEHHEM MPAMOIA, IIPOXOASAIIEH Yepes IBe 3aJaHHbIE TOUYKH:

X—X% _V=h .
X=X ™MW
Torna ypaBHeHue AB:
x=5 y-0.
0-5 1-0°
X
=1-=.
4 5
YpaBuenue BC :
x=0_ y-1,
2-0 3-1’
y=x+I1.

3HauuT

y2(x)—yl(x)=x+l—(l—§)=gx,
‘ 6 x*I° 16
) 7/_([x xdx 7/5 3 7S




BorunciuM P,. CocTaBUM ypaBHEHHE HPSIMOM, MPOXOJAIICH Yepe3 TOUKH
A(50) u C(2;3) (npsimast AC):

x=5 y-0,
2-5 3-0°
=—x+5
3HAYUT
X 4
y2(x)—yl(x)=—x+5—(l——j=—§x+4,
5 5
4 54
P=y|x| —x+4|de=y|2x —X || ==—
: ﬁ( j 7( 15 j 5
Torma

P=F+P, :%7&%7/:147.

Ipumep 57. Beruucauth cuily, ¢ KOTOpOW BOJA NABUT HA IUIOTUHY, CEYe-
HHUE KOTOpOoM mmeeT ¢opmy paBHOOeIpeHHOHN Tpamenuu (puc. 35). Y aenbHbIM

BeC BOIbI 1 n/ ;.
M

MOEENEHOCTE BHIKOCTH T
Sm
Am
Pucynox 35

Pernienne

BribepeM cuctemy koopanHaT Kak moka3zaHo Ha puc. 36. CoctaBuM ypas-
HEHUA NpAMBIX AD u BC.

A T E
¥
Su
D TR
\X
Pucynok 36
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YpaBHeHUe NPsMOii, poxoxsmieil uepe3 Toukn A(0;0) n D(5;2) umeer
BUJI (CM. PEJBIAYIIUA IPUMED):

x—O_y—O.

5-0 2-0"
2
y=—=x

BU/I:
x—O_y—7_
5-0 5-7°
2
=7——x.
d 5

Beruuciaum HAaBJICHUC Ha IVIOTUHY.

Ilpumep 58. Boruncnuth naBieHue KUAKOCTU (yACNIBbHBIM BeC ¥), Ha
CTEHKHU pe3epByapa, ImpecTaBisoniero codoit momycdepy paauyca R. Pesep-

Byap 3aIl0JIHEH MOJHOCTBIO.

Pernienue

BriGepem cuctemy KOOpAMHAT Kak MMOKa3aHO HA puc. 37.

Pucynox 37
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Pe3epByap MOXHO paccMaTpuBaTh Kak MOBEPXHOCTh, OOpPa30BaHHYIO
BpainieHruemM BOKpyr ocu Ox nyru AB. CoctaBuMm ypaBHeHue AB. [lyra mpen-
CTaBIISIET COOON YacTh OKPY)KHOCTH C LEHTpoM B Touke (0;0) m pamuycoMm R.

VpaBHeHHUE TaKOU OKPYXKHOCTH MMEET BU x° +)° = R*. Orcroaa
y=1= R*—x*.
Tak kak gyra AB npoxomut yepes Touky (R;0), To ypaBHeHUE AB
y= R*—x".

Haxomum y:

3HauyuT

f T —X ’ I R
P=27Z7/‘([X Rz—xz\/l‘i—(ﬁj dx=27[7£x R2—xzﬁdx=

R 3
R
= 27y xRdx =27y = TYR’ .
0
IIpumep 59. Boruuciauth aaBieHue BOAbl (¥ =1) Ha CTEHKH COCYJa,
MIPEACTABIISIIONIETO CO00M KOHYC, OOpamEHHBIN BEPIIMHOW BHH3 C PAJINYCOM
OCHOBaHUA 2 M M BBICOTOM 5 M. BricoTa BOJIBI B cocyie 3 M.

Pemienne

BriGepem cuctemy KOOpAMHAT Kak MMOKa3aHO Ha puc. 38.

Pucynox 38
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KoHyc MOKHO paccMaTpuBaTh Kak MOBEPXHOCTB, 0Opa30BaHHYIO Bpalle-
HUEeM BOKpYT Ox mpsiMoii AB. CocTaBUM ypaBHEHHE IPSAMOIi, Ipoxosieil ye-
pes Toukn A(-2;2) u B(3;0).

, 2
Tornma y =—g. 3HaUuT

2(x=3 : 32(x=3)+
P:ZﬁJ.xL 1+(—%j dx=27rJ.x (x ) 29 dx =
) 5 ‘\/ 5 ) 5 5

429 } 1829
~ [ x(x-3) = r.
25 5

2

0

PaboTa nepeMeHHOI CHJIbI

[Iycte moa eMCcTBUEM MOCTOSSHHOM CWJIBI F' MaTepuajbHas TOYKA JBH-
KETCS 110 MPSIMOTMHEHHOMY YJacTKy TyTH s. PaboTa 4 CHIIbI HA TOM ydacTKe
BBIYHUCIIIETCS 110 (hopMyJie

A=F-s.

1. Paboma no svikauusanuio sxcuokocmu. YToObl BBIYUCIUTH PabOTy, HE-
00XOIMMYIO ISl BBIKAYMBAHMS KUJKOCTHU C yJIEIbHBIM BECOM ¥ W3 pe3epByapa
Ha BBICOTY /1 BBEIEM CUCTEMY KOOpPJMHAT Kak MOKa3zaHo Ha puc. 39. (ocb Ox
y100HO HANpaBUTh B CTOPOHY YBEIMYECHUSI UCKOMOW BETMYUHBI, TaK OyJeM Jie-
JaTh U B TaJIbHEUIIIEM).

Ilyctb dP — Bec cios  KUIOKOCTH  BbicoTOM dx. Torma
dP =ydV =yS(x)dx, rne S(x) — miomans cuost. Ilycts d4 — dneMeHTapHas

paboTa, T. €. paboTa, KOTOPYIO HEOOXOJAMMO 3aTpPaTUTh, YTOOBI MOJHSIThH CJION
KUJKOCTH BECOM dP Ha BBICOTY X+ /.
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Pucynox 39

Tak Kak CJ0#i XUIKOCTH BECOM dP HEOOXOAMMO IOJHATH HAa BBICOTY
x+h,10 dA=dP-(x+h)=y(x+h)S(x)dx. 3Hauur

Azf]%(x+h)S(x)dx,

X

rae S(x) — mIom@aap cedeHHs pe3epByapa Ha PacCTOSHHH x OT Hadaia

KOOPAMHAT, X,, X, — 3HAYEHUsI, COOTBETCTBYIOIME BEPXHEW U HUKHEN T'PAHULIE
KUJIKOCTH.
2. Paboma no noovémy cnymuuxa. YToObl BBIUUCIUTH paboOTy, COBEpIIa-

eMYI0 NPU NObEME CITyTHUKA MAaCCOM m C MOBEPXHOCTU 3€MJIM Ha BBICOTY H ,
BOCIIOJIb3yEeMCsI 3aKOHOM T'pPaBUTALIMU

Mm

2
r

F(r)=G

rae G — rpaBUTalMOHHAs NIOCTOSIHHAA, M| — Macca 3eMiH, r — paccTos-

HUE OT LEHTpa 3eMJIM JO CIyTHUKA. BBeIEM cucteMy KOOpAMHAT Kak MOKa3aHO
Ha puc. 40.

Pucynox 40
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OGo3naunM uepe3 F(x) CHIy, KOTOpas ICHCTBYeT Ha CI[yTHHK Ha BEICOTE
x Haj 3emiéif, a(x) — ycKOpeHHe CBOOOAHOrO MajeHusi Ha BbICOTE x. [lpu
3toM F(x)=ma(x). Eciim x=0 (CIyTHUK HaXxOIWTCSI HAa MOBEPXHOCTH 3EMIIN)

10 a(x)=g=9,8 W/ 2> 3HAUHT F(0)=ma(0)=mg . C Apyroit CTOPOHSI, HCIIOJb-

3y 3aKOH I'paBUTAllH, UMCEM

mM mM
F(x)=G , F(0)=G .

M= FO=07%

3HauyuT

mM mM
ma(x)=G———, mg =G .

( ) (R3 + x)z g R32

R 2

W3 nocnenneit hopmynbl HaxoauM M = gG" . Torna

)_ m ng_ ngf
(R3,+x)2 G (R3,+x)2 ’

F(x

[Tycth dA — snemenTapHas pabota, T. €. paboTa, IO MPEOJAOJICHUIO CHUIIBI
nputsbkenust F (x) Ha Beicote x. Torna

mgR’

— 2 5 _dx.
(R+x)

dA=F(x)dx=

PaGorta, coBepiaeMasi Ipy NOJHITHNA CIYTHUKA Ha BBICOTY H Hal 3eM-
n€#, BerUncsieTcs mo popmyiie

H

mgR’
A=|—"=
I (R, +x)’

0

dx .

3. Paboma no pacmssiceruio npyoicunvl. YToOBl BRIUUCIUTH PabOTy, KO-
TOPYIO HYXKHO 3aTpaTUTh, YTOOBI PACTSIHYTh MPYKUHY Ha s €. JUIMHBI (KO3(D-
(GULHUEHT XECTKOCTU MPYKUHBI k ), BOCIOJb3yeMcs 3akoHOM ['yka F =ks, rae
F — cua, pacTsIruBaromias mpyxuHy.

UToOBl pacTsHYTh NPYXUHY HA JIJIUHY dx HEOOXOIMMO 3aTPAaTHTh dJie-
MEHTapHyIo paboty dd = F(x)dx. Toraa

N

A :IF(x)dx,

0

rac s — YAJIMHCHUC ITPYXKHUHEI.
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4. Paboma no cocamuio 2aza. YToObl BBIYUCIUTL pabOTy, 3aTpavyrBac-
MyI0 Ha CKaTWe rasa B LUIMHAPE pajaMyca R W BBICOTOM H | BOCIOJb3yeMC

YpPaBHEHUEM COCTOsIHMSA ra3a BV, = PV,.

[Tycts B Hayasie mpoiiecca JaBieHHE B HWIMHAPE ObUIO paBHBIM F,. O0Bb-
ém wwmHapa V, = zR*H . O603HaunM P(x) — AaBJeHHE ras3a B UIHHIPE TIPH
MePEMEIIICHUH TIOPIIIHS Ha PACCTOSIHUE X OT HAYaJIbHOTO MOJIoKeHus (puc. 41).

Pucynox 41

IIpu 3TOM 06BEM YacTi UMIMHApa ¢ razoM V (x)=zR* (H —x). Torza

BV,=P(x)V(x), PB7xR’H=P(x)zR*(H-x).

N3 mocnenHero ypaBHeHHs HAXOIUM CHITY JIaBJICHHS Ta3a P(x)

PR*H
P(x)="Y——.
H—x
[Ipy nepeMeIeHnd TOPIIHSA HA PACCTOSHUE dx 3aTPAuyrBAETCS DJIEMEH-
PR*H
TapHas pabota dA = P(x)dx=—"——dx. Torga padbora 1o CXKaTHIO Tra3a B L}-
—X

JUHIPUYECKOM pe3epByape BhIUUCISIETCs IO (hopMyIe

dx
H-—x’

y =]’-PO7ZR2H
0

dv=PRaR’H |
H—x 7

raAc a — paCCTOSSHUC, HA KOTOPOC MCPEMCIIACTCA ITOPHICHD.
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IIpumep 60. Boruuciutb paboTy MO BHIKAUMBAHUIO KUJIKOCTHU, yAEIbHBIN
BEC KOTOPOH ¥, U3 KOHUYECKOTO pe3epByapa pazmepamMu R U H .

Pemienne

BBeném cuctemy koopauHaT v 0003HaYCHHSI KaK TTOKa3aHo Ha puc. 42.

2
X
()4 b
B -
X
Pucynox 42

O6Go3naunm yepe3 S(x) IUIONMANb CEYCHHS KOHyca Ha PACCTOSHUM X OT
Hadaja koopauHat. Haiiném paguyc cedenus r(x). PaccMOTpHM TpeyroibHHKH

BOC n AOD . U3 nopobus %-8‘2 Tak xak AD=r(x ), BC=R, OA=x,

OB = H , 1o1y4yum

r(x)zl, r(x)=ﬁ.
R H H
Torna
x’R?
S(x)=nr*(x)=x T

Ucnonb3ys hopmyiy 1. 1, BeIYUCIUM paboTy

x2 TR? TR H2

A= =

(x+0)-7

O'—om

H
Ix3dx
0

Ipumep 61. XKenoO, mepneHAUKYISIPHOE CEUCHHUE KOTOPOTO SIBISETCS
1apaboJI0ii, 3aMOJIHEH KUJIKOCTHIO C YJEIBHBIM BECOM Y. BBIYHCINUTE padory,

KOTOPYIO HYXXKHO 3aTpaTUTh Ha MEepeKaunBaHUE KHUJIKOCTU Yepe3 Kpal xeyooda.
Jlinna xxenoba 5 M, mupuHa 4 M, rryouHa 4 M.
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Pemienne

Breném cuctemy KoopAMHAT Kak MMOKa3aHO HA puc. 43.

Pucynox 43

O06o3HaYMM TUIOMIAh CEUYCHHUS Kejaoba Ha pacCTOSIHUM x OT Hadaja
KoopauHaT yepe3 S(x). CedeHue sBIsieTCs MPSMOYTOJIGHUKOM, OJ{HA U3 CTOPOH

KoToporo a =5 M. Haliném BTOpy10 CTOpOHY. YpaBHEHUE MMapadoJibl B TaKOM
CHCTEME KOOPJAMHAT UMEET BHJI x=4-—3)" Win y =—J4—x, y,=4-x.
3HayuT,

b=y,—y IJE—(—\/E):%/E.
Brruncnum mIomaab IMpsAMOYTOJIbHUKA
S(x)=a-b=52J4-x =104 —x.
HaxomauMm paboty, ucnomnszys ¢popmyiy 1.3

‘256

T3

4= 1020y A=) - LA |

0

[pumep 62. [unuHap HAMOJHEH ra3oM MHpU aTMOC(HEPHOM J1aBJICHUU
103.3-10° Tla. Cunras ra3 uaeaibHbIM, ONPEAECIUTL PAOOTY, COBEPIIAEMYIO TIPH
M30TEPMUUYECKOM CHKATUU Ta3a MOPIIHEM, [IEPEMECTUBIIEMCS BHYTPb LWIMHAPA
(pamnyc ocHoBanus 0.4 M, BbicoTa 2 M) Ha 1.5 M.

Pemenue

Bocnonb3yemcs gpopmysioit n. 4. Umeem

5 3 2 1.5

j 103.3- 10 047 2dx=7z~33.056-1o3j de _

0 04— X
1.5

=—7-33.056-10°In|2—x|| =7-33.056-10° 1n%=7r-33.056-103 In 4 JIx.

0
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IIpumep 63. Beruncauth padoTy, KOTOPYIO HYXKHO 3aTpaTHThb, YTOOBI
pacTAHyTh NpYyXKUHY Ha 0.1 M, €CIIM U3BECTHO, UTO 1A yAIuHeHUs e€ Ha 0.01 M
HEOOXOIMMO TIPUIIOKUTE cuiay B 2-10° H.

Pemienne

Haiiném xoaddumment xéctkoctu mpyxuHbl. Vcmonsdys 3akon ['yka
F=ks, npu F=2-10° u s=0.01 umeeM k=2-10°:0.01=2-10". Hcnons3ys
dhopmyity 1. 3, BBIYUCIUM pabOTy

0.1 2
A=2-105jxdx 2105010

0

=10° JIx

3anaqn Ha IBHKCHHEC

1. Ilpamonuneiinoe Osuoicenue. IlycTh MaTepuanbHas TOUYKA JIBHXKETCS
NPSIMOJIMHEHHO C MIEPEMEHHON CKOPOCTHIO, SBJISIONICHCS U3BECTHON (DyHKIMEH
oT BpemeHH v =v(¢). TpeGyercs HailTH MyThb, IPOIICHHBIA TOYKOH OT MOMEHTa

BPEMCHH {, 710 f,. PACCMOTPHM 3JIeMEHTAPHBINA MPOMEKYTOK BPEMEHH [£;¢ + At].
3a 9T0 BpeMs ToYKa MpOMAET myTh ds =v(t)dt . IHTerpupys o oTpesky [#;1,],

IMOJIYYHUM BCIIMUUHY ITYyTH, HpOI?II[GHHOI‘O TOYKOH 3a ATOT OTPC30K BPECMCHMU:

2. Kpusonunetinoe osudicerue. IlycTb TpaeKTOpHUs JBUKEHUS TOUKH 3aja-
Ha NapaMeTpUUEeCKUMHU YPaBHEHUSIMU

xzx(t)
y=y(t).

UTtoOBl BBIUMCIUTH MyTh, MPONJECHHBIH TOYKOW 3a OTPE30K BpPEMEHU

[1,;2,], Boconb3yemcest hopMyoii IMHBL IyTH JHHAH, 33 JaHHON B apaMeTpH-

yeckou gopme:

SN
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IIpumep 64. MarepuanbHas TOUKa JBHYKETCS MPSAMOJIUHEHHO CO CKOPO-
cTeio v(t)= 61" +41+1 % . HaliT myTh, IpONIEHHBIA TOYKOMN 3a IMPOMEKYTOK

Bpemenn [0;3].
Pemenue

CornacHo ¢opmyse 1. 1, nmeem
3

(667 +4t+1)dr = (27 +2¢* +1)| =56 u.

