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1 METOJIbI HCCJIEJIOBAHUSI ONEPALIAT

HCpBaﬂ 9aCTb KypcCa «MCTOI[BI OIITUMHU3alINU U UCCICIOBAHHUA OHGp&HHﬁ» —

«MeToapl HcclieIOBaHMS Onepaluii» Oblja U3JI0kKeHa B Moayisax 1 u 2.

2 ONTUMM3ALMUSA MATEMATHYECKHX MOJIEJEN

2.1 IIOCTAHOBKA 3AJIAYU OIITUMU3BALINA

B mpormecce pemenust 3agadud ONTUMH3AIUMN OOBIYHO HEOOXOAMMO HAWTH
ONTUMAaJIbHBIC 3HAYEHUs BeKTOopa mapameTpoB X = (X1, Xp, ..., Xp), ONPEAEISIO-
IMX JaHHYIO 3afady. Yuciao mapameTpoB XapaKTepuU3yeT pa3MepHOCThb (U CTe-
MIEHb CJIOKHOCTH) 33724l ONTUMU3ALIHIH.

[Tox onmumuzayueri MTOHUMAIOT TIPOLIECC BHIOOpA HAUTYUIIETO BapHaHTa U3
BCEX BO3MOXHBIX.

Cucrema, 111 KOTOPOM MOKa3aresb €€ KauecTBa UMEET IKCTPEMAIbHOE 3Ha-
YEHUE, HA3bIBACTCS ONMUMALLHOU.

Bri6op onTUManbHOTO peIlieHUsT WIM CpPaBHEHHUE JIBYX ajJbTePHATHUBHBIX
pELICHUH TPOBOJUTCS C IMOMOILIBI0O HEKOTOPOW 3aBHUCHUMOM BEIWYUHBI ((PYyHK-
L[MH1), ONPEeEIsIeEMO TPOSKTHBIMU NTapaMeTpaMu. JTa BEIMUMHA HA3bIBACTCS ye-
nesou gynxyuet. lleneBas GyHKIUA onpeaesnseT NPaBuiio NPEAOYTEHUS OJTHOTO
BapuaHTa Japyromy. B mporecce pemieHus 3a7a4d ONTUMH3ALUKN JOJKHBI OBITh
HaWJIeHbI TAKWE 3HAUYCHHS TPOCKTHBIX MApaMETPOB, MPU KOTOPHIX 1iesieBas QyHK-
1Usl IMEeT MUHUMYM (1iiu MakcuMyM). Takum oOpazom, yeresas ¢pyHkyuss — 310
rJI00aNbHBI KPUTEPUN ONTUMAIBHOCTH B MAaTEMaTUYECKUX MOJAEIAX, C MOMO-
IIbI0 KOTOPBIX OIMHUCHIBAIOTCS WHKEHEPHbIE MJIM SKOHOMUYECKHE 3anauu. Llene-
BYIO (DYHKIIMIO MOYKHO 3amicath B BUjae U = f(xy, Xo, ..., Xp).

B ciydae onHoro npoektHoro napamerpa (n = 1) meneBas GyHKIUS SBISICT-
cst QyHKITMEH OJTHOM TIEpeMEHHOM, U ee TpaduK — HEKOTopasi KpuBasi Ha TIOCKO-
ctu. [Ipu (n = 2) ueneBast GpyHKuMs ABIsSETCA PYHKIMEH BYX NEPEMEHHBIX, U €€
rpauKoM SIBIIsIETCA MOBEPXHOCTh. [Ipu N > 2 — runepnoBepXHOCTb.

LeneBas ¢pyHKUMS AOMKHA OBITh OJHO3HAYHOM (DYHKI[MEH MPOEKTHBIX Ma-

paMeTpoB.



2.2 TIOHSTHUE DKCTPEMYMA. BUJBI JKCTPEMYMOB

Oynkuus f(X) gocTuraer oxaibHo20o MUHUMyMa WM MakKCUMyMa B TOYKE
X*, ecd JUIsl BCEX TOYEK X, JISKAIIUX B MAJIOHW OKPECTHOCTH TOUKH X*, UMEIOT

MCCTO HCPABCHCTBA.!

f(X*) < f(X) — mast MuHEMYMa, X € dX*;

f(X*) > f(X) — nsa makcuMyma, X € OX*.

I 106anbHbiM DKCTPEMYMOM Ha3bIBaC€TCS TOUKa X*, B KOTOPON MUHUMH3U-
pyemas (Makcumuszupyemasi) GyHkuus f(X) umeer HamMeHblnee (HauOoOJbIIEE)
3HAUYEHUE CPEAU BCEX JIOKATBHBIX AIKCTPEMYMOB (PUCYHOK 2.1).

f(X*) < f(X) — na MuHEMYyMa, X € DX;

f(X*) > f(X) — nnsa makcumyMma, X € Dx.

Pucynok 2.1 — Sxempemym X* 6 obnacmu onpeoenenus Dx

Dx

Oyukuus f(x) Ha3pBaeTCS 0oHoIKCcmpemanvrou (YHUMOOAIbHOU), €CIIA OHA
MMEET OJIUH 3KCTPEMYM, H MHO20IKCMPEMANbHOU (MYTIbmMUMoOaibHoll), €CIIH OHA
umeeT 0oJiee OJHOTO MUHUMYyMa UJIM MaKCUMyMa.

3amavya HaXOXKIEHUS MakcUMyma (YHKIIUH CBOJIUTCS K OTHICKAHUIO MUHU-
MyMa 3aMeHol ucxonHod ¢yHkuuu f(x) Ha -f(X), T.K. BBINOJHSIETCS PABEHCTBO
max f(x) = - min(-f(x)). I'padudeckr HISHTUIHOCTD PEIICHUS 33]]a4 MAKCUMHU3a-
MU 1 MUHUMH3AIUU 10Ka3aHa Ha pucyHke 2.2. [lostomy B nanbHelimem OymyT
paccMaTpuBaThCS TOJNBKO 33Jaud MUHUMH3alUU. Toraa 3agada OThICKAHUS OIl-

TUMAaJIbHBIX TTApaMETPOB 3amuchiBaeTcs B Bujie min f(x) = f(X*) = £*,
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PucyHOK 2.2 — Hoenmuynocmo Peulerusl 3a0a4 MaKkcumuzayuu U MUHUMUIayuu

2.3 CUCTEMbI OTPAHUYEHU B MATEMATHYECKHAX MOIEJSX

B 3ajavax onTtMMM3anuu 4aile BCErO MPUCYTCTBYIOT OIPAHHYEHHUS, KOTO-
pble CyaroT o0nacTh noucka DX. DT orpaHuuyeHus 3aJal0TCs COBOKYITHOCTBIO
HEKOTOPBIX (PYHKIIHH, yIOBIETBOPSIOLUINX YPAaBHEHUSIM WIIM HEPABEHCTBAM.

B pesynbraTe orpanmdenuii o0gacTh npoekTupoBaHus DX, omnpenensemas
BCEMU N MIPOEKTHBIMU MapaMeTPaMu, MOKET ObITh CYIIECTBEHHO YMEHBIIICHA.

Pa3HanIOT OrpaHI/I‘{eHI/IH }’lpﬂ]l/lble nu d)yHKZ/ﬂ/lOHCUZbele. HpﬂMble HUMCHOT BHU/
Xmini < Xi < Xmax is

rnei=1...n.
DYHKYUOHAIbHBIe OTPAHUYCHHS TIPEACTABIISIOT CO00H yclIoBHs paboOTOCIIO-
COOHOCTH BBIXOJIHBIX TIAPaMETPOB, KOTOPHIE HE BOILIM B IIEIECBYIO (DYHKIIHIO.

q)yHKL[I/IOHaJ'IBHBIC OrpaHUYCHHA NMCIOT BU]J]

G(x) >0, H(x) =0,

rae G u H — Bexrops! GyHKIMIMA.

{G(X) = (91(X), G2(x), ..., g(X));
H(X) = (hi(X), ha(x), ..., hm(X)).

Hanpuwmep, ecnu u3Bectro, 4to y(X) < 1 win y(x) = 10, T0 GyHKIIHOHAIb-

HBIC OI'paHUYCHHA COOTBECTCTBCHHO 3aIIMIIYTCA B BUJIC



gxX) =1-y(X) >0 uh(x)=y(x)-10=0.

[IpsiMble OrpaHUYECHUS] MOKHO PacCMAaTPHBATh KaK YaCTHBINA Ciydail (yHK-
[IHOHAJIHHBIX.
Orpannuenus GOpMHUPYIOT AOMYCTUMYIO 00JIaCTh MOMCKAa — 00JIacTh pabo-

TOCHHOCOOHOCTH:
Dx = {X|G(x) > 0, H(x) = 0}.

JIro6ast u3 Touek X € DX Ha3bpIBaeTCs 0onycmuMuiM peulenuem 3a0adu On-
mumuzayuu (AT NIAHOM).

JlommycTuMoe perieHne, KOTOpoe ONTUMH3UPYET LENeBY0 (YHKIUIO, HAa3bl-
BACTCS ONMUMATbHBIM peuieruem (WA OnMmUMAanibHbIM NIAHOM).

Teopus 1 MeTONBI PEIICHUS 3a/lady ONTUMU3AILMK TIPU HAJIUYUKM OTpaHUYe-
HUN COCTaBJISIOT MPEAMET UCCIIEIOBAHUS OAHOTO U3 Pa3JeloB MaTeMaTUKU — Ma-
memamuiecko2o npocpammuposaHusl.

Takum oOpa3om, 3aava ynpasiieHus, popMain3oBaHHas B BUJIE 3a/1a4d Ma-

TCMATHYCCKOT'O IIPpOTrpaMMHUPOBAHNUA, HMCCT BUI

[ f(X) = min (max), X e Dx;
G(x) > 0;
H(x) =0;

L Xmini < Xi < Xmax i

OCc0OEHHOCTBIO OTHICKAHUS PEIICHUS MPU HATUYUU OTPAHUYEHUN SBISETCS
TO, YTO ONITUMAJILHOE PEIIEHUE 3/1eCh MOKET COOTBETCTBOBATH JTMOO JTIOKATLHOMY
KCTPEMYMY (MaKCUMyMy WJIM MUHUMYMY) BHYTPU OOJACTHU MPOEKTUPOBAHUS,
7100 3HAYEHUIO 11eJIeBOM (PyHKIMM Ha TpaHuile o0nacTu. Eciu e orpannyeHus
OTCYTCTBYIOT, TO HIIETCS ONTUMAIbHOE pEIlIeHnEe Ha BCEH 00JIACTH MPOEKTUPO-
BaHUS, T. €. TI1I00aJTBHBIA SKCTPEMYM.

Oyukius f(X) Ha3bIBaeTCsA oepanuuennoll céepxy (cHuzy) Ha MHOKECTBE DX,
€cJIM cyuiecTByeT unciio B takoe, uto f(x) Menbiue (6osnbine) B pu Beex x € Dx.
Oynkuus f(X) Ha3zbIBaeTCs ocpaHuyeHHou Ha MHOXeCTBe DX, eciu oHa orpaHu-

yeHHa Ha Dx cBepxy u cHuU3y.



[IpumepoM orpaHuyeHHON CBEPXY (PYHKIIMM MOXKET CIyXuTh QyHKus f(X),
npezcTaBicHHas Ha pucynke 2.2. Tornma -f(X) — gyHkIus, orpaHnYeHHas CHU3Y.

Knaccuueckuii npumep orpaHuu4eHHON (YHKIIMUA — FapMOHUYECKast (PYHKITHSI.

2.4 KIACCUPUKALIUSI METOJOB ONITUMM3ALIUU

HpaKTI/I‘IeCKI/I BCC OCHOBHBLIC 3aJa49 MATCMATUYCCKOI'O IIPpOrpaMMHUpPOBAaHUA
B COOTBCTCTBHUH C THIIOM OIITUMHU3HUPYCMBIX IIAPAMCTPOB, 4 TAKKC BHUJIOM q)YHK-
OHMOHAJIBHBIX BaBHCHMOCTeﬁ, BXOAUX B MATCMATHUYCCKYIO MOJCIIb, MOT'YT OBITH
MMpCACTAaBJICHbI OIIPCACIICHHBIMU KJIaCCaAMM 3a4da4, B KaXXI0OM H3 KOTOPBIX LCJIC-

co00pa3HO MPUMEHSTH T€ UM UHBIE METO/IbI MIOMCKA perieHus (pucyHok 2.3).

3ALJAYN MATEMATUYECKOIO NPOrPAMMUPOBAHUSA

TuHenHoro HenuHeiHoro LienovyncnenHoro
nporpaMMmpoBaHust nNporpaMM1poBaHuns nporpammmnpoBaHns

KsagpatuqHoro [eomeTpuyeckoro
nporpaMmmMupoBaHns nporpaMMupoBaHus

Pucynok 2.3 — Knaccuguxayus 3a0au mamemamuyeckoco npocpammupoBanus

K 3amauam sunerinoco mporpaMMHUpOBaHUsI OTHOCSTCSI T€, B KOTOPBIX B Ma-
TEMAaTUYECKYIO MOJIENIb BXOJAT TOJBKO JIMHEMHBIE 3aBUCUMOCTHU (M KPUTEPHUil, U
OTPaHUYECHHS).

3anauu HenuHeriHo2o IPOTPAaMMHUPOBAHUS COAEP)KAT B MATEMAaTHUECKON MO-
JIeU XOTs Obl OJIHY HEJTMHEUHYIO 3aBUCUMOCTb.

B 3agauax yenouucnennozo mporpaMMHpPOBAHUS IEPEMEHHBIE WIIM KaKasi-TO
WX YaCTh JOJDKHBI IPUHUMATH LEJIbIE 3HAYECHHS.

Kpome 3amau 1enodnciieHHOro mporpaMMHUpOBaHUs, €UI€ JIBa TUMA 3a]a4
UMEIOT CHEUANTBHYIO CTPYKTYPY. DTO K6adpamuyHoe NporpaMMUPOBAHUE, K KO-
TOPOMY OTHOCAT 3aJa4d C KBaJAPaTUYHOMU IeJIeBOM (yHKIMEH W JTUHEUHBIMU
OTPAaHUYCHUSIMU, U 2eomempuyeckoe TPOorpaMMHUPOBAHUE, MCCIEAYIOIIEE OINTH-

MU3AIIUOHHBIC 3a4da4M, B KOTOPLIX LECJICBAA (bYHKHHﬂ H JICBBIC 9aCTHU OI'paHHUYC-
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HUW TIPEACTaBISAIOT COO0H 00OOIIEHHBIE MHOTOWICHBI, & IEPEMEHHbBIC JOJIKHBI
OBITH MOJIOKUTEILHBIMU.
ITo Buay MCKOMOTO 3KCTpEeMyMa MOMCKOBBIC METOAbl ONTUMHU3AIUNA MOTYT

OBITH KJIacCU(PUIIMPOBAHBI TaK, KaK MOKa3aHO Ha PUCYHKE 2.4.

NOWCKOBbLIE METOAbl ONTUMU3ALIUN

' v
MeToAbl MeToab!
6e3ycnoBHO YCNOBHOW
onTyuMmusaunn . onTuMu3aummn
v v
MeToab! MeToabi
nokanbHon _rnoGarbHoi
onTMMmU3aLmuu onTUMKU3aLMK

Pucynok 2.4 — Knaccuguxayus memooos no 8udy uckomozo 3KkCmpemyma

Mertoabl 6e3ycnro6Holl ONTUMU3ALNH MTPEAHA3HAYEHBI 11 HAX0XKIACHUS MU-
HUMyMa WJIM MakCUMyMa (pyHKIUI, HA IEPEMEHHbIE KOTOPHIX HE HAKIIAIbIBAIOT-
Csl HUKAKWE OTPaHUYCHMUS.

Meronsl ycnoeroti ONTUMU3ALNN IPEIHAZHAYECHBI U PELICHUS] ONTUMHU3a-
LIMOHHBIX 337a4 C OTPAaHUYEHUSIMH, HAKJIaJIbIBAEMbIMU JTMOO HA CaMU MEpPEMEH-
HBIC, TMOO HA NX CBSI3H.

Meroabl 10kanbHol ONTUMHU3ALMU TPEIHA3HAUYEHBl JJI1 HAaXOXIEHUS JIO-
KaJbHBIX MHHMMAJBHBIX WJIM MaKCUMAaJbHBIX 3HAUCHUH LEJIeBOW (DyHKUUHU
(IpaKTUYECKH BCE METO/BI ONITUMHU3ALUN OTHOCATCS K JIOKAJIBHBIM).

Meronbl en06anbHoti ONTUMHU3AIMHN — 3TO T€ METO/Abl U MPAKTUYECKHUE MPU-
€Mbl, KOTOpbI€ MO3BOJSIOT OTHICKMBATH INOOATBHBIA ONTUMYM (HAWIYYIIYIO
CpelH JOKaIbHBIX ONTUMAJIBHBIX TOYEK).

[Ipu permieHny ONTHUMM3ALMOHHBIX 33]a4 OOJIBLIOE 3HAUYEHUE UMEIOT METO-
16l 0€3yCIIOBHOM ONTHUMH3AUH, TOCKOJIbKY YacTO 3a/Ja4d YyCJIOBHOW ONTHMM3a-
U (3a7a4d C OTPAHUYEHUSIMH) CBOJSTCS PA3IMYHBIMU CIIOCO0aMU K 3ajadam
0€3yCI0BHON ONTUMHU3AIIUY.

JlokanbHbIE METO/BI OE3yCIIOBHOM ONTHUMH3ALUU JENSITCS HAa METOIbI Hyle-

8020, Nep6020 N 6Mopo2o NMopALiKa (110 MOPSAJIKY UCTIOJIb3yEMON TPOU3BOIHOM ).

11



MeToapl HYJEBOTO MOPSJIKA B KAYECTBE UCXOJHONW MH(POPMAIUU HUCIIOJIb3Y-
0T JIMILIb 3HAYEHUs 1ieJIeBOM (pyHKUMU (HyJeBas Npou3BoaHas). Peanuzanus me-
TOJIOB NIEPBOTO MOPsAJIKA TPEOYEeT 3HAHUS NEPBBIX NMPOU3BOAHBIX (pyHKUMH. [Ipn
MCIIOJIb30BaHUU METOJIOB BTOPOTO MOPS/IKAa HEOOXOAMMO BBIYHCIATH, KPOME 3HAa-
YEeHUH 11eJIeBOM (PYHKUIMU M OIPaHUYEHUH, €€ W 3HAYECHHs MEPBbIX U BTOPBIX
IPOU3BOAHBIX BCEX (QYHKIIUI, BXOAAIIUX B MOJIEIIb.

D¢} PexTUBHOCTh METOIOB OOBIYHO BO3PACTAET C POCTOM IOPSIKA MPOU3-
BOJIHOH (M€TO/ibl BTOPOIO Nopsiaka 3pPeKTUBHEE METOJIOB MEPBOTO U HYJIEBOIO
nopsinka). OgHaKO ATH METONbI TPeOYIOT OOJBIIEro O0heMa BBIYMCICHUN U
HAKJIaIbIBAIOT JIOTIOJIHUTEIbHBIE MAaTeMaTUUECKUE OTPAHUYCHHUSI HA BXOJSIINE B
Mozenb QyHKUMH. B yacTHOcTH, ms o0ecniedeHus CXOOUMOCTU B psje 3aaay
HEO0OXOUMO UMETh BO3MOXHOCTh BBIUUCIISITH MPOU3BOJIHBIE (YHKIMI C OYECHb
BBICOKOW TOYHOCTBIO, YTO HE BCETJ]a MOXKHO PEAIN30BaTh HA MPAKTHUKE.

OneHka METOIOB ONTUMH3AINH:

1. Tlo ckopocmu cxooumocmu — TOKa3bIBA€T, HACKOJBKO OBICTPO yOBIBAET
3HaYeHHE 11eJIeBON (PYHKINHU 3a €AUHUILY BPEMEHU;
[To xonmuuecTBY UTEepanuii, HEOOXOIUMOMY I HAXOXKACHUS SIKCTPEMYMa;
[To TouHOCTH, JOCTUTAEMOM TIPU 33JaHHOM KOJIMUYECTBE UTEpALIUi;

[To 06beMy BBIUMCIICHH, MPOBOJIMMBIX HA KaXKJIOW UTEpaLIUH;

a &~ b

ITo Tpy10€MKOCTH TPOTpaMMHON pean3aluu.
Heo0OxoaumMocTh UCHOIB30BaHUS PA3IUYHBIX METOJOB CBS3aHa C TEM, YTO
HU OJUH METOJ WJIM KJIacC METOJOB HE SBIISIOTCS OJAMHAKOBO 3(P(PEKTUBHBIMU
IIPY PELICHUN Pa3HBIX TUIIOB ONTMMM3ALMOHHBIX 3a1a4. B 4acTHOCTH, BO3MOXK-
HBI Clly4au, KOT/1a TPOUCXOIUT NEPENONHEHUE namMaTh DBM; B apyrux ciydasx
BBIYMCIICHHE 3HAYEHUM 11eJIeBOM (PYHKIMU TpeOyeT Upe3MEpPHBIX 3aTpaT Bpeme-
HU; B HEKOTOPBIX 3a7auyax TpeOyeTcs MOJyuYnuTh pPEelICHHE ¢ OYEHb BBICOKOW CTe-
NIEHBI0 TOYHOCTH; B Psijie 3a7a4 JIMOO HEBO3MOXKHO, JIMOO BechbMa 3aTPyAHUTEIb-
HO HAWTH aHATUTUYECKUE BBIPAKECHUS ISl TPOU3BOIHBIX TesieBoi ¢yHKImu. Ta-
KM 00pa3oM, MOJIb30BaTENb BEIHYK/IEH MPUCIIOCA0IMBATH TPUMEHSIEMBIN METOT

K KOHKPETHBIM XapaKTEPUCTUKAM pPEIIaeMOi 3a/1auu.
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2.5 HEOBXOJUMOE U JOCTATOYHOE YCJIOBUE 3KCTPEMYMA. IIOHSTHE
BBIIIYKJIOCTU U BOTHYTOCTH

UtoOsr TOuka X* ObUTa TOYKOW OE3YCIOBHOTO JIOKAIBHOTO JKCTPEMyMa
bynakuu f(x), HEOOXOIUMO U TOCTATOYHO, YTOOBI BCE €€ YaCTHBIC TIPOU3BOIHBIE

TI0 DJIEMEHTaM X; ObLIM PABHBI HYJIIO (BBIMIOJIHSIIOCH YCI08UE CIAYUOHAPHOCMIL).

3 (x)

= O,
G‘Xi

X=X*

rae 1= 1...n (n — 9UCIO NMEPEMEHHBIX),
WJIn

gradf (x*) = Vf (x*) :£5f (x) o) o

ox | ox, o

n

j:(vlf(x),sz(x),...,an(x))=0,

rae V — o0o3HaueHue rpaaueHTa (Habna).

XapakTep dKcTpeMyMa (PyHKIHUM B CTallMOHApPHOUN Touke X* ompenensercs
€€ IOBEICHUEM B DTOU TOYKE.

MuoxecTBo DX Ha3bIBaeTCs 8bInyKIbIM, €CIU JJIsl JTIOOBIX JBYX TOUYEK X; U
X M3 MHOXecTBa DX Bce Touku Buaa 0x; + (1 — a)x, mpu 0 < o < 1 Taxke mpu-
HaJUIe)KaT MHOXKeCTBY DX (MHaue, eciu MPOM3BOJBHBIE JIBE €r0 TOYKH MOKHO
COEAMHUTH OTPE3KOM, LIEIUKOM MPUHAJICKAIIUM JaHHOMY MHOXECTBY). B mpo-

THBHOM CJTy4ae MHOYKECTBO Ha3bIBACTCS 8bINYKIbIM (CM. PUCYHOK 2.5).

a 9]

d — BBIITYKJIOC MHOXXCCTBO, 0— HCBLIITYKJIOC MHOKCECTBO

Pucynox 2.5 — Buinyknoe u Hegbinykioe MHOMCECmMEa
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Onoproti IpsIMOW Ha3bIBaeTCs MpsiMasi, KOTOpasi UMEET ¢ MHOXKECTBOM, IO
KpaifHeil Mepe, 0JIHy OOIyI0 TOUKY, IIPX STOM BCSl 00JaCTh PacIoyioKeHa 1Mo O1-
HY CTOPOHY OT 3TOM IpsiMoii (mpsmbie 1; u 1, Ha pucynke 2.5).

Oynkrusa f(x), onpenenéHHas Ha BBITYKJIOM MHOXecTBe DX, Ha3bIBaeTcs
svinykaotl (pucyHok 2.6), ecnu s T00BIX IBYX TOUYEK X; U X; U3 MHOXKecTBa Dx

BBIIIOJIHACTCA HCPABCHCTBO

flox; + (1 — a)xp) < af(xy) + (1 — a)f(xp) mpu 0 <a < 1. (2.1)

{60

f(x1)

- X

Pucynoxk 2.6 — Beinyknas ¢oynkyus

Ecnu HepaBeHcTBO (2.1) mmeeT oOpaTHbI 3HAK, TO (DYHKIMS Ha3bIBaeTCA

802Hymoti (pUcyHoK 2.7).

Pucynox 2.7 — Boenymas ¢hynkyus
Ha pucynkax 2.6 u 2.7 3HaueHnss A u B COOTBETCTBYIOT JIEBO U IpPaBOM

yacTsM HepaBeHcTBa (2.1). T. k. uist GyHKUMU, IPEACTABICHHON HAa pUCYHKE 2.6,

HepaBeHCTBO (2.1) BemonHsercs (A < B), To QyHKIus cuuTaeTcsi BBITYKIIOM.

14



Jist pyHKIMM ke, MpUBEIEHHON Ha pucyHke 2.7, HepaBeHCTBO (2.1) He BBINOJI-
usercs (A > B), u pyHKIIMS cuuTaeTCs BOTHYTOM.

Ecnu nepaBeHcTBO (2.1) BBITIONHSAETCS Kak CTporoe (Hampumep, 1t QyHK-
LW, IPEACTAaBICHHBIX HA pUCYHKaX 2.6 1 2.7), TO PyHKUUSI HA3bIBAETCA CMPO20
suinyknou (cmpoeo eocnymoii). B IpOTUBHOM cilydae — necmpo2o binykioi (He-

cmpoeo eocnymoti) (puc.2.8).

J)

- X

Pucynok 2.8 — Hecmpoeo évinyknas ¢ynxyus

BrinyknocTs (BOrHYTOCTh) (DYHKIIMM MHOTHX MEPEMEHHBIX B OKPECTHOCTHU
TOUKH X* ompeensieTcs ¢ MOMOIIBIO ONPENEIUTENeH, TOCTPOCHHBIX Ha BTOPbIX

POU3BOAHBIX PyHKIUU f(X):

fll(x*) le(X*) flS(X*)

. f11(X*) flz(X*). * * x|
fll(X*)’ f21(X*) fzz(X*)’ le(x) fzz(x) f23()( )|;
fa(X*) 15, (X*) F5(X™)
fll(X*) le(X*) fln(x*)
H(X*):fZl(:X*) f22(:X*) 1:2n(:x.k), (22)
f (X*) f,(X*) - f (X?*)
w2 OT (X
rae f;(X*)= onox .

Marpura n-ro nopsiaka H(X) (2.2) nazeiBaetcst mampuya ['ecce (W eeccu-
amn).
Eciu 3Haku onpenenutesien 4epeayroTcsa, TO maTpuia l'ecce Ha3piBaeTcs

ompuyamenvHo onpedenénnou. B 3ToM ciiydae (QpyHKUUS ABISETCS CTPOro BO-
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THYTOH, U B TOuke X* jocTuraercss MakcumMyM. Eciu Bce onpenenuTenu mojo-
KUTENbHBIE, TO Marpulla ['ecce Ha3bIBACTCA HONONCUMENLHO ONPEeOeNéHHOl,
dbyukius f(x) — cTporo BeINyKJIas, a TOYKa X* sBIsSETCS TOUKOM MuHUMYyMa. Ec-
JIM 3aKOHOMEPHOCTH HeT, TO GyHKIus f(X) B OKPECTHOCTH TOYKHA X* HA3bIBACTCS

cednogoti (pUcyHok 2.9).

Pucynox 2.9 — Ceonosas ¢hynkyus

I'padux mHOTOMEpHOMU dyHKIIMU f(X) IPEACTABISIETCS B BUNIE HOBEPXHOCHIU
omxauxa. [10BEpXHOCTh OTKIMKA OOBIYHO M300pa)aroT B BUIE JIUHUL PABHO2O
sbixooa (nunuil yposwst, uzonunuil). JIMHAS ypoBHS UMeeT ypaBHeHue f(X) = a, rj1e
a — const, T. €. 3TO TEOMETPUUYECKOE MECTO TOYEK MPOCTPAHCTBA YIPaBISIEMBIX

napamMeTpoB X;, B KOTOPBIX 3HaueHUs IiesieBoi (yHKIMHU paBHbl a (puc. 2.10 u
2.11).

A X2

20\ 30 | 40 @

X1

a 0

a — OJIMH dKCTpeMyM; O — JIBa dIKCTpeMyma

Pucynox 2.10 — Jlunuu yposHs 00HO- U MHO20IKCMPEMATbHOU (DYHKYUU
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X2 4

‘150 viﬁ 5
..

30020

Pucynox 2.11 — Jlunuu ypoesHs ceonosoti ¢pynxyuu

3 OJHOMEPHASA OIITUMMU3ALUA

3.1 YUCJIEHHBIE METO/bl IMOHMCKA SKCTPEMYMA ®YHKIUU OJHOM
NEPEMEHHOM

OpHoMmepHas 3ajaya ONTHUMHU3alUUA B 00IIEM ciiydae (GOpMyJupyercs clie-
ayromuM obpasom. Halith HauMmeHblnee (Miau HauOOJbIIEE) 3HAYEHUE 1IEJIEBOU
¢ysnkuu y = f(x), 3agaHHOM Ha MHOXKecTBe DX, M OmNpenenuTh 3HaueHue Mpo-
€KTHOro napaMerpa X € DX, nmpu KoTopoM 1eneBast pyHKIMS MPUHUMAET dKCTpe-
MasbHOe 3HaueHue. CyllecTBOBaHUE PELLIEHUsS MMOCTABIECHHOM 3a7aul BBITEKAET
W3 CIEAYIOUIEH TEOPEMBI.

Teopema Beuiepuumpacca. Beskas ¢pynkuus f(X), HerpepblBHAsE Ha OTPE3Ke
[a, b], npUHUMaeT Ha 3TOM OTpe3Ke HalMEeHblllee U HauboJblllee 3HAYCHHUS, T. €.
Ha OTpe3ke [a, b] CYIIECTBYIOT Takhe TOYKH X1 U Xp, YTO JJIs JIF0OOTO X € [a, b]

HMCIOT MCCTO HCPAaBCHCTBA

f(x,) < F(X) < f(xo).

OTa TeopeMa He JOKa3bIBaeT €AWHCTBEHHOCTH pemieHus. He uckitoueHa
BO3MOXKHOCTh, KOT/Ia PaBHbIE SKCTpPEMasbHbIe 3HAUEHHUS JOCTUTAIOTCS Cpa3y B
HECKOJIbKUX TOYKaxX JIAaHHOTO OTpe3Ka. B wacTHOCTH, Takas cUTyalusi UMEET Me-
CTO JUTsl TIEpUOANYECKON (YHKIIUU, pACCMATPUBAEMON Ha OTPE3KE, COAEpIKAIIEM
HECKOJIBKO NIEPUOJIOB.

PaccmoTpum MeToABbl ONTUMM3ALMK JJI1 Pa3HBIX KJIACCOB IIEJIEBBIX (PYHK-

. [IpocTeiimmm u3 HUX sBisgeTcd ciaydail auddepenuupyemoit pynkuuu f(x)
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Ha oTpe3ke [a, b], mpuuem GyHKIMS 3a1aHa B BUIC aHATUTUYECKON 3aBUCIMOCTH
y = f(X), 1 MOXeT OBbITh HalJICHO SIBHOE BhIpaXKeHUE JJIsl €€ Mpou3BoaHou f '(X).
HaxoxmaeHne sKCTpeMyMOB TakuX (YHKIIUH MOXHO MPOBOJHWTH METOJaMHU U -
(dhepeHIMaIbHOTO UCUUCTICHUS.

[Ipomecc pemieHus 3a1a4u YUCICHHBIMA METOJAMH TTOWCKAa COCTOUT B TIO-
CJIEIOBATEILHOM CY)KCHHHM WHTEpBaJla W3MEHEHHUs TPOEKTHOTO TlapaMerpa,
Ha3bIBAEMOTO UHMEPBAIOM HeonpedeieHHocmu. B Hadane mpoliecca ONTHMH3a-
IIUM €ro JUTMHA paBHa b — a, a K KOHILy OHa JIOJDKHA CTaTh MEHEee 3aJaHHOTO J0-
MIyCTUMOTO 3HAYEHUS €, T. €. ONTUMAJbLHOE 3HAYCHHE IMPOCKTHOTO MapameTpa
JIOJKHO HAXOJWUTHCSI B MHTEPBAJIC HEOTPEICIEHHOCTH — OTPE3KE [Xp, Xn+1], TIPH-

geM Xp— Xn+1 < €.

3.2 METOJ CKAHUPOBAHHUSI (METO/I ITIEPEBOPA)

Paccmotpum 3amauy HaxoxaeHuss MuHUMyMa GyHkiuu y=f(X) Ha uHTEpBa-
ne [a, b].

Haubonee mpocTeiM crioco60M Cy>KeHHsI HHTepBajia HEONPEICICHHOCTH SB-
JSIeTCs IeJICHHE €T0 Ha HEKOTOPOE YHMCIIO PAaBHBIX YacTeH C MOCIEAYIOIIUM BbI-
YUCJICHHEM 3HAUYC€HUN 1e]eBOM (PyHKIMU B Toukax pazouenus. [lycte N — yucio
AJIEMEHTapHBIX OTpe3KOB, h = (b — a)/n — miar pa3OueHus. Beraucisem 3HaUeHUS
neneBor Gpynknuu yi = fi(x) B y3nmax xxk=a + kh (k=0, 1, ..., n). CpaBHUBas I10-

JAy4deHHbIC 3HaYeHUS f(Xy), HalaEM cpei HUX HAaUMEHBIIEE Ymin = fi(X).

Vo :{ Y Yk < Ymin
me Ymin: Yk ZYmin

UHCIO Ymin = Yk MOKHO TIPUOJIMKEHHO MPUHSITH 32 HAUMEHbBIIIEe 3HAYCHUE
ueneBoi pyHkuuu f(x) Ha orpeske [a, b]. BIU30CTh Ymin K MUHUMYMY 3aBUCHUT OT
yucjaa TOYEK, T.€. C YBEJIWYEHHEM 4YHuCIa TOYeK pPa30MEHMs] TMOTPEIIHOCTh B
ONpeIeICHU MUHUMYMa CTPEMUTCS K HYJIIO.

B nanHOM MeTO/Ie OCHOBHASI TPYIHOCTh COCTOUT B BBIOOpE N M OIEHKE IO0-

IPEIIHOCTH.
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3.3 METObI HOCJEJIOBATEJBHOI'O TOMCKA HYJEBOI'O IOPSIJIKA

3.3.1 Crparerus nocjieioBaTeJIbLHOr0 MoUcKa

Metoasl nocredosamenvrozo noucka SIBIAIOTCS 00Jiee YIKOHOMUYHBIM CIIO-
coOOM YTOUHEHHUSI ONTHUMAIBHOTO MapameTpa. MeTobl MOCIeI0BaTENbHOTO T0-
MCKa HCIOJIB3YIOTCS ISl YHUMOJAJIbHBIX I1eNIeBbIX (PyHKIMiA. CBOWCTBO YHUMO-
JAJIbHOCTH TIO3BOJISIET MMOCTPOUTH IMPOLECC CYKEHUSI HHTEpBaa HEOIPEIEIEHHO-
CTH, IIPY KOTOPOM J1t00asi mapa BbIUUCICHUN 3HAaUEHUs (PYHKIIMM YMEHbLIAET UH-
TepBaJl oucka. [Ipy npruMeHeHnn METO/I0B MOCIEI0BATENBHOIO IOUCKA K MYJlb-
TUMOJATBHBIM (DYHKIMSAM, HAIEHHBIH SKCTPEMYM MOKET OBITh HE TI00AIbHBIM.

[lycTts cpeau Bcex 3HA4YeHMd YHUMOJanbHOW ¢QyHKuMH y=f(x), BBI-
yucieHHbIX B y3max Xg (k =0, 1, ..., n), HAUMEHBIIUM OKa3aJOCh Yj. ITO O3HAa-
YaeT, YTO ONTHUMAJIIBHOE 3HAYEHHE MPOEKTHOIO ITapaMeTpa HaXOAUTCS Ha OTPE3Ke
[Xi1, Xi+1], T. €. MHTEpBaJI HEONPEICIICHHOCTU CY3WJICS JO JJIMHBI JIBYX IIAroB

(pucynok 3.1).

[ I A

X
K
x
=
x
x
$
&
X
>
=

Pucynok 3.1 — Cxema nocrnedoosamenvHo2o noucka

Ecnu pazMep mHTEpBana HEAOCTATOUEH ISl YOBJIETBOPEHHUS 3aJaHHOM MO-
TPEMIHOCTH, T. €. Xj.1 — Xj+1 > €, TO €M0 CHOBA MOXHO YMEHBIIUTH ITyTEM HOBOIO
pazouenus. [lomyuuTcs UHTEpBaAJ, PaBHBIM JABYM JIJTMHAM HOBOTO IIIara pa3oue-
Hus, U T. 1. [Ipouiecc onTuMHU3aMK TPOAOJKACTCA A0 TOCTHKEHUS 3a1aHHOTO
pa3Mepa HHTEpBaJIa HEOIPEICTICHHOCTH.

[Ipu mocTpoeHun mporecca ONTUMHU3AIMHN CTAPAIOTCA COKPATUTh 00BEM
BBIYHCIICHUN U BPEeMs TOWCKA. JTOTO JOCTUTAIOT OOBIYHO IyTEM COKpAIICHUS

KOJIMYECTBA BIUUCIECHUHN (MIM U3MEPEHUN MPU MPOBEACHUHU HKCIIEPUMEHTA) 3Ha-
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yeHuii neneBor Gyuknuu f(x). Kak mpaBuiio, nHTEpBaa HEONPEACIEHHOCTH pas-
OWBarOT IByMs TOukamu Ha 3 oTpeska. Ecim WM3BECTHO, 4TO (QYHKIHS YHHUMO-
JaJibHa, TO TIOCTIE BEIYHUCIICHYS 3HAYCHUH (DYHKIIMU B TOYKAX Pa3OMEHUS, MOKHO
OyIeT NCKITIOYHTHh U3 MHTEPBaJIa HEONPEACIEHHOCTH, IO KpaiflHEeH Mepe, OJIUH U3
OTPE3KOB.

[Tpu pa3OueHun UHTEpBaa HEOMPEACTEHHOCTH ABYMS TOYKAMHU BO3MOYKHBI
3 BapuaHTa COOTHOIIICHUS 3HAYCHUH (PYHKIIMU B TOUKAX pa3OneHUs:

1) f(Xx1) < f(X,). Torma x* € [a; X,] (pucynok 3.2, a);

2) f(xq) = f(xz). Torma X* € [Xy; X,] (pucyHok 3.2, 6);

3) f(xy) > f(xz). Torma X* € [Xy; b] (pucynox 3.2, g).

i i)

f(x1),
f(x2)

f(x2)
f(x1)

T

fxa) |

f(Xz) -

e e

Y X

X1 X2 b

o)

Pucynoxk 3.2 — Cyscenue unmepeana neonpedeiéHnocmu memooamu

Nnoc1e008amenbHO20 NOUCKA

Takum 00pa3zoM, COTIIACHO 3TOMY MPABUITy UCKIIIOUEHHSI HHTEPBAJIOB, MOX-
HO peaju30BaTh MPOLEAYpPY, MO3BOISIOUIYI0 HAUTH TOYKY ONTUMYyMa MyTEM IIO-
CJIEIOBATEJILHOTO HCKIIFOYEHHUS] YacTEd HMCXOJHOIO0 OrPaHMYEHHOIO0 WHTEpBaia.

31ech TpedyeTcs TOIBKO BEIYUCICHNE 3HAYCHUN (DYHKITHH.
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3.3.2 MeToJ NOJIOBHHHOIO JiejieHus (MeTOol AMXOTOMHH)

Wnes merona ouxomomuu 3aKiIrO4aeTcs B TOM, YTOObI Ha KaKJIOM IIare
BJIBO€ YMEHBIIATh NHTEPBAJI IIONCKA.
Bribupaercs mapa Touek X; U X, Ha paccTOsTHUM O > () OT cepeHbI TEKYIIIe-

ro MHTEpBaJia HEONpPEIeICHHOCTH (pUCYHOK 3.3), 0 — napamemp memooa. O Npu-

€
HHUMACTCA paBHbIM E , IAC € — 3aJaHHas IMOTPCIIHOCTD.

f(x) A

f(x1)
f(x2)

QD
[y
3

v

by

Pucynok 3.3 — Cyocenue unmepeana HeonpeoeiéHHocmu

C NOMOUILIO MeMOOa OUXOMOMUU

Touku X; ¥ X, OeNAT UHTEpBaN [a; b] Ha Tpu orpeska: [a; Xi], [Xi; X2] U
[X2.b]. TIpaBuno WCKIIOYEHHS] WHTEPBAIOB, OCHOBAHHOE HAa CBOWMCTBE YHUMO-
JTAJIBHOCTH (DYHKIIMH, ITO3BOJISIET HCKITIOUNTD KaKOW- MO0 U3 HHTEPBAJIOB, [a; X;]
WK [Xq; D], B KOTOpOM OmpeeeHHO HE MOXKET ObITh TOYKH MHHHMyMa. A 110-
CKOJIBKY TOYKH X; U Xp HaXOJATCS OT CEPeAUHBI OTpe3Ka Ha PAacCTOSHHUH O, CO-
CTaBJIAIONIEM TOJIOBUHY 3aJaHHONW TOYHOCTU BBIYUCIEHUN, TO KaKOW-IHMOO M3
YKa3aHHBIX OTOPOIICHHBIX WHTEPBAJIIOB MPAKTUYECKU PaBEH €ro nojoBuHe. Ta-
KM 00pa30M, Ha KaKJIOM IlIare JJaHHBIA METO/I MO3BOJISIET UCKIIFOYUTH MOJOBUHY

pacCcMaTpuBacMOro HMHTCpBaJia.

Anzopumm memooa ouxomomuu

1 BeruuncisieTcsa cpearHHas TOYKa HHTEpBaa X, = (a + b)/2.

2 OmnpenensitoTcsi KOOPAUHATHI ABYX TOUEK: CIpaBa U clieBa BOJW3U TOUYKHU
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X1 = Xep — 05 X2 = Xgp T 05

3 Beruncistores 3HaueHUS QYHKIMH B 9TUX Toukax f(x;) u f(x,);
4 ®opMupyeTcsi HOBBIH HHTEPBaJ HEONPEICICHHOCTH
— eciu f(x1) < f(Xp), TO ags1 = Ay, Dre1 = Xo;
— eciu f(x1) > f(X2), TO ay+1 = Xq, Dke1 = by
5 Ecmu (b — a) < g, To mouck npekparriaetcs, eciau (b — a) > g, To ciemyeT
MepelTH Ha dTam | ¥ MOBTOPUTH MPOIIETYPY BHIYUCICHUIN Ha CICAYIONICH UTepa-
UYL,

[Tocne k Bbruncnennit GyHKIMKU SKCTPEMYM OKaXETCSl B UHTEpBae

B kauecTBe onTUMaIbHON TOYKHU IIPUHUMACTCA

*:M

* 2

HpeI/IMYHIeCTBOM METO4a AUXOTOMHHU ABJICTCA TO, UTO Ha K&)I(I[Oﬁ HTcpa-
oA aJITOPpUTMaA UCKIIIOYACTCS IIPAKTHYCCKHU ITIOJIOBHMHA MHTCPBAJIA IIOHMCKA. HGI[O-
CTaTKOM MABJIICTCA HCO6XO,Z[I/IMOCTI> BBIUHCJICHUN Ha KaXXJO0M IIare 3HAUCHUI

(YHKIIMH B IBYX TOYKaX.
3.3.3 MeToa 30J10TOr0 CEYEHUA

Memoo 3010mo20 ceuenus ABIACTCS OJHUM U3 HanbOosee 3PHEeKTUBHBIX Me-
TOJOB, B KOTOPBIX MPU OTPAHUYCHHOM KOJMYECTBE BhIYMCICHMM f(X) mocTuraer-
Csl HaWIydImass TOYHOCTh. OH COCTOUT B MOCTPOSHUHU TOCIICIOBATEIHLHOCTH OT-
pe3koB [ag, Do), [a1, b1], ..., cTaTMBarOmUXCS K TOYKe MUHUMYMa QyHKIHA f(X).
Ha xaxaom 1mrare, 3a MCKIIFOUEHHEM TIEPBOTO, BHIYHMCIICHHE 3HAYCHUS (YyHKIIUU
f(x) mpoBOAMTCS I OJWH Pa3 B ONPECICHHON TOYKE. ITa TOUKA, Ha3bIBacMast
30JI0TBHIM CEYCHHEM, BRIOUPAETCS CIIEIIUATBHBIM 00pa3oM.

3onomuim ceuenuem OTpe3Ka HA3BIBAIOT JCJICHHUE OTPE3Ka Ha JBE HEpaBHBIC
YaCTH TaK, 4TOOBI OTHOIICHHWE JIJTMHBI BCETO OTPE3Ka K JJIMHE OOJIBINEH YacTh
OBLTO PaBHO OTHOIICHHUIO JJTMHBI OOJIBIICH YacTH K MeHbIIeH (pucyHok 3.4, a).

T. €. BBIOJHSAETCS COOTHOILIICHHUE
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b-a b-x
—_—= ~1618. Nl
b-x x-a (3.1)

Pucynok 3.4 — 3onomule ceuenus ompeskos

Bcero Ha oTpe3ke MOKHO OTJIOKHUTH 2 30JI0TBIX CeueHUs (PUCYHOK 3.4, 0).

[IpeoOpazoBas Beipaxenue (3.1), momydum:

X1 = a+0,382(b — a) = 0,618a + 0,382D;
X, = a + 0,618(b — a) = 0,382a + 0,618b.

Touku X; U X, pacnoiararoTcs CUMMETPUYHO OTHOCHUTEIBHO CEPEAUHBI OT-
pe3ka. Touka X; Jaet 30JI0TO€ CEYEHHE OTpe3Ka [a, Xp], @ TOUKa X, AAET 30JI0TOE

ceueHue oTpeska [xy, b].

Anzopumm memooa 3010mozo ceweHus

1  TIpoBomsTcs nBa MEPBHIX BBIUUCICHUS TOUCK:
X1 =0,618a + 0,382b;
X, = 0,382a + 0,618b.
2  Beruucnstorcs 3HadeHus PyHKIMU B 9TUX Toukax f(x1) u f(Xy).
3  ®opmupyercs HOBbIN MHTEPBAI HEOMPEACIECHHOCTH:
— eciu f(x1) < f(X2), TO a1 = Ak, Drer = Xo;
— eciu f(xq) > f(X;), TO ag+1 = Xy, byes = by
4 Tak kak ocTaBIIasCs TOYKA JACT 30JI0TOC CCUCHHE HOBOTO OTpPE3Ka, TO
Ha Ka)KIOW MTepalnuy BEIOOP HOBOW TOYKM X' W BBIYMCJIEHHE 3HAYEHUS (PYHKIIUH
npousBoautcs 1 pas:
— ecmu f(x1) < f(X,), To X' =0,618a, + 0,382by; x; = xy;

— €ClIn f(Xl) > f(Xz), TO XlH = Xo, X; = 0,3823.k + 0,618bk

5  Beruucnenue 3HaueHus Gyaxun f( X)) win (X3 ).
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6 Ecmu (b — a) <&, TO MOUCK MpeKpaIiaeTcs, Ha4e OCYIIECTBISAETCS Tie-
pexon Ha Jtan 3.

[Tocne k Beranciennit GyHKIIMU SIKCTPEMYM OKaKETCSl B UHTEpBAJIe
_ _ K
| =by—ax=0,618 (b - a).
B xadecTBe ONTUMAIIBHON TOYKHA PUHUMAETCA

x = Bk by
S

Merton 3070TOr0 cedeHus sBisiercs 0osee 3h(PEKTUBHBIM MO CPAaBHEHUIO C
METOJIOM AUXOTOMUHU (M APYTUX JITOPUTMOB, UCIOJIB3YIOMINX MPOUEAYPY Heiie-
HUSI MHTEpBaja Ha OTPE3KH), MOCKOJbKY OH TpeOyeT HAaMMEHBIIETO 4YKCia BhI-
YUCJIEHUN 3HAaUeHUs (PYHKIIUU JIJIs1 JOCTUKEHUS OJTHOM U TOM K€ TOUHOCTH.

B T0 ke Bpems yke yepe3 HeOOJbIIoe YHUCI0 UTepaluii ObICTPO BO3pacTaeT
MOTPEIIHOCTh BBIYMCIICHUS 30JIOTBIX CEUYCHUW WHTEPBAJa HEOIMPEICIEHHOCTH,
CBsI3aHHAs ¢ ommOKkamu okpyrieHus. [lostomy uepe3 5 — 10 urepauuii HeoOxo-

JAUMO 3aHOBO BBIYHCJIIMTH 2 30JI0TBIX CCUCHMUI, T. €. O6HyJ'II/ITB MECTOA.

3.4 METOAbl MNMOUCKA C MCHOJb30OBAHUEM ITOJAHOMHUAJIBHOM
AHNITPOKCUMAIMHN

OcHOBHasi uaesd METOAOB CBsi3aHA C BO3MOYKHOCTBHIO alIMpPOKCUMAIUU
IaAKON (QYHKIIMU MOJTUHOMOM U MOCIEIYIONIEr0 UCIOIb30BaHusl alMpOKCUMHU-
PYIOIIETO MOJWHOMA JIJIsi OIICHKH KOOPJIMHATHI TOYKK onTuMyMma. HeoO6xoaumebl-
MU YCIOBUSAMH d(PPEKTUBHON peann3aliy TaKOTO TMOJX0J]la SBISETCS YHUMO-
JTaTbHOCTh U HEMPEPBIBHOCTH HUccleayeMon GyHKIUU. B cooTBETCTBUM € Teope-
Mo# BeliepiTpacca 00 anmnpokcumaiyu, eciii GyHKIUS HEPEephIBHA HA HEKOTO-
pPOM HHTEpBAJe, TO €€ C J00H CTENEeHbI0 TOUHOCTH MOKHO anmpOKCUMHUPOBATh
MTOJIMHOMOM J0CTAaTOYHO BBICOKOTO MOPSIKA.

CrnenoBaTenbHO, ecnu (QYHKIHS YHUMOJIadbHA W HAWJICH MOJIMHOM, KOTO-
pBIil TOCTaTOYHO TOYHO €€ alMpOKCUMHUPYET, TO KOOPAUHATY TOYKH ONTUMYyMa
(YHKIIUM MOKHO OILICHUTH MYTEM BBIYMCIEHUSI KOOPAMHATHI TOYKH ONTHMYyMa
noJimHOMa. B cootrBeTcTBUU ¢ TeopeMoi Berepiurpacca, KaueCcTBO OLEHOK KOOp-
JMHATHl TOYKUA ONTHUMYMa, MOJIYYae€MbIX C MOMOIIBIO aAlMPOKCUMUPYIOIIErO MO-

JIMHOMA, MOKHO ITOBBICUTH ABYM: croco0aMHM: MCITOJIb30BAaHUEM ITOJIMHOMA 00-
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JIEC BLICOKOI'O IOpsAAKa W YMCHBIICHHMEM HMHTCpBaJia allllpOKCHUMAIIUH. BTOpOﬁ
croco0 Jydle, IMOCKOJbKY IIOCTPOCHHUC AIIIIPOKCUMHUPYIOIICTO IMOJXMHOMA BBIIIC
TPCTHCTO IIOPAAKA CIIOKHCC, YCM YMCHBLIICHHC HMHTCPBAJIa B YCJIOBHUAX, KOI'Jd

BBITIOJTHSIETCSI TIPEIITOJIOKEHUE 00 YHUMOIATFHOCTH (DYHKITHH.

Memoo oyenxu ¢ ucnonvb3osanuem K6aOPAMUYHOU annpoKCUMayuu

Meron 0cHOBaH Ha TOM, 4TO (DYHKIIUS, KOTOPasi MPUHIMAET MUHUMAaIbHOE
3HAYEHHE BO BHYTPEHHEW TOYKE MHTEpBaia, MOJDKHA OBITh, TIO KpaifHel mepe,
kBagpatuuHoi. [Ipu peanmzammu MeToma mpearnosaraeTcs, 9To Ha OrpaHHYCH-
HOM HWHTEPBaJIC MOKHO amMPOKCHMHUPOBATh (HYHKIIMIO KBaJPATUYHBIM TOJIUHO-
MOM, a TIOTOM HCIOJIb30BaTh IOCTPOCHHYIO ANNPOKCUMAIMOHHYIO CXEMY ISt
OLICHKH KOOPJIMHATHI TOYKH UCTHHHOTO MUHUMYMa (DyHKIIWH.

Ecnu 3agana mocienoBaTenbHOCTh TOUEK X1, X2, X3 ¥ U3BECTHBI COOTBET-
CTBYIOIIHE dTHM ToukaM 3HadeHus: pynkun f(x1), f(x2), f(x3), To MoxHO onpe-
JEUTh MOCTOsTHHBIE BenuunHbl a0, al, a2 tTakuM 00pa3oM, U4TO 3HAYCHHS KBaJI-
parnunoit ¢pynkmuu ((X) = a0 + al(x — x1) + a2(x — x1)(X — X2) coBmamyt co
3HaueHusiMu f(X) B Tpex ykasaHHbIX Toukax. [lepeiinmem k Bbruucienuto (X) B
KaKJIOW M3 TPEX 33JJaHHBIX TOYCK.

1) ITpum x =x1 f(x1) =q(x1) = a0, 1. e. a0 = f(x1);

2) Ilpm x =x2 f(x2) = q(x2) = f(x1) + al(x2 — x1). a1=—]c (x2) = T(x1) ,

X2 —x1
3) Ilpum X = X3 f(x3) = q(x3) =
£ (x1)+ L= TODIOS=XD oo 03 xay(x3— x2).
x2 —x1
I ( F(x— F(x1)  F(x2)- f(xl)}
X3 — X2 x3—-x1 X2 —x1

Jlns cranmonapHoit Touku GyHKimu g(X) % =al+2a2x —a2x1l—a2x2=0.
X

OTKy}Ia X = X2+ x1 _a_l
2 2a2’

Bennunna x sBnsercs OHGHKOﬁ KOOpPAWMHATBI TOYKW UCTHHHOI'O OIITUMYMa
X*
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3.5 METO/JbI MIOMCKA C UCITIOJIb30OBAHUEM ITPOU3BOTHBIX

MeTonpl TociieI0BaTENBHOTO MOUCKA M TOYECYHOU OIEHKH OCHOBBIBAIOTCS
Ha TPEJNOJIOKEHUAX 00 YHUMOJAIBHOCTH U B Ps/ie CIy4aeB O HEMPEPHIBHOCTH
uccienyeMon 1eneBoil pynkuuu. Ecnu B 10oMOMHEHNE K YCIOBHIO HETIPEPHIBHO-
CTH BBecTH TpeboBaHue auddepeHupyemMoct QyHKIHH, TO 3GPEKTUBHOCTH
MOMCKOBBIX MPOLIETYP MOMXHO CYIIECTBEHHO MOBBICUTb.

Onnako ecnu ¢ynkius f(X) umeer crnoxHyro GopMy WM COACPKUT UIIe-
HBI, KOTOPBIE BKJIIOYAIOT X B TPEThEW U 0oJiee BHICOKUX CTEMEHSIX, TO HEMOCpe/I-
CTBEHHOE IOIydYeHHe aHAINTHYECKOro perueHns ypasHerms f '(X) = 0 Moxer
OKa3aThCsl CIIOKHBIM. B Takux ciydasx UCMOIb3YIOTCA MPUOIMKEHHbIE YHCIICH-

HBIE€ METOJbI €70 PEIICHUSI.
3.5.1 Metoxa cpenneii Touku (MeToa boabuano)

CTpyKTypa MOMCKa OCHOBaHA Ha UCKJIIOYCHHSI MHTEPBAJIOB Ha OCHOBAaHUU
WCCJICTIOBaHMSI 3HAKa TPOU3BOJHON (DYHKIIMK HE3aBUCUMO OT 3HAYCHHA, KOTOPBIC
3Ta MPOU3BOIHAS TPHHUMACT.

Ha kax0¥ uTepanuu paccMaTpuBaeTCs JIUIIb OJiHa MMpoOHas Touka. Eciu
B NPOGHOIT TOUKe Z BBIIOIHSIETCS HepaseHeTBo T /(Z) < 0, To ¢ yueroM mpearo-
JIOKEHUsI 00 YHHUMOJAJILHOCTH, TOYKA MHHAMYyMa HE MOXET HaXOIWTHCS JICBEC
TOYKH Z ¥ MHTEPBA X < Z MOIISKUT uekouenuto. Ecim f/(z) > 0, o Touka mu-
HUMYyMa HE MOKET HaXOJUTHCS TIpaBee Z U UCKITI0YACTCS NHTEPBAJ X > Z.

AJNTOPUTM METOOA

[TycTh ecTh OrpaHWYCHHBIN HHTEpBAT a < X < b U 3a7aH mapamerp CXOau-
mocty . [Ipraem f'(a) <0 u f/(b) > 0.

Illar 1. Beraucnuts z = (a + b)/2 u /(2).

Illar 2. Eciu |f /(z)| < &, 3akoHunTs mouck. B mpotuBHOM ciyuae, eciu f

"(z) <0, npumsite a = z, ecom /() > 0, npunsite b = z. Tlepexox k mary 1.
3.5.2 Metoa cekyuiux (MeTo1 Xop/1)
[TycTth B mporiecce moucka crannoHapHoi Touku ¢yakiuu f(X) B uHTEpBa-

ae [a, b] BeIsIBIEHO, YTO B TOYKax & W D 3HaKM MPOM3BOIHOW pasHbie. B 3TOM

cllyyae ajirOpuTM METOJa CEKYIIMX MO3BOJISIET ammpoOKCUMUpPOBaTh QyHKImIO f
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/ o o o o

(X) «cekymedt mpsiMoi» (MPSAMOW JIMHHEH, KOTOpas COCAUHSET JIBE TOYKH) U
. . /

HAWTH TOYKY, B KOTOpoH cekyias rpaduka f '(X) mepecekaer och abcuucc. [Ipu-

OJI>KEHHUE K CTallMOHApHOM Touke X* omnpepaensercs 1no ¢hopmyre:

f'(b)(b—2a)
b))

Eciu [f/(2)| < &, mouck 3axamumBaercst. B IpoTHBHOM citydae HEOGXOLUMO
BBIOpATh OJHY M3 TOYEK & WK D TakuMm 0Opa3oM, YyTOObI 3HAKKU IPOHU3BOIHON B
9TO# TOYKE M TOYKE Z OBUIM Pa3HBIMHU, & TOTOM ITOBTOPUTH OCHOBHBIH IIIar ajaro-
puTMa.

B oTimyme ot MeToa CpeaHeH TOYKH METO CEKYIIMX OCHOBAaH Ha MCCIe-
JIOBaHUHM HE TOJIBKO 3HaKa, HO ¥ 3HAYCHUIH MPOM3BOJHOW B MPOOHBIX TOYKAX W
MIOTOMY B PsiJie CIy4acB IMMO3BOJIAET MCKIIOYMTH OOJIBIIE MOJIOBHHBI MHTEpPBaja
TIOMCKaA.

Ipumep: Haiiti muaamyM Gyrkimn f(X) = 2x° + 16/X B quamasone [1;5].

60

40
(¥

207

NT

-

d
—f
" )

Pucynox 3.4 — I'pagpux pynxyuu u ee npouzeooHol

Kak BugHo u3 pucyska (3.4 0), mociie mepBoii utepanuu Todyka b Oyaer
CMEIlleHa B TOYKY Z, JJIMHA AYTH YMEHBIIUTCS, U TIOCIEAYIOMIas ee almpoKChuMa-
1us npsimoit Oyner 6osiee Tounoi. [loaToMy ¢ Kax a0l nTepanuel Touka Z OyaeT

Bce OJKke cMemarhesa K X*.
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3.5.3 Metoa Herotona-Pagcona

Meron HproroHa-PadcoHa mo3BoisSIeT YIy4IIMTH OTHOCHUTEIBHO TPYOYIO
ATIPOKCHMALIHIO, YTOOHI TOTYIHTH KOpeHs ypasrerns f/(X) = 0.

Cryck mpou3BoauTCs 110 hopMmyIie

%)
f(x)

X = X — Y

rne k=0, 1, 2, ... — HOMep HTepaluH;

Yk — 1Iar Ha K-if ntepanuu (3agaBacMasi KOHCTAHTA).

Hteparum nmpoaombKarTCs 10 TOCTKEHHST HEOOXOAMMOW TOYHOCTH €, KO-
ria [f/(x)] < e.

Jlnst kBasipaTHIHON (QDYHKIIMH SKCTPEMYM JOCTUTaeTCs 3a 1 uTepaiuio.
Ipumep: HaiiTi skcTpeMyM dykmun f(X) = 2X° + 8X +4.

(F/(x) = 4x + 8. X* = -2; f(X*) = -4)

ITo meTony Hetorona-Padcona:

3anmaaum HavanbHyIo Touky Xo (K = 0). Hampumep, X, = 10.
f/(Xo) = 4%10 + 8 = 48;
f(Xo) = 4.
Torna nipu yo= 1 nomyunm X; = 10 — 48/4 = -2.

4 MHOI'OMEPHAS BE3YC/IIOBHAS OIITUMU3ALIUS
4.1 OB1LIASI CTPATEI' I MHOIOMEPHO OIITUMM3ALIMA
Bce METOAbI MHOFOMepHOfI OIITUMHU3AINH CTPEMATCA IMOCTPOUTH TAKYIO I10-
CJIEZIOBATEIbHOCTh TOYCK Xg, X1, X2, ..., IPH KoTOpo# f(Xo) > f(X1) > f(Xp) > ....

[Tepen Hauanom moucka BBIOMpAETCS HEKOTOpPAst UCXOHASI TOYKA Xo U3 00JacTH

Dx. 3aTteM HE0OXOMMO BBIOpATh Hanpasierue osudicenus P, v wae v, (puc. 4.1).

28



Pucynok 4.1 — Cxema muo2omepHoU onmumusayuu
B urore monyuaem hopmyity I HAXOKIAEHUS CICAYIONMEH TOUKH:
X1 = X T VicPi
rne k=0, 1, 2, ... — HOMEp UTEpalnHu.

OOmmii BUJI IpoLEayphl MOUCKA SKCTpeMyMa (PYHKIMU MHOTUX IEpEMEH-

HBIX TIPUBEJICH HA PUCYHKE 4.2.

( Haqlano )

Br16op xg

y

Br10op HanpaBiienus,
1ara u nepeMelieHye B
HOBYIO TOUKY

Y

Beruncienue f(x)

[Iponoixuts
MOUCK?

Pucynok 4.2 — brox-cxema ancopumma noucka s3KkCmpemyma

@DYHKYUU MHO2UX NepeMeHHbIX
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HOCJ’ICI[OB&TCHLHOCTB 0T06pa>1<a}01111/1x TOYCK Xy, COCAMHCHHBIX OTPC3KaAMH,

Ha3bIBaeTCs mpaekmopueti noucka (pucyHok 4.3).

X
2 Xk

X X
1 3 X4

Pucynox 4.3 — Tpaexmopus noucka

4.2 METO/Ibl ONTUMHU3ALIMU HYJIEBOTI'O MTOPSIIKA

4.2.1 MeTtoa nokoopauHaTHoro cnycka (Mmeroa I'aycca-3eiinens)

B MCTOJax OIITUMHU3AINHN HYJICBOT'O IMOPAAKA MUHHUMH3AIHA OCYIICCTBIIACT-
CiA TOJIBKO C ITIOMOIIBIO BBIUMCIICHUI I.[GJ'IGBOﬁ (1)YHKIII/II/I
B kadecTBe HauaIbLHOIO HpI/I6JII/I)KeHI/Iﬂ B N-MCPHOM IIPOCTPAHCTBC BBI6I/Ipa-

€TCsl HEKOTOpasi Touka My ¢ KoopAuMHAaTamMu xl(o), xz(o), e Xn(o). OUKCUPYIOTCS

BCE KOOpAuHaTHl (pyHKIMHU, kpoMe niepBoi. Toraa f(x;, 9, ..., xn(o)) — pyHKIMSA
OIHOW TEpEMEHHOM Xj. Pemas ogHOMEpHYIO 3a7ady ONTHMM3ALMM IS 3TOU
(GYHKIIUH, OT TOYKH My IIepexo M K TOYKe Ml(xl(l), Xg(o), - xn(o)), B KOTOPOU
GyHKIMS TPUHUMAET HAUMEHbIIIEEe 3HaYEHUE MO KOOpAMHATE X; MPU (PUKCHUPO-
BAHHBIX OCTAJIbHBIX KOOpJMHATax. B 3TOM cOCTOMT mepBbIii mar npoiecca OnTHu-
MU3aIUH, COCTOSIIINI B CIIyCKE IO KOOPAMHATE Xj.

3areM (UKCUPYIOTCS BCE KOOPJIMHATBHI, KPOME Xp, M paccMaTpuBaercs

dyrkms ool mepementoit f(x,Y, xo, x32, ..., x,%). CHoBa peruast oxHOMEPHYO

1
3aJa4y OIITUMH3alllK, HAXOAAT HAMMCHBIICC 3HAUYCHUC IIPU Xy = X2( ), T. €. B TO4-

Ke Mz(Xl(l), xz(l), Xg(o), ey Xn(o)). AHaJOTMYHO MPOBOAUTCS CIYCK MO KOOPAUHA-
TaM X3, Xg, ..., Xp, & 3aTEM MPOIIEAypa CHOBA TOBTOPSIETCS OT X1 J0 Xp U T. 1. B pe-
3yJIbTATE 3TOTO IPOLECCA TOIYYaeTCs IMOCIEN0BATEIBHOCTh TOUEK My, M1, My,
..., B KOTOPBIX 3HAYCHMsI I1€JIeBOM (DYHKIIMHM COCTaBISIOT MOHOTOHHO YOBIBAaIO-
1Iyro nocieaoBarenbHocTh f(Mg) > f(My) > f(M,) > ... . Koraa Hu mo oaHo# u3
oceil HEBO3MOYKHO MEPEMEIICHHUE C IIaroM Yy > Ymin, IOUCK MPEKpaliaeTcs, u mo-
CleAHsss TOYKa MPUHUMAETCS B KAYECTBE HAWMEHBIIETO 3HAYCHMS I1IE€JICBOM

(GyHKUIMH B paccMaTpuBaeMoi 00J1acTH.
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Takum oOpa3zoM, METOA TOKOOPAMHATHOTO CITyCKa CBOJIUT 3aJady O HaX0X-
JI€HUU HAaUMEHbILETO0 3HAYeHUs (QYHKUMA MHOTHUX TMEPEeMEHHBIX K MHOIO-
KPaTHOMY PELICHUIO OJHOMEPHBIX 3a/1a4 ONTUMMU3ALMU 0 KAKIOMY IPOEKTHO-
My IapaMeTpy.

TpaekTopusl MoOKUCKa IKCTpEMyMa METOAOM ITOKOOPAMHATHOTO CITyCKa IIPHU-

BeJIcHA Ha pUcyHKe 4.4.

X
Pucynok 4.4 — Tpaexmopus noucka sxcmpemyma memooom HOKOOPOUHAMHO20

cnycka

CxoauMOCTh METOJIa 3aBUCHT OT BWjaa (yHKIHH. MeToj He MPUMEHHM B
cilydyae HaJudus M3JIOMOB B JIMHHMSAX YPOBHS. DTO COOTBETCTBYET TaK Ha3bIBae-
MOMY OBpary Ha IMOBEPXHOCTH. 37IeCh BO3MOXKEH CIydai, KOrja CITyCK IO OJIHOU
KOOPJIMHATE MPUBOIUT Ha «THO» OBpara. Toraa ao00e ABMKEHUE BIOIb APYTron
KOOPJIHMHATHI BEJIET K BO3PACTAHUIO (YHKIIMH, COOTBETCTBYIOMIEMY MOABEMY Ha
«beper» oBpara. Takoe siBIICHHE HasbIBaeTCs o¢hgexkmom ospaza, a COOTBET-
CTBYIOIINE (QYHKITUH — 08PANCHBIMUL.

K mocromHcTBaM MeETO/Ia MOKOOPAMHATHOTO CIIyCKAa OTHOCHUTCS BO3MOXK-

HOCTDB HUCIIOJIb30BAHUS ITPOCTBIX aJITOPUTMOB OI[HOMCpHOﬁ OIITUMHU3allNHU.

4.2.2 MeToa Bpamawinuxcs koopauHat (meroa Pozenopoxa)

Meton Po3enOpoka HampaBiieH Ha JIMKBUAALMIO OJHOTO M3 HEAOCTATKOB
metona ["aycca-3eiinenss — BHICOKYIO UYBCTBUTENBHOCTh 3()()EKTUBHOCTH K BBI-
O0opy cucTteMbl KOOpAUHAT. MeToa CBOAUTCS K OTHICKAaHUIO "yIauHOU" CHUCTEMBI
KOOpJIHMHAT IYTEM NOBOPOTA MCXOJHBIX OCEM KOOPJIMWHAT B COOTBETCTBUU C U3-
MEHEHHEM CKOpOCTH yObIBaHHUs IiesieBoi pyHkuuu. HoBoe HampaBieHue xoop-

JMHATHBIX OCEH CTPOUTCS TaKMM 00pa3oM, 4TOOBI OJHA U3 KOOPJIWHAT COOTBET-
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CTBOBaJIa HAIpaBJEHUIO HaWOBICTpeHIero yObIBaHHs (DYHKIIMH, a OCTaJIbHBIC
HaIpaBJIeHHs ObLITN K HEM OPTOTOHAJIbHBI.
Anroput™m mMeToaa
1. TlepBsIii UK TOMCKA BBIMOJIHIETCS 110 MeToay [ aycca-3eiaens;
BriOuparorcss HOBbIE KOOpAMHATHBIC OCH Pi, P2, ..., Pn. B KauecTBe p; BHIOU-
paroT Xg+1 — Xk,
3. [Ipou3BoUTCS OPTOTOHANIM3AINS OCTATBHBIX OCEH C TTOMOIIBIO MPOLIETY-
pol I'pama-IlImunra: (p;, p;) =0, 1 #J;
4. TIpoBepka yCIIOBUSI OKOHYAHHMSI ITOMCKA: €CITH | Xi1 — Xk | > €, TO TIepexoJ1 Ha
atan 1, uHaye — Ha 3Ttam 3;
5. X* = Xyeg, T* = f(x*).
Ha puc. 4.5. noka3zana TpaeKTOpHsl TOMCKA SKCTPEMyMa METOJOM Bpalliaro-

MUXCA KOOPpAUHAT.

Pucynok 4.5 — Tpaexmopus noucka sxcmpemyma mMemooom 8pawmjarouuxcsi Ko-

opouHam

Meton Po3eHOpoka Ha KaXJoM IHMKJIE O0ECleurBaeT TaKOe MU3MEHEHUE
KOOPJIMHATHBIX OCEH, MPU KOTOPOM HAMpaBICHHUE TIEPBOTO CITyCKa OYEPEIHOTO
IIMKJIa CTPEMUTCSA K ONTHMaJbHOMY. MeTon 3((PeKTHBEH NMpW MHUHUMH3AIAN
OBPKHBIX (PYHKITUH, T. K. pe3YJIbTUPYIOIIEE HAMPABIEHNE OPUCHTUPYETCS BAOIb
oBpara. Ocobernno Metoa dPpdeKTuBeH s KBAAPATUYHBIX (DYHKIIHMM, 7€ ONTH-

MYM MOJKET OBITh HalJICH MOCIIE OJHOTO MPEOOPa30BaHUS OCEH.
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4.2.3 MeToa napajieibHbIX KacaTeJbHbIX (MeToa Ilayasia)

MeTon ucnosib3yeT CBOMCTBO KBaJApaTUYHOW (HYHKIIMH, KOTOPOE 3aKIH0Ya-
€TCSl B TOM, UTO JIFOOas mpsiMasi, Tpoxo asimas dyepe3 X* mepecekaeTr MmoJ1 paBHbI-
MH YIJIaMH KacaTesbHbIE K MMOBEPXHOCTSIM PABHOTO YPOBHSA B TOYKE MEpecede-
HUSL.

AJNTOpUTM METONA:

1. U3 Touku X, BBINOJIHSAETCS OJHOMEPHBIA MOUCK BJOJIb MPOU3BOIBHOTO
HANpPaBJICHUS, KOTOPOE MPUBOAUT B TOUKY X;.

2. 3aTeM W3 TOUYKH X, HE Jexamehd Ha TpsiMoi XoX; OIMATH BBHIMOTHAETCS
OJHOMEPHBIA MOUCK BHOJb NpsMOW mnapaiuienbHou XpX;. Ilomyyaem
TOUKY Xs3.

3. Hanpasnenue X;X3 ompenensieT B pe3yJbTaTe€ OJHOMEPHOIO IMOUCKA
TOUKy X*.

Ha puc. 4.6. nmoka3zana TpaekTopus MOUCKA SKCTPEMyMa METOJOM Iapai-

JICJIbHBIX KaCaTCJIbHBIX.

Xo

N X
7

X2 X2

x1

Pucynox 4.6 — Tpaekmopus noucka sxkcmpemyma memooom napailesbHblX Ka-

canmejlbHblx

Jlnst kBajgpaTHIHONW (YHKIIMM MHUHHUMYM HaXOAWTCS 3a n ureparuil. s
HEKBAJPAaTUYHBIX — 3TO UTEPALIMOHHAS MPOLEIYPa, CXOAAIIASACA K PELICHUIO TEM
obIcTpee, ueM Oike MUHUMH3UpYyeMast PYHKITUS K KBaJIpaTHIHOM.

Meton npumensiercs sl QYHKIMA HEBBICOKOW pa3MEPHOCTH, OJIM3KUX K

KBaJApaTU4YHbIM.
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4.3 METOJAbl ONTUMM3ALIMA ITIEPBOIO MOPSJAKA (IPAJIMEHTHBIE
METO/IbI)

4.3.1 IlpuHUMI rPpaJMEeHTHOIO CIyCKa

WNHorna npu MCNOJIB30BAHMHM METOAOB HYJIEBOTO MOPSAKA JUIS MOJYyYEHHUS
pelieHust TpedyeTcsl Upe3BbIYAtHO OOJIBIIOE KOJTUYECTBO BHIYMCICHUN 3HAUYCHUM
GyHKIMHA. DTO OOCTOSTENBCTBO, HAPSY CO CTPEMIICHUEM PEaln30BaTh BO3MOXK-
HOCTH HaXOXJCHHUS CTAllMOHAPHBIX TOUEK (TO €CTh TOYEK, YOBJIETBOPSIOIIMX
HEO0OXOJAMMOMY YCJIOBHIO MEPBOTO MOPSAKA), IPUBOJUT K HEOOXOAUMOCTH pac-
CMOTPEHHS METOA0B, OCHOBAHHBIX Ha MCIOJIb30BAaHUH IpaiieHTa PYHKIINH. YKa-
3aHHBIE METOJIbI HOCAT UTEPATUBHBINA XapaKTep, TaK KaK KOMIIOHEHTHI IPaueHTa
SBJISIFOTCSL HEJTMHEHHBIMU (DYHKITUSIMUA ONTUMHU3UPYEMBIX TTapaMETPOB.

B npupose yacto HabI01at0TCS SABJICHUSI, CXOHBIE C PEIICHUEM 3a/1auu Ha
HaxoXJeHue MuHUMyMa. K HUM OTHOCHUTCA, B YaCTHOCTH, CTEKaHUE BOABI C Oe-
pera KotigoBaHa Ha JqHO. Ecnm Oepera KOTJIIOBaHA «YHHMOJAIbHBD», T. €. OHH
IJIaJIKKUE U HE COAEPXkAT JIOKAIbHBIX YIUIyOJIEHHI MM BBICTYIOB, TO BOAA yCTpe-
MUTCS BHU3 B HalpaBJIICHUH HAUOOJbIIEH KpyTU3HBI Oepera B kKaxaou Touke. To
€CTh HAIlPaBJICHHE HAWCKOPEHIIEr0 CIyCKa COOTBETCTBYET HAIMPABICHUIO
HauOOJIBIIEro YObIBAaHUS (PYHKIIUH.

N3BectHO, uTO TpangueHT QyHkiuu VI(X) opToroHaneH K MOBEPXHOCTHU OT-
kiuka f(x) B Touke X U ero HampaBlIeHHE COBNAJAET C HANpPABICHUEM HaWOBICT-
peiiiiero Bo3pactanus QyHkiuu. Torma aumuepaduenm (-VI(X)) HampaBjieH B

CTOpOHY HauObIcTpeliniero yosiBanus ¢GyHkimn f(x) (pucyHok 4.7).

X2
4 Vi(x)

-V(x)

x1

Pucynoxk 4.7 — I paouenm u anmuepaouenm gynxyuu f(x)
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Meroabl, OCHOBaHHbIE Ha BbIOOpE MYTH ONTHUMHU3ALUUA C TTOMOUILIO Tpau-
€HTa, Ha3bIBAIOTCS epao0UeHMHbLMU.

['pagueHTHBIE METOJBI MPUMEHSIIOTCS JUISl 1IEJIEBBIX (DYHKIMM, Y KOTOPBIX
MEPBBIE TMPOU3BOJHBIE IO BCEM IIEPEMEHHBIM CYLIECTBYIOT W HENPEPHIBHBI.
[IpeamnomnaraeTcsi, 9T0 KOMIIOHEHTHI TPagueHTa MOTYT OBITh 3alMCaHbl B aHATH-
TUYECKOM BHUJIE WU C JOCTATOYHO BBICOKOM TOYHOCTBIO BBIYMCIIEHBI IIPU MOMO-
11 YUCJIIEHHBIX METO/IOB.

Bri0paB B kauectBe Hampasienus P, = -V{(X,), moiaydaem rpaaueHTHbIN Me-

TOJI B BEKTOpHOU (hopme:

Xir1 = X — Ve VI(Xe),

e v, — mar Ha K-it urepanuu (y, > 0);
k=0, 1,2, ... — HOMEp uTepalumu.

B xoopnunatHoM opme

Xigtl = Xjx— YKvif(XK)l

raei=1,2,...,n — HOMEp MePEMEHHOI.
YacTo B kKauecTBe BeKTOpa P, B rpaguMeHTHBIX METOJaX BBHIOMPAIOT BEKTOP

€IMHUYHON JUTNHEI

_ Vi)
CIvEel”

n
D V(X)) — nnuHa BEKTOpA.

i=1

e [V (x)|=

Torga nomydaem cineayroiyto Gpopmy MeTosa:

VE(Xy)
Xirl = Xg = YK e
IAGIEN
i=1
4.3.2 Yucaennoe nudpdepennupoBanne GpyHKIui

B rpaA€HTHBIX MCTOJAaX Ha KaXXJIOM IIarc¢ OITHMH3AlUuK Tpe6yeTcsI BbI-

YUCIIATh FPagUeHT 1eneBoil GpyHkuuu. [lpu s3Tom ObIBaeT TpyIHO NOJYYUTH B SAB-
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HOM BHJIC (pOpMy.TIBI ML 9aCTHBIX IIPOU3BOJHbIX. B sTom ClIy4dyac IIpOU3BOJHEIC
BBIYHUCIIAIOTCA C ITIOMOIINBIO PAa3HOCTHBIX METOOOB!

1. AnropuTtMm C IIEHTpaIbHOM MpoOoit

OXj AX;

of 1
z—[f(Xl, X2, ooy Xi T AXia SRED) Xn) _f(X11 X25 ooes Xiy ety Xn)],

riei=1,2, ..., n — HOMEp NMePEeMEHHOI;
— 104 -6
Ax; = 10™7...10” — mar anmpokcuManuu (JIOCTaTOYHO MaJiasl MOJI0XKH-
TeJIbHAs BEJIUYHHA).

2. AJTOpPUTM C apHOUH POOO

of 1

~
~

a 2AX;

[f(XL X2, «ovy Xj T AXia EEED) Xn) - f(Xll X2y oo X AXia SEED) Xn)]

[lepBbiii anropuT™M TpeOyeT MEHBIIMX BBIYUCIUTEIBHBIX 3aTpar, HO €ro
TOYHOCTHh HWKE. [IpU 3TOM MOrpemIHOCT BO BTOPOM AJITOPUTME HE 3aBUCHUT OT
BEJIMUMHBI AX;.

Bropass mpousBogHas 1Mo KOOPAWMHATE X; BBIUYMCISIETCA C TOMOIIBIO CIIEAY-

o1en GoOpMyJIbI:

0%f(x) _ fivaj—2fi 5 +Figj
ox? h?

rze h; — mar anmpokcuMaIum;
fij = (X1 X2, ..., Xn);
fi+1,j = f(Xl, X2, ooy Xj1y Xij + hi, Xit1ls <« s Xn);
fi-l,j = f(Xl’ Xo, vy Xjo1y Xj - hi, Xit1ls <« s Xn).
CMmemanHas MpoU3BOJIHAS IO KOOPAMHATAM X; M Xj BBIYHCIIAETCS C IIOMO-

IIBI0 CJICTYIOMICH (POPMYJIBI:

0%f(x) _fiag —fiaga —fiagp +fiaga
0Xi8XJ- 4h|hJ

rac fiil’jil = f(xl, Xo, .., Xj = hi, cees X T hj, cees Xn).

CrenyeT OTMETUTBH, YTO NMPUMEHEHHE PA3HOCTHBIX YPABHEHUN MHAET IO-
I'PEIIHOCTh B BBIYMCIEHUHN TPOU3BOIHBIX.
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4.3.3 I'paaueHTHBII MeTO/ ¢ IePeMEHHbIM 1IArOM

OpauM U3 HanboJiee MPOCTHIX METOOB TMEPBOTO MOPSAKA SBISCTCS 2paou-

EeHMHDBLU Memoo C nepemMeHnbiM Uacom.

Anzopumm memooa

3anaercs HavalabHas TOYKA X M HA4aJIbHBIN mar y npu K = 0.
Berancnsercs VI(Xy).

Bpraucnsroress KoopAMHATHI HOBOM TOUKHU

Vi)
A

X+l — Xk

4 Ecmm f(X1) < f(Xi), TO ocyimecTBaseTcs Mepexoj] Ha 3Tan 5, HHave —
Mepexo/1 Ha 3Tan 6.

5 Ilonaraem, uro k = K + 1, mepexox Ha 3tar 2.

6  Ywmensbimaewm miar: y = vy/2.

7 TlpoBepka ycCIIOBHSI OKOHYAHUS IMOMCKA: €CIIH Y > Ymin, TO TIEPEXO]] HA
aTan 3; “Ha4ye — Mepexo] Ha dTamn 8.

8  OnrumanbHas Touka X* = x,, F* = f(x*).

Tpaektopust moucka sKCTpeMyMa METOJIOM MOKOOPJUHATHOTO CITyCcKa MpPH-

BeJIeHa Ha pucyHke 4.8.

X2

X1

Pucynok 4.8 — Tpaexmopus noucka sxcmpemyma epaoueHmHuiM MemoooM

C NEPEeMEHHBIM ULACOM
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4.3.4 Metoa Hauckopeiimero cnycka (Meroa Kommn)

[Ipu KMCONB30BaHUM TPATUEHTHOTO CITyCKa B 3ajladyaX ONTHUMH3AlUU OC-
HOBHOM 00BEM BBIYUCIICHHH MPUXOIUTCS OOBIYHO HA BBIYMCICHUE TPAJIUCHTA
1eJeBO (PYHKIMKM B KaXKI0W TOUKE TpaeKkTopum ciycka. [losTomy memnecoobpas-
HO YMEHBIIUTh KOJUYECTBO TAKUX TOYEK Oe3 yiiepda sl CaMoTo pelieHus. ITo
JIOCTUTAETCs B HEKOTOPBIX METOAaX, SBISIOMIMXCA MOAUPUKALMAMU TPATUCHT-
HOTo cnycka. OHUM U3 HUX SIBIISIETCA Memoo Hauckopeuue2o cnycka. CoriaacHo
ATOMY METO]ly, IOCJIE ONPEJICJICHHUs] B HA4YaJIbHOM TOUKE HApaBJICHUSI, TPOTUBO-
MOJIO’KHOTO TPAJUEHTY 1eJeBOM (DYHKIIMU, B TOM HAIPaBICHUHU JIENIAI0OT HE OJIMH
miar, a ABUraroTCs JI0 TeX IMOop, MOKa 1efieBast PyHKIUs YObIBACT, TOCTUTas TAKUM
o0pa3oM MHMHMMYMa B HEKOTOpPOW Touke. B »Toil TOuke CHOBa OMNpENENsIOT
HaIpaBJIeHUE CITyCcKa (C MOMOUIBIO0 TPAJUEHTA) U UILYT HOBYIO TOUKY MUHUMYyMa
neneBo GyHKIUMU U T. 4. B 3ToM MeTOoJe CIyCK MpOUCXOAUT ropasziao 0Ooliee
KPYIHBIMH IIIaraMu, W TPAAUCHT (YHKIIMHA BBIYMCISCTCS B MEHBIIEM YHUCIE TO-
YeK.

Meroa HauCKOpPEWIEero CIycka CBOJUT MHOTOMEPHYIO 3ajlayy ONTHMH3a-
IIMU K MOCJIEIOBATEILHOCTH OJTHOMEPHBIX 3a/1a4 Ha KaXXJOM Illare ONTUMHU3AIINH,
T. K. BEJIMYMHA IIara ONTUMHU3UPYETCA C MOMOIIBI OJHOTO M3 METOJ0B OJHO-

MEpPHOU onTUMU3aIuu (PUCYHOK 4.9):

f(xi — VE(xw) = VYTL'Q f(xk — Y V(X))

NN

Vi (%) )_ min f(X —y V(%)

Mo ™ T ool

f(Xk — k=

f(y),

a Yk = Yonr b Y

Pucynok 4.9 — Onmumusayus waza g
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Anzopumm memooa

1 3amanne HaYaJILHOM TOYKH Xq, K = 0.

2 Bbluncienue rpaiueHTa QyHKIIUU B TOUKE Xy.

3 HaxoxeHue ogHMM U3 METOJIOB OJHOMEPHOM ONTHUMHU3ALMU IlIara Y
BJIOJIb AHTUTPAUEHTHOTO HAIIPABJICHHUS.

4 TlpoBepka ycinoBusi OKOHUaHHs moucka. [louck mpekpaimiaeTcsi Mpu BbI-
MOJIHEHUU OJHOTO U3 YCIOBUM:

1) mocTmkeHne MUHHUMAIILHOTO pa3Mepa Iara: Yk < Ymin;

2) MOCTW)KCHHWE BEIUYHMHON TIpajJdeHTa HEKOTOPOrO0 MHUHHUMAJIBHOTO
sHavenus |Vf (x)|<[V| =107,

3) JOCTHMXKECHHE MaKCHMAJILHOTO YUCIIa UTepanuii: K > Kmax.

[Ipy BBINOJIHEHUHU OJHOTO U3 YCIOBHUM OCYIIECTBISETCA NEPEXOT HA JTaIl 7.

B npotuBHOM ciiyuyae — mepexo/1 Ha 3Tailt S.

5 [IlepemernieHue B HOBYIO TOUKY

_ V(%)
X1 = Xk Yk”vf ok

6 [Ilomaraem, uto k = Kk + 1, mepexoj Ha 3Tam 2.

7 OntumanbHas Touka X* = x, F* = f(x*).

[Touck BAOIL MPSAMOI C ONTHUMAIBHBIM IIATOM OOECrieyrBaeT 0oJiee BHICO-
KYIO HaJeKHOCTh METOJIa HAaUCKOPEHIIEero CIycka Mo CPaBHEHHUIO C TPaIUCHT-
HBIM METOJOM C MepeMeHHbIM marom. OJHAKO CKOPOCTh €ro CXOAUMOCTH MpPH
pEIICHUH psiia MPAKTHUYECKUX 3a7a4 OCTAETCS HU3KOH. ITO OOBSICHAETCS TEM,
YTO U3MEHEHUS NIEPEMEHHBIX HEMOCPEACTBEHHO 3aBUCAT OT BEIUYUHBI TPaUCH-
Ta, KOTOpasi CTPEMUTCS K HYJII0 B OKPECTHOCTH TOUKM MHUHUMYMA, U OTCYTCTBYET
MEXaHHM3M YCKOPEHHUsI JIBUKEHHUS K TOUKE MUHMMYyMa Ha MOCJICIHUX UTEPaLUIX.
Taxke meTon 00JiajaeT HU3KOW CKOPOCTBIO CXOAUMOCTH TPH ONTHUMU3AIUU
OBPAKHBIX (PYHKITUH.

OnHO Y3 TJIaBHBIX TPEUMYIIECTB METO/Ia HAUCKOPEHIIIETO CITyCKa CBSI3aHO C
€ro YCTOMYMBOCTHIO. MeTo/1 00J1a71aeT BaXKHBIM CBOMCTBOM, KOTOPOE 3aKTFOYACT-
Cs B TOM, YTO MPU JOCTATOUHO MaJoOW JJIMHE IlIara uTepanuu oOecreyruBaeTCs

yObIBaHME (PYHKIUU.
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4.3.5 Tlapran-meton

OnHUM U3 IPOCTENIINX aHTUOBPAXHBIX METOHOB sBiseTca meror ParTan.
WNnes MeToma cOCTOWT B TOM, YTOOBI 3alIOMHUTH HAa4aIbHYIO TOYKY, 3aT€M BHI-
MOJIHUTH K IIaroB ONTHMHU3AINN 10 METOJIy HAMCKOPEHIIEro CITyCKa M CHejaTh
mar ONTUMU3ALMU 10 HAIPABJICHUIO U3 HAYaJIIbHOM TOYKM B KOHEYHYIO. [l
JBYMEPHOTO CiIy4asl IIOCJIe 1Iara BJI0JIb HAllPaBJICHUS U3 IIEPBOM TOUKHU B TPETHIO

TPaeKTOpHUsI CIIyCKa MPUBOJUT B MUHUMYM (cM. puc. 4.10).

X2 4

X1
X0

X1

Pucynox 4.10 — J[suorcenue 6 nanpasnenuu ParTan

B MHOromepnom ciydae HampasiieHue ParTan He BeZeT IpsAMO B TOUKY MU-
HHAMYMa, HO CIIyCK B 3TOM HAIPABJICHUU IIPUBOAUT B OKPECTHOCTH MUHUMYyMa
MEHBIIIEr0 PaJnyca, YeM IIPH €lle OAHOM IIare MeTola HauCKOPEUIIETro CIIyCKa.
Kpome Toro, A BBINOJIHEHUS! TPETHETO Iara He TpeOyeTcs BBIUUCIATH paiu-

CHT, 4YTO DKOHOMMUT BpPCMA IIpU YHUCJICHHOM OIITUMMU3AIIHUH.

4.3.6 MeToa TSAKeJIOT0 MapUKa

Meton 6a3upyeTcsi Ha aHAJIOTUU C JBUKEHUEM «TSKEJIOr0» MaTepuaibHOI0
IapUKa M0 HAKJIOHHOW MOBEPXHOCTH. CKOpPOCTh IIApUKA NPHU JIBUKECHUU BHU3
OyZIeT Bo3pacTarbh, U OH OyAET CTPEMUTHCS 3aHATh HUKHEE MOJI0KEHUE, T.€. TOU-
Ky MUHUMYyMa.

TpaexTopus moucka onmuchIBaeTCs (OPMYIION:

Xie1 = X+ a(X — Xi1) = YVE(Xi).

IIpu a = 0 meTon peBpaiaeTcs B OOBIKHOBEHHBIHN rpaaueHTHhIN. [Ipn o = 1

MOMCK HE 3aTyXaeT, cleJoBaTeNbHO, Mpu 0 < o < 1 MOXHO MOJIy4aTh Pa3IMdHYyIO

40



3 PEeKTUBHOCTL METO/Ia, KOTOpast OyJeT 3aBUCETh U OT Y. Baamu oT onTuMyma
HIOKCK OyJIeT YCKOPATHCS, a BOJIM3U BO3MOKHBI KOJicOaHUst 0K0J10 Touku Min f(X).

K HemocraTkamM MeToja, MIOMHMO KOJI€OaHUN, OTHOCHTCS HEOOXOIUMOCTD
3aaHMs Cpa3y ABYX He(OpPMalbHBIX MmapaMeTpoB (00 M Y), onpeAesionmx d¢-
(eKTUBHOCTH MoMCKa. K TOCTOMHCTBaM METO/a, MOMUMO YCKOPEHHS JIBHIKCHHS
B OT ONTHMYyMa, OTHOCHTCS BO3MOXKHOCTH «IIPOCKOKa» MEJKHX JIOKAJTbHBIX
MHHHMYMOB 3a CUET «HHEPIMOHHOCTH IIapHKa», T.€. MOXHO PEIIaTh U 3a71a4y
r100abHON ONTUMH3ANKH [T PYHKIMHA C OJHUM SBHO BBIPQKEHHBIM MUHHMY-

MOM M MHOT'UMHU «MCJIIKHUMMN.

4.3.7 MeToabl cONpsizKeHHBIX TPAINEHTOB

B meromax cCONpsKEHHBIX TPaAUEHTOB IIArM WTEPALMOHHOM IPOLELYPHI
BBITIOJIHSIOTCS B CONPS)KEHHBIX HAIIPABIICHUSX.

JlBa n-MEpPHBIX BEKTOpPa X M Y HAa3bIBAKOTCS CONPSANCEHHbIMU TIO0 OTHOILE-

HHUIO K MaTpuile H, ecim ckansgpHOe NpOM3BeICHHE (Y, H\?) =0. H — 510 cummer-

pUYHAas, MOJOKUTENBHO ONPEAEICHHAs MaTpUIla N-T0 TOPSIKA.

Metonbl CONMpsHKEHHBIX TPAJIMEHTOB HA Ka)XJOM Ilare rnpeodpaszyroT aHTH-
rpagueHT (-Vf(Xy)) B HanpaBnenue P, kotopoe sBisiercss H-conpsok€HHBIM ¢ pa-
HEE HaWJICHHbIMU HampasieHusimu Pg, Pi, Py, ..., P1, Tne H — matpuna I'ecce

dbynkuu f(x). Hanpasnenue P, BeiOUpaeTcs no cienyromum Gopmyiam:

Po ==VF(Xo);
Pk = —Vf(Xk) +kak—l; k >1.

Koaddumment B; BbIOMpaeTcs TakuM, YTOOBI BBHIMIOJHSIOCH OTHOIIEHUE

(P, HP,.1) =0, 1. e. uT00bI1 P, 11 P, ; Ot H-cOnpsKeHHBIMH.

(VF (%), VF (%))
(VE (%) V(%)

Jnsa merona @neruepa-Pusca g, =

(VF (%1) = VE (%), VF (%))
(VF (%) VE(%0)

Hns merona [lonaka-Pubnepa g, =
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Torna HUTCpallMOHHAA IIponcaypa 6YI[CT NMCECTb CJ'IG,IIYI-OH_II/II\/'I BHU.
Xx+1 = Xg + YkPK

Benuunna miara vy, BeIOMpaeTcs ONTUMAIbHON B HampaBieHHH P ¢ momo-
LIBI0 OJTHOTO U3 METOAOB OJJTHOMEPHOU ONTHMU3ALIHH.

Jnia kBaapaTHUHON QPyHKIUN

_(VE(x).R)
Y= (PR HR)

Anzopumm memooa

1 3apanue HayandbHOM TOYKH Xg, K = 0. Bpruucnenue nampasieHust Py = -
V1(Xo).

2 Haxoxnenue munumyma QyHkiuu f(X) oqHUM U3 METOJIOB OJHOMEPHOM
ONTHMU3AIMK 110 Y B HampaBjieHHH P, (ompeneiieHne ONTUMAIBHOIO Iara 7).
OnpeneneHrne HOBOM TOUKH Xyt = Xi + VP

3 Onmnpexaenenne f(xg+1) 1 VI(Xyr1).

4 TlpoBepka ycloBHs OKOHUYaHHWs Toucka. [Touck mpekparmaercs mpu BbI-
MOJIHEHUH OJHOTO U3 YCIIOBUM:

1) moCTHXKEHHE MHHHUMAJIBHOTO pa3Mepa Imara: Yk < Ymin;
2) JOCTWKEHHE BEJIMYMHOW TpagueHTa HEKOTOPOr0 MHHHUMAJILHOTO
sHavenus |Vf(x)|<[V| ~10°;
3) IOCTHKEHHE MaKCHMAJIbHOTO YMCia UTepamii: K > Kiax.
[Ipu BBITIOJIHEHUH OJTHOTO U3 YCIOBUM OCYIIECTBIISETCS MEPEXo]] Ha dTar 7.
B npotuBHOM ciiydae — nepexon Ha Jrar 5.

5 OmnpeneneHne HOBOTO HAIIPABJICHUS

PKH = 'Vf(xk+1) + BK+1PK'

6 Ilonaraem, yto k =k + 1. Ilepexon Ha »Tan 2.

7 OntuManbHas TOYKa X* = Xy, F* = f(X*).

MeToapl COMPSKEHHBIX TPAIUEHTOB 00J1a1at0T 00Jiee BHICOKON CKOPOCTHIO
CXOAMMOCTH JJIsl KBAaAPAaTUYHBIX (PYHKIMIA MO CPaBHEHUIO C METOJAOM HAHMCKO-

peliero cnycka. MUHUMYM KBaJapaTHYHON (YHKIMH MOXET ObITh HaiiieH 3a n

42



maroB (rjae n — 4uciao mnepeMeHHbx). [Ipu sTom mobas rinagkas GyHKIHUS B
OKPECTHOCTH TOYKA MUHUMYMa MOET OBITh JOCTATOYHO XOPOIIIO aNMPOKCHMHU-
poBaHa KBaapaTUIHON ¢yHKIMeH. [ToaTOMy METOJ CONpSHKEHHBIX T'PaJueHTOB
MIPUMEHSETCS U JJIS HeKBAIPATUIHBIX (PYHKITUH.

MeTton 4yBCTBUTENICH K TOTPEIIHOCTAM OKpyriieHus. Ha mpakTuke maxe
IUTS KBAJPAaTUIHBIX (YHKITMH HET CXOAMMOCTH 3a n urepammid. [loaTomy mocie
N+ 1 mara stansl 1...5 TODKHBI MUKIUYECKH TTOBTOPSATHCS C 3aMEHOM Xg = Xp+q,

T. €. METOJ OOHYJISIeTCSI.
4.3.8 Meton JleBenoepra-MapkBapara

Merton pazpaboTaH i pelIeHus 3a/1a4 HeJIMHEHHONU perpecCcuy HauMeHb-
IIIUX KBAJIPATOB, T/I€ OH siBJIsieTcs 0osee 3 (PEKTUBHBIM, YeM OOJBITUHCTBO 00-
IITUX aJITOPUTMOB ONITUMH3AITUN. ANITOPUTM HCTIOIB3YETCS IS HAXOXKICHUS TTa-

pametpoB X; (I = 1...N), MUHUMHU3UPYIOIIUX BBIPAKCHHE:
e(x) = _Zlej (%) :_Zl(Yj —@j (x)?,
= j=

rae e(x) — GyHKIUs OMINOKY;
M — YMCJI0 KOMIIOHEHT BEKTOpa ONTHOKH;
Y — KOHCTaHTBHI (3Ha4Y€HH allPOKCUMHUPYEMOH QyHKIMHN);
¢(X) — anmpokcuMupyromiast GyHKIHS.

Metoa ocHOBaH Ha Hjee JOBEPUTEIbHBIX oOjacTel. MeToj mpeanosaraer,
YTO UCXOTHOEC OTOOpaKEHHUE SIBIISCTCS JIOKAJIIBHO JTUHEHHBIM. BOIM3M TOUKH MU-
HUMYMa 3TO TPEANOI0KEHUES BBIMOJHICTCS ¢ OOJIBIION TOYHOCTHIO, T. K. 3/I€Ch
MOBEPXHOCTh UMeET napadbosonaHyo ¢opmy. B aTom ciydae MeTos nenaer cka-
YOK Cpa3y B TOUYKY MUHUMYMa.

Bnanu or MuHMMyMa mpeanoyioKeHue O JIMHEHHOCTH MOKET OBITh Herpa-
BWIbHBIM. [103TOMY METO HAXOIUT KOMIIPOMUCC MEXKAY JUHEMHON MOJEIBIO U
rpaueHTHBIM ciiyckoM. CKayok Jenaercs TOJIbKO B TOM ClIy4yae, €Cld OH
yYMEHBIIIAEeT OMIMOKY, a TaM, TJIe 3TO HEOOXOIUMO JIJIsi 0OeCrieueHUs PO IBHKe-
HUS, UCTIOJIB3YETCA TPAJMCHTHBIN ciyck. [IpuueM B cilydae yCHEIIHOTO CKadka
OaylaHCc CMeIaeTcsl B CTOPOHY MPEANOJIoKEHUs JuHeHOoCTH. B ciyuae Heynmauun

NITOPHUTM HJIET 00Jiee OCTOPOKHO BHU3 MO CKIIOHY. Takum 00pa3om, METO BCE
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BpEMSI MEHSET CXEMY JIEUCTBUS U pabOTaeT O4eHb OBICTPO.

Nrepannu metona Jleeenoepra-MapkBapaTa mpoBoAsTCs 110 hopmylie
Xy =%, - (T + AN e,

rjie e — BEKTOp OMIMOOK Ha BCEX HAOIIOICHHSAX;
A — ckamsp;
| — enHUYHAS MaTpHIIQ;
J — sxoOmaH. B manHOM ciyyae — MaTpHIla YaCTHBIX MPOU3BOIHBIX OT KaXK-

I[Oﬁ OITUOKH 110 IMCPCMCHHBIM:

ey (x)  dey(x) de, (X)

X4 ox,  ox,
oe,(x)  de,(x) de, (X)

J= ox, x, 0 ox,

den(X) den(x)  den(X)
Xy X,  0x,

IlepBeril unen B popmyne Jleen6epra-MapkBapaTa COOTBETCTBYET JIMHEH-
HOM MOJIENH, a BTOPOM - TPAJUEHTHOMY CITyCKY. YTIPaBