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I. Cucremn koopauHat
I.I. CucTteMHu KOOPAMHAT HA JIiHil, IUIOIIUHI, Y mpocTopi

KoopnunaramMy TOYKM Ha3WBalOTh TaKi BEIWYMHU, SKi BH3HAYAIOTh
TIOJIOKEHHS TOUKH Ha JIiHi1, MOBEpXHi a00 Y IPOCTOpi.

[Monoxxenns Touku M, BitbHO 0Opanoi Ta ninii AB (puc. 1.1.),0ynemo

XapaKTepU3yBaTH CIITYIOYAM UYHHOM.
BigmiTuMo Ha niHii Oyab-siky Touky O
(mouaTox KoopaWHAT) i OOMpaeMo Ha
Hil pomatHii HampaMm. OOpaBumu
Macmrad, BiAKIagaeMo  HOTo BiA
Puc. 1.1 MOYaTKy KOOpOMHAT B 000X
HampsaMKax. Ywmcmo X, sKe 1o aOCOMIOTHIM BETHMYHMHI JOPIBHIOE
JOBXMHI Jayru kpuBoi OM, a 3a 3HaKOM JojaTHe a0o Bil €MHE, B
3QJIEKHOCTI BiJl TOTO, MOMATHIM UM BiA €EMHHU HANpsSM BiJ ITOYAaTKOBOI
Touku O 10 TOUKH M, € KOOPUHATOIO TOUKU M.

Haif0inmpm BXKWBAHOIO SK CHCTEMa KOOpAWHAT € TpsMa JIiHIS 3i
BCTAaHOBJICHUMHY Ha Hill JJOJaTHIM HApsSMOM, 1[0 Ha3UBAIOThLCS Bich. SKIIO
Ha Bici oOpaHa mouaTkoBa Touka O Ta OJWHUI MaciiTady, BOHA HOCHUTH
Ha3BYy Bici koopauHart (puc. 1. 2).Hexaii Ha Bici 3a1aHi B BUTbHI TOUKU

A i B. Sdxmo ogHa 3 HuX (HAIpUKIAL,

A) po3rasaeThes SK MOYaToK, a iHIIa
0 A B B) sIK KiHeIs BiIpPi3Ky, TO LEeH Bimpi3oK
Ha3MBAETHCS CIPSIMOBAHHUM 1 TIO3HAYAETHCS CUMBOJIOM AB .

[MonoxxeHHs TOYKM Ha TUIONIMHI (4 TAaKOX HAa KPUBHX ITOBEPXHSIX)
BU3HAYAETHCS JBOMA KOOPANHATAMH.

Ha mnomuni (puc. 1. 3) mpoBoaATh ABI B3a€MHO TEPICHIUKYISAPHI
npsMi 1 Ha KOXHIH 3a7al0Th JOMNATHIA HampsM (AKHH MO3HAYAETHCS
cTpinkoro) i Macmrad. Ile Bici koopauHat. OnHY 3 HUX Ha3MBAIOTh Biccio X,
(iccto abcumc), inmry  Bick  Biccro Y (opmumat).  Touka O @ ix
NEPETUHY HA3MBAETHCS MMOYATKOM KOOpAMHAT. BoHa Mae 0OHMIBI HYNIBOBI

KOOPIMHATH.



Ay Ko>xHiit Touri Ha IJIOLMHI BiAMOBiae
mapa uwcen (x,y).3 iHmoro GOKy,
x—A(xy) KOJKHIH mapi 4ncest BiAMOBiIa€ ToUKa Ha

montyHi. Onrcana cucTeMa KOOpaAnHAT

v

HOCHUTH Ha3BYy MPAMOKYTHOI I€KapTOBOI.
O y X Ilpu pimenni OaraTtboX 3amay
Puc. 1. 3 BUSIBIIIETHCS O1TBIN 3pYYHUM BU3HAYATH
NOJOKEHHS TOYKM Ha IUIOMIMHI HE TPIMOKYTHUMH JEKapTOBUMH
KOOpIMHATAMH, a TaK 3BaHUMH IOJAPHUMH KOOpJAMHATaAaMH. B 1bOMYy
BUMAJKy Ha IUIOLIMHI 3aJal0Thcsl Touka O, Ky HA3WBAIOTHh IOIIOCOM, 1
BUXiHY 3 nosoca O HamiBnpsimy (i1yd) OP monsipHa Bick (Ha sIKild 3a1a10Th
macmtab) (puc. 1. 4). [lonmoxeHHs Touku M Ha IJIOIIMHI BU3HAYAETHCS

BinctanHio OM =t wiei

M Touku Bij momoca O Ta kytom

r B (pamiaHax), skuii Bigpisok OM

Y > YTBOPIOE 3 TMONAPHOIW Biccio OP.

o Puc. 1.4 P I Ha3uUBAaeTHCS  PaiyC-BEKTOPOM,

Y - MONApHUM KYTOM.
B mossipHEX KOOpIuHATax TOuKy M mo3HadaroTh 3amucom M (r, ).
dopMynu TEepexoay Bia JAEKapTOBOI 10 MOJSPHOI CHCTEMH 1 HaBIAKH, Y

BUNAAKY KOJIM MMOYATOK KOOPAHWHAT cniBnaz[ae 3 IIOJIIOCOM, a MOoJIsIpHa BiCBh 3

BicCIO a0cIuc.

X = rCosy r=qx+y’

(1.1 X sy = Y
y= rSin[// Cospy = ,X2+y2 Y /X2+y2



Tpu B3aeMo MepreHIUKYIISPHI Bici YyTBOPIOIOTH MPSIMOKYTHY J€KapTOBI
cHCTeMY KOOpAMHAT y mpoctopi (puc. 1. 5).
Z Touka mepeTuHy Biceil € MOYaTKOM
M (X,y,z) xoopmunat. Jlo Biceil aOcmmc (x) Ta
z opauHaT () 10oJaeThes Bich arniikar (Z)

> Y XOZa YOZ wnasuBamoThCs

X KOOpJMHATHUMH TTonuHamu. KoxHii

TOUL MPOCTOPY M MOXKHA TOCTABUTH Y

B3a€MO OJHO3HAYHY  BiATIOBIAHICTB
Tpitiky gucen (X,Y,Z).

Kpim onmcaHoi IpsIMOKYTHOT IEKapTOBOI CHCTEMH ISl PO3B’ SI3KY PSITY
MaTeMaTUIHUX 1 TEXHIYHUX IMPOCTOPOBHUX 3a7a4 3aCTOCOBYIOTHCS HACTYITHI
CHUCTEMH KOOPJINHAT.

HwninapudHa crcTeMa KOOPJAWHAT MPUITYCKae, 10 TIOJO0XKEHHS TOYKU
M BU3HAYAECTHCS 3aBIAHHAM TOJAPHUX KoopauHaT (r,{/) mpoekuii M Ha
mwiomuay OXY (puc. 1. 6) Ta koopaunatu Z = mM.

Z [lepexim Bim mOWX KOOPAWHAT MO
NPSMOKYTHHX JIEKAPTOBUX MOJIA€THCS

dopmymnamu: X = rCosy,

J y=rSiny, z=2z (1.3)
| M 3BOPOTHIN Hepexif 3MiHCHIOETbCS SIK
@) > Vfterko GaunTH 10 dopmynax (1. 2).
n
m

X Puc. 1.6



[HI1a GBI BAKOPUCTOBYBAaHA CHCTEMa KOOPAMHAT Y MPOCTOPI HOCUTH
Ha3BYy chepudHOi cucTeMu KoopauHaT. OCHOBHUMU e€JIeMEHTaMH € Touka O
(momroc) Bick OZ — monsipHa Bich Ta miBmuonmHa OZK, mo npuMukae ao
nossiproi Bici OZ (nonspra nmiBrutonmHa) (puc. 1. 7). Koopaunatamu

toukn M (p,(0,0) € noexuna
nossipaoro pagiycy OM = p, kyr ¢,
IO CKJIAJAa€ThCsl IMiBIUIOLIMHOIO, SIKa
npuMEKac 10 Bici Z, ta kyr @, mo
HPOXOANUTH Yepe3 TOUKy M 3 TOJIAPHOIO
niBmomuHor0 OXZ, sKuil CKiIaaeThes
NOJIIPHUM pajiycoM L0 3 TOJISPHOIO
Biccto OZ 3po3ymijo, M0 J0CTaTHBO

sminoBatn P B mexax (0,0), 6 B

MeEXKax (O,IT) ta {/ - B Mexax (0,277), o006 OTpUMATH BCi TOYKH

npoctopy. IlpuBenemo dopmynu nepexoay Bif chepuyHUX KOOPIUHAT 10

ACKApTOBUX IMMPAMOKYTHHUX.

X = pSinECosy
y = oSinésing (1. 4)
z= pCosf

Ta HaBIIaKH

O=+ X +y +7
Cos@—z (1.5)
0

X ey
Cosp=sing’ ™= sing




CucreMu JEKapTOBHX, IHMIIHAPUYHAX Ta CHOEPUYHUX KOOPIUHAT
VSBJISIFOTH COOOK TUTBKA OJWHUYHI BWITAJKUA 3IIHCHEHHS 3arajbHOro
METOJy KOOPIHMHAT, 3MICT SIKOTO IOJIATAE B TOMY, IO MOJIOKEHHS Oy/b-
SIKOI TOYKH MPOCTOPY OJHO3HAYHO BHU3HAYAETHCS TPhOMA YHCIAMH

(xoOpAMHATAaMu), 10 JIEKATh HA IEPETUHI TPHOX KOOPAMHATHUX JIiHii.
Mpuxaan 1. 3naiitu nonspui koopaunratu toukn M (L—4/3) , sxmo

MOJIFOC CHIBIA/Ma€e 3 MOYaTKOM KOOPAWHAT, a TMOJSIpHA BiCh — 3 JIOAATHIM
HaTPSIMOM BicCi a0cIHC.

Pimenns 3riguo 3 popmyoro (1. 2)

Co=_— % -1 gmg=_Y __

/x2+y2 2 X2+y2
p=\/1+(—\/§)2 =2

Ilpu BusHayeHHi kyra@ HeoOXimHO BpaxyBarTd, WO Touka M

3HAXOAUThCA Y 4+ uBepti € = — 7T
on
OTtxe, M = (2, ?)

. 3
Mpuxnan 2. 3HalTH OPSIMOKYTHI KOOPAUHATH TOYKH A{Z&’Ij ,

II0 BU3HAYAETHCS NOSIPHUMHU KOOPAWHATAMH, PO3TAIIOBAHUMH SIK Y
NOTIEPEHBOMY TPHUKIIAI.

Pimenns. 3rigno 3 popmynamu (1. 1)
X=2\/§COS%7T=—2, y=2x/§Sin§ﬂ:2

Otxe, 4 (-2, 2).



1. 2. Hafinpocriui 3aga4i MeTO1y KOOPAWHAT
PosrnsiHemMo fesiki mpocTimni 3amavi Ha 3aCTOCYBAaHHS NPSIMOKYTHHX
KOOpIMHAT Ha TuIomuHi. Ilepia 3 HUX — BU3HAYEHHS BiJICTaHI MiX JBOMa

toukamu. Posrisinemo cucremy xoopaumHat XOY (puc. 1. 8)ta nBi TOukH

A(X,Y,) ta B(X,,¥,). Jlerko 6auntn, mwo Bincraus d,. = |X2 - X1| ,a

A
Y BiJCTaHb dBC = |y2 - y1| . Toni oueBuIHO,
Vo B 3 TpukyTHHKa ABC Mae micue ¢opmyia;
A — 2 2
Y1 N C‘ g = \/(Xz - Xl) + (yz - yl) . (1.6)
0] X X X TOOTO BIACTAaHb MIXK [ABOMAa TOYKAMHU

Puc. 1. 8 TJIONTUHU JOPIBHIOE KOPHIO KBAAPAaTHOMY 3

CyMH KBaJIpaTiB Pi3HUIIh OTHOHMEHHUX KOOPAWHAT IIUX TOYOK.

Inma moniOHa 3amaya — BU3HAYCHHS BIIPI3KY Yy  3aJlaHOMY

A B , cmiBBigHOMmEHHI.  [lpumyctumo, 1m0

C Bifpi3zok AB mopinenuit Toukoro C Ha

A nBa Bigpiska AC ta CB, mnpudomy

/ BignomenHs AC no BC nopisntoe | (1=0)
> AC

A O A1 B Cy —_— =1,

CB

Puc. 1.9 Tpeba Bupa3uTu kKoopauHaTh X 1a Y TOUKH

C 4epe3 KOOPAWHATH KiHIIB Bifpisky A (x1,y1) Ta B (x2,y2). OmycTHBIIN
nepneHaukysapu AA,, CCy, BB1 Ha Bick X, oTpuMaeMo, 1o MmoOyaoBaHi
TpU TapaiesbHi MpsMi MEPEeTHHAIOTh CTOpOHU Kyta B/[B;. Sk Bimomo,
napaielbHUMH MPSIMAMH CTOPOHH KyTa MOIUISIOTBECS Ha MPOMOPLiiiHI

yacTHHU. Tomy



GfL
3 puc. 1. 9Bunno, mo A1C; = OC; — OA4; = x —Xx1,
CiB1= OB1 —0OC; = xp —x1.
Tomy piBnicTb (1. 7)MaTHMe BUTIIST
X=X
X=X

Po3B’ s13y10un 11e piBHAHHS BiTHOCHO X, MaEMO

_ % +Ix,
=== 1.8
1+1 (1.8)

AHaJIOTIYHO MOYKHA OTPUMATH:

Y: yl+|y2
1+1

Sxmo Touka nofinsie Binpizok AB HaBmii, T0 AC = CB Ta, 5K CIiACTBO,

| =1. Tlo3Ha4yMBIIKM KOOPIWHATH CEPEIMHHU BIAPi3Ky uepe3 XTay,

OTPUMAEMO:

X1+X2 y=y1+y2
2 2

Mpuxnan 3. Busnauurtu Bigcranb Mixk Toukamu 4 (3, 8)ta B (-5, 14).

X = (1. 9)

Pimenns. CropucraBmuch popmysioro (1. 6),0Tpumaemo

d=+(-5-3F +(14-8F =/64+36=10

Hpuxaag 4. [IBoma ToukamMH BiApi30K AB TOAIMUMO Ha TpH PiBHI

YacTHHU. BU3HaUnTH KOOpAMHATH TOYOK po3noiny, skmo A (-1), B (5).



Pimenns. Hexait C(x;) Ta C(x;) BUXiJHI TOUYKH

A=—"TZ"== X1:XA+/]XB:_1+}§*5_1
AB 3

1+A 1+%3 -
o =t :1+%*5:3
2 1+A 1+%

Mpuxnan 5. Cepenunoro Binpizky AB € touka C (2, 3) Busnauutu
KOOpPAMHATHU TOYKH A, Ko B (7, 5)

Pimennst. Tyr X =2, Yy=3, X, =7, y,=5.

2:)(174-7, 3=le+5. Orxe, X =-3, Y, =1, 10610 4 (-3, 1).

1. 3 nmepeTBOpeHHsI NPIMOKYTHOI CHCTEMH KOOPIAUHAT
[lpu pimenHi 3agay iHOAI BUTIOZHO 3aMICTh JAaHOI MNPSIMOKYTHOI
cuctemu koopauHaT OXY oOpard iHIIy HPSMOKYTHY CHCTEMY KOOpAWHAT
O’X'Y’, meBHMM YMHOM Opi€HTOBaHA BIAHOCHO mepoi. Po3risiHeMo
3aJady Nepexoay BiJl OAHI€] CHCTEMU KOOPAMHAT JI0 1HILION.

BI/IHaZ[OK 1 HapanenLHe TNEPCHCCCHHA CUCTCMH KOOpAWHAT.

Hexali moyaTox HOBOI cCHCTEMHU KOOpAWHAT TOYKa O’ mae KOOpAWHATH

Ya Y’ ab B crapiii cucremi KoopaMHAT
1 M (X, y) (puc. 1. 10). Touka M miomuHN 3i
CTapuMH KOOpIMHATaMH X,y Oyne
g > X MaTd HOBI  koopmuHatu X, Y.
OueBuHO, 1110
O a T X

X =x-a, y=y-b (1. 10).
Puc. 1. 10



Bunagox 2. [loBopoT cucteMu KOOpAUHAT

Hexaii HoBa cucrema xoopamHat OX'Y’ moBepHyTa BiZHOCHO CTOPOi
cucremu OXY Ha kyr @ (moyatku o0OX CHCTEM KOOpIUHAT, Touka O -
uesminna). (Puc. 1. 11).Bynemo BBaXkaTw KyT @ IOOIATHIM, KOJH ITOBOPOT

BiOyBa€TbCSI MPOTH TOAMHHOI CTPUIKH Ta BiA €MHUM Y 3BOPOTHBOMY

BUIIAIKY.
Y 4 M [Mo3naunmo 4epe3 [ KyT, yTBOpPEHUI
r 4 X Bigpizkom OM = r 3 Biccio OX . Toni
y ‘ ,3 ’ KyT Mixx OM ta OX DOpiBHIOBATHME
a . (@+B).oM =x=rCos (a+p) =
0 M y= rCosaCosB - rSinaSing (1. 11.)
Puc. 1. 11 AHanoriuHo

y =rSin(a + £) = rSinaSing + rCosaCoss5 .
Tak sk HOBI KOOpJMHATU TOYKH M, OYEBHIIHO, €
X =rCos3
y =rSing’
T0 3 popmy (1. 11)oTpumaemo
x = X Cosx - y'Sina
y = XSina + y'Cosr (1.12)
[puiinsasmu cucremy OX'Y’ gk crapy, a OXY sk HOBY, 1 BpaxoByIlOoUH,
mo KyT moBopory & - Bixemnmii  (ro6ro Cog-a)=Cosx,
Sin(—a) = —=Sina ) orpumaeMo GOPMyIIH 3BOPOTHBOTO TIEPEXOLY

x'=xCosx + ySing, Yy'=-xSing + yCosy (1. 13)



[MoennaBu 00MABa BUNIAJKH, OTPHMAEMO JUISI OTHOYACHOTO MEpeHOca
i moBopoTa cuctemu koopauHart 3 popmyn (1. 10)ra (1. 13)
X'=(x—a)Cosa +(y —b)Sina
y'=—(x-a)Sina +(y -b)Cosx

7l
Hpuxaag 6. CucreMy KOOpJMHAT TIOBEpHYJIM Ha KyT O =—.

6

BusHauntu HOBI KoopanHaTH Touku M (\/é, \/5) .

Pimenns. Kopucryrounces popmynamu (1. 13),Buxoanm, mo

y'= —\/§Sing+3Cosg: e &,

Hpuxiaag 7. Ha moommui XOY 3amana touka M (4, 3) Cucremy
KOOpIMHAT TTOBEPHYJIH HABKOJIO MMOYATKy KOOPAHMHAT TakK, 100 HOBa BiCh
mponia dyepe3 Touky M. BuzHauuTH cTapi KOOPAWHATH TOYKU A, SKIIO

Bimomi i HOBI koopauHatn X =5, y'=5.

Pimenns. Tak sk OM = 4 +3 = 5 10 Sina :g, Cosy :g;

orpumyemo 3a popmymnamu (1. 12):

4,3
X==X-=-y=1
5 5y
3., 4
=—X+—Vy'=7

y 5 5y

Mpuxknan 8. Jlana Touka M (3,5; 4,5). 3a HOBI KoOpAHMHATHI Bici
npwuitHsuy npsmi (Bick O1Y’) 2x -1 =0 ta (Bick O;X’) 2y —-5=0Q

3HaANTH KOOPAMHATHI TOYKU M B HOBiH CUCTEMi KOOPAWHAT.



Pimenns. [Touatok koopmunat O’ posramoBaHuii B TOULI NEPETUHY
npsmux  (0,5;  2,5). OueBuano, 1o BiAOYBCSA MapalelbHUA MEpeHic
cucteMu koopauHat. Tomy

X=x-a=35-05=3
y=y-b=45-25=2

2 BekTopu
2.1 OcHOBHi BU3HAYEHHS

®i3uyHl BENWYMHM, IS BH3HAUCHHS SIKUX JOCTaTHHO 3HATH OJIHE
YHCJIO0, HA3MBAIOThCSA CKASIPHUMHU (TemrepaTypa, HIibHICTh, Maca). JIBa
cKaJisgpa PiBHI, SKIIO BOHM MAlOTh OAHAKOBI PO3MIPHOCTI, a iX 3HAKU Ta
YHCeNbHI 3HAYEeHHS OJTHAKOBI.

Benvuwnam, ans BU3HAYCHHS SKUX, KPIM 4YHCEIBHOTO 3HAYCHHS,
HEOOXITHO BKA3aTH HAIPSM Yy MPOCTOPi, HOCATh HAWMEHYBAaHHS BEKTOPIB
(UIBHAKICTE, CHITa, MOMEHT CHIIH).

Bektop @ 300paXKyeTbes BiIpi3KOM IPSAMOI, HAIIPSAM SKOTO CITiBIIaIa€

3 HanmpAMoM (Pi3MYHOI BENWYMHH, a JOBXKHHA XapakTepH3ye ii ducesbHe
3HaueHHs (MOIYJb BEKTOpa |§|) Jlsa BexkTopu @ Tta b omHakoBoi

PO3MIpHOCTI PiBHI, SKIIO MOAYJI X OJAHAKOBI Ta HANpPSMHU LUX BEKTOPIB

CHIBIIAAI0Th.

2. 20mnepauii Hax BeKTOPaMHu

Cymorw 1BOX BekrtopiB @ Ta b e Tperiii Bektop C, sAKuii
300paXy€eThCsl TIarOHAJLTIO MapayesiorpamMa, moOyJIoBaHOTO Ha JIOJaHKaX

(puc. 2. 1).



,C CuicTBOM 3 LLOT0 BHU3HAYEHHS €
TIPaBUJIO ITiICYMOBYBaHHS JIEKIIBKOX

BEKTOPIB.

Cymoro gekimekox a, b, C, ... , d e Bekrop N, mo ysBIAC
3aMHKarovy PAMOKYTHHKA, H0OYJ0BaHOTO Ha JI0JaHKaxX BekTopa (puc.2. 2)

c JlonaBaHHS BEKTOPIiB BOJIOJI€ HACTYIHUMH

BJIACTUBOCTSIMU.

omyTaTUBHICTH

a+b=Db+a,

Q|

n 2RCOIIaTUBHICTh
Puc. 2.2 g+b)+c = a+(b+c) = a+b+c
[Min pizHuIel0 BEeKTOpiB @ Ta b PO3YMIIOTH BEKTOD d=a-b

takuii, mo b + d = @ . Bigmitumo, mo y mapanenorpami, mo0ya0BaHOMy

Ha BeKTOpax a Ta D, ix pisHuier € BiAMOBIAHO chpsMoBaHa Ipyra

JiaroHaib mapanenorpamy (puc. 2. 1).

JlobyTkoM  BeKTOpa a2 wma cramap K HasumBaerbcs BekTOp
b = ka = ak, mo mae nopxuny ‘b‘ = |k||§| , HAaIIpsAM SIKOTO CITBIAAAE 3

HampsMoM BekTopa @ saxmo K > 0 . HeBaxkko mepekoHATHCS, IO IS
BEKTOpHA OTepallist BOJIO/IE HACTYITHUMH BIIACTUBOCTSIMH:
(k+l)a=ka+la
- Ka+b)=ka+K
2. k(1a) = kla



2.3 Jlinifino He3ajexkHi cucTemMu BekTopiB. Ba3zuc.

IIpoexuiss BekTOpa HA Bich

HKH_IO HyJ'II:OBI/If/’I BCKTOp IMOMHOXHUTHU Ha BCIWYHHY, 3BOPOTHIO Horo

JIOBKHHI, OTPUMAEMO OJMHUYHHMI BekTop | = Fﬁ. OpTOM Ha3MBAETHCA
3l
BEKTOp, CHPSMOBaHUHA y JoAaTHIM OiK Bici Ta piBHMI 3a BEIMYHUHOIO
OJIMHMII.
Bekropu @, b, C, ..., N HasuBaroThcs NiHINHO 3a7I€KHUMHU, SKILO
icuytots ckasipu C,,...,C,, He Bci piBHI HyITIO, Taki, 10
Ca+Cb+CcC+..+Cn=0 (2.1)
JBa niniiiHO 3aJeXHi BEKTOPH MapajieibHi MK CO00IO.

HificHo, Hexaii C1§+C26=0 npudomy C, #0, mnosnagaroun
C, - - .
C_ =-m, orpumaemo b = MA, 10610 BekTOpH D TAa @ mapanenswi.

2

Taki BEeKTOpH HA3WBAIOTh KOJTIHCAPHUMH.

Tpu iHIAHO 3ale)XKHI BEKTOPH JI€XaTh B OAHINA muromuHi (abo

napaienbHi  oxHii twrommni). [lidicro, nexait Ca+C)b +C,C =0,

. C C
npudomy C, # 0. Topui, mozHagarouu El =-m EZ = —N oTpUMaEMO
3 3

c=ma+nb (3. 1), (fobro BekTop C ICKHUTH B OJHIN IUIOMINHI 3

BCKTOpaMu a Ta b ) Taki BCKTOPH HA3UBAIOTHCA KOMILJIAHAPDHUMMU.

Skmo gBa BekTopu @ Ta b iHiliHO HesanexHi, (TobTo He €

KOJIiHEapHUMHU), TO Oyb-AKuii BekTop C, Kommuianapuuii 3 @ i D, moxe



OyTH €IMHUM YHHOM pO3KJIaJeHHH 1Mo nux BekTopax (popmyma 2. 1).
Hexaii nmopsg 3 (2. 1) icuye apyre poskiagendas C = m'a+ nb (2. 2).
Bupaxosyroun (2. 1)3 (2. 2),orpumaemo
O = (m-m)a + (m-n)b
Tak sk @ Ta b niniitHo HesanexHi BEKTOpH, TO M=M, Nn'=n.

Takum umHOM, poskimageHas (3. 1) egune. MoXHa JOBECTH HACTYIIHI

BJIACTUBOCTI JIIHIHO HE3aJIC)KHIUX BEKTOPIB.
1. Sxmo Tpu Bektopu @ , b, C - n;imiliHo He3anexHi (TOOTO HE €

KOMILTAHAPHUMH), TO Oy/Ib-SIKHUIl BEKTOD d moxe OyTH €OUMHUM CIOCOOOM
PO3KIIaeHUil 0 LIUX BEKTOpax
d=ma+nb+pc
2. DbBynop-AKi 4OTHpPH BEKTOPH Y TPHOXMIPHOMY MPOCTOPi JIiHIHHO

3aJIEXKHI.

Bynp-siki Tpu JniHiiiHO HesanexHi Bekropu |, |,, |5 yrBOprOrOTH

6a3uc TPHOXMIPHOTO MPOCTOPY, TOOTO isi Oyab-SIKOr0 BEKTOpa a iCHYye
PO3KITaZICHHS
a=ml, +nl, +pl;, (2.3)
npuIoMy Koe(illieHTH pO3KIJIaACHHS BU3HAYAIOTh €UHUM YHHOM.
Sk 6a3uc 3pyuHille 3a BCE BHKOPHCTOBYBATH CHCTEMY OPTOBOH abo
iHIIO1 paHile 00paHoi CHCTEMH KOOPIMHAT.
B npsmomniniiiHid OekapTOBid cHCTeMi KOOpPAWMHAT OPTH OJHAKOBI Y

BCIX TOYKaxX 3a BEJIMYMHOIO Ta HampsMoM (puc. 2. 3),Ta MarTh CIIEI[iaabHi

mosnavennss |, =1, I, =], ;=K.



>N

B kpuBOMHIAHMX KOOPIMHATHUX
HaIpsIM OPTiB 3MIHIOETHCSI BiJ] TOUKH JI0

Touku. Hampsim opTiB y UMIiHApPUYHIN

Al cHCTeMi KOOpAMHAT TIOKa3aHO Ha
> » Ypuc. 2. 4.
|_l Sxmo y pesikin Touri O obpaHi aBa
X 0asmuca, To OyAb-sIKUIl BEKTOp MEPIIOTO

0asrca MOKHA PO3KIIACTH IO BEKTOpAX

JIpyroro Ta HaBmaku. [Ipukiam Takoro
po3Kiamy TPUBEACHO B JeKmii |

(TOBOPOT CHCTEMH KOOPIMHAT).

I o Y B ocHOBI po3kiaay BEKTOpa IO
X |¢ BEeKTOpax 0a3mca JEXHUTh OIeparis
Puc. 2. 4 BUXOJDKCHHS IPOEKILii BEKTOpa Ha BiCh,

SKa 32 BA3HAYCHHSM JIOPiBHIOE JOOYTKY

JOBXKHWHH OO0 BCKTOPAa HAa KOCHHYC

B
B *\gj\ / {/ KyTa MK HampsAMOM BEKTOpa Ta
A A

HampssMoM Bici (puc. 2. 5).

B A A B npa = [alCosy
Puc. 2. 5 Jlerko mokasaru, 1o MPOEKILis
CyMH BEKTOpiB Ha BiCh [OpIBHIOE CyMi iX NpOeKUii Ha Ty € BICh.
KoedimienT M, N, P i3 po3kianeHas Bektopa a (2. 3) e mpoekmismu

BEKTOpA BiJIIIOBITHO HA BiCi KOOP/IMHAT.



Bci omepartii Haj BeKTOpaMu 3BOASTHCS A0 BIATOBIIHUX OMEpaIliii Haj

X TIPOEKITiSIMHU.

_a=xi+yj+zk N . .
Hexai _ _ — B JICKAapTOB1M CUCTEM1 KOOpAUHAT. TOI[I

a+b =(x+x)J +(y+y,)i+(z +2)k
Aa = i + Ay, ] +Azk
Hpuxaag 1. YV tpukytauky ABC cropony AB toukamm M Tta N

nofinumo Ha TpH piBHI yactuHu AM = MN = NB. 3Haiitu BexTOp CM,

axkmo CA=3a, CB=D.

—— b-a

Pimenns. AB=b-a. fx cmpcreo, AM = 3 Tak sK

b—5:2§+5
3 3

HMpuxknax 2. 3agani npoekuii cuim F Ha koopamHatHi Bici X =4,

CM -CA+AM ,t0 CM =a+

y=4, z= —4\/5 . 3HaiiTu BenuuuHy cuin F.
Pimenns. Cuna F —sextop. F = 4i +4] - 42K . Benmauna crm

F - nosxuna Bekropa F .
=+ faf =3

Mpuxnax 3. Ha mionmni 3anani asa Bektopu P (3, 2)ta (2, 1)

Po3skinactu Bextop @ (4, 5)3a 6asucom P Tta (.

Pitrenns 3a gopmyioro (2. 3) moxna 3amucati @ = MP + NQ . Tak

K BekTopu @, P, ( 3anasi B mesxkomy Gasuci l;, |,, |5, To 3actocyemo



70 1i€i piBHOCTI NpaBHJIa JIHIMHUX onepamniii HaJ BeKTopamu (BIAaCTHUBOCTI
1lrta2).
4, +51, = m(3], + 20, )+ n(2]; +1,)
TakuM YMHOM, JIJIs BU3HAYEHHS KOS(IIi€HTIB PO3KIIaJIeHHS BEKTOPY a

3a 6asucoM P, (, OTPUMYEMO CHCTEMY JIiHIHHHUX PiBHIHB

3an+2n=4
2m+n=5
Po3B’ si3yroun mro cuctemy, 3HaiineMom =6, n= -7

SIk crifcTBO, pO3KIIaICHHS BeKTopa @ 3a 6asucoM P, ( Mae BUIIA

a=6p-7q.

2.4 Ckanasipuuii 100yTOK BeKTOpiB

CxangpHuM 100yTKOM (ﬁ* b) JIBOX BEKTOpiB @ Ta b HasmBaerbcs
JI00YTOK iX MOJIyJIiB Ha KOCHHYC KyTa MK BekTopamu (puc. 2. 6)

(*b)=[a*[o|*cosy (2.4

b

3BiJICH BUTIKAE, IO CKATAPHUN 100yTOK

JIOPIiBHIOE TOOYTKY MOMYJISI OIHOTO

BEKTOpa Ta TMPOEKIl OJHOTO BEKTOpa

4

Puc. 2.6 Ha HaIlpsiM MEPIIOTO.

(ﬁ* B) = |§|npb5 = ‘E‘npab.
BrnactuBocTi ckanspHoro g100yTKYy:

1. (a*b)=(b*a)



2. Ala*B)=(1a*b)

3. (@*(b+c))=(a*b)+(a*c)

Heob6xigHa i JOCTaTHS yMOBa MEPIEHIUKYIAPHOCTI IBOX BEKTOPIB @
Ta b BUPAXKAETHCSI HACTYITHOKO PiBHICTIO (5 * B) =0.

3anumieMo CKaJIsApHWA AOOYTOK BEKTOpIB dYepe3 IX KOOpIWHATH.
Hexait a=xj+y,j+x, b=x,j +y,j+zk. Toni
[@*D)= (i +yi] + &Nod + 1 + 2K) = xx, + iy, + 22,.

VY  OAMHHYHOMY BHIQIKY (§*§)Z|§”§|COS¢/ :|§|2 abo y

KOOpAHHATHIH dopmi |§| =X +y +Z.

Kyt Mix BekTopamu, Ha mijgcrasi popmymu (2. 4)Mae BUTIIAA
@*b)_  xxtyy,+az
Cosy =
A o iy ez yE+

Jlisi NepreHAUKYJISpHUX BekTopiB @ Ta D wmaemo (¥ :E,

a, SIK

cmigcto, COosl =0 abo XX +Yy1y» + 212, = O.

F

Oi3uyHUNA 3MICT CKalsIpHOrO no0yTKy. Hexaili mocrtifiHa cmia

3abesneuye npsmoniniiine nepemimends S = MN wmarepiansroi TOUKH.

—

Slkmio cuma F - yrBOproe kyt (J 3 mepemilieHHIM S (puc. 2. 7),10 3

¢isuku Bimomo, mo poGora cuim F  Ha nepemimenns S

S|* Cosy .

JIOPiBHIOE

A=|F|*[s




F Ha mizgcrasi popmymu (2. 4) A= (IE* §)

/Wv T00TO poboTa MOCTIHHOI CWIM TIpH

M N  npsMmomniHiHHOMY TEpeMillleHHI i1 TOYKH

v

Puc. 2. 7 MPHUKIIAIKKA JOPIBHIOE CKAJSIPHOMY JTOOYTKY

BEKTOpa CHJIM Ha BEKTOP MepeMileHHs .

2. 5 BekTopHuii 100yTOK BeKTOpPiB

ITig BEeKTOpHHM JTOOYTKOM lﬁXBJ BekTOpiB @ Ta D Gymemo

pO3yMiTI/I BCKTOP c y SIKUI BU3HAYAETHCS 3a IMpaBUJIOM

i j k
X, Y, z| ° =

I'eOMETPUYHO BEKTOPHUM JOOYTKOM |_§>< b] IBOX BekTOpiB @ Ta b

Ha3MBAETHCSI BEKTOp C, SIKM HANpaBJICHUH MEPNEHIUKYIAPHO MUIONIHHI
BEKTOPIB-CIIIBMHOXKHUKIB Y TOH OiK, 3BIIKM IOBOPOT BiJ IIEPIIOrO
CITIBMHOXKHUKA J0 APYTOro Ha MEHIMUN KyT BUTHUH MPOTH PyXy TOIUHHOT
CTPUIKM, Ta PpIBHMH 3a BEIWYMHOIO IUIONIMHI  Tapaleorpamy,

1o0yI0BaHOTO Ha UX BeKTopax (puc. 2. 8).

o] =[[axb)] =[a]*[o| sing (2. 5)

b




BrnactuBocTi ckanspHoro 100yTKy.

TE/'B ....................... 1 |axb|=-|oxal

2. Alaxb|=|raxb]

a 3. [ax(b+c)| =|axb|+ [axc]
Puc. 2. 8
@Di3uuHU 3MICT BEKTOPHOTO JOOYTKY BHPAXKA€TbCI Yy TOHSATTI
MOMEHTY CHJIN F BiznocHo aesixoi Touku O.
Mo =FxF,
ne I - BekTop, mpoBeneHui 3 Touku O 10 MoYaTKy BEKTOpa F (Toukm

TIPUKJIaICHHS CHIIH).

2.6 3mimanuii 100yTOK BEeKTOpiB

3MimranuM 100yTKOM BEKTOPIB (ﬁxb)*ﬁ HA3UBAETHCS CKaJSPHUI

100YyTOK BEKTOPHOTO H0OYTKY BekTopiB @ Ta b mHa C, T06TO
(@b.¢)=(axblc)
B cuiy BU3HaueHHS CKIAPHOTO TO0YTKY
@.b.c)=[laxb]p,;c =[axb]xh
Tyr np_;C=h - npoekuis BekTopa C Ha HampsM BeKTOpa axb
(puc. 2. 9) —e BUCOTOIO Mapajenernineaa, o0y I0BaHOTO Ha BEKTOpax a,

b, C. Ockinbku ‘[ﬁx b] - TUTOIIIMHA OCHOBAHIsI IOTO TMapasieerinesa,

TO 3MilIaHUH TOOYTOK ysBiIsie o000 00’ €M mapasenemninesa 3i 3HakoM (+)



a0o (-), B 3aJIKHOCTI BiA TOro, 4u OyJe TOCTPUM YU TYHHM KYT MiX

BekTOpamu C Ta lﬁXBJ.

Puc. 2.9
Sxkmo Bektopu a, b, C npencrasuru y xoOopaMHATHOMY BUIJISI,
TOOTO
a=xj+yl +zk
b=x,i +y,l +zk ,
C=xj +y,l +zk

TO 3MiMaHuN JOOYTOK MaTUME BHUTJIS;

[ax61*6=[i‘yl i R ylj*(x3f+yi+z£)=
Y & 1% 4 X Y2
X Y 4
Y, Y,
=X 2‘%2 Z%f P ¥ 2
i SR L A A
HNpuxkmaxn 4. 3agaHi  BEKTOpH a :mi'+3]+4l2 Ta

b=4+ mj — 7k . [Ipu sikomy 3Ha4eHHI M IIi BEKTOPHU MEPIECHANKYIISPHI?

Pimrennsi. 3HaiinemMo cKasIpHUIT TOOYTOK ITHX BEKTOPIB.

5*5:4m+3m—28, tak sk a b ,T0 a*b=10. 3Bigcu
m-28=0 m=4



Mpuxaag 5. Bupaxysatu 1iomy napajieinorpama, noOyZoBaHOTO Ha

Bektopax @ =61 +3j -2k 1a b =3 —2] +6k .

PimeHnHs. 3HaX0AMMO BEKTOPHUIA 10OYTOK BeKTOpiB @ Ta b .

ik
3 -2 =14 -42]j-2%k
-2 6

a*b =6
3

Tak sIKk MOZLyJIb BEKTOPHOTO 100YTKY IBOX BEKTOPIB AOPIBHIOE IO

no0yZI0BaHOTO HA HUX Mapajenorpama, To

S=|a*b| = V14’ +42 + 27 = 49
Hpuxnan 6. 3Haiith 00'€M TPUKYTHOI mMmipaMigd 3 BEpUIMHAMH
A(2,2.2),B(4,3,3),C(4,5,4), D(5,5,6)
Pimrennsi. 3HalimeMo BEKTOpH AB, AC ta AD, crisnagatoui 3
pebpamu mipamizy, SIKi CXOIATHCA y BEPLIMHI A.
AB=2+j+k, AC =2i +3]+2k, AD =3 +3 +4k
3HaX0AMMO 3MillIaHuH JOOYTOK BEKTOPIB AB, AC ta AD (e x —

00’ eM mapaienerinesa, mo0yI0BaHOTO HA JaHUX BEKTOPaxX).

211
AB*AC*AD =2 3 2/=7
3 3

Tak sx 00’ €M mipamian JOPiBHIOE E YaCTHHU 00’ €My TapaJesnerinena,

oV =—.
6



3 Tenzopu
3.1 IlepeTBopeHHsI KOMIIOHEHT BeKTOpa MpH
3MiHI CHCTeMH KOOpAMHAT

VY monepenHboMy po3aini Oynu  HajxaHi NPUKIAAW CKalspPHUX Ta
BEKTOPHMX BeNWYHMH. bymo BigMiYeHO, IO CKAISPHI BEIUYUHH
BU3HAUYAIOTHCSI OJHUM YHUCIOM, BEKTOpPHM MOTPEOYIOTh Ui CBOTO
BU3HAYCHHS TpboX umcen (kommoHeHT). CkanspHa BeJIMYMHA HE
3MIHIOETBCS TIPH  3MiHI CHUCTEMH KOOpAMHAT (HANpUKIAA, JOBXKHHA
Bipi3ka). BekTop — 1e He mpocto Hadip AeKimbKoX ckanspiB. Hampukman,
IBOMa dYxciaMH  (MIUIBHICTE Ta TEMIIEpaTypa) MOXKHA IOBHICTIO
OXapaKTepHU3yBaTH CTaH 1IeaJbHOTO rasy, ajie Iieil Habip HE € BEKTOPOM.
HaifBaskniiBima BIIACTHUBICTH BEKTOpa IIOJISTa€ y TOMY, IO TPH 3MiHi
CHCTEeMH KOOpPAMHAT HOro KOMIOHEHTH 3MIHIOIOTHCS, aje 3a TaKhM
3aKOHOM, III0 B Oy/b-AKil 3 KOOPAMHATHUX CHCTEM BOHHM BH3HAYAIOTh OJMH
i Toi sxe BekTop (puc. 3.1).B cucremi koopaunar OXYZ Bekrop OM wmae
KoopauHatH (X1, V1, ). B cucremi
OX'Y'Z' Toit ke BEKTOp Ma€

koopauHati  (Xp, Vo, Z). MokHa

BKa3aTH, II0:

X, = %CogXX,)
y2 = y1C05( 9192) (3 1)
z, = 2Coq32))




ToOTO, SKIIO KOMIIOHCHTH BEKTOpa 3a/iaHi B OHINM SKIHCh CHUCTEMI
KOOpAMHAT, TO, BHKOPUCTOBYIOUM 3akoH (3. 1), MOXXHa BH3HAYUTH
KOMITOHEHTH BEKTOpa B OyAb-sKii 1HIIIH cucTeMi.

Hesiki ¢isuyni 00’ e€kTH TOTPEOYIOTh UII CBOEI XapaKTEPUCTHKH
Oinpme Hixk Tpu QyHKIii  1lg oOcraBuHa mpu3Bena 0 MOHSATTS BEJIUYHH,

BJIACTUBOCTI SKHX CKJIaJHIII, HIX Y BEKTOPiB TOOTO TEH30DIB.

3. 2 MoustTra Tenzopa. Tensop nHampyr

PosrisitHeMo KJIaCMYHUN TPUKIAA, NOPUBEAIIUNA 0 BUHUKHEHHS
NOHATTS TeH3opa (tensio —mo-maTuHCKK - Hampyra ) (isudHe Tijo, o
MIITAEThCS il CHJI, 3HAXOAUTHCS B HANPYKEHOMY CTaHi, TOOTO B HbOMY
BUHHMKAIOTh BHYTpimHI 3ycmiuist. KokHa Kpamka B HalpyKEHOMY Tini
3HAXOAUTHCS MMM JI€I0 BCiX 11 HABKOJMINHIX KpaIoK, a TOMY B Oyab-AKii
TUTOILIMHI, IPOBEICHOI Yepe3 JaHy KparkKy, Ha Hee Oyje OisiTH Hampyra, 1o
3QJICKATh Bi oOpieHTarii TwiomuHN. To0TO IS XapaKTepUCTHKU
HaNpYXCHOT0 CTaHy B Kpamli HEOOXiIHO PpO3MISTHYTH HECKiHYCHHY
CYKyHIHICTh BEKTOpIB- CHJ Ha BCUIAKHX IUIOIIAX, IO TPOXOASATH Uepe3
kpanky (Man. 3.2).BUsBHIOCH MOXIJIMBUM BU3HAYHUTH TaKy BETHUYHHY, KA

A OJIHO3HAYHO 3B’ A3aHa 3 TOUYKOIO

TOOTO  HE  3alIEXHUTh BIX

opieHTaIii TJIONMHKA 1 B TOU

K€ YaC O03BOJIAE€ BHUpaAxXyBaTu

HaIpyry Ha OyIb-sTKii
TUTOILIMHIT.
Puc. 3.2 PoszrngaeMo Hanpyry Ha TpboX

HEePIEeHINKYIIIPHUX TUIOMKHKAX Oinst Touku M (puc. 3.3.)



X3 Hampyru P53, Py, Pos yaBisiroTs co6010

po3kiageHHs HanpyrH P, o BicsaM Xy, X;

Pagy A > P Ta X3 BiJITIOBITHO.
- AHanoriuHo Hanpyra P; po3knanaeTscst
\ |- Xz  TIO BiCSIX KOOpAMHAT Ha HAanpyTH Py, P3y,
X1 \ P 3 P33.

Puc. 3. 3
Ili nes’'ste BenuuuH Pij Ha TphOX B3AEMO MEPICHAUKYIAPHUX
TUTOIIMHKAX Oisl TOukd M HisSK HE TIOB’ si3aHi 3 OPIEHTAII€I0 TUTONUHKH, a

JIMIIE 3 MOJOYKEHHAM TOYKH. Y TOM ke vac 3HaHHs BeauuuH Pij mo3Bomse

BHpaxyBaTH HaIpPyTy P Ha OyIbp-sAKii TUTONIWHIN, SKIIO Bigoma i
opieHTamis.TakuM 4YHHOM, Yy KOXHIH TOYIll CepefoBUIAa OJHO3HAYHO
BU3Ha4YCHA OJHA (hi3MYHA BEIMYUHA, [0 BU3HAYAETHCS JCB' AThMa YUCIIaMHU
Pij, sxa cnyrye TOBHOI XapaKTePHUCTHKOK HAMPYKEHOTO CTaHy
CepeloBHILA Y TOYLI.

]_ISI BCJIIMUYMHA HOCHUTH HaﬁMeHyBaHHﬂ TCH30pa 210 panry, a came

TEH30pa HaTpYT.

R, R, R
HRH =P P PBs 3.2
i R R

ToOTo TeH30pOM 2-TO paHry € Beln4rMHa, OOyMOBIEHa B OyAb-sKii
cucTeMi KoopauHar jaeB'aTbMa uwuciaamu  Pij. Bemmumuaum  Pij €
KOMITOHCHTaMH TE€H30pa 2-T0 paHry.

PosrnsHeMo, SK 3MIHIOIOTBCS KOMITOHEHTH TEH30pa TIPH  3MiHi

HeKapTOBOﬁ CUCTCMHU KOOPAUHAT.

Hexait | || ,1; - oannuuni BexTopum ( OpTH ) BHXIAHOI CHCTEMH

xoopmunar ( man. 3.4),a 17, |,, |; -opTu HOBOI cucTeMH KOOpAMHAT.



Tosnaunmo  Cog(ij)) = ay, = Codifi,) =a@,,. ... Y saransHomy Burmsni

KocHHyc KyTa Mk K-if Biccio HOBOi cuctemu KoopauHart i L-if Biccio

BHUXIJTHOI CHCTeMH. 3HAWIEMO MPOEKIlii BEKTOPiB E Ha L, Bich BUXiTHOI

CHCTEMH.

X Bynap-axuii BekTOop P, BUXiJHOI
CHCTeMHU KOOPIMHAT MOXe OyTH

MpeICTaBICHUI HOro MPOEKUiIMU

Pem Ha Bici X, (anHanoriuno 2.3)

> Il/
X’z
X2 Puc. 3. 4

IIp, iy = ||_k'||ﬂ'|cos(l_kll) =0

pe— — — p— 3 p—

R :P|1i1+P|2i2+P|3i3:zP|m.m 9]
n=1

BingmosinHo Oyab-skuii BeKTOp P, HOBOI CHCTEMH KOOPIMHAT MOKE
o . ] . . ]
OyTu npexcrasienuit npoekuisimu P, Ha Bici X; .

00
— 1 [ [ A e
Pe = PBal;y + Bol, + Pl _Zpkili

3naiimemo 38’130k MK Benmumuamu P, Tta P, To6To MiN

KOMITOHEHTaMH TeH30pa B HOBIH Ta cTapiii cUCTeMi KOOpHHAT.

Bekrop P, moxe GyTu mpencTaBnenuii y BUMIAAL iHIHHOT KOMOiHAIIT

BekTopiB P .



3
P, =P.Cogk']) +P,Cogk’2) +P,Cosk' ) =D a, p ()

n=1

KinneBo, mincraBisitoun (x) y (x ), oTpuMaeMo

3 —_
I:)k' = Zak’l Z leim (3 3)
=1

CrpoeKTyBaBIIH ITI0 PiBHICTH HA i-TY BiCh HOBOi CHCTEMH KOOPIWHAT,

OTPUMAEMO:
Pay = (zak’l z Pl )i
1=1 m=1

BpaxoByroun, mo i, *i/ =Cog(i,,i{) =@, , kineso otpumaemo:

3 3
Py :zzak’lami’ P (3.4

HamMu oTpumMaHo 3aKOH IIEpPEeyTBOPEHHS I[CB,SITI/I BCIINYUH P IIpu
ik

3MiHI1 Z[eKapTOBO'f CUCTCMHU KOOPAUHAT.

Mpuxaang 1.
VY cuctemi koopauHat K 3amaHuii TEH30p
2 0
T,=10 4
00

3naiitn komnonentn P; Ta P,; Tensopa y HoBiii cuctemi koopauHat

K’, 300paxeniii Ha puc. 3. 5.

2 X

v

Puc. 3.5



Pimenns.

CxkrageMo TabJIHII0 KOCHHYCIB

Vi
d COSI_T = £ le =Cos— =0
6 2
T 1 _ T _
= L= d,, =Cos— =0
d,, C053 > 22 >
d,,=Co9D=1
d13:Cos7—T:0 =
2
a7 1
d, =Cos— ==
31 3 2
T T \/§
d., =Cod—+—-)=——
32 5(2 3) 2
Vi
d.,,=Cos—=0
33 2

Y suximmiii cucremi k Py, =2, P, =4, Py =8, B, =0 i#].
3acrocoByemo popmymy (3. 4):

11 Zzallaml Im Zall (auR. +a,R, +a,R,) =

1=1 m=1
.31 V3, .1 NEF
:zau(_R1+_R2):a11(_ A 2)+0'12( le+_Pzz)+
= 2 2 2 2
+q (@P +1 ) ££2 __4__
Btop ¥ 9 2 22 2
3 3 1
le:zzazﬂml zazl I:?1'*2Pz)_
1=1 m=1

\3 1
=a,(—PR,+=PR,)=0
23 31 32
2 2
3ayBaskeHHsI PO CKOPOYeHi MO3HAYEHHSI. Y 3B’ 53Ky 3 THUM, IO KOKHHUH
JITepHUH 1HACKC, SIKUH 3yCTpivaeThCsl y BUpa3i OAWH pa3, MOXe NpUiiMaTH

3HayeHHs 1, 2, 3,70 NpuHHATO Clliayroue:



*  3amuc X; nepeadavyae CyKymHiCTh BETHYHMH X1, X2, X3.
* 3anmc Aj nependadae CyKyIHICTb JEB'ATH BEIUYUH Aj, Ajo,
Auz, Az, A2z, Az, Azyy Az, Asa.
KpiM TOro, sKmo B OIHOWICHIIHACKC IOBTOPIOETHCS (T.5. HIMHIA
iHIeKc), To mepemdavacThCss CyMyBaHHs 3a HuMBiA 1 1o 3. To6To dhopmyia

(3. 4)y crxopoucHOMY MO3HAUCHHI MA€E BUTIS]T
Pv =000 P, (3.5)

T.5. iHAEKCH | Ta M MOBTOPIOIOTHCSI, TO PO3YMIETHCSI CYMYBaHHSI.

3.3 Onmnepauii Hax TeH30paMu

TeH30pu OHOTO ¥ TOTO X paHTy MOKHa fojaBaTH. CyMOIO TEH30piB
HA3WBAETHCSA TEH30P, KOMIIOHCHTH SIKOTO IOPIBHIOIOTH CYMi BiIITOBIIHHUX
KOMIIOHEHT JIOJIaHKIB.

Mpuxnan 2. Jlonatu TeH30pH

31 15
Al2 4 u B |0 6
3 6 1 2 3
Pimrenns.
6 6
A+B= |2 10
5 9 1

JloOyTKOM TEH30piB HA3MBAETHLCSA TEH30pP, KOMIOHEHTH SIKOTO PiBHI
M0OyTKaM KOMIIOHEHT CIIIBMHOXXHHUKIB, a paHT MOOYTKY HOpPIBHIOE CyMi
CHIBMHOYKHHKIB.

Mpuxnan 3.
ITomuosxuTn aBa Tenzopu 1o panry A =(3,2,1)ta B (1,4,5)
Pimenns.



31 21 11 3
Cij =[34 24 2. 2
11 14 15 14 5

Otpumanu ten3op 2o panry Cij. Heaxkko mobauuty, mo A * B # B
*A

B TeH3zopHOMYy O0OYMCIEHHI YacTO 3aCTOCOBYETBHCS — OIEparlis
3BEpTaHHS, TOOTO IOJAaBaHHS KOMIIOHEHTIB TE€H30pa IO JBOM OyIb-SIKHM
IHIeKCaM.

Hpukaan 4.
3BEepHYTH TEH30p 210 paHry.

Ajj =

o o1 N

N & -
©

Pimenns.
3
Aii =" Aii =1+5+9=15
i=1

TeH30p TPETHOrO PAaHTy MOXKHA 3BEPHYTH II0 IIEPIIOMY Ta APYTrOMY
iHIeKcaM, JAPYroMy Ta TpPETbOMY IHICKCAaM, TIEPIIOMY Ta TPEThOMY
IHIEKCaM.

IIpr TakoMy 3BepTaHHI BHUXOIUTH, IO TEH30pH 10 paHry, TOOTO
BEKTOPH:

K=1,2,3)
Cia + Cone + Case 5
Ciaa + Ciop + Cias;
Ciq + Co2 + Cas

Mpuxaang 5.
Tenzop
1 2 -
A=||2 -2 -2 nomuoxuruHaTtenszop B (1,0,1)
-4 -2 1

Ta pe3yJbTaT OBEPHYTH I10 IPYTOMY Ta TPETHOMY iHACKCAM.
Pimmenns



T.a. Tensop 340 paHry, oTpuMyemuil mpu Jo0OyTKy A Ha B mae 27
KOMITOHEHT

i=1,2,
Cijk = Aij * Bk j=12,
k=1, 2,
dopmyny 3BepTaHHA 0 2-My Ta 3-My iHACKcaM, a B 100yTKy AB Oynemo
O0YMCITIOBATH TUIBKM Ti KOMIIOHEHTH, KOTpPi BHUKOPHUCTOBYIOTHCSI IIpH
3BEPTAHHI.
Cia1 ¥Ciz2 +Ca3 = AuB1 + ABr + AgBs =
= (Cra1+ CizoF Ci33Co11 + Copz + Cp33,Ca11 Ca22 +Ca33) =
=(1+0-4, 2+0-2, -4 +0+1)=(-3;9).
3.4. T'oJioBHi Bici Ten3opy. [IpuBeneHHsI TEH30PY /10 IOJOBHUX Biceii.

3
3

,TO 3aIIUIICMO CIIOYaTKy

PosrnsHemo BinbHMH TeH30p 2T0 paHry Ti.
Slkmio mel TeH30p MOMHOKHTH Ha BEKTOp A; Ta 3IiHCHUTH 3BEPTaHHS IO
IHIEKCY TEeH30pa, TO B pe3yiabTaTi OTPUMAEMO JCSKHA BEKTOp 3
KOMITOHEHTaMHU

Bi=TiAc= X T A
MoxHa BIAMITHTH, IIO TEH30p, SBJISIIOUYHUCH IIOMHOKEHHUM Ha JESKHUMA
BEKTOp, MEPETBOPIOE HOTr0 B HOBHUil BeKTOp (Takuii JOOYTOK 3 HACTYIHHM
3BEPTaHHSIM HOCUTh HAWMEHYBaHHS CKaJsIpHOTO I0OyTKYy TEH30pa Ha
BEKTOp). B 3araipHOMY BUmManky BekTop B Bimpi3HseTbcs Big BeKTOpy A.
Aue iHozi BekTop B Moke OyTH KoJiHEapHHM BeKTOpy A (SK Tpamwiocs y
npukan 5).

ToOTo, B meskux BUMAIKaX TEH30p IMpH JOOYTKYy Ha BEKTOP 3MIHIOE
JIOBXXKHUHY I[LOTO BEKTOpa, aje He MoBeprae ioro. [HmmMu croBamu,
BUKOHY€ETHCS

TiK * AK = AAj ’
ne A - ckamsp.

IIpu oMy A HOCUTH HaliMEHyBaHHS BIAcHOro Bekropa, a A -
BJIacHOro uncna. Hexait



Ty T, T
Ti}c = T21 T22 T23 A= (Xl, X2, X3 ), B = (/1 X1, A X2, /1 X3)
Ty Ta Tas
I[Momuoxumo T Ha A , aje 3amMIeMo, SK i B MPHKJIATL 5, TUTBKH
HEeOoOXiZHI HaM KOMIIOHEHTH 3BEPHYTOr0 TEH30pa 3-T0 paHry
Ci11+ Ciop+ Cra3 = Ta1r*xq + T1*xp + Tig*x3 = A X1
Co11+ Cozp + Coza = Tor* X1 + T2 X2 +To5* X3 = A X
Ca11+ Cap + Caz3 = Tar*xq + Tgp*Xo + Tag*x3= A xs
ITepeTBOpUMO 1110 CUCTEMY
(Tir- A)xq +Tixp + T13x3 =0 3.6)
Toxy + (Toz- A)xz - Toxs=0
TaxiTaXo + (Tas- A)xs =0
s omHOpimHA cUCTeMa Mae HEHYJIBOBE PIlIEHHS TUIBKH TOJi, KONH ii
BU3HAYHHK JIOPIBHIOE HYIIIO, TOOTO
T 1 A T 12 T 13
T, T22—/] T, =0 (3.7)
Ty T3, Ty~ A

PiBusuus ( 3.7 )Ha3MBAa€THCS XapaKTEPUCTUUHNM PiBHSIHHSIM TEH30pa.

Mpuxknan 6.
21
3HaiiTi BiacHi umkcna teasopa A= (1 2
00
Pimenns. 3amucyemo cucremy (3.6 )
(2-A)X1+X2+O*X3 =0
Xp + ( 2-A )X2 + 00*X3= 0
O*X1+ O*X2+(5 -/])ng 0
Xapaxktepuctuune piBasHag (3.7 )
2-1 1 0
1 2-12 0| =(5-A)|@-12-1=0

0 0 5-1
Bimnmoims : A1 =5; A,=3; A3=1.



ITigcraBnsroun KoxHe i3 3HaueHb A B cuctemy (3. 6),0TpuMaemMo Tpu
OJHOPIAHI PIBHSHHA, Y KOKHOI 3 SIKHX TOJIOBHUN BH3HAYHHK 34 BiJIOMO
JIOPIBHIOE HYJIO. SIK BiIOMO, TakKi CHCTEMHU MarOTh O34 pillleHb, SKi
BU3HAYAIOTh JIMIIIE HANIPSMOK BIIACHOTO BEKTOPA.

PosrnsiHeMo mpoliec BU3HAYCHHS BJIIACHUX BEKTOPIB JJIS TEH30pa 3
npukiany 6.

Ipu A, =5. Cucrema (3. 6)mae Buris:

-3x,+X%X, =0
X, —3%X, =0
0x, +0x, +0x; =0

Po3B’ sa3ytoun cuctemy, oTpumMaeMo X3 = xp = 0 xg =1

Brnacuwuii Bektop B, Gyne nopisHioBatn {O, 0.1}.

Awuaroriuno, npu A,3, po3s’ s3yroun cucremy

-X +X,+0=0
X, —%X, =0

0x, +0x, +2x;, =0
OTPUMAEMO BIIACHUN BEKTOD §2 =(1,1,0)
IIpu A; =0 cucrema npuiiMae BArIIsL:

X, +%X, =0

X, +%X, =0

0x, +0x, +4x, =0
3Bincu §3= (1, -1, 0).
Jlerko 6auyuTH, MO BCi TPHU TOJIOBHI BEKTOPHU B,, §2 Ta §3 B3a€EMO

HepHeHI[I/IKYHHpHi . MoskHa CKa3aTH, o BIIACTHUBICTD B3a€EMHOI

OPTOTOHAJIHLHOCTI BIIACHUX BEKTOPIB CIIPABEINBO 1 JJIs BUTIAIKY, KOJTH ABa



abo TpW BIACHUX 4YMCIa PiBHI MiX co0or0. BHacnmizok opTOroHambHOCTI
BOHHU MOXYTb CKJIACTH JIEKaPTOBY CUCTEMY KOOPJIUHAT.

3'sicyeMo 3B’ SI30K MK KOPEHSIMH XapaKTEpPUCTUYHOTO piBHAHHS (3. 7)
A1, Az A3 1a xoMmoHeHTH TeH3opa. s bOTO HPHBEIEMO TEH30D 10
TOJIOBHUX BiceH, TOOTO 3HAaWAEMO BHpPaXEHHS KOMIIOHEHT TEH30pa B

CUCTEMI KOOPJIMHAT, BiCi SIKOI € TOJIOBHUMHU BiCSIMH TE€H30pa.

Hexaii N® . N (2), N OPTH TOJIOBHHX Bicel TeH30pa, TOOTO

=1 =1 =I « e .
T.A. X;, X,, X ronoBHi Bici (puc. 3. 6),To

=
‘ o]
N
‘ W]
w

NO=58 No-B go-

o
™
™

! g

Ty NS) =A Ni(l)
Tic ngz) = AzNi(z)
Ti N|£3) = /]SNi(S)

3anumieMo I PiBHOCTI y HOBIill CHCTEMi KOOpAUHAT X, , Xo, Xax, TOOTO
1 2 3

B CHCTEMi r'OJIOBHHX Bicel TEH30piB.

T NS) :/]1Ni(l)

T ngz) = AzNi(z)

T N|£3) :/]3Ni(3)

3Biacu, gymaroun i = 1, 2, 3 Ta BpaxoByrHOUH, 10
N£1)1=N§2)1= N§3)1=1, Ta Nr(nn)1 opa M #n,
Otpumaemo

Tilz/]lv T122=/]2,T23=/13,Tij1 =0 (#])

OTXe, TeH30p B CHCTEMI CBOIX TOJIOBHUX OCEH Ma€ BU]I



A 0 0
0

Ti}c = /]

N

0
0

o

A3
Takum unHOM, KopeHi A;, A,, A; XapakrepucTHYHOro piBHSHHS

300paXyIOTh JiaroHaNbHI KOMIIOHEHTH ( TiIBKM Bigpi3HEHI Bim HyIs )
TEH30pa B CUCTEMI TOJIOBHUX OCEH.

@Di3uyHMIA 3MICT BJIACHUX YKCEN Ta BIACHUX BEKTOPIB JJIS TEH30pa
HaMpyry HaCTyIHUH.

BracHi BekTOpM MO3HA4YarOTh Ti IUIOMIAJKH, HAa KOTPUX € TUIBKH
HOpPMaJIbHI HAIIPYTH , a TOTUYHI PiBHI HYJIIO.

BracHi ymcna BKa3yloTh Ha PO3MIp WX HOPMAIBHHUX HAMNpPYT, KOTPi

HOCSTH Ha3BY FOJIOBHHUX HAIPYT.

3.5.IuBapuanTu TeH30pa

[lonsarTs iHBapiaHTa JIErKO TIOSACHUTH HAa TMPHUKIANI BEKTOpa.
HesBaxaroun Ha Te, IO KOMIIOHEHTH BEKTOpa 3MIHIOIOTHCS TIPH 3MiHI
CUCTEMH KOOPJWMHAT, PO3MIp JOBXKWHH BEKTOPA MPH I[LOMY 3aJIAIIAETHCS
He3MiHHUM. ToOTO 171 BeKTopa {XLXZ’ Xs} po3mip I = X12 + xg + xg Oyne
iHBapiaHTOM.

AHaJOTIYHO IHBapiaHTH MO’KHA CKJIACTH 3 KOMITOHEHT TeH30pa OyIib-
SIKOTO PaHTy.

Jns oTpuMmaHHS iHBapiaHTIB TEH30pa IPYroro PaHry y 3aralbHOMY
BUJII PO3MHUIIEMO XapakTepucTuuHe piBHAHHS ( 3.7 ), pO3KpHBAIOYU
3yXBaJllOBa4d

A% AP(Ty+To+Tas) +

T, T, Ty
Tar T Typ=0
Ta Te T;

T22 T32 + Tll T21 + Tll T31
T23 T33 T12 T22 TlS T33

+ A



. 2 13 o
Ockinbku A y /‘ ,/‘ SABJIAIOTBCA CKAJIIPHUMU U TOMY HC 3aJICKATh

BiJl BUOOPY CHCTEMH KOOPIHHAT, KOS(IIIEHT [bOTO PIBHIHHS TaKOX HE
MTOBUHEH MiHSATHUCS MPH 3MIHEHHI CUCTEMH KOOPIHHAT.

TakuM 9HOM, IHBapPiaHTHAMH € BETUTIHH |
I} =Tyy + Top + Ta3

T, T T, T T, T
L=| 2 #41 Tagn la 3.9)
Tos Taa| [T Ty [Tz Ta
Ty T T
=T Tp Ty
Ty Ty Ty
OOuncnioroun iHBapiaHTH TE€H30pa, MPUBEICHOTO A0 TOJIOBHUX BiCeH,
OTPUMYEMO
L=A +A, + A,
L =AA, + A A + A4, (3.10)
b= A,

Mpuxaan 7. 3HaiiTH iHBapiaHTH TEH30pa

1 2 -
A=|2 -2 - Ta 3aMUCaTH BUJ TEH30pa B TOJIOBHUX BiCAX.
-4 -2 1
Pimenns
L= 1-2+1=0
1 2 1 - -2 -
L= + + ==-27
2 -2 -4 1 -2 1
1 2 -

I; = 2 -2 —-2=54
—4 -2 1



Pisusiras (3. 8)mae urmsin A° —274-54=0.
3gigen A, =A, =-3 1, =6

-3 0
A=|0 -3
0O O
3.6 BuaacTtuBocTi cumeTpii TeH30piB
Teuzop 20 panry Alij HA3UBAETLCS  CHMETPUYHUM,  SKIIO

KOMITOHEHTH, SIKi OTPUMYIOTHCS TPH TTEPECTAHOBIN iHACKCIB, TOPIBHIOIOTH
OJTHE OTHOMY
Tij=Tji
Tenszop 2T0 paHry Ha3MBAETHCA AHTUCHUMETPUYHUM, SIKIIO TPH
MIEPECTAHOBIII 1HACKCIB KOMITIOHCHTH 3MiHIOIOTh 3HAK
Tij=-Tji
TaKWil TEH30p HOCUTH Ha3BYy OiBEKTOpA.
BrnactuBicts cumerpii abo aHTH CHUMETpii HE 3alexarh Bil BHOOpY
CUCTEMH KOOPJIUHAT.
Jlerko 6auuTH, 110 CHMETPUYHUIN BEKTOP 2T0 paHTy Ma€e BUTJIIS
Ty T, T
T, Tp Tyl.a
Ts T Tg
AHTUCUMETPUYHUN BEKTOP 2-TO PaHTy Ma€e BUIJISL
0 T, T
—-Tp, 0 Tas
—Ty —Tp O

Bynp-sxuit Tenzop Tij Moke OyTH NpEICTaBICHHH y BHIJISAI CyMHU

cuMeTpr4yHOro Sij Ta aHTUCHMETpHYHOTO Alj.



JloBeieHHS BUTIKAIOTh 3 OUEBUAHOI PIBHOCTI

Tij = = (Tij +Tji) + = (Tij ~Tji)
2 2
Y . e
Tenszop Sij = E(T” +Tji) - cumeTpuunmii Tensop, T.4. Sij = Sji.

Tensop Aij = %(Tij —Tji) - antucumeTpuunui, T.4. Aij = - Aji.

Hpuxaag 8. PoskiacTh Ha CHUMETPUYHHMNA Ta aHTHCUMETPHUYHHN

TCH30pU TCH30P

2 1
T=3 -1

5 4
Pimenns

CuMeTpHYHHI TEH30p

2 2
S=12 -1 2
4 2
AHTUCUMETPUYHUNA TEH30D
0O -1 -1
A=l 0 -2
1 2 O

3agadi 51 caMoCTiHHOTO PO3B’ A3aHHA
1. Ha Bici OX 3HaiiTi TOUKY, piBHOBiAmameHy Big Touok A (2, -4, 5)ta
B (-3,2,7).
2. Hammii tpuxytauk A (1, 1, 1),B (5, 1, -2),C (7, 9, 1) 3uaiitu

KOOPAWHATHU TOUKH /[ IepeTHHy OiceKTpucH KyTa A 3i cTopoHoio CB.



10.

Jlani tpu cwm  F, =5 +3j-2k, F, =2 4] +6k,
IE3 =l +7j+ 3K , sIKi JoKIaKeHi 10 OfiHi€l TOUKH. Bupaxysatu, Ky
po0OTy BUKOHYE pIBHOJINHHA IMX CHJI, KOJM TOYIN MPUKJIAJCHHS,
PYXaro4uCh MPSAMOITIHIIHO, IIEPEMIIIYEThCS 3 TooxeHHs M (4, 4, 6)
1o monioxenust M (7, 5, 2)

Cuna F =4i'+2]+|2 nokinaneHa o touku B (3, 2, 4) 3uaiitu
MOMeHT 1€l cunu BigrocHo Touku 4 (5, -1, 6)

Hosectw, mo Touku 4 (1, 2, -1),B (0, 1, 5),C (-1, 2, 1)ra / (2, 1, 3)
JIe)KaTh B OOHIN IUIOMIMHI.

Hani Bepumnu tetpaenpa A4 (-5, -4, 8),B (2, 3, 1),C (4, 1, -2)ta
I (6, 3, 7) 3HaiiTh TOBKHHY BHCOTH, IPOBEIEHOI 3 BEPIIMHU A 110
rpani BC/.

Jlani Tpu Bextopu a=2i —]+3k, b=i-3j+2k,
C= 3i_+217—4|2. 3HAMTH BEKTOpP X, IO 3aJ0BOJIbHSE YMOBAM:
x*a=-5, x*b =-11, X*C =20.

O06’em Terpaeapa V = 5. Tpu Horo BepIIMHHA 3HAXOIATHCS y TOUKAX
A (2,1, -1),B (3,0, 1),C (2, -1, 3) 3uaiiTi KOOPAUHATH YETBEPTOI
BEpIINHY /[, SKIIO BiJIOMO, 110 BOHA JIeKHTH Ha Bici OY.

3HafiTi iHOI KOMIIOHEHTH TeH30pa |,

npukinany 1 posminy 3 B
cucremi K'.
Poskmactm  cymy TeH3opiB 4 + B  Ha CHMETPUYHHHA Ta

aHTI/ICI/IMCTpI/I‘lHI/Iﬁ TCH30pHU.

W
I
a b~ P
o o A



11.

12.

13.

14.

15.

16.

1 2
IMomuoxenuit Tenzop A=|4 5 Ha TEH30D B=||—1 2 ﬂ|
7 8 9
3BepHyTH 3a 1, 3iHaeKcamMHu.
2 1
[Momuoxenuit Tewszop A=|1 2 Ha Tersop B :”1 2 :{|
00
3BepHYTH 3a 2, 3iHACKCaMHU.
1 2 -
IMomHOXuTH cKamsgpuo TeHzop A=|2 -2 —2| na TeHsopu
-4 -2 1
B,=t -1 9, B =t 0 4.
3 2
3HaiiTH ToJ10BHI BekTOpH Tenszopy A=|2 3
00

[IpuBecTr 10 TOOBHUX BiCEeH TEH30pH HAIIPYTH
0 1 1 31
1 0 -3, |1 3
1 -1 0 00

3HaliTH iHBapiaHTH TCH30PiB
31 2 1
1 3 , 11 2
00 00

3amucarty 1X XapakTepUCTUYHI PIBHAHHS.



Jlns iHAMBiAyadbHUX JOMAIIHIX 3aBJaHb PEKOMEHIYIOThCS 3aBIAHHS
1-6 rmaBu IX 36ipkm 3amau / 8/ ta I3 2.1, [/I3 2.2 rmasu 2 30ipku
3amau / 9 /,a Takox MPUBEJCHI HIDKYE.

3apmanns 1. TTomHOXeHH# TeH30p A Ha TeH30p B 3BepHYTH 34 |, |

IHIEKCaM.

1 0 2

1. A=3 -1 0 B=IL 0 | 1=1j=3
11 -
12 0

2. A=|3 0 - B=J1, 1, 0 1=1,j=3
2 1 -
13 0

3. A=|2 1 - B=[, 2 1 1=2j=3
02 1
2 1

4. A=|3 0 B=[, 1 2| 1=2j=3
1 -1
2 01

5. A=(3 0 B=[2 1 1 1=1j=3
-11
2 01

6. A=(3 0 B=[2 1 1 1=2j=3
-11
2 1

7. A=|3 0 B=[, 0 1 i=1,j=3
101
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16.

17.

18.

19.

20.

21.

22.

23.

N T

N PO NP O

PO PPN P BN

B=|0

B=|0

B=|1

B=|1

B=|1

B=|1

B=|1

B=|3

2

2,

2,

9.

9.

2.

2.

g,

4.

i=1,j=3
1i=2,j=3
i=1,j=3
i=2,j=3
i=1,j=3
i=2,j=3
i=1,j=3
i=1,j=3



24. A=

25. A=

O, N O FL DN

N PO NP O

3aBnanna 2. IlpuBectu 10

TEH30PIB.
3 2 -
1. |7 2 -
11 5 -7
2 3 -
4. 4 1 -
4 2 -
-4 -3 3
7. 16 3 -5
0O -2 O
-8 -3 6
10./10 3 -8
-4 -2 3

11.

B=p 2 4.

B=Js 2 1,

TOJIOBHHUX BICEH,

-2 1 1

4 -5 -7 3.
-4 4 6

1 9 6

-2 -6 -2 &
2 7 3

-3 2 2

7 -2 -4 o
-11 5 7

-4 3

-5 4 12.
-1 1

i=2, ]

i=2, ]

3HAWTH 1HBapiaHTH

5 -4 -
0 1 -1
6 -6 -
-3 2 4
8 -3 -1
-6 3 8
2 1 -
4 -1 -
4 -2 0
-5 3 6
6 -6 -1
-6 6 9




13.

16.

19.

22.

25.

3apmanns 3. Posknmactu cymy TeH30piB i3 3aBmaHp 1 Ta 2 Ha

-3 1
0

7 -6
1 0
8

-3 4
-4 5

3 4
2 7
4 10

5 0
-4 1
4 1

8 -2

2 -2

-5
-8

6

-1

4

4
7

14.

20.

23.

CUMETPUYHUI Ta aHTUCUMETPUUHUN TEH30DH.

15.

18.

24.
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