S =
0

O Ly

JABUXXCHUA TOYKH

IIpumep 65. CkopocTb  NPAMOJMHENHOTO
v(t)=te™ f% . Haiitn myTh, TpoiiIleHHBIN TOYKOHN 3a mepBble [ ¢ OT Hadaia
JIBUYKEHUS.

Pemenue

[TyTh, ipoiiicHHBIN TOUKOM 3a [ ¢, BBIYUCIUM I10 (hopMyIie

B
s = Ite‘“’dt )
0

HNHTerpupyem «11o gactsimy:

, u=t dv=e"dt , 5
S=Ite_“’dt= I A
0 du=dt v=——e" o 0
o
B B B
I _ o | 1) _ 1
—j——e Ydt=——e"| ——e | =- £+—2 e’ +— m.
o o |, « . a o o

0

IIpumep 66. BoiunuciuTh CpeIHIOI CKOPOCTh U MYTh, TPONUJECHHBIN TOU-

KO 32 BpeMsl ¢ € [0;6] , €CJIH 3aKOH JBIIKCHHS TOYKHU

X (t2 —2)sint+2tcost

y= (2—t2)cost+2tsint.
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Pemienue

UToOBI BBHIYMCIUTH MyTh, MPOWUICHHBIA TOYKOH, BOCIOJIB3yeMCs (POpMy-
701 1. 2. YUUTBIBAs 4TO

’

x ((t2 —2)sint+ 2tcost) =1*cost

’
/7

Y = ((2—l2)cosl+2tsint) = ¢*sint,

HAXOJUM MyTh, MPOUJCHHBIA TOUKOH 32 t € [0;6]

6 6 Z_3 6
s=j\/t4cos2t+t4sin2tdt=J'tzdt=g -72.
0 0 0

Breruuciaum CPCAHIOIO CKOPOCTH

Borunciaenue maccobl. MomenTtsl. LleHTp Mace

PaccmoTpuM IIIOCKyI0 KpHBYIO y = f(x), x€[a;b], WIOTHOCTH KOTOPOW
p=p(x) (puc. 44).

-)%

Pucynok 44

Beiaenum aneMeHT ayru KpuBou dL .
1. Macca storo ywactka KpuBOH dm= p(x)dL. Vcnone3yst dhopmyiy

szw/1+(y’)2dx, uMeeM

b

m=jp(x) 1+(y) dx.

a
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2. Momenmom unepyuu MaTEPUAIBHONM TOYKHM A OTHOCUTEIBHO TOYKHU
(IpsiMoOii) BpalieHUs] Ha3bIBAE€TCS BEJIMYMHA

2
I =mr-,

rJe m —Macca TOYKU A4, r — PacCTOSIHUE IO TOUKHU (MPSAMO) BOKPYT KO-
TOPOM MPOUCXOIUT BpaIllCHUE.

CornacHo onpenesIeHuI0 MOMEHT HHEPLIMH TNIOCKOW KPUBOW OTHOCHUTEIb-
HO Hayalla KOOpJMHAT BbIUUCIISETCS 110 hopMyIie

b

1, =Ip(x)(x2 +y2) 1+(y')2dx,

a

a MOMEHTBI UHEPIIMH OTHOCUTEIBHO KOOPAMHATHBIX ocel Ox u Oy — mo ¢op-
MyJ1aM

b

I = J.p(x)y2\11+(y')zdx, I, =j-p(x)x2\/1+(y')2dx.

a

3. Cmamuueckum MOMEHMOM TOYKHU A OTHOCUTEIBHO TOYKU (IIPSIMOIA)
Ha3bIBACTCS BEIUYMHA

M =mr,

rjae m — Macca TOYKH A, r — PAacCTOSIHUE JI0 TOYKH (TIPSIMOM) OTHOCH-
TEJIbHO KOTOPOU BBIYMCIISIETCS MOMEHT.

CoryiacHO OINpEeAeNIeHHI0 CTATHYECKMII MOMEHT IIJIOCKOW KpUBOW OTHOCH-
TEJIbHO Havaja KOOPAWHAT BRIYUCISIETCA 10 popmyIie

b

M, =jp(x) (x2+y2) 1+(y')2dx,

a

a CTAaTHYECKHUE MOMEHThI OTHOCHTEIBHO KOOPJIMHATHBIX ocet Ox u Oy — 1O
dbopmynam

szjp(x)y1/1+(y')2dx, My=jp(x)x«/l+(y')2dx.

4. U3 cootHOmeHUd M =my. 1 M , = Mmx. HAXOIUM KOODIMHATHI YeH-

mpa macc C(xq;y.)

b

j’.p(x)x\/l+(y')2dx J.p(x)y«/1+(y')2dx

—a
) yc_b

) j.p(x)\/1+(y')zdx J.p(x) 1+(y')2dx-

a

X
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PaccMOTPUM IIOCKYHO 00J1aCTh, OTPAHMYEHHYIO CBEPXY IpadukoM (yHK-
unn y = f(x), xe[a;b], mmoTHOCTH KOTOPOH p = p(x) (puc. 45).

iz

Pucynox 45

BrjieiuM 251eMeHT TUIoImam ds .
5. Macca 3toro ydactka obnactu dm = p(x)ds. Ucmons3ys reomerpude-

CKYI0 MHTEPIIPETALUIO OIPEAECIEHHOTO UHTErpajla, IMEEM

m =jp(x)f(x)dx.

a

6. CornacHo ompeneneHuto (1. 2), Momerm uHepyuu TUIOCKOH 00JacTu
OTHOCHTEIIFHO Havyasia KOOPAWHAT BBEIYUCIISIETCS 110 opMyIie

b

I,=[p(x)(x+ /7 (x)) f (x)dx,

a

a MOMEHTBI UHEPIIMU OTHOCUTEILHO KOOPJAMHATHBIX ocell Ox u Oy — mo dop-
MyJIam

b b

]xsz(x)f3(x)dx, ]ysz(x)xzf(x)dx.

a a

7. CornacHo onpenenenuto (1. 3), cmamuyeckuti MoMeHm TI0CKOM 001a-
CTH OTHOCHUTEIHHO Hadajaa KOOPAUHAT BRIUUCISETCS TTO opMyIie

b

M, = [ p(x)|J(x*+ 1% (x))/ (x)dx,

a

a CTAaTUYCCKHEC MOMEHTHI OTHOCHUTEIHHO KOOPJIWHATHBIX ocei Ox u Oy —
o opmyiam

b b

szjp(x)fz(x)dx, Mysz(x)xf(x)dx.

a a



8. Koopaunatel yenmpa macc C(x.;y.) BBIYACIAIOTCA 10 (hopMyaaMm

5 Ye =

IIpumep 67. BbIUUCINTE MOMEHT UHEPIIUM U CTATUYHBIA MOMEHT OJIHO-
POJIHOM OKPYXKHOCTH ( p = const ) x* +y° = R> OTHOCHUTEIILHO IICHTpA.

Pemienne

— X
Tak kak y = +yJR”> —x*, y’=+T,I/IMeeM
R™—x

2
I,=4p| R 1+ ——— dx—4pR =2mpR’,
f e I /7_)6
2
M,=4p|R1+——— dx—4pR =27pR* .
I e I —

IIpumep 68. BrruuciuTe KOOpAWHATHI IICHTPAa MacC OAHOPOJIHOW Tia-
CTHHKH ( p = const ), OTPAHUYCHHOM KPUBBIMU y =5—x", y=0.

Pernienue

[TocTpoum 3amarnyt0 001acTh (puC. 46).

-5 NER

Pucynox 46

W3 olHOPOAHOCTH M CUMMETPUYHOCTH JaHHOW (PUTYpbI OTHOCHUTEIHHO
Ox cuenyet, uto x.=0. Jns1 ompeneneHus y,. Bocmojib3dyeMcs (popmyniamu

n. 8. Umeem
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N
) T(S—xz)dx (Sx—j g 230\/5
5 3 )|

IpuMmep 69. Berunciante Maccy U KOOPJAUHATHI LIEHTPA MACC INTIOCKOU Ma-

TEPUATBHOU yTU y = %x%, 0<x<1, €Clli INIOTHOCTb p(x)=~/1+x.

Pemienne

J171st BBIUMCIIEHUSI MACChl BOCTIOb3yeMcs (popmyiioit . 1. YuuTeiBas uto

o3

HUMCCM

R

0 0 0

m:j-m l_l_(x%)zdx:j.(l+x)dx=(x+%2J

UYUT0OBI BBIYUCIUTH KOOPAUHATHI LIEHTPA MAaCC KPUBOM HAWAEM UHTETPaIbI

1

j.m~x~ 1+(x%)2dx=j.x(1+x)dx=(%2+x—3]

0 0 3 0 6,
1 2 1 1
J.\/1+x~zx%- 1+(x%) dx=zj.x%(l+x)dx=z(zx%+zx%] _1o
0 3 33 357 7)), T35

Bocnonssyemcs popmynamu 1. 4

5310 163 3

X :—:—:—, = . - .
cT6 2718 Y7352 105

3ajanus 1S CaMOCTOSAATEJILHOM PadoThI

3ananue 1. BeryuciauTh cuily JaBJICHHS BOJIbI HA TUIACTHHY (TTOJYKOJIbIIA,
puc. 47), BEpTUKAIBHO TMOTPYXEHHYIO B BOAY, CUUTas YJCIbHBIA BEC BOJBI
y=1.

(OtBeT: 46.8 T.)
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YVRPOBEHE HHIOKOCTH

1m

1m

Pucynox 47

3aganne 2. CKOpOCTh NPSIMOJIIMHEHHOTO IBUKCHUS MAaTCPUAILHONW TOYKH
v=te """ % . Haiit myTh, IpOHICHHBINA TOYKOW OT HaJalsia JBHYKSHHS JO TOJI-

HOU OCTAaHOBKH.
(OtBert: 10* m.)

3apanme 3. Beruucauts padoTy, KOTOPYIO HEOOXOIUMO 3aTPaTUTh, YTOOBI
BbIKauaTh BOJAY W3 pe3epByapa, MPEJCTaBISIONIET0 COO0OM MpaBHIIbHYIO Tpe-
YTOJIBHYIO TTHPAMUJIy CO CTOPOHOM OCHOBaHUS 2 M M BBICOTOM 5 M, oOpariéH-
HYIO BEPIIMHOU BBEPX.

(OtBeT: 10.8 JIx.)

3ananme 4. Onpenenuts paboTy, COBEPIIAEMYIO MPU MOABEME CITyTHUKA
¢ nmoBepxHocTH 3emun Ha Bbicoty 600 M. Macca cnytHuka 7 1. (Paguyc 3emuu

6.38-10° m, yCKOpeHHE CBOOOIHOTO MaJeHUsA g =10 fy 5 ).
C
(OtBet:38.39-10° JIk.)

3amanue 5. BeruuciauTh cuily AaBlIEHUS KUJIKOCTH (yIEIbHBIN BeC y=1)

Ha CTEHKH COCY/1a, IPECTABIIIOIIEr0 COO0M KOHYC C paJuyCcOM OCHOBAHUS 2 M,
BBICOTOM 5 M, 00paI€HHbII BepIIMHON BHU3. COCY/]l 3alI0IHEH IMOJTHOCTHIO.

(OtBet: 2+/297 )

3amanue 6. BeruuciauTte Maccy Ayryu KpUBOW y = In x, 3aKIIOUYEHHON MEX-
Iy TOUKaMH x = /3, x =+/8, €CJIi IIOTHOCTh JYTM B KaXK10i TOUKE PaBHA KBAJl-
paTy abCITUCCHI.

(OtBer: % )

3ajganme 7. Beruuciauth Maccy HEOAHOPOIHOM IUIACTUHBI, OTPAHUYEHHOM
JIUHUSIMHA y = Jx, x=3, y =0, €CJIM TUIOTHOCTh B KaKJJ0M TOUYKE p(x)=x.

(OTBeT: ?ﬁ )

3aganue 8. HaiiTm koopauHaThl IIEHTpa Macc OJHOPOAHON (UTYPHI,
OTPAHUYEHHOW JIMHUSAMU y =sinx, y =0, 0<x< 7.

(OtBer: (%,%j )
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2.3 Ilpuiio:keHnsi onpeae€HHON0 MHTErpaja K peleHu0 YKOHOMHU-
YeCcKHUX 3a/1a4

Kosgppunuent [Kunu

PaccMoTpuM 3aBHCHMOCTH y — TIPOIIEHTA JIOXOJIOB HACEJICHHUsS OT IIPo-
LICHTA X , IMEIOIIEr0 9TH JOXOMbI HACENICHHS, T.C., QYHKIMIO y = f(x).

C nomousto ¢yukimu f(x) (kpuBas JlopeHua, puc. 48) MOXXHO OLICHHTb
CTENIEHb HEPABEHCTBA B PACIPE/ICIICHUN JJOXO/I0B HACEIICHUSI.

Y

100 A
(1)
fiz)
B
o 0oy
Pucynox 48

I[Ipu paBHOMEPHOM PACIPEICICHUN TOXOAOB KpuBas f (x)BBIPOXKIACTCS

B Ouccektpucy OA. Ilnomanp cermenta OfA, OTHECEHHas K IUIOIMAAH Tpe-
yroiabHuka OAB Ha3biBaeTcs kodpduiuenToM xuuu. IToT K0d3PIUIUEHT Xa-
pakTepu3yeT CTCIICHh HEPaBEHCTBA B PACIIPE/ICIICHUH JOXO0I0B HACCICHUS:

ecii kodhdunment xuau He npesbimaeT 0.33, To pacmpeneicHue o-
XO0JIOB MOKHO CUHTATh OJIM3KUM K PABHOMEPHOMY,

ecmn kodhdumuent Jxuan Haxomutes B npeaenax ot 0.33 mo 0.67, To
pacrmpeziesieHne 10X00B CYUTAIOT HEPAaBHOMEPHBIM;

ecmn kodurment [xuau OGonee 0.67, TO pacmpeneneHre T0XOI0B
MOKHO CYUTATh CYIECTBEHHO HEPAaBHOMEPHBIM.

IIpumep 70. I[lo maHHBIM HCCIIENOBAHMN B PACHpEAECICHUN J10XOJIOB B

OIHOM W3 cTpaH, KpuBas JlopeHma MoOXeT OBbIThb OIKMCaHAa YpPaBHEHUEM
3

2—x

auTh K03 durueHt JHKuHu.

5
y= —5, rJie X — JIOJIsl HAaCeJeHus, Y — JI0JIs1 JOXOJ0B HaceleHus. Borunc-
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Penienue

[Tnomane cermenta OfA, oTHecéHHas K ruiomaau TpeyrojibHuka OAB
(puc. 49) nazpiBaetcs ko3pduirienTom JHKUHU.

N A
o
B _
O 1
Pucynok 49
Lo SOAf _ SAOAB—SOJAB _ SAOAB _ SO]AB —1— SOJAB =1 _Soﬂ =1 _2S0]AB’
SAOAB SA OAB SAOAB SAOAB SAOAB %

(T.x. S =lab =l -1-1 =%). Beraucnum momaas OAfB ¢ momoriso omnpe-

AOAB 2 2

,ZIGJ'IéHHOI‘O HHTCTpAaa:

if 3 5 tdx 5 s,
SOfAB_I(2—x_Ejdx_3'([2—x_g'l‘dx__nn‘z_x‘ —gx ‘0_

0 0
=—3(ln1—ln2)—§=3ln2—§z3-O.69—§=0.403;

k=1-2-0.403=0.194.
Tak xak xodpdunuent J>xunu He npeblmaeT 0.33, TO pacnpejeneHue
JI0XO/IOB MOYKHO CUMTATh OJIM3KUM K PAaBHOMEPHOMY.
O0bém BhimyckaeMoii npoaykuuu. CpeaHee 3HaUeHHE (PYHKIIMU.

1. V3BecTHO, YTO MPOU3BOJMTEIBHOCTD TPYJa B TE€UYCHHE pabodero JHS
u3Mensiercsi. IlycTh M3MCHEHHE IPOM3BOAUTEIBHOCTH TPYAa OMPEICISCTCS
byukmwmeit f(t), rae 1 — OTPE30K BPEMEHH, OTCUUTHIBAEMBIH OT Havyaaa paboduero

nHs, a f(t) — MpPOU3BOIUTENLHOCTD TPY/Ia B JAHHBIA MOMEHT. Tora BelmrnHa

U=|r(e)dt

0

eCTh 00beM BBITyCKaeMOM MPOAyKImn 3a Bpemst [0;7 |.

2. Yacto mpu pEHIeHUH MPAKTUYECKUX 3a7ad MNPUXOIAUTCS HAXOIUTH
cpeoHue 3Hauenus QyHKyuu, HapuUMep, CPeIHss MPOU3BOAUTEILHOCTD TPYAA,
CpeaHUE U3ACPKKU MPOU3BOACTBA, CPEIHSSI MOITHOCTh JBUratens u T.1. B aTux
ClIy4asX UCMOJb3YIOT TEOPEMY O CPEHEM 3HAUEHUU (MHTETpaja).
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Teopema o cpemaneM. Ecnm ¢yHKuMs HempepbiBHa Ha OTpeske [a;b], TO

HaliIeTCs Takoe 3HaueHue c € [a;b], uTo

Uwnciio L Ha3pIBaeTCs CpPeAHUM 3HA4YeHHEM (yHKIuu f(t) Ha OTpe3-
Ke[a;b].

IIpumep 71. B Teuenune paboudero IHA U3MEHEHUE NMPOU3BOAUTEIBHOCTH
Tpyaa XapakTepusyercs QyHKuuen f (z‘) =—t* + 6t + 7 . Haiiu:
a) O0BEM BbITyCKaeMo poyKuuu 3a Bpems [0;4].
0) Cpennee 3HaueHUE MPOU3BOAUTENIBHOCTH 3a BpeMs [0;4] 1 MOMEHTSHI #, U £,

B KOTOpBIEC JTOCTUTAIOTCS CPEIHEE U MAKCHUMaJIbHOE 3HAYEHUS MPOU3BOAUTEID-
HOCTH;
B) Pe3ynbrar nosicHUTh rpaduyecku.

Penrenue

a) O6bEM BbIyckaeMoi mpoaykuuu 3a BpeMs [0;T] BbIUMCIUM HCTONb-
3ys popmyny m.1.

4 3 2
3 3

Uzj(—tz+6t+7)dt= mLA
0 3 2

0

6) CpenHee 3HaueHHe pousBoUTENbHOCTH [ (7) 3a Bpems [0;T] Berumc-
JIUM UCTIOJIb3Ysl opMyITy TI. 2.

4

F(c)=lj(—t2 + 61 +7)dt =

1 164_41
47 4 3 3

YToOBI HAMTH MOMEHT BpEMCHHA to B KOTOpLIﬁ AOCTUTACTCA CPCAHEC 3HA-
YCHHUC ITPONU3BOANTCIIbBHOCTHU, PCIMM YPABHCHHUC!

—t2+6t+7=% 3,

3t> —18t+20=0,

=187V s BN se10:4].
6 6
. 41
3HauuT, ¢, =1.5, npuuém f (t0)=?.
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YroObl HAWNTU MOMEHT BPEMEHHU f, B KOTOPBIA JOCTUTAETCs] MaKCHUMallb-
HOE€ 3HAUEHUE  MPOM3BOAMUTEIBHOCTH, HaWAEM  BepUIMHY  mapaboJibl
f(t)=—t" +6t+7 (MakcuManbHOE 3HAuYeHHWE OYIET NOCTHTAThCS MMEHHO B
BEpIIKHE, T. K. BETBU MapaloJibl HAMPABJICHBI BHU3):

g ==b_=0_4
2a =2

B) Jl1s1 mocTpoenus napaboJibl HaliIEM BTOPYIO KOOPJIMHATY BEPIIUHBIL:
f(t)=fB)=—(3) +6-3+7=16.

3HauuT, BepIIMHA Tapabonbl HaxomuTcs B Touke (3;16). Haiiném Touku
nepecedeHus napadoisl ¢ 0cbro Of:

— 1 +6t+7=0;
D=064 t==1, t,=7.
[TocTpoum rpadux GyHKIIMN MPOU3BOAUTEIBHOCTH (puc. 50).
['paduuecku BUAHO, YTO IUIOLIA/b 3AIITPUXOBAHHOM (PUTYpBI, BBIpaXKa-
fom1ast co0oi 00bEM BBITyCKaeMOM MPOAYKIIUH 3a 4 yaca, paBHA ILIOUIAU TMPs-
moyrosnbHuka OABC, BBICOTOW KOTOPOTO SIBISETCS OTPE30K HPSMOM, paBHBIH
CpeHeMY 3HAYCHUIO MIPOU3BOJUTEILHOCTH TPy ia 3a MepBbie 4 yaca padoThI.

¥

Pucynok 50
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Ilpumep 72. Haiitu cpennee sHauenue usnepxkex K =2x° +12x+7, ec-
1 00BEM MPOAYKIMH X U3MeEHsAETC OT 1 10 3 eaunHuLl. YKa3arb 00BEM MPOIYK-
LIAH, IIPU KOTOPOM H3AEPKKU IIPUHUMAIOT CpeaHee 3HadeHue. PesynbraTr nosc-
HUTH TpapUIECKH.

Penienue

Cpenuee 3HaueHHe H3epKeK K (x), ecanm 00bEM HPOIYKIMH X M3MEHs-
€TCsl OT M J0 N €IUHUII, BBIYUCIUM, UCTIONB3YA (hopmyy 1. 2

3

3 3 2
=Lj(2x 2= [ 2o 12 gy
3-11 203 7 2 1

1((2-27 12-9 2 12 134
— + +7-3 |- Z+=+T7||=—.
2 3 2 3 2 3

UtoObl HaliTU 00BEM MPOAYKIIMH, MTPU KOTOPOM H3IACPKKH MPUHUMAIOT
CpellHEe 3HaUCHHE, PEIINM YPaBHEHHE:

p_d

2x’ +12x+7—%

6x” +36x+21=134, 6x° +36x—-113=0,
¥ _ —36-+/4008 ~—83¢[13] x2:—36+\/4008 23
12 12
[Tosicaum pesynbrar rpadpudecku. I'paduk ¢ynxkuun K =2x° +12x+7
MpeCTaBIsIeT coOoi mapaboily, BETBU KOTOpOM HarpaBiieHbl BBepx. Haiiném
BEPIIMHY NapadoJIbl:

-b —12 -12

‘xO
2¢ 22 4
K(x,)=K(-3)=2-(-3) +12-(-=3)+7=-11.

5

[TocTpouMm mapabomy Ha oTpeske oT 1 g0 3 (puc. 51):

K1)=2-"+12-1+7=21, K(3)=2-3"+12-3+7=61.
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-3 J 01 223 00 x

Pucynox 51

Ha rpaduke BumHO, 4TO Tuiomianp npsimoyronbuka ABCD, cTopoHOM
KOTOPOTo sBJIsieTcst 0Tpe3ok [1;3], a BeIcoTOl — cpennee 3HaueHHE GYHKIUH Ha
ATOM OTpE3Ke, paBHA ILIOIIAAH 3aIUTPUXOBAHHONW 00JIaCTH.

JIMCKOHTHUPOBAHHBIN 10X0/

[Tpu u3yyeHnn SKOHOMHUECKON YPPEKTUBHOCTH KAUTAIbHBIX BIOKCHUN
BCTPEYAIOTCS 3a7]a4H, CBSI3aHHBIE C ONPEACIICHUEM HAYAJIBHOW CYMMBI 110 €€ KO-
HEYHOM BEJIMYMHE, MOJYYEHHOW 4Yepe3 ¢ JIET MPHU roJ0BOM IpoieHTe p (Ipo-

[IEHTHas cTaBKa). Takas 3ajaua Ha3bIBAETCsl OuckoHmuposaruem. I1yctb mocry-
MAOIIUNA €KEroJIHO J0XO0Jl U3MEHSETCS BO BPEMEHH M OINHUCHIBAETCA (PyHKIMEH

. . ._ P
/(¢) mpum ynenbHOIT HOpMe IIpOLEHTa, PABHOM lzﬁ' [IpoueHT Hauncnsgercs

HenpepsiBHO. Torma TMCKOHTHPOBAHHBIHN 10X0/1 K 3a BpeMsi T BBIYHCIISICTCS TI0
bopmyie
T
K=[f(t)e"dr.
0

Ecnu 6a3oBoe kanuTalioBiIoKeHHe cocTapisier N (yci. ell.) U HamedaeTcs
€XKETOHO YBEIMYMBATh KalIUTAIOBIOXKEHUS HA m (YCIL. €1.), TO

f(t)=N+mt.

Hpumep 73. Onpenenuth AUCKOHTUpPOBaHHBIN goxon K 3a 4 roga mpu
MIPOIIEHTHON CTaBKe p=6%, €ClIu MepBOHAYAIbHBIC KAIUTAJIOBIOKEHHUS COCTa-
BUJIM 12 TBIC. TPH., U €XKETOJHO HAMEYaeTCs YBEJIMYUBATH KAIMTAIOBIIOKEHHUS
Ha | TeIC. rpH. Haittu ITIE.}K (T).
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Penienue

Beném ¢ynuxuuto f(¢)= N +mt, rne N — HadanbHbIE KalUTaJIOBIOXKE-

HUS, M — CyMMa Ha KOTOPYIO HAMEYAETCSl €XKErOJIHO YBEIWYUBATH KaIUTAJIO-
BIIOKEHUS. 3HAauuT, f (1) =12+¢.

JIMCKOHTHUPOBaHHBIN 0X0 3a Bpemsi T BeIuucisiercs 1no popmysie

K= JT.f(t)e_”dt,

mei=2 =% _0.06.
100 100
3HaAYuT,
A u=12+t, dv=e""dt
K=(12+1)e""dt= =
'([( )e du — dt, V= 1 e*OAOGI

—-0.06

4

1 1|
=(12+1¢) e | —] e " dt =

—0.06 . 0—0.06
1 B 4
=(12+1)——e™™ | - -e
- , (0.06) .
10 ey 12 ] cet PR - =49.5.
0.06 0.06 (0.06) (0.06)

Haiiném Bemmunny limK(7):

T—o0

. 1 1 —0.06¢
limK (T)= 1T1£§{(12+ t)_0.06e

T 1 T
. o 008! —
. (0.06) . ]

=lim ((12 FT) e _(1240) L et |-
1o ~0.06 ~0.06

) Eﬁ o0 D
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VuursiBas, uto lime™*" =0 n lime™"*" =1 noxy4aem:
: 1 1
th(T):[(O—lZ—-lj— 0- -1 |=
T —0.06 (0.06)
_ L + : > =~477.8.
0.06  (0.06)

3aIlaHl/Iﬂ JAJISA CaMOCTOSITEJILHOM paﬁoTl)I

3apanue 1. Kpusas JlopeHiia, onuceiBaromias pacrpeaeieHie 10X010B B OJTHON
W3 CTpaH, 3371aéTcs ypaBHEHHEM y = 2* — 1. Beraucnth kodddurmerTt JHxuHu.
(OtBer: k=0.12.)

3ananme 2. B Teyenune paboyero JHS U3MEHEHUE MPOU3BOJUTEIBLHOCTH
TpyJa XapakTepusyercss QyHKIUEH f(t)=3t"+6¢—1. Haiitm 00bEM BBITyCcKae-
MOU ITpoayKuuu 3a Bpems [ 1;3].

(OtBer: 48.)

3aganue 3. Halitu cpeguee 3HadyeHHe M3IEPKEK K =6x> +8x—3, €Cld
b

00BEM MPOIYKIIMU X MEHSETCS OT 2 710 5 eIUHUII.
(OtBer: 103.)

3apanme 4. Onpenenutb AUCKOHTHUpoBaHHBIA noxon K 3a 3 roma mpu
IIPOLIEHTHOM cTaBKe P=8%, ecnm mepBOHaYanbHbIE KAIUTAJIIOBIOKEHUS COCTa-
BUJIM 18 THIC. TPH., U €XKEroJHO HAMEYaeTCsl YBEIMYHMBATh KAaIUTAJIOBIOXKECHUS
Ha 2 ThIC. TpH. Halitn HEK (T).

(OtBer: 55.5; 537.5.)

Jlureparypa: [5, . 11, § 9,10; 7, p. 2, . III; 9, p. 10, § 10.1, 10.2].
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3 IPUJIOXKEHUE JU®PEPEHIIUAJIBHBIX YPABHEHUI
K PEHIEHUIO PUBNYECKUX U TEOMETPUYECKHUX 3ATIAY

JlJis perieHust TEXHUIECKUX 3a/1a4 ¢ MPUMEHEHHEeM Teopuu auddepeHtu-
QJIbHBIX YPaBHEHUH TIpeJIaraeTcs CleAyIomas MocIeI0BaTeIbHOCTh ICHCTBUM:

1) monpoOHBI pa3dop ycioBUHM 3ajayu, BBeACHHE OOO3HAUYEHHH U CO-
CTaBJICHHE PACUETHOU CXEMBI, ITOSICHSIOILIEN €€ CYTh;

2) cocraBieHue auddepeHITMaATbHOTO YpPaBHEHUS PaccMaTPUBAEMOTO
nporiecca;

3) MHTErpUpOBaHUE COCTABJICHHOTO YPaBHEHHUS M OMNpEIEICHHE OOIIEero
pEIIeHHUs ATOTO YPaBHEHUS;

4) ompeneraeHUe YacTHOTO PEIICHUS 3ajlaud Ha OCHOBAaHUU JAHHBIX
Ha4yaJIbHbBIX YCIIOBUM;

5) B ciydae HEOOXOAMMOCTH OIPE/ICJICHHE BCIIOMOTATEebHBIX MapaMeT-
poB (Harpumep, ko3 duieHTa IPONOPIMOHATFHOCTH U JP. ) C UCIIOJIb30BAHU-
€M JIJISl 3TOH IeTTU TOTOJTHUTENIBHBIX YCIOBHIA;

6) BBIBOJ OOIEro 3akOoHa pPacCMAaTPUBAEMOrO MPOIECCa U YHUCIOBOEC
OTIpe/ieNieHUEe NCKOMBIX BEITUYHH;

7) aHANM3 OTBETA U MIPOBEPKA UCXOIHOTO TIOJIOKEHUS 3aJaYH.

B 3aBHCHMOCTH OT yCIOBHS 3a/1a4ll HEKOTOPBIE U3 3TUX ITAIOB PEIICHUS
MOTYT OTCYTCTBOBATb.

1. Jlugpghepenyuanvuvie ypagnenus c pazoensiomumucs nepemeHHbIMU.
HuddepennnanbHoe ypaBHEHUE TIEPBOTO NOPSAKA HA3bIBACTCS YPAGHEHUEM C
PA30enAoUWUMUCS NePeMEeHHbIMU, €CITH OHO MOKET OBITh MIPE/ICTABICHO B BUJIC

f(x)dng(y)dy.

K pemennro nuddepeHnnanbHpIX YpaBHEHUH ¢ pa3aeiIaIoNUMUCs Tepe-
MEHHBIMH TTPUBOJIATCS OYEHb MHOTHE IMPAKTUICCKUE 3a1a4H.

2. Oonopoonvle u aunetinvle ougpepenyuanvrvle ypasnerus. Jndde-
PEHIIMAITBHOE YpaBHEHUE MTEPBOTO TOPSIIKA HA3BIBACTCS 0OOHOPOOHBIM, €CITH OHO
MOJKET OBITh MPEJICTABIICHO B BUJIC

V=f(x%y),

rae f(x,y)—onsoponnas ¢pyHkuus, 10 ectb f (kx,ky)=f(x,y).

C TOMOIIBIO 3aMeHBl 4 =2 (y=ux, y =u'x+u), e u=u (x)—HoBast
x

HCHU3BCCTHAas q)YHKIII/I}I, OJHOPOJHOC YpPAaBHCHHUC CBOAUTCA K YPABHCHHIO C pa3-
ACTEIIOIUMUCA TICPCMCHHBIMU.
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JlunetinbimM ypasHeHuem TIEPBOTO TMOPSAJIKAa Ha3bIBAETCS YpaBHEHMUE,
HUMeEIoLIee BUJT

y,+p()€)y:q<)6).

Jlns ero pemeHUs NPUMEHsETC MOACTaHoBKa y=u-v () =u'v+uw),

rae u=u(x), v=v(x)—HOBblC HCU3BECTHbBIC PYHKIIUN.

3.1 I'eomeTpuyeckue 3aJa4u, NPUBOASAIINE K pelieHU0 a1udpdepen-
HHMAJTBHBIX YPABHEHUI

B 3agagyax reomeTpuu, B KOTOPBIX TpeOyeTcs HAUTH ypaBHEHHE KPHBOM
10 3aJITaHHOMY CBOMCTBY €€ KacaTeJIbHOW, HOPMAJIM WJIM TUIOIIaAN KPUBOJIUHEMN-
HOW Tpamnenuu, UCIOIb3YIOTCS TEOMETPUUECKOE UCTOJIKOBAHUE MPOU3BOJAHON U
HWHTETpaja ¢ MEePEeMEHHBIM MpeseaoM (IJIomaab KPUBOJMHEHHON Tpamenuu C
MOJBKHON OTpaHUYMBAIOIICH OpIMHATOM).

Teomempuueckuii cmvicn npouseoonoiu. Eciu y = f(x) u3obpaxeHa cBo-

1M TpaduKOM — KPHBOIl B IeKapTOBBIX KoopauHaTax (puc. 52), To0 )'(x)=tgor,

rAe o — Yroa Mexay Ocblo Ox U KacarelbHOW K KPUBOM B €€ TOYKE
M 0(xo; yo), OTCUUTBHIBAEMBIN OT MOJIOKUTEIBHOIO HarpaBiieHUs ocu Ox mpo-

THUB 4aCOBOM CTPCIJIKH.

M5 )

Pucynox 52

IIpumep 74. Haiitm ypaBHEHHE JIMHUHW, TPOXOAALIEH 4Yepe3 TOUKY
M0(2, O), €CIM yriaoBoH KOA(D(PHUIIMEHT KacaTeIbHOW B MPOU3BOJBLHON TOYKE

ATOM KPUBOU MPOMOPIUOHAIECH KBaJapaTy aOCIIMCChl TOUKU KacaHus ¢ koddu-
[IUEHTOM MPOMOPIMOHATLHOCTH k =3.
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Pemienue

['cOMEeTpUYECKHil CMBICH MPOU3BOJAHON COCTOMT B TOM, YTO 3HAYCHUE
npou3BoAHON )'(x) (yHKuME y(X) B TOUKE X, PaBHO yriIoBoMy Kod(bUIUCHTY

KacaTeJabHON K rpaduky 3Tod (QyHKUIMH B TOouke M O(xo; y(xo)). N3 ycnoBus

3agaun umeeM )’ =kx’ wim Y =3x’. UnaTerpupys obe uactu auddepeHimas-
HOTO YPaBHEHWSI, TOJIyIUM €ro o0Iiee perieHne

y=J3x2dx=x3+C.

V3BeCTHO, YTO JIMHUS IPOXOANT 4epe3 Touky M (2, 0), T. e. HavaNbHOE
YCJIOBUE MMEET BU/I y(2) =0. Iloxcrapnssa 3HaueHus x=2 u y=0 B oOmiee
pemenue, Haiinem C':

0=2"+C = C=-38
Y 3aIIMIIEM YPABHEHHE HCKOMOW KPHUBOM:
y=x -8.

IIpumep 75. Hailtu ypaBHEHHE JMHHUHU, IPOXOIAIICH YEpe3 TOUKY
M0(1,4), €CJIM YIJIOBOM KO3 (UIIMEHT KacaTeIbHON B IPOM3BOJBLHON TOYKE

ATOM KPUBOM 00OpaTHO MPOMOPIHUOHATIEH OpAUHATE TOYKU KacaHus ¢ Kodpduiu-
€HTOM MPONOPLUUOHANIBHOCTU k =2.

Perienue

HCXO,ZIH n3 yCJIOBUA 3ada4U,

_2
4 y dx

Paznenss nepeMeHHbIE U MUHTETPUPYS YPABHEHUE, MOJIYYUM:
2
dy = 2dx: jd—zd C: 2 =2x+C: V=4x+C
yy_ X, yy— x+19 2_x+19y_x+'

Vcnonp3yst KOOPAMHATEI TOYKM, 4€pe3 KOTOPYIO HMPOXOAUT KpHBas, 3a-
numeM HavaiasHoe yenosue: y(1)=4 u nHaitnem C: 16=4+C, orkyna C =12

M ypaBHEHHE KpHBOil UMeeT BUJ - =4x+12 nmn y° = 4(x +3). Kpusas sBis-

eTcs mapabosIoi ¢ BEPIIMHON B TOUKE A(—3,0) , OCbl0 cumMmeTpun  OX U BET-
BSIMU, HaIllPpaBJIEHHBIMU BIPaBo (puc. 53).
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Pucynox 53

IIpumep 76. HaitTu nuHUIO, TPOXOMSIIYIO0 Yepe3 TOUKy M 0(1,2), eciu

OTpe30K JI000H ee KacaTeJIbHOM, 3aKIIOUYEHHBIM MEXIYy OCSIMHU KOOpIMHAT,
JIEJIUTCS. B TOUKE KacaHus B oTHoIIeHuu 2 :1 (cuutas ot ocu Oy ).

Perienue

Pucynox 54

[ycts M (x,y) — Tekymas Todka KpuBoit y = y(x). Yrox mexny Kaca-
TEIbHOM M II0JOXKUTEIbHBIM HaIpaBicHueM ocu Ox 0003HaYUM &, TOraa

tgae=y . B mpsamoyronsHOM TpeyronbHuke MBN — ZMBN =180° —«,
[MN

tg ZMBN = ‘NB" ‘MN‘zy, ‘NB‘ HaliieM, paccMmaTpuBasi TPEYrOJIbHUKHU

MBN u AMP , KOTOpBIE TIOJIOOHBI IO TPEM YTJIaM:

INB| |MB| |NB| 1

= —_ B =
|PM|  |AM =[N

‘ ‘_ ‘PM‘ X
o |lpMm| 2

=3
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[ToacTaBuB HaliieHHbIE 3HAYEHUS B (DOPMYITY JIJIsl BBIYMCIICHUS TAHTE€HCa
yrina MBN , nony4um:

2 , 2 ;2
tg(l80—a)=%; —iga="Y, —y="2 y= 20
X X X
2

Pa3znensiem mepeMeHHbIe U MHTETpUpPYEM ModydeHHoe nuddepeHmainb-
HOC YPaBHEHHUE:

J‘ﬂz_zjd_j-{-q; In|y|=—-2In|x|+C,.

y

dy _ 2y dy _ 2dx,
dx x oy x

C .
Takum 00pasoM, y =— — ypaBHEHHME CEMENCTBA KPUBBIX, 00JIaJaiomuX
X

3alaHHBIM CBOMCTBOM. llozcTaBiisisi B 3TO BBIPa)KEHHME HAYAJIbHOE YCJIOBHUE
y(1)=2, 1. e. KoopauHatsl Touku M, Berancium C':

2=T = C=2,

Y 3aIIMIIEM YPABHEHHE NCKOMOW KPHUBOM:

IIpumep 77. Halith ypaBHEHME KPHUBOH, MNPOXOIAIIECA YEPE3 TOUKY
M 0(1,0), €CJIM JIJTMHA OTpe3Ka OcH a0CIHCC, OTCEKaeMOro €€ HOpMajbio, Ha 2

OoJbIIIe A0CIIUCCHI TOYKHU KACAHUS.

Perienue

OG6o3HauNM IPOM3BOJIBHYIO TOUKY KpuBoit M (x,y). B mpsMoyronsHom
tpeyroabauke MON ZMON o603HauuM « (puc. 55). YuutbiBasi, 4TO 3TOT
YIOII SIBJIETCS YITIOM MEXKTY KacaTelbHOU K KpuBoit v ocero Ox, tgax =" . Jlus
IIPSIMOYTOJIBHOTO TpeyroyibHUKa MPN 3anuiieM paBeHCTBO:

[MP
tg/ MNP =1——.
|PN|
Haiinem yron MNP w3 tpeyroneauka MON: ZMNP=180-90-ao=90-«.
|MP|=y; |PN|=|ON|-|OP|=x+2-x=2.
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Takum 06pazom,

tg(90—“)=§; ctga:% L2, tga=§; y'=

tga 2’

< o

Y

M g

ol |

Pucynox 55

Paznensst nmepemenHble U uUHTErpupys AuddepeHnraibsHoe ypaBHEHUE,
3amuileM ero ooIiee perieHue:

Y =4x+C.
Touka M, (1,0) MPUHAJICKUT UICKOMOW KPUBOH, T. €.

y(1)=0, 0=4+C = C=—4

]
=
=
o
M{
=
e

Pucynox 56

M ypaBHEHHE KpUBOW mpuHnmaetr Bun y° =4(x—1). Haiinennas kpusas — na-
pabona ¢ BepmuHoii B Touke M, (1,0), ocbto cummerpun Ox W BETBSIMH,

HaIpaBJICHHBIMU BIIpaBo (puc. 56).
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Ipumep 78. Haittn mnHut0, npoxosutyto depes Touxy M, (1,3) u oGna-

JAIONIYI0 CBOWCTBOM, 4TO B JII00O0# ee Touke M KacarenbHbId BeKTOp MN ¢
KOHIIOM Ha ocu (Jy MMeEeT MPOEKLHIO Ha 0cb Oy paBHYIO —2.

Pernienue

»

Pucynox 57
[ycte M (x,y) — npousBombHas Touka kpuBoil, M (X,Y) — mpous-

BOJIbHASI TOYKA KacaTeNbHOM. Torna ypaBHEHHE KacaTEIbHOM K KPUBOW B TOUYKE
M (x,y) umeer Bux:

Y —y=y"(x)(X -x).

Touka N (0, Y, ) mpuHaIIeKHUT KacaTeabHON (pHC. 57); MOICTABIISS €€ KO-

OpJIMHATHI B YPaBHEHHE KACATEIbHOM, HAXOIUM
/7 /7
Y,—y=y (x)(O—x) = Y, =y—xy.

C npyroi CTOpOHBI, PN = Yy—Y,=Yy—y Hu 10 ycnosuto PN =-2 , TO-

raa
Y,—y=-2=Y,=y-2.

[TpupaBHuBas BelpaxkeHus i Y, , noirydyuM Anup(epeHIranbHoe ypas-
HEHHUE:!

’ ’ 2
y—xy=y—2 wm y =—.
X
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WuTerpupys 3T0 ypaBHEHUE, TOTYIUM:
dx
y=2j—+1nC; y=2Inx+InC.
X

N3 o0miero permreHds HaWaeM JUHUIO, IPOXOJSINYI0 4Yepe3 TOUKY
M,(1,3):
3=2Inl+InC =InC=3.

OKOH‘J&TGHBHO, YPaBHCHHUC HCKOMOU KpHBOI?I HUMCCT BUJ

y=2Inx+3.

IIpumep 79. HaiiTu ypaBHEeHHE KpUBOM, MPOXOIAIIECH Yepe3 Hayajlo KO-
OpJIMHAT, €CIH ISt TFOOOTO0 oTpe3ka [1,x] miomans KpuBoIMHENRHON Tpanenuu,

OrpaHUYECHHOW COOTBETCTBYIOLIEH IYyroW 3TOM KPHBOM, paBHa KyOy OpJIWHATHI
KOHIIEBOM TOYKH JIYTH.

Pemienne

§ Y

Pucynok 58

CornacHo yClOBHUIO 3a]1a4yl UMEEM

HuddepeHuupys 3TO paBeHCTBO MO X, MoiiydyaeM auddepeHmanbHoe
ypaBHeHne y =3’y , um



Pazpnensst mepeMeHHble 1 UHTETPUPYS ATO ypaBHEHHE, HalieM olliee pe-
HICHUE:

dy 1 dx 1 y' 1 )2
—=——: ydy=—; dy=—\|dx; —=—x+C; =—x+C.
a3y 27073 Jydy=3fde Fr=gxrci =3

YuursiBasi HauanbHoe ycnoue y(0)=0, momyanm C=0 u 3ammuem
YPaBHEHHE KPUBOU, TPOXOISIIEN Yepe3 HaYaa0 KOOPAUHAT:

Ipumep 80. Haiitu kpusyro, mpoxomsiyto yepe3 touky A(0;1), mis xo-
TOPOH TPEYTOJIBHUK, 00pa30BaHHBIN OChI0 Oy, KacaTeIbHON K KPUBOH B MPOMU3-

BOJILHOM €€ TOYKEe W PaJnyC-BEKTOPOM TOYKH KacaHHs, — PaBHOOEIPCHHBIN
(mpuyeM OCHOBaHUEM €r0 CIYKHT OTPE30K KacaTeJIbHOW OT TOUKH KAaCaHUS JI0
ocu Oy).

Perienue

|

Pucynox 59

[ycts M (x,y) — npousBoibHas TOUKa KpHBOil. [[poBeneM KacaTeIbHYO
MN B Touke M KpuBOil 10 nepecedyenus ¢ ocbto Oy B Touke N (puc. 59). Co-
[JIACHO YCJIOBHUIO, JIOJDKHO BBINOJIHATHECS  PAaBEHCTBO ‘ON ‘ = ‘OM ‘ Ho

‘OM ‘ =Jx’+y*, a ‘ON ‘ HaliIeM W3  ypPaBHEHHUS  KacaTelbHOU
Y-y=)(X—x),nonaras X =0,1.¢. Y =|ON|=y—-x) .
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Nrak, npuxo UM K OJJHOPOAHOMY YPaBHEHUIO

X' +y =y—-xy.

Ilomaras Yy =ux, IOCJC 3aMCHBbI 1 PAa3ACJICHUA IICPCMCHHBIX ITOJIYYUM!

Vol +u’x® =ux —x(ux+u); x2@=—x\/1+uz; L:_@_
dx V1+u? X

Orcrona
ln(u+\/1+7)=lnC—lnx W u+\/ﬁ=%.
IloxncraBnsas u =Z, MOJy4YUM
x*=C(C-2y)

(cemeiicTBO mapaboII, OCHIO KOTOPBIX SIBIsIETCS och Oy ).

[ToacTaBmnsst kKoopAMHATHEI TOUKH A B HaleHHOE 00Iee pemeHne, momy-
yum 0=C (C —2); n3 AByx 3HadeHu! C =0 u C =2 MNOoAXOJUT JIMIb BTOPOE,
nockoibky npu C =0 mapabosa BeipoxaaeTcs B ock Oy . Utak, nckoMol Kpu-

BO# siBIIsieTCs mapabona x” =4(1-y).

Ipumep 81. Halitn nuHMIO, y KOTOPOM KBaJapaT JJIMHBI OTPE3Ka, OTCEKa-
€MOT0 JII000M KacaTeJbHOW OT OCH OPJAMHAT, PABEH MPOU3BEICHUIO KOOPIAUHAT
TOYKH KaCaHHUS.

Pemienne

[ycts M (x,y) — npousBonbHas Touka kpusoit, M (X,Y) — npoussois-
Hasi TOYKa KacateJbHOU. ON — OTpPE30K, OTCEKAEMbI KacaTeIbHOW, MPOBEAECH-

HOU B Touke M xkpuBoi ot ocu opauHat (puc. 60). Ilo ycnoButo ‘ON ‘2 =Xy

WIN ‘ON‘ =+/xy, aTak kak N (0, Y, ), momy4um:

Y, =+xy.

C y4eToM BBeJIeHHBIX 0003HAUEHMIA, 3aMiIIeM ypaBHEHHE KAacaTelbHON K
KpUBOH B Touke M (X,y):

Y—yzy'(x)(X—x).
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M, ]

Ol P, ¥

Pucynox 60
B rouke N (0, Y, ) ypaBHCHHUE KacaTeIbHOI IPUMET BHJ
Yy-y=-x/,
OTKy/1a
Y,=y-xy.

ITpupaBHuBas BelpakeHus uid Y, , nomyuum auddepeHnmranbHoe ypas-
HEHHE

y—xy'=%Jxy wm y'=li by
x \x
KOTOPOE SIBJISAETCS OXHOPOAHBIM. 3aMEHSS ) Ha ux, Pa3leiss IEepeMEHHEBIE U
MHTETPUpPYs, HaiiieM o0lee pelIeHUe YPABHEHHSL:

Wx+u=u+~Ju: ux=+Ju; @ziﬂ' Inx=#2Ju +InC = x=ce2".

xu’

BrinonHuB oOpaTHYIO MOJICTaHOBKY uzl, MOJIy4YMM YpaBHEHHE CeMeucTBa
X

KPHUBBIX, 00J1aJIAIONTUX 33 IaHHBIM CBOHCTBOM:
off
x=ce ',

IIpumep 82. 3anucaTe ypaBHEHHE KPHBOW, MPOXOMSAIIEH 4Yepe3 TOUKY
P(1,2) u obnanaromeii CleayoLMM CBONCTBOM: IUIOMIAAb TPEYTOJIbHUKA, 00-

pPa30BaHHOTO PAJANYC-BEKTOPOM JIFOOOH TOYKM KPUBOHM, KacaTeIbHOW B ITOH
TOYKE U OChIO abciuce, paBHa 2.
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Pemienne

by

o

Pucynox 61

Baezem crenyromue o6o3Hadenus: M (x,y) — MpOM3BOJIBHAS TOYKA KPH-

BoM, M" (X Y ) — IPOM3BOJIBHAS TOYKA KacarenbHOW. [lmomans TpeyrojibHuKa
OMA (puc. 61 ) onpenensiercst opmyoit

1
A ZE‘OAHMB“

|MB|=y,

OA‘ HaliJieM, 3alrcaB ypaBHEHUE KacaTelIbHON

Y—p=y"(x)(X-x)

Y MOJICTAaBUB B HETO KOOPJIMHATHI TOYKHU A : A( X A,O) , TOor7a

—y=y(X,-x); X, =x—2.

’

y

YuuThbIBas, 4TO ‘OA‘ =X, ¥ 10 ycinoBuio S,,,, =2, 3alullIeM CIIEAyIOIee

BBIpAKECHUE VIS, :
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[Ipeobpazyem auddepennnanbHoe ypaBHEHUE U OMPESICTUM €r0 BUJL:

x__, 7 X——, y: 9 2 ° 2

( y} y 4 , ) dx xy—4 , X 4
y =4 == ' , —= ;
y y y xy—4 dy y y oy

T. €. IOJTy4EeHO ypaBHEHHE NEPBOTO MOPSI/IKA, IMHEHHOE OTHOCHTENBHO (YHKITHH
x=x(y). Pemaem ero ¢ nomoumsio moxacTaHoBku x=uv (u=u(y), v=2(y)).

Nmeewm:
v’—le,
, , 4 4
uvtuy ——=——; uvtu|v-—|=-—— =
y Y y y ”"’:__2;
L y
) ﬂzi; ﬂ——y, Inv=Iny, v=y;
d 'y v 'y
4

Vckomast kpuBast poxoxut depe3 touky P(1,2), 1. e. x(2)=1, mosromy

1=2C+1, C=0.CunenoBarenbHo, €€ ypaBHEHUE X =— HIH Xy =2.
y

3allaHI/IH JJISA CaMOCTOSITEJIbHOM paﬁ()Tbl

3apmanme 1. Hailtm ypaBHEHHE JMHUM, NPOXOIALIECH 4YEpe3 TOUKY
M0(1,3), €CIM YTIJoBOM KOA(D(PHUIIMEHT KacaTelbHOW B MPOW3BOJIBHOM TOUKE
ATOM KPUBOIM 00paTHO MPOIOPIIMOHANIEH a0CIUCCe TOUKU KacaHus ¢ Ko puiu-

€HTOM MPONOPLUHUOHAIBHOCTH k =35.
(OtBet: y=5Inx+3.)

3amanme 2. Haiitu ypaBHeHHe JMHHMM, IIPOXOJAIIEN dYepe3 TOYKY
M,(0,3), ecnu yrnoBoil k0d()(HUUIEHT KacaTeIbHONH B IPOU3BOIBHON TOUKE

ATOW KPHUBOW MPOTOPIIMOHATICH MPOU3BEICHUIO a0CIIUCCHl U OPAMHATHI TOUKU
KacaHus ¢ KO3PPHUIIMEHTOM MPONOPIIUOHATBHOCTH k =—2.

(OtBer: y=3€" )
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3amanme 3. Haittu xpuByto, 111 KOTOPOIl OTPE30K, OTCEKAEMbIii HOpMa-
JBI0 HAa OCH OpAMHAT B KakoW-IHMOO TOYKE KPHUBOM, pPaBEH PaCCTOSHUIO
OT Hayaja KOOPAUHAT A0 3TOM TOUKH.

(OtBer: x*=C(2y+C).)

BaJaHne 4. 3anucathb YpPaBHCHHC KpHBOI?I, CCJIM N3BCCTHO, YTO TOYKaA IIC-
peCCUCHUA JTI000M KacaTeIbHOM K KpI/IBOI?I C OChIO a6CHI/ICC OJNHAKOBO YyIaJICHA
OT TOYKH KaCaHUA U OT HadaJla KOOPAUHAT.

(OtBet: y = C(x2 + yz) )

3amanue 5. Hailtu ypaBHEHME KpHUBOH, MNPOXOIAIIEH 4YEpPE3 TOUKY
M,(1,0), ecin mmornaas Tparmenun, oOpa3oBaHHON KacaTelIbHOM, OCSIMH KOOp-

JUHAT 1 OpI[HH&TOﬁ TOYKH KaCaHHs, ITOCTOSIHHA XU paBHA E .

(OtBet: y = L x>.)
X

3.2 Pusuyeckue 33124, NPUBOAALIME K pelieHUuI0 1 depeHIHATbHBIX
YPABHEHHH

JAnddepenunajibubie yPABHEHUS TEIUIO00MEHA TejIa ¢ OKPYKAIOIIeH
cpeaou

Hpexnonoxum, yro 7'(¢) — Temmeparypa Tena B MOMEHT BPEMEHH [, a

T,, — temieparypa OKpyKarouiei cpeipl. TpeOyeTcst HailTH 3aKOH W3MCHEHHs

TeMIiepaTypsl Tena oT BpeMenu ¢ . [lo uzBectHoMy 3akoHy HeioToHa GeckoHeu-
HO MaJlo€ KOJIMYECTBO TEIJIOTHI d(), OTIIaHHOE TEJIOM B T€UeHUE OECKOHEUHO

Majoro MpoOMEXyTKa BPEMEHU df, MPONOPUHUOHAIBHO PA3HOCTU TEMIEPATYp
TEJa U OKPYXKaloIIe Cpelibl, CIEN0BaTENbHO,

dQ=-k(T-T,)dt, T>T,.

(YA

3nech k — K03(PGUIUCHT MPOMOPIIMOHATBHOCTH; 3HAK MTOCTaBJICH
IIOTOMY, YTO TIOTEPSI TeIIa dQ — BennumHa otpuuarensHasd. Ho, ¢ apyroii

cropoust Q=mc (T —1T,), tae m — Macca Tena; ¢ — TEIUIOEMKOCTb Tena. Jlo-

MyCKas, 9TO TETUIOEMKOCTh — BEJIMYMHA, HE 3aBHUCSIIAS OT TEMIEPaTyphl, HAXO-
muM dQ = mcdT . CnegoBaTenabHO,

medT =—k(T —T,,)dt
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WJIM, Pa3/esiiuB MPaByIO U JIEBYIO YaCTH PaBEHCTBA HA mc , MOJydYuM auddepeH-
[[MaJIbHOE YpaBHEHHE OCTHIBAIOIIETO TEJIA B BUIE

ar - _i( T-T ) .
dt mc ?
Paznensas nepeMeHHbIE, OTyYUM
ar __ k dr
T-T, mc

WNurterpupys ypaBHEHHE, TOCIE JAOCTaTOYHO MPOCTHIX MpeoOpa3zoBaHUi
3aMuIleM perieHue:

k

—t
Ir=T,+Ce ™,

rae C, — IOCTOSHHAs UHTETPUPOBAHUS.
ITycth B HauanbHBIN MOMEHT BpeMeHH ¢ =(0 Ttemmeparypa tena T (0) =T,.
Torza, ucronb3yst HavanbHbIe ycinoBusi, Haxoaum C, =1, -7, ¥ 3aKOH H3Me-

HCHUWA TCMIICPATYPbI OCTBIBAIOIICTO TCJIda UMCCT BU/L

kt

T(t)=T,+(L,~T,)e ™.

Crnenyer 3ameTuTh, uTO AuddepeHInanbHOE ypaBHEHUE TEMIEPaTyphl
HarpeBaroIerocs Teia (TC ,>T ) Oyzner UMeTh TOT K€ BUJ, a CIEI0BATEIbHO, U

AHAJIOTUYHOC PCUHICHUC

T(t)=T,+(T,~T,)e™",

k
rac kl =—— OoIpCACIAIOT OKCIICPUMCHTAJIBbHO.
mc

AHanu3 MOJy4YEHHBIX 3aBUCHMOCTEH MOKa3bIBAET, YTO B OOOMX CIIydasx
(ocThIBaHUA U HarpeBaHUs Teja) C TECHEHUEM BPEMEHHU ¢ — oo TEMIIepaTypa TeJa
CTPEMUTCS K TEMIIEPATYPE OKPYKAIOLIEH cpeibl (puc. 62).
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T
To= Tep
Tl =~~~ — - == === = —
Tep™To
T
0 t
Pucynok 62

IIpumep 83. B osnekrpoHarpeBarenbHyl0 I€4b C TEMIEpaTypoun
T, =1000° momecTmM 3aroTOBKY ¢ TemmepaTypoii T, =200°. Uepes aBa vaca

TeMIIepaTypa 3aroToBKH MoBbicHiack 10 7, =500". Haiitn Temmnepatypy 3aro-

TOBKU 4epe3 5 4acoB, €CJIM U3BECTHO, YTO CKOPOCTh MU3MEHEHHUS TEMIIEpaTypbl
3arOTOBKM MPONOPUMOHAIbHA PAa3HOCTH TEMIEPATYPbl CPEAbl U TEMIIEPATYPbI
3arOTOBKH.

Pemienue

T
[Iycrs T'(¢) — Temmeparypa 3aroTOBKH, TOT/A i CKOPOCTb M3MEHE-
t

HUS TEMIEPATyphl 3arOTOBKH. 3anuiieM auddepeHImaib-Hoe YpaBHEHUE Harpe-
BAIOLLErOC TeJa:

dT dT
Z:k(zp ~T) nm —-=k(1000-T).

Paszxen;m IICPCMCHHEBIC, 3aITUIIICM

d—Tzkdt
1000-T

[IpounTerpupoBaB 00e YaCTH paBEHCTBA, 3aMUIIEM OOLIEE PelICHHUE:

J-dT

————=k[dt+C; —In(1000-T)=kt+C; In(1000—-7)=—kt—C;;
1000 - T

1000—T =Ce™; T =1000-Ce™.
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U3 ycnosust ussectHo, uto 7(0) =200, 7(2)=500. [ToxcraBum 311 AaH-
HBIC B o0111ee penieHue auddepeHImaibHor0 ypaBHeHUS

7(0) =1000—Ce" =1000—C =200, orcroga C =800 u T =1000—800e™";

1

T(2)=1000—800¢* =500, orciona 800¢ > =500, ¢ = g ot ( % JZ

t

i T(t)=1000—800-(§}2.

Briuuciaum Temneparypy 3aroToBKH 4epes3 S 4acos:

3
7(5) =1000—800-(§j2 ~752.95°.

IIpumep 84. Temnepatypa Tena B Teuenue 20 muH. cHmkaerca ot 100 mo
60° C. Temmeparypa Bosayxa pasna 20° C. OmpeaeinTh BpeMs, 3a KOTOPOE
TeMmIeparypa Tena noumsutes 10 25° C, eclii CKOpOCTh OXJIaXkKACHHS Tela Ipo-
MOPIIMOHATFHA PA3HOCTH TEMIIEPATyp Teja U BO3AyXa.

Perienue

Jubdepennmansioe ypaBHEHHE, OIMUCHIBAIONIECE MPOIECC OXJIAKICHUS
TeJla UMEET BUJT

dT
= =—k(T-T),
dt ( 6)

rae T, — remneparypa Bo3ayxa, 7, =20, moacTaBuM 3TO 3HaYEHHE B
YpaBHEHHE:

9T _ k(1 -20).
dt

PaznenseM nepeMeHHbIE 1 UHTETPUPYEM YPAaBHEHHE:!

d—T:_kdt; i=—kja’t+C1; In(7T-20)=—kt+C;;
T-20 T-20

T=20+Ce™.
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Hewussectubie koapdunmentsl C U k onpenenuM U3 HadyadbHBIX yCIIO-
Buit: 7(0)=100, 7(20)=60.

T(O)=20+Ce°=100 = C=80u T=20+80e™";
1

T(20)=20+80e™" =60 = ¢ =0.5, ¢ =0.5% , Torna

T()=20+80-(0.5)2.

0
Brruncnum Bpewmsi, 3a KOTOpoe Temmeparypa Tena nmoHusutcs 1o 25 C,
JUTS1 3TOTO PEIINM YpaBHEHUE

t

80-(0.5)20 =5; (0.5) =i; (0.5)20 =(O.5)4; L=4 = t=280.
16 20
Taxum o6paszom, Teno oxiaures 10 25° C gepes 80 munyt w1 yac
20 MUHYT.

Aud¢epeHunaibabie ypaBHEHMs] JIBHKEHHMSI TBEpPAOro  TeJjia
MO/ AeHCTBHEM 3aJaAHHBIX CHJI

[IycTp Temo mMaccou m ABUIKETCS MOCTYIIATENIBHO MOJ JECUCTBUEM CHIIBI
TATW [ W CUJIBI CONPOTHUBJICHUS JABWXeHUIO [, . HalWTi CKOpOCTh Tenma Kak

(yHKIMIO BpeMeHH ¢, ecid B HadalbHBIH MOMeHT BpemeHn ¢=0, v(0)=v,.

31ech v — HCKOMasi CKOpocTh jaBikenmsi, F, = f(v), F, =g(v). CocraBum

conp
audepeHnranbHoe ypaBHEHNE ABIKEHUS TEa.

CornacHo BTOpoMy 3akoHy HploToHa, cuia, moj AE€WCTBUEM KOTOPOM
ABIDKETCSl MaTepHajibHas TOYKa, paBHA IPOM3BEACHUIO MAcChl TOYKM Ha ee
YCKOpEHUe:

dv

m—=1F,
dt

v o
rac ? — YCKOPCHHUC JIBHIXCHHA TOYKH, F - Cujia, ACHUCTBYIOIIAad B
t

HaIpPaBJICHUU JIBIWKeHUA. B Hamewm ciayyae F'=F, —F, ¥ ypaBHEHHE JBHKE-

conp

HHA 3alIMIICTCA B BUJC

dv
mE = FT - F;onp :
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Petienue 3Toro ypaBHEHHUs M TMOJICTAaHOBKA HAYaJIbHBIX YCIIOBUN MOJHO-
CTBIO OITUCHIBAIOT XapaKTEP JBUKECHUS TENa.
[Tycts Ham TpeOyeTcsi HAMTH CKOPOCTh Kak (YHKIUIO MTPOUIEHHOTO TOY-

ko nytu. O003HAYUM IYTH Yepes S(t) Toraa ﬁzv(t) ﬁ=ﬂ-d—S:v.ﬂ
o b e ’ dt “dt dS dt dS

N YPaBHCHUC NBUIKCHUA IIPUMCT BU

dv
mv% =Fp = Feonp-

Ipumep 85. Teno IBMKETCA NPSIMONMHENHO C YCKOPEHUEM, IIPOIIOPLUO-
HaJbHBIM MPOU3BEJICHUIO CKOPOCTH Vv Ha Bpems ¢ . HallTh 3aBUCUMOCTb MEXITY
CKOPOCTBIO U BPEMEHEM, €CJIM B HAaYaJIbHbII MOMEHT BPEMEHU CKOPOCTH Teia
obma 50 kM/4, a gepe3 20 MUHYT TIOCIIe Havdana aIBmwKeHus 60 km/4.

Permienue

HCXO,ZIH n3 yCJIOBHUA, 3AITUIICM:

a=kvt wnm ﬂ=kvt
dt

(ypaBHEHHE C pa3ACNAIONIMMUCS TMEPEMEHHBIMU) M HayaldbHbIE YCIIOBHUS

v(0)=50, v . 60 (20 MUHYT COCTaBISIOT 1 4acTh Yaca).
3 3

[Tocne pa3neneHus nepeMeHHbIX B AU PepeHIInaibHOM ypaBHEHUU U UH-
TErpUPOBAHUS, TTOTYUUM

2
ﬂzktdt; j@:k.[zdﬁq; lnv:ki+cl; v(t)=ce? .
v % 2

[ToncraBum B 0011I€E pellICHUE HAYAIbHBIE YCIIOBUS:

kt?

v(0)=Ce’ =C=50 = C=50; v(r)=50€>;

1 13 k
v(gj =508 =60 =>e2=12’.

TOI‘I[& 3aBUCHUMOCTb MCKIAY CKOPOCTbIO M BPCMCHCM JIBUIXCHHUA TCJId
IIPpUHHUMACT BUI

v(t)=50-1.2""
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IIpumep 86. MoropHas JiojKka JABUKETCS B CIIOKOMHOW BOJIE CO CKOPO-
cTbi0 Vv, =20 xkM/4. Ha monHoM xoxy ee MoTop BbIKItouaeTcs u yepes 40 ¢ mocne

3TOT0 CKOPOCTH JIOJKH YMEHbIINIACH 10 V,=8KM/4. CONpOTUBIIEHUE BOIbI IPO-

MMOPHHUOHAJIBHO CKOPOCTHU ABUKCHUS JIOAKHU. OHpe,ZIeJII/ITI) CKOPOCTDb JIOAKH YCPEC3
2 MUH IIOCJIC OCTaHOBKHU MOTOpa.

Pernienne

—
I?JIIII'I

—

_ =
e — ——

e e

Pucynox 63

CornacHo BTOPOMY 3aKOHY HI)I-OTOHa, ABUIKCHHUC JIOAKH OIIPCACIIACTCA
PaBCHCTBOM

ma=—-F

conp *

ITo ycnoButo F, = kv, oTcronia

conp

HavanbHsle yenosus v(0) =20 u 1{9—10) =38.

Haiinem obmiee penienre ypaBHEHUS TBUKESHUS JIOIKU:

k
dv k dv k —t
o T j—:——jdt+C1; v(t)=ce .
\% m \% m
[MoacTrapnss B 00IIEe PENIEHHE HAYAIbHBIC YCIOBHS, HAlJIEM HEU3BECT-
HBIC ITIOCTOJAHHBLBIC:

k

v(0)=Ce’ =20 = C=20; v(r)=20€ ";

& *
v(g—lonzoe =8 = @ " =0.4"; v(r)=20-(0.4)""

Brrancinnm CKOpOCTh JOAKK Yepe3 2 MUHYTHI ITOCIE OCTAHOBKM MOTOPA.

1
2MUH=—1Y, TOT/a
30

V(%j =20-(0.4)’ =1.28 (kw/a).
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IIpumep 87. [Tapaurtotuct maccoit 80 kr mpeiraet ¢ BeicoThl 1000 M 6e3
HayaJbHOM CKOpOCTH. CONMPOTHUBIEHUE BO3/lyXa MPU CIIYCKE MPOMOPIUOHATBHO
KBaJpaTy €ro CKOPOCTU ¢ KOAPPUIIMEHTOM MPONOpIHOHAIbHOCTH k =4 . Onpe-
JICIUTh 3aBUCUMOCTh CKOPOCTH CIIyCKa OT IMPOMIEHHOIO MYTH M YCTAHOBHUTH
CKOPOCTb MapanitoTUCTa B MOMEHT PU3EMIICHUS.

Pemenune
H,=0
I*Il_:-;unp _I+I_
a 1000m
mg
i
!
Pucynox 64

3anuimeM 3aKoH ABYOKCHUS ITApalIrOTHUCTA:

_ 2
ma=mg—F, =~ um %=M
m

Iycts h(#) — HpOIACHHBI NApaIIIOTHCTOM IyTh NPH cIiycke. 3BecTHO,

qTo

dh dv dv dh dv
—=v(h)u —=—-—=v—,
dt dt dh dt dh

TOraa ypaBHCHUC JIBHMIKCHUS ITAPAIIOTUCTA TPUMET BUA

vﬂ_mg—4v2
dh m

Pa3znenum nepeMeHHbIE B MONTy4eHHOM AU(PepeHIInaTbHOM YPaBHEHUU U
IIPOUHTErPUPYEM €TO0:
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vdy dh'J vdy =%th+Cl;

mg—4v2_m’ mg —4v°

1 2 h 2 _8h 2 ﬁ
——ln‘mg—4v ‘=—+C1; ln‘mg—4v ‘z——8C1; mg—4v =C€é " ;
8 m m

—8h
mg—-Ccem .

YuuTeIBas, 4YTO CKOPOCTb M IIyTh, NPOWJIECHHBIM IAPALIIOTUCTOM B
HaYaJIbHBI MOMEHT BPEMEHH PaBHbI HYJII0, T. €. v(0) =0, Haiinem C:

2 o 1
by =mg-Cc€é" = v(h)zE

v(O)z%ng—CzO = C=mg.

HOI[CTaBI/IB B BBIPAKCHUC [JIA V(h) 3HAa4YCHUC C, a TaKKC H3BCCTHBLIC
HAaHHBIC, ITOJTYYHUM 3daBHCHUMOCTBb CKOPOCTH CITyCKa IMapamroThucCTa OT HpOfII[eH-

HOT'O ITyTH:
1 —8h [ —h
v(h)=§ 80-9.8| 1-€% |=14V1-€'"° .

JIyist TOro YTOOBI HAMTH CKOPOCTH MAPAIIIOTHCTA B MOMEHT MPH3eMIICHUS,
Heo6xoxuMo Berauciuts v(1000):

—1000
v(h)=14V1-e © =14J1-e"" =14 /.

Takum 00pa3oM, CKOPOCTh MapaIIOTUCTa B MOMEHT mpu3emiieHus 14 m/c
Y 3Ta CKOPOCTbH SABJISIETCS JIJIs HETO MaKCUMAaIbHOM.

Ipumep 88. Iloe3n, Bec KOTOpoOro P BMECTE C TEMIOBO30M, JBUKETCS 110
MPSAMOJIMHEMHOMY ITyTH (FOpU30HTaNbHO). CHila TArM TEIIOBO3a MOCTOSIHHA U
paBHa F'. Cuia W conpoTHBIEHUS NPU JIBHKEHUH 3aJa€TCs KakK JIMHEHHas

byHKUIUS (W=Pf +kv) OT CKOpPOCTH IMoe3na. HalTtu 3aBUCUMOCTH CKOPOCTH

noe3zia OT MPONUACHHOTO ITyTH, €CIM B HAYaJIbHBII MOMEHT BPEMEHU CKOPOCTh U
nyTh paBHBI HymO. (31ech f — KoadduimeHT Tpenus, k — K03 UIUEHT Mpo-
MOPLIMOHATILHOCTH).
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Pemienue

Pucynox 65
3aKOH JBUKECHUS TTOE€3/1a UMEET BU/I;
ma=F—-W.

[loxcraBnsisi JaHHBIE U3 YCIOBHS, MTOJIYIUM
dv
Pa=F—-Pf—kv wumm P?:F—Pf—kv.
t

YuuteiBas, 4To

dv_dv ds_ dv
dt dS dt ds’

rae S — paccrosiHue, v=v(S) nepenuuieM auddepeHnuansHOe ypaBHe-
HUE B BUJIE:

PvﬂzF—Pf—kv.
ds

Paznensst nepemennble U uHTErpupys AuddepeHnraisHoe ypaBHEHUE,
HalJIeM 3aBUCUMOCTh CKOPOCTH T10€3/1a OT MPOMIEHHOTO MTyTH.

vdv  _dS _l.F—Pf—kv—F+Pfdv_£
F-Pf-kv P’k F—Pf —kv

=B :—Lis; v+F_Pf1n(F—Pf—kv):—5S+c.
F-Pf—kv) P k P

U3 nagansroro ycnosust v(0)=0, S(0)=0 Haiinem nocrosauyto C':

F-Pf

In(F-Pf)=C,
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TOT/Ia 3aBUCUMOCTb CKOPOCTH I10€3/1a OT MPOMJICHHOTO PACCTOSHUS MPUHUMAET
BU/I:

F=Pf o . .~ ko F-Pf
v+—k In(F —Pf —kv) PS+—k In(F - Pf)

WIH
F-P kv k
v+—fln l-—— |=——
k F-Pf P
Ipumep 89. CHapsii BbICTpesieH BEPTUKAIBHO BBEPX C HAYaJIbHOM CKO-
pocThIO V,. CHlla CONPOTUBJICHHS JIBIKCHUIO cHapsaaa pasHa F_ = Bmv’, rie

conp
[ — asponuHamudeckuii K03(h(UIMEHT, m — Macca CHapsaa, v — HCKOMas
CKOpOCTh. OnpeaeanTs BEICOTY MOIbeMa CHapsia.

Pemienne

CocTaBuM pacueTHYIO CXeMy U BBeleM 0003HaueHus. [[Br>keHue cHapsa
YCJIOBHO ITPUHUMAETCS 3a ABHXKEHUE MATEPUATIbHOW TOYKH MACCOM m MOJ JCH-
CTBHEM CHJIbI CONPOTUBIICHUS BO3AyXa I 1 coOCTBEHHOTO Beca P =mg, rie

conp

g — yckopeHue cBo60aHOro naneHns. O6o3naanm ¢ — Bpemst, h(t) — npoiixeH-
. v

HBIIl CHAPSIOM IIyTh, V(¢) — CKOPOCTb ABWIKCHHUs CHApsia; TOrAa - yCcKOpe-
t

HUE CHapsja.

3 H
ma
a
i)
I_:-::n:-np
Mg
Ho =0
Pucynox 66

CocraBum nuddepeHnuanbHOe ypaBHEHNE ABKEHUS cHapsaa. CoriracHo
BTOpPOMY 3akOHY HproToHa,

m—=—

dv
=

P+F,. ),

conp
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I/ 3HAK MUHYC YKa3bIBAa€T, UTO CHUJIbI BECA U CONMPOTUBIICHUS 3aMEJISIOT
JIBUKEHUE CHApsa, T. €. HAIIPaBJICHBI MPOTUB €ro JABMXEHUS (puc. 66). YUuThI-
Bas BhIPAXEHUA Ui F. W P, mojyuyum

conp

dv

mZ=—(mg+,Bmv2)
YJIH
d
?‘;z—(g+ﬂv2).

YuuthiBas, 4To

dh dv dv dh dv
—=v(h) uw —=— —=v—
dt dt dh dt dh

>

ICPpCIIMIICM YPABHCHHC B BUIC

Ot10 u ecTh qudPepeHnmanTbHOe YpaBHEHUE IBIKEHUS CHapsiga. Tak Kak
B Ha4aJbHBIM MOMEHT BpeMeHH f =0, CKOpPOCTb CHapsA1a paBHA V,, a IPONJICH-

HBII1 IIyTh PaBeH HyIII0, TO HAYaIbHOE yCIIOBHUE 3amuiieM B Buzae v(0)=v,.

Haiinem dwactHoe pemenne auddepeHInaiIbHOTO ypaBHEHUS JIBHKCHUS
CHapsiia, y[OBIETBOpsOLIee HavanpHOMy yciosuo v(0)=v,. Pasnemss mepe-

MCHHBLIC, ITOJIYUHNM:

.
g+ pv
HNurerpupyem:
ILJV=—J‘dh+C1; Lln‘g+ﬂvz‘ =—h+C; g+pv’=ce?’,
g+pv’ 288

cer—g .

v(h)= 7
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HCHOHB?)YH Ha4YaJIbHOC YCHOBHC, HElI?’II[CM 3HAYCHUC C:
C—
V(O)z ﬂg:v0:>C=g+IBv§,

OxoHYaTEJIbHO YaCTHOC PCHICHUC ITPUMCT BU

(g+pv;)e " ¢
5 .

B MoOMeHT nmocTMXKEHUsI CHaps/ioM CBOETO HAaWBBICIIEIO 3HAYCHUS
(h=H) cKOpOCTb €ro, OYeBHIHO, JOJDKHA PaBHATHCS Hyio, T. e. v(H)=0.

v(h)=

[ToncraBmsist 3TO yClIOBUE B YpaBHEHUE JBIKEHUS CHApAIA, MOTyYUM HauOOJb-
IIYIO BBICOTY MObEMA CHApSIAA:

2\ p2BH _
V(H): (g+ﬂvo)e g —0: (g+ﬁv§)€_2ﬂH — g et _ g

Vij g+,

— ! In g = |-
23 g"‘ﬂvo

IHpumep 90. Touka mMaccoll m HIBUKETCA NPAMOJIMHEMHO; HA HEE AEH-
CTBYET CHJIa, IIPOMOpIHOHANbHAS KyOy BpemMeHH (K03()PHUIMEHT MpOomopiHo-
HaJlbHOCTH Kk ). KpoMe Toro, Touka MCHBITHIBAET IPOTUBOAECHCTBUE CPEbl, IIPO-
HNOPLUMOHAILHOE MPOU3BEICHUIO CKOPOCTU U BpeMEHH (KO3((ULIHMEHT Mporop-
LUOHAJIBHOCTU k). HaliT 3aBUCUMOCTb CKOPOCTH OT BPEMEHHM, €CIIM B MOMEHT

t =0 CKOPOCTb TOUKH ObLIA PABHA V.

Pemienne

1

T
il

o
L=1
e |
=

Pucynox 67

v
HYCTI) V(f) — CKOpPOCTb ABHIKCHUA TOYKH, TOI'A ? — YCKOPCHHUC TOYKHU.
t

3anumem YPaBHCHHUC ABUKCHUS TOUKHU

dv ’
mz =k’ —kvt wm  mV+kyvt=kt’,
t
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KOTOPOE SABISETCS JIMHEHHBIM ypaBHEHHMEM IEpBOro nopsaka. Crenas 3aMeHy
v=yz (y =y(1), z= Z(z‘)) , TIOJTY9HM:

Z+-1zt=0
’ ’ kl _ k 3. ’ ( ’ k1 j_ 3. m
yvzt+yz +—yzt=—1t";, yz+y|lz+—zt |=—1,
m m m m , ko,
yz=—1",
m
ky 2
(1) %:—ﬁzt; %:_ﬁtdt; lnzz—ﬁtz; z=€ " ;
dt m z m 2m
kl 2 ﬁ,l ﬁtz
@ yer =Lp, y-Epeu', y=£jt3e2m dt =
m m m
__t =p tz—z_mp _ 2
2m ’ k
O = e
2tdt=—mpdp, tdtzﬂdp " ! :
L ki ko
(MHTErpUpyEM I10 YACTSM)
2km 2km 2km 3¢k
= e’ —|efdp)= P(p=1)+C= —L P —1|+C.
E (p-e’ =[e'dp) R E (Zm J

Takum 00pazom,

ky 2 _ﬁlz _ﬁtz
v(t) = yz=| 2 oo’ (kl t2—1j+c e :—2k’2”(—k1 t2—1j+C€ o
k, 2m 2m

1

U3 nauansHoro yenosus v(0) =v, Haiinem C:

ka = C=y,+ _2k72n

1 1

v(0)=

H 3allMIIEM BBIPAXXKCHUC, OIIPCACIIAIOICE 3aBUCUMOCTb CKOPOCTHU TOYKH OT BPC-
MCHU:

Ky ko ko
v(t)zzkm(k lj re [v0+2km]=2km(k —14+e j+v0€ e

k> \ 2m k’ k> \ 2m
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IIpumep 91. MammHa Maccoil m TPUBOAUTCS B JABWKCHUE CUJIOU
F (F= const) , KOTOpasi 3aMeJIsIeTCsl CUjlaMu TpeHusl B onopax. Cuiia TpeHust

MPOMOPUHAOHAIBHA CKOPOCTH, HO TaK KakK MPOUCXOAUT HArpeBaHUE CMAa3Ku B
oropax, To Ko3h(OUIMEHT TPOMOPIIMOHATIEHOCTH MEHSIETCS CO BPEMEHEM, U €T0

a o
NPUHUMAIOT paBHBIM —— (@ U [ omnpeiessiioT SKCIeprUMeHTanbHO). Haittu

ypaBHEHHE JBIKCHMS MAIIHHBI, MPEATNoaras, 4yTo B MOMEHT BpeMeHH f =0
v(0)=0.

Pernienue

—

=)
=

Pucynok 68

==

i

v
OGo3Ha4YMM CKOPOCTH MalIMHBL V(1), i YCKOPEHHE MAIlIMHBI, TOT1a
t

YPaBHCHUC JIBHUKCHUA MAIMHbI UMCCT BU/L

dv o , ov F
m—=F—-———v wuwm V+———"-=—

dt t+ m(t+pB) m

[TonyueHHOE ypaBHEHHE SABJISACTCA JMHEHHBIM AU(P(EPEHINAIBHBIM yPABHECHH-
€M, ISl €T0 PEIICHUS CIENIAeM 3aMEHy V = )z (y =y(1), z= Z(z‘)) . Umeem:

, oz
P ——
, ;. ayz F, , oz F m(t+ f3)
Ve+yZl +———="—; Yzt+y| I +—— |=—;
m(t+ ) m m(t+p)) m , F
z=—)
Y m
dz oz dz o o _a
) —=—————;, —=————dt; Inz=——In(t+pf) = z=(t+ ) n;
O =Tt ) = mr g™ me=, )= 2=+ h)
/7 _g F 7’ F g F g
(2) y(t+ﬁ)m:—; y:—(f+ﬂ)m; y:—J(f+ﬂ)mdt+C:>
m m m
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) fy ) EUxh) s
v(t)=(t+p) (OHm(H,B) +Cj— po— +C(t+ ) n.

[Toncrapisis B o01iee pelieHrue ypaBHEHUSI HadalbHOE YCIOBHE v( O) =0,
HaneMm C:

v(0)= PP cpn=0=c=-1F"
a+m a+m

U 3aIIMIICM 3aKOH JIBHMXKXCHHS MAllIMHBI:

LB FB

oa+m oa+m oa+m (t_I_IB);

AuddepeHunanbHoe YpaBHeHHe CWIbI IIEPEMEHHOI0 TOKa B cjy4ae,
KOI'/Ia B LleNHM eCTh CAMOMHAYKIUSI H OMHYeCKOe CONPOTUBJICHHE

[Ipeanonoxum, 4To B L€ OMUYECKOE COMPOTHUBIICHHE PAaBHO R, cuia
Toka [ BO30YKHaeTCs AICKTPOABIKYIIEH cuimoit £. CaMouHayKuus paBHa L.
IlycTh M3BECTHO, 4YTO OJJICKTPOJABMKYIAs CHJIa MEHSAETCS II0 3aKOHY
E=Essinwt, rne E, u @ — nocrosHHele. TpeOyeTcs onpenenurs CUIly TOKa B

LeNY B MOMEHT f, 3Has, 4TO B MOMeHT { =0 oHna paBHa Hymo: [, =0.

N3BecTHO, YTO i1 CUJIBI TOKA / W CONPOTHBIEHUA R TOTEPS HAIpsixKe-
HUs paBHAa [R. Jlimg menu ¢ caMOMHAYKUMEW L TOTEps HAIPsSHKEHUS paBHA

L?. [ToaTOMY mOJIHAs MOTEPS] HAPSKEHUSI BO BCEH Lienu OyIeT:
4

E=IR+L£.
dt

3aMeHss AIEKTPOABUKYILYIO CUIy E €€ 3HauyeHUEeM, Mbl BUAUM, YTO
OTBICKAHWE CHJIBI TOKA [ TIPUBOJUT K MHTETPHUPOBAHUIO JIMHEHHOTO AuddhepeH-
HAJTBHOTO YPABHEHHUS IIEPBOTO MOPSJIKA:

AR Lo, (%)
d L L
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Perunm nostydenroe ypasHenue. Ilycrs [ =uv, rae u(¢) u v(t) susrores

peneHusMy AUQGepeHInaIbHbIX YpaBHEHHUHA

dv R
—+—v=0,
dt L

du _ E sinwt
dt  Lv(t)

R
Pewas nepBoe ypaBHeHue, noayuuM v =€ £ . [loacTtasiss 370 3HaU€HHE
BO BTOPOE ypaBHEHHE, [OJyYHM ypaBHEHHUE Ul olpeaeaeHust u(1):
R
du E, . -t
=—YSsinwt €* .

dt

WNurterpupys, Haxoaum

R
2t
u =&jsina)t el dr+C.
L

Torna oOuuit uHTErpan ypaBHeHus ( * ) IpUMET BUJ:

R

Ry Ry
=€’ (%Isinwt et dt+Cj.

Ho Tak xak
Rt
L Le' (Rsinwt— Locosmt)
IeL sinwtdt = 5 P
R +w'L

>

TO
R

L”(R sin @t — Locos ot ) + cetl .

I=—
R +wL

Hcnonb3ys HavansHoe ycnosue (pu ¢ =0 [, =0), Haiinem nocrosiaayro C':

E, Lo

C=—2"_
R*+ o'’
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[TosToMy

E . K¢
Izﬁ Rsinwt — Lwcoswt + Lweé - |.
R +w'L

Hpe,ZICTaBHM HCKOMOC PCIICHUC B Ooiee y,HO6HOM JJIA BBIYMCIICHUA BUJC.

Lw
[Tomaras ? =1tg @ (yroa ¢ Ha3bIBaIOT CMEIICHUEM (a3bl), OTYUUM:

Rsinwt — Locos®t =\ R’ + @’ sin(wt - ¢),

qTO JacT

R
Ry .
_E,Lwe ! +E0s1n(a)t—(p)

1
R+&'l’ R+

Cuma TOKa, KaK ITOKa3bIBACT 3TO PABCHCTBO, COCTOUT M3 ABYX JacTeu:
R

TIepBas HMEET XapakTep 3aTyXaHus (MHOXUTeIb € © ); Bropas — Iepuoande-
CKHii XapakTep (MHOXUTEND sin( @ — @)).

IIpumep 92. D11eKTPOMOTOpP BKIIIOYEH B Lienb ¢ HampsbkeHuem E=300 B,
obmee compotuBienue R=150 Om. Koadpounuent camounaykimu L=30 I'n.
Haiitn cuny Toka yepes 1 ¢ rmocie 3aMbpIKaHus LEIH.

Pemienue

Bocnons3yemcst auddepeHnmaibHbIM ypaBHEHUEM /IS OTIPEICTICHUS CH-
JIbI TOKA B LIETIH B JIFOOOH MOMEHT BPEMEHH ¢ :

IR+L£=E.

dt
[ToacTaBuB cro/1a JaHHBIE U3 YCIOBUS, OJIYYHM CIIEIYIONIEE YPAaBHEHHE:

307"+150/ =300 wmm I'+51=10.

DT0 ypaBHEHHC SIBISCTCS JIMHCHHBIM; caenaem 3ameny [ =u(t)-v(¢)
(I'=uv+uw):

uv+uy +5uv =10 & u'v+u(Vv' +5v)=10.
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[Mpeamnonaras, uro v +5v =0, nomyunm u'v=10.

vV +5v=0; ﬂz—Sv; ﬂ=—5dr; Inp|=-5t = v=e";
dt v

we™=10; u'=10e" = u=2e"+C.
Takum 00pazom,
I(t)=e(2¢"+C)=2+Ce™.

Y4uThIBas, YTO B MOMEHT BpeMeHM {=( cuia ToKa OblJa paBHa HYJIO,
1.e. 1(0)=0, Haiinem C:

1(0)=2+Ce’=2+C=0, orcroma C=-2,
I(t)=2-2¢"".

OHpe,ZIeJII/IM CUITy TOKa 4€pcC3 1 ¢ mocie 3aMbIKaHUS OCIIn:
1(1)=2-2¢7 ~1.9865 (A).

YpaBHeHHe 3aTyXaKOIIMX KOJIeOaHUiT

PaCCMOTpI/IM cnyqaﬁ ABMOXKCHHS TOYKH IIOJ I[CﬁCTBPICM CUJIbI, IIPUTATH-
BaI-OHleﬁ TOYKY K HCIIOABUKHOMY LCHTPY, IIPU HAJIUYIHUH COIIPOTUBJICHUA CPCABI,
MMPONOPHUOHAJIBHOTO CKOPOCTHU TOYKH.

X
I[Iyctb x(¢) — mepeMelueHne TOUKH, TOrAA e ckopocTb. O603HaAUUM
t

kod(durmenT mpomnoprmoHanbHOCTH 2Am (h>0), TOrmaa MCHONB3YysS BTOPOM

3aKOH HI)I-OTOHa, I[H(i)(i)CpCHHHaJII)HOG YPaBHCHUC IBWKCHHUA TOYKHW MOXHO 3a-
IrucaThb B BUJIC

2
md—f =—k*mx — 2hmﬂ
dt dt
1580071
2
X o™ 4 ka0,
dt dt

rze x(t) - KOOpAMHATA IIEPEMEILCHHS TOUKH.
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DTO NMHEIHOE OAHOPOAHOE YpaBHEHUE BTOPOTO MOPSIAKA C TOCTOSHHBIMU
koadduimentamu. Ero xapakrepuctuyeckoe ypaBHEHHE

Z242hz+k*=0

JNAET KOPHU z, =—h+h' —k> u z,=—h—~h>—k>.

[peskie Beero, paccMOTpUM HamboJlee BaKHBIN Clyydaif, KOr1a KOpHHU Xa-
PaKTEPUCTHYECKOTO YPABHEHUs KOMILIEKCHEI, T. €., Koraa h° —k* < 0. [Tonaras,
uro i’ —k* =@’, Gynem umethz, =—h+wi, z,=—h—@i ¥ TOrMA ObLIEE pE-
HIEHME:

—h .
x=e"(C cosax+C,sinar).
V4uUTHIBAsA, YTO B MOMEHT BpeMeHH ¢ =( HayalbHOE TOJOKEHHE TOUKH

X
X =X,, 4 Ha4aJIbHasA CKOPOCTb ? = x(’) OIIPCACIINM ITPOU3BOJIBHBIC ITOCTOAHHBIC.
t

B cuny neporo ycnoBus
x, =(C,cos @0+ C,sinw0)e™ = C, =x,;
o0pa3zyst IPOU3BOAHYIO

% =e " (=Chcos @t — C,hsin ax — Cwsin @t + C,wcos @)

", IOAYHHAA €€ BTOPOMY YCIIOBUIO, ITOJIYUHUM:

’
_ X + x,h
W

CZ
Takum 00pazom,

’

et Xy T X0 .

xX=e | x,coswt + ———sinax
w

IlepenuineM MpaBylo 4acTh PABEHCTBA B BUJIE
—ht -
x=pe "sin(wt+@,),

rIe

1\/ 2 2 , 2 X,
=—\|X, @ +(x,+x,h), @, =arctg—"—.
p W 0 ( 0 0 ) 0 x0+x0h
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N3 paBeHCTBA CieAyeT, YTO ABMIKEHUE MMEET KOJIeOATCIbHBIA XapaKTep.
ITepuon xonebanuii

27 27

n) /kZ_hZ.

2w o
CpaBHuBas ero ¢ nepuoaom 1; = 7 CBOOOJIHBIX KOJIEOAHUM, BUJIUM, YTO

T>T

0"

Iycrs x(0)=x, 1 x(0)=0. Torxa

2

P =x,,|1+ I e"sin(axt+g,).
@

[IprnaBas BpeMeHU ¢ 3HAYEHUSA

YUYUTBIBAs IMOJyYEHHOE PABEHCTBO, HAWIEM:

— . — . — o . — @ .
X, =Xy, X,=—Xe Y5 x;=xe C; x,=—xe “ ;...

OTCIOI[a BHUJIHO, 4YTO a0COJIFOTHBIC 3HAYCHHUS a6CHI/ICC, T. €. IMOCJICO0OBA-
TCJIBbHBIC OTKJIOHCHMUI KOJIC6J'IIOHICﬁC5I TOYKH OT HCIIOABHIKHOI'O LICHTpPA, 06pa-
3YIOT OECKOHCYHO Y6BIB8,I-OHIYI-O IrCOMCTPHUUCCKYIO IIPOTPCCCHIO CO 3HAMCHATC-

—hr

JIEM, paBHBIM e ® . DTO W €CTh CiIydail TaK Ha3bIBa€MbIX 3aTyXaOIIUX KoyeOa-
HUil. 3aKOH M3MEHEHHs! X () B 3aBUCHMOCTH OT BPEMEHH IpPEACTaBICH rpadu-

4YecKu Ha puc. 69.

Pucynok 69
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v 2 2
Paccmorpum ciywait, korna h”—k”>0. Kopuu z, u z, Oynyr Beme-
CTBEHHBIMHU U OTPULATEIIbHBIMH:

x=Ce" +Cye™.

[Tpou3BosIbHBIE TIOCTOSIHHBIE OIPENEIUM Ha OCHOBAHMM HayaJbHBIX
. X
YCIOBHH (X = X, % = x, nipu ¢ =0). crionb3ys HaYaIbHBIE YCIOBHUSI, TOIYIHM
4
CHCTEMY JIMHENHBIX anredpandeckux ypasHeHuil otHocutensHo C, u C,:

C +C, =x,
z,C +z,C, =x].

Pewras cucremy, nosryaum:

’
X, — X, Z
— 70 072 —
Cl_ ’CZ_

z,— 2z, z,—z,

’
XoZ; — X,

OxoHYATEIBHO HCKOMOE PCUICHUEC MOKHO 3aIIMCaTh B BUJIC!:

’

/7
X) — X,Z X,Z, — X
x(1) =002 4 SEL_T0 07
z,—z z,—z
1 2 1 2

dx
Hccnemyem moaydeHHOE peEIIeHWE, JUIA 3TOr0 X W — TMEperuieM

dt
B BUJIE:

’

4
X, — X.Z X.Z, — X .
x(t)z 0~ 02 Lo | 14 2ot Tt (=2E)
zZ,—Z Xy — X2
174 0~ %o%2

4 4
dx _ Xy, —XZ, ) %021 — % ,ﬁe(zle)f

— =0 " 0=p 1+
dt z -z, X, — X2, Z
1 2 0 0-2 1
JIerko BUAETh, YTO €CIIN
Xz, — X
—1 050,
Xo — %02,
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x
10 HU X (), HE CKOPOCTH —; HH pasy He 00paImaTCcs B Hyllb. JTO 03HAYAET,
t

9qTO TOYKa HpI/I6JII/I)KaeTC}I ACUMIITOTHYCCKHU K IIPUTATUBAOIICMY HOCHTPY, HAXO-
JChb BCC BPCMA C OI[HOﬁ CTOPOHBI OT HETO. Ecnn

’
XoZ, — X,

<0,

’

Xo — %02,

dx
TO KaK x(t) , TAK U ?MOFYT 00paTHThCS B HYJIb 110 OAHOMY pa3y.
t

PaccMoTpuM TocHenHuil ciydaif, korga h’ —k° =0. XapakTrepuctuue-
CKOE YpaBHEHHME MMEET ABYKDPATHBIM OTPULATENBHBIN KOpeHb z, =z, =—h. O0-

niee penieHue 0yneT UMETh BUT
x=(C +Cyt)e™.
[Ipon3BOIBHBIE TOCTOSTHHBIE ONPENEIUM U3 TEX K€ HAYAJIbHBIX YCIIOBUM:
C,=x,, C,=x,+x,h.
B aTom ciydae uckomoe penieHue 3anmuieM Tak:
x= [xo +(x) + xoh)t]e_h’ :

AHanu3upys MOMy4eHHOE BBIPAKEHME, JErKO 3aMeTHTb, Y4TO 110 MCTeue-
HUU JIOCTATOYHO IIPOAOIIKUTENLHOIO MPOMEXKYTKA BPEMEHM [ TOYKa OyIeT
CKOIIb yrOHO GJIU3KA OT HPUTATUBAIONIErO LIEHTPA.

Kose6anus MArHUTHOM CTpeJKK raabBaHOMETpa, KolebaTenbHbli paspsi
KOHJIGHCATOPa, KOJNeOaHHs HEKOTOPHIX PETyNSATOPOB MAPOBBIX MAIIMH MOTYT
CIY’KUTh HPUMEPAMH 3aTyXaIOIMX KojneOaHuil. [[BUKEeHNE, COOTBETCTBYIOMIEE
ciyasm A —k>>0 u A’ —k>=0, uMeeT MecTo IpH GOJIBLUIOM COMPOTHB-
neHuu cpefibl (HalpuMep, JBUKEHHE MATHUTHOM CTPENKH IPH CHUILHOM YCIIO-
KOUTEJE).
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3ajanus I CaMOCTOSAITEILHOM PadoThI

3apanme 1. Kycok meramna ¢ temmneparypoit 100° C momenieH B 1meusb,
TeMIiepaTypa B KOTOpO#l mojjaep:kuBaercs noctosHHo paBHoit 500° C. 3a yac
teno Harpesnock 10 200° C. OnpenenuTs TeMneparypy Teda udepe3 2 yaca u

BpeMsi, 32 KOTOpOE TeMIIepaTypa Teja YTPOUTCH.

(OtBet: 275°C, t = _In2 =2 425 MUH.)

In4—1n3

3ananme 2. Temneparypa BIHYTOTO U3 nieun xjeda cHmxkaetcs ot 100 mo
60° C 3a 20 mun. Temneparypa Bo3ayxa 25° C. Uepes kakoil MPOMEKYTOK Bpe-
MeHH (0T Hayaja OXJIaKJEHHUs) Temmeparypa xjeda nonusutcs a0 30° C?
(OtBet: 71 MuH.)

3aganme 3. Teno Maccol m magaeT ¢ HEKOTOPOH BBICOTBI CO CKOPOCTBIO
v(0)=0. IIpn mageHnH TeIO UCHIBITHIBACT COPOTHBICHNE BO3AyXa, IPOIIOPIIH-

OHaJIbHOE CKOPOCTH. HaliTh CKOpOCTh Majaromiero Teiaa v(t) B 110001 MOMEHT

3
BpeMeHH ¢ (K03 (PUIIMEHT IpONOPIIMOHATFHOCTH PaBEeH 5 ).

3

(Otser: v(t)z%mg [—e )

3aganue 4. [Ipoxozas yepes jgec U UCHBITHIBASI CONPOTHUBIIEHUE JIEPEBBEB,
BETEp TepsAeT 4acTh cCKopocTu. Ha OecKOHEUYHO MalloM MyTH 3Ta MOTEps Ipo-
MOPLIMOHAJIbHA CKOPOCTH B Havaljie MyTH U ero juinHe. Hailtu ckopocThk BeTpa,
nporenmero B gecy 150 M, 3Has1, 4TO 10 BXOXKIAEHUS B JIEC HaYalbHasA CKOPOCTh
BeTpa Oblia v,=12 M/c, a mocie npoxoxkIeHUs B Jiecy IyTH S=IM CKOpPOCTb

BETpa yMeHbIInIach 10 v,=11.8 m/c.
(OtBet: 0.931 m/c.)

3amanue 5. Jlonka 3aMeisieT CBOE JBMXKEHUE IO IEUCTBUEM CONIPOTHUB-
JIEHUsI BOJABI, KOTOPOE NPONOPLUUOHAIBHO CKOpOCTH JoAku. HadampHas cko-
pocTh oaku 1.5 m/c, ee ckopocTh yepe3 4 cexkyHanl 1 m/c. Haiitu Bpemsi, 3a Ko-
TOpPO€ CKOPOCTh JOAKHU yMeHbIUTCS A0 0.01 M/c U myTh IpOMACHHBIN JIOAKON
710 OCTAHOBKH.

(OtBet: 50 ¢, 15 m.)
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3amganue 6. YckopeHue JOKOMOTHBA IIPSAMO MTPOTOPIIMOHAIBHO CHIIE TATH
F u oOpaTHO TIPOIMOPIIMOHAIIEHO Macce mmoe3aa m . HadainbHas CKOpOCTh JIOKO-
MOTHUBA V,, CWJIA TATU FF =b—kv, e v — ckopocTs; b, k — IOCTOSHHBIE BEIU-

yrHbl. HaliTu cuiy TSy J0KOMOTHBA 10 UCTEUEHUH BPEMEHH f, €CJIM B Ha4yallb-
HBI MOMEHT BpeMeHu t =0 F=F =b—ky,.
k

Ly
(OtBer: F=F€ " )

3apanme 7. Touka Maccoil m IBHKETCA NMPSIMOJIMHENHO; HA HEE ICHCTBY-
eT cuia, MPOMOPIMOHAaTIbHAs BpeMEeHHU (KOA(P(UIMEHT MPONOPIHOHATBLHOCTH
k). KpoMme TOro, Touka HCHBITBIBAET MPOTUBOJACHCTBUE CpEAbl, MPONOPIHO-
HQJIBHOE CKOPOCTH (KO3 PULIMEHT MponopLUuoHanbHOCTH k). Halitn 3aBucu-

MOCTbh CKOPOCTH OT BPEMEHH, €CJIM B MOMEHT ¢ =( CKOpPOCTbh TOYKH ObLi1a paBHA
HYIIIO.

(OtBer: v=£ t——+—€ " |.)
kl kl kl

3apanme 8. Llens coctout u3 oMmuueckoro conporusiaenuss R=0.36 Om u
camonnaykuuu L.=0.02 I'n. Onpenenuts 1 (t) B MOMEHT pa3MbIKaHHs TOKa, €C-

ma 1(0)=1,, a Takxke depe3 Kakoe BpeMs BEJIMYNHA TOKaA ymazxeT 10 1% cBoeil

UCXOJHOM BEIUYHHEI /.

R
_Ry
(Otser: 1(t)=1,€ ©', 1=027 c.)

3aganme 9. DiexTpuueckas 1eNb COCTOUT M3 IMOCJIEI0BATEIBbHO BKIIIO-
YEHHBIX UCTOYHUKA MOCTOSTHHOTO TOKA, JAIOIIET0 HANpsKeHUEe E , COMPOTUBIIE-
HUS R, camMOMHIYKIMU L W BKIIOYaTENsA, KOTOPbIM BKIIO4Yaercs mpu ¢ =0.
Havitu 3aBrCMMOCTB CUJibl TOKa / OT BPEMEHH.
Rt

(Otgert: 1:% 1-et |)

3amanue 10. Teno maccoit 1.96 kr, noJBeNIEHHOE HA MPYKUHE, KOTOpast
cunoit 10 H pacraruBaercs Ha 0.2 M, Ipyu IBUKEHUH BCTPEYAET CONPOTHUBIICHUE,
ponopuuoHaibHoe ckopoctd U npu ckopoctu 0.01 m/c paBuoe 0.2 H. B
Ha4yaJbHBI MOMEHT IIPYKMHA PACTSIHYTA U3 MOJIOkKeHNs paBHOBecus Ha 0.05 m
U TEJNO MPUXOIUT B JBHKEHHE 0O€3 HadadbHON ckopocTu. OmnpenenuTh 3aKOH
JIBVDKEHUS Tena.

(OtBet: x=>5¢ (5¢+1)-107 m.)
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3.3 Ipyrue 3apauu

IIpumep 93. B pesepByape conepkUTcsi A KI BEIIECTBA, PACTBOPEHHOTO
B B nuTpax BOJIbl. 3aT€M KaXXIyl0 MUHYTY B pe3epByap mocrynaer M JuTpoB

BOJIbI U BbIT€KaeT N JIMUTPOB pacTBOpa (M >N ), [IpAUYEM KOHIICHTpALUs CO-

XpaHsieTcsl paBHOMEPHOU MyTeM mnepeMenuBanus. HaliTu koiaumdecTBo BeliecTBa
B pe3epByape uepe3 7' MUHYT MOCJIE€ Hayasa mpolecca.

Pernienue

[Iycts x(t) — KOJIMYECTBO BCIICCTBA B pe3epByape yepe3 { MUHYT I1OCIIC

Hayasa npoiecca u x +Ax — B MOMEHT BpeMeHH ¢+ Af. 3ametum, yto Ax <0
upu At >0 (T. e. pactBop “0obeausiercs”).
OG6o3HaunM 00bEM CMecH B MOMEHT ¢V (1):

V(t)=B+Mt—Nt.

KOHHGHTpaHI/IH BCIICCTBA B MOMCHT BPEMCHHU ¢ PaBHACTCS, OYEBUIHO,

X .
e 3a GECKOHEYHO MAlblii OTPE30K BPEMEHH [, ¢+ At| KONM4ECTBO BemecTBa

M3MEHsCTCI Ha OECKOHEYHO MaJIYO BCIIMYHNHY Ax, JJIs1 KOTOpOI?I CIIPaBCIJINBO
HpH6JIH)K€HHO€ PaBCHCTBO

Ax~—X NAt=— At
4 B+(M—N)t

3amensis npupaieHuss Ax u At nuddepennmanamu dx U dt, noixydaem
auddepeHnraibHoe ypaBHEHHUE:

dx =— Nx dr.
B+(M—N)t

HuTerpupys 310 ypaBHEHHE C pa3ICISIONIMMUCS TICPEMESHHBIMHA M CUUTAs
M > N, HaiimeM o011iee penieHue:

dx Ndt Cordx dt

x  B+(M-N)t’ 7__NIB+(M—N)z

+C;
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In|x|=- In[B+(M —N)i|+InC =

M—-N

x(t)= < N

(B+(M —N)t)u-v

Ucnonw3ys HavanbHOe ycnoBue x=A npu ¢=0, Beiuucaum C u 3amu-
[IIEM YaCTHOE PEIlICHUE:

N
A= < — = C=4-B"V;

(B+(M—N)-0)u-—v

B M-N
(1) :A[B+(M —N)tj |

[lonaras t=7T, HaliieM KOJMYECTBO BEUIIECTBA B pe3epByape uepe3 1’
MHUHYT I0CJIE€ Hayaja npolecca:

B M-N
x(T)= A£B+(M—N)T] |

IIpumep 94. B 6axe naxoautces 100 i pacTBOpa, coaepsxkariero 10 kr co-
mu. B 6ak BnmMBaeTcs BOJia CO CKOPOCTBIO 5 JI/MUH, U CMECh BBITEKAET U3 HETO C
TOM K€ CKOpPOCThI0. KOHIIEHTpalys MpuHUMAETCs paBHOMEpPHOM. CKOJIBKO COJIN
ocTaHercs B 0ake uepes yac?

Perienue

OG6o3Ha4nM X () — KOJIMYECTBO COJIH B pe3epByape 4epe3 ! MHUHYT [OCIIe

Hayvasa mpoiecca. Bocnoiap30BaBIINCh pe3yiabTaTaMy NMPEABIAYIIETO TpUMepa U
yauThIBasl, uTO0 M = N , 3anumieM auddepeHnnaisHoe YpaBHCHHE:

=M
B

ITo ycnosuro, B=100, N =35, torga

dx=—""dr.
20
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HaxomauMm ob1iee pemienue:

d_ A =L ime; x=ce.
x 20 20

[Tockonbky B MoOMeHT BpemeHun (=0 xomuyectBo comu x=10
(x(0)=10), 10 10=Ce’ u C =10. Taknm o6pazom,

t

x(t)=10€ .

OmnpenenuM KOJUYECTBO COM B Oake yepe3 yac. 1 yac=60 muH,

60

x(60)=10€ 2 =10e” = 0.5 (xr).

Ipumep 95. [{unuaapuyeckuil pe3epByap ¢ BBICOTOM 6 M U THaMETPOM
OCHOBaHHUS 4M IMMOCTaBJICH BEPTUKAIBHO U HAIOJHEH BOJOW. 3a KAKOE BpEMs BO-
714, 3aIOJIHSIONIAs PE3EPBYaAp, BHITEUET U3 HETO UYEpE3 KPYIJIOE OTBEPCTUE PATU-

1
yca > M, CJICJIaHHOTO B JIHE pe3epByapa?

Pemienne

JIyist perieHus MOCTaBICHHOW 3a/1aun BOCTOb3yeMcs dhopmyroit bepHyi-
JIY, OTNIPEAESIONIeH CKOPOCTh V UCTEUEHUS )KUJAKOCTU U3 OTBEPCTUS B PE3EPBY-
ape, HaxOoIAIerocst Ha 4 M HUXKE CBOOOTHOTO YPOBHS KUIAKOCTH:

v=0+/2gh.

2 o
3nech g =9.8 M/c” — yCKOpEeHUE CHITBI TSKECTH, O — MOCTOSHHBIN (Oe3pa3mMep-

HBII1) KOAPHUITUEHT, 3aBUCSIINUN OT CBOMCTB KUIKOCTH (1711 BoAbI O = (.6).
[Tyctb uepes ¢ ¢ mocie Hayana UCTEYSHUS KUIKOCTH YPOBEHb OCTaBIICH-
Csl B pe3epByape BOJIbI ObLI paBEH /1 M U 3a BpeMs df TIOHW3WICA elie Ha dh M

(dh<0). IMoxcunuTaem 00GbEM BOJIBI, BBITEKIIEH 32 OECKOHEUHO MAIbI IIPOMe-

’KYTOK BpeMEHH df JABYMs CIIOCOOaMHU.
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Pucynox 70

C 021HOI CTOPOHBL, ITOT 00BEM dV PaBEH 00bEMY LMIMHAPUIECKOTO CIIOSI
C BBICOTOM ‘dh‘ U PaJlnyCcoM, paBHBIM PAJUYCy ¥ OCHOBaHUs pe3epByapa (r=2
M). Takum oOpazom,

dv=rr’|dh|=-nr’dh.

C nmpyro#i cTOpOHBI, 3TOT 00bEeM paBeH 00bEeMYy IHWJIWHIPA, OCHOBAHHEM
KOTOPOTO CIY>KUT OTBEPCTHE B JIHE pe3epByapa, a BbICOTa paBHa vdt (rme v —

cKopocTh uctedenus). Ecnu paguyc otBepetus paBeH p (p = é M), TO
dv=rmp*vdt=np’c\2ghdt.

HpI/IpaBHI/IBaH OTH JBa BBIPAKCHUA IJISI OJHOT'O M TOT'O JKC 06’beMa, Ipu-
X0OuM K YPaBHCHHUIO

~r’dh=0p’\|2ghdt .

Pazpnensst nepeMeHHbIE U UHTETPUPYS, TOTydaeM

c_ 2r2\/z
op’J2g

Ipu =0 umeeM =6 M, T.e. h(0)=6. OTcroa HaAXOAUM

= 2\/81’2

op\2g
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Takum 00pa3om, CBsI3b MEXKIY ¢ U h OnpenensieTcs ypaBHEHUEM

- r(( Ji),

a ToJIHOE BpeMmsi ucTeueHust 1 Haijem, nojaras B 3Toi hopmyne 4 =0:

B 2\/ng
op’J2g

Ucnonb3ys panuble 3amaud (r=2 M, ,Ozi2 M, 0=0.6, g=9.8 m/cd),

HaxonuM 7 =1062 c=17.7 MmuH.

JAu¢ppepenunaibHble ypaBHEHHS HENPEPbIBHOTO pocTa (YObIBAHUSA)

[lycTp M3BECTHO, YTO CKOPOCTh MPHUPOCTa (MM YOBIBAaHUSI) HEKOTOPOM
BEJIMYMHBI P MponopuyMoHalbHA HATMYHOMY Koin4decTBy. IlycTh B HauaabHBIM
MOMEHT ¢ =0 Besm4uHa Oblna paBHa F,. TpeOyeTcs HAWTH 3aBUCUMOCTD MEXKIY

BEJIMYMHON P ¥ BPEMEHEM ¢ .

. dP
Tak Kak CKOpPOCTb MPUPOCTA BBIPAKAETCS TPOU3BOTHON = TO COINIACHO
4

YCJIIOBHIO 3a/1a4¥ 3aIIUIICM:

L —+kp,
dt

rae k>0 — xodhduIMeHT mponopuuOHATBHOCTH, 3HAK “+” B clydae

(YA

IpUpoCTa; 3HaK “—’ B ciayyae yObiBaHus. llomyueHHOE BbIpakeHUE SIBISETCS
audepeHnranbHbIM YpaBHEHHEM HEMPEPBIBHOTO pocTa win yobiBanus. Pasme-
JIMB IIEPEMEHHBIE, HAUJIEM:

d—Pzikdt,
P

OTKYJ1a, UHTETPUPYSI, TIOTYyIUM 00IIIee PEIICHHUE
+hkt
P=Ce™,

rac C — nocTostHHas HHTCIPUPOBAHUA.
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HojcTapiss HavanbHoe yciosue, npu t=0 umeem C=P, u P=Pe™".
OKOHYATENBHO, B CIIy4ac HENPEPBIBHOIO POCTa

kt
P=Fe",
a B cIydae yObIBaHHs
P=Pe",

AHanu3upysi MOJyYEeHHBIH pe3yJbTaT, MOXKHO YTBEpXkAaTh, YTO B pac-
CMOTPEHHOM ciTy4yae MpUpocT (Wiu yObIBaHKHE) HEKOTOPOU BEIMUUHBI P mpowuc-
XOJIUT IO SKCIOHEHIIMAIIbHOMY 3aKOHY.

IIpumep 96. CxopocTh oOeclieHUBaHMsI 00OPYJOBaHUs BCIEJICTBUE €TO0
M3HOCA MPONOPLHMOHAIBHA B JaHHBIH MOMEHT €ro (pakTHUeCKOH CTOMMOCTH.
HauanpHast croumocts paBHa 10 miH. rpH. M3BECTHO, YTO CTOMMOCTH 000PYI0-
BaHMs 4epe3 2 roja craja § MIH. I'pH., HAWTH CTOUMOCTh 00OpYI0OBaHHMS IO UC-
Teuenutro 10 ser.

Pemienue
CtoumocTh 000pYJ0BaHMUS O0O3HAUYUM P(t). Tornma 7 — CKOpPOCTh
t
dP (15 29
obecriennBanus obopynoBanus. [lo ycioButo 7=—kP (3HaK “—=”, T. K. CTOHU-
t

MOCTb 000pyZ0BaHus yMeHbIaeTcs1). HavanbHas croumocts obopyaoBanus 10
MIIH. TPH., T. ¢. P(0)=10; depe3 2 roga CTOMMOCTb COCTABHT 8 MIIH. TPH., T. €.
P(2)=8. TpeGyercs naittu P(10). IMomyunm anddepeHnransHoe ypaBHEHHS
C pa3JeNAIOMIUMUCS NePEMEHHBIMH

.
dt
HaganbHoe ycinoue P(0)=10 u gomonuurensHoe ycnosue P(2)=8.

Pemas nuddepennmanbuoe ypaBHeHHE, pa3ieisieM MepeMEHHbIE U HHTE-
TpUpPYEM IOTy4YECHHOE BHIPAKEHHE.

d—P:—kdt; d—Pz—kjdt; InP=-kt+C; P=Ce™.
P P
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HaﬁIIGM Heu3BeCTHBIC MOCTOssHHBIe C M kK W3 HA4YaJbHOTO H JOITIOJIHH-
TCJIBHOT'O YCJIOBI/Iﬁ 3aJa4un.

P(0)=Ce’=C, orciona C=10 n P=10e™";
1
P(2)=10e" =8, orcioma ¢ =0.8, ¢ =(0.8)2;

TOTJla YacTHOE perieHne nudepeHImanbHOro ypaBHEeHUs IPUMET BU/T

P(1)=10-(0.8):.

Ternepb BBIYUCIUM CTOUMOCTH 000py10BaHus yepe3 10 er:

10

P(10)=10-(0.8)2 =10-0.8> =3.28 (MuH. TpH.).

IIpumep 97. CkopocTh pacniaja paausi B Kaxabli MOMEHT BPEMEHHU IPO-
MOpIMOHAJbHA €r0 HAMMYHOM Macce. OmnpenenuTh, Kakod MPOIEHT Macchl pa-
nud pacnangercs yepes 200 Jiet, eciau U3BECTHO, YTO NEPUO/I MOTypaciaia paaus
(mepuo BpeMEHH, MO UCTEYEHHH KOTOPOTO pacHaJeTcsl MOJIOBUHA HAIMYHOU
Macchl paaus) paseH 1590 romam.

Permienue

dm
Iycte m(t) — Macca pajwsi, Torna —, ~ CKOPOCTE H3MEHEHHS MacCH
t

HJIN CKOPOCTH pacliaia paau:. CornacHo YCJI0BHIO,

dm

P om.
dt

Huddepennnansioe ypaBHEHHE peEIIaeTCsl aHAIOTMYHO YPABHEHHUIO U3
MpEeAbIIYIIEro IpUMepa, 3aBUCUMOCTh CKOPOCTH pacrajia paaus OT BPEMEHU
UMeEeT BUJT

m(t) =Ce™.
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Hpe,ZIHOHO}KHM, 49TO IICpBOHAYajIbHAs MacCa padus paBHa m,, T.C.

m(O) =m,. 3BeCcTHO, 4TO Iepuo noiypacnazna paausa paseH 1590 rogawm, T.e.

1
m(1590)=§mo. [MozcTaBisiss 9TH HAYAIBHOE M JIOTOJHUTEILHOE YCIOBHUS B

obmiee pemenne qudepeHIInaITbHOTO YPABHEHHMS, TIOTYyIYUM

m(O):CeO =C, 3Hauutr C=m, u m(1)=moe_k’;

1
m(1590) = mye """ =%mo, sHauut e =0.5, e ¥ =0.5" n

t

m(t)sz-O.Sﬁ.

Beruncinm m(200):

200

m(200) = m, -0.5'%° =0.9165m, .

Takum ob6pazom, yepe3 200 neT OT MepBOHAYAILHOW Macchl pagust m,
ocranercs 0.9165m umu 91.65%, 3mauut, 3a 510 Bpemsa pacnazercs 100%-
91.65%=8.35% panus.

3ajanus I CaMOCTOSITEJILHOM PadoThI

3aganue 1. CxopocTb pacnaja paausi NporopLuOHaIbHA KOJUYECTBY He-
pacnaBLIerocs pajaus. BelaucauTe, yepe3 CKOJBKO JIET OT | Kr pagus ocTaHeTcs
650 r, eciim u3BeCcTHO, 4TO 3a 1600 JIeT pacnagaeTcs NOJIOBUHA IEPBOHAYATILHO-
ro KOJMYECTBA.

(OtBert: uepes 1000 ner.)

3aganue 2. B pesepByape, 06beM koToporo 100 1, HAXOIUTCS paccol,
coaepxkamuii 10 Kr pacTBOpeHHOU coyu. B pe3epByap BTEKaeT BOJa CO CKOPO-
CTbIO 3 JI/MHH, a CMECh C TaKOW K€ CKOPOCTBIO IIEPEKAUNBAETCs BO BTOPOU pe-
3epByap eMkocTbhio Takxke 100 1, mepBoHavaIbHO HAMOJIHEHHBIN YMCTON BOJOH,
U3 KOTOPOro U30BITOK KUIAKOCTU BbUIMBaeTCs. CKOJIBKO cOM OyAET COAepKaTh
BTOpOIl pe3epByap Mo mpouiecTBUM 4yaca? KakoBO MakCUMalIbHOE KOJIMYECTBO
cojii BO BTOpoM pe3epByape? Korma 3to MakcumanbHOE KOJIMYECTBO JIOCTHIa-
ercst? (KoHIeHTpanus coiy B KaXJIOM U3 PE3EpBYyapoOB MOJIEPKUBACTCS paB-
HOMEPHOM MOCPEACTBOM MEePEMEIIUBAHUS. )

(OtBer: 297 xr; MakcuMyM paBeH 3.68 Kr W JOCTUTaeTCs
npu t=33.3 MuH.)
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3amanue 3. [ununapudeckuil pe3epByap JIMHOW 6 M U paguycoMm 2 M
PacCIIOJIOKEH TOPU30HTAIBHO. 3a KaKOe BPEMs BOJA BBITEUET U3 pe3epByapa, ec-

1 . .
JI1 OTBCPCTHC paanyca E M HaxoOauTCA Ha YpOBHC CaMOM HUIKHCHU U3 06p3,3y-

IOIIUX AJIMHAPA?

(OtBet: =18.4 MuH.)

Jlureparypa: [1, p. 1,2, 4; 3;4,4. 2, tn. IV, § 1; 6, rn. XIV, § 1, 2; 6;
8,u.2,1m.9,§ 1; 10, 4. 2, p. 15, § 15.1,15.2, 15.5, 15.6; 11, 4. 2, p. 11, § 11.1,
11.2].
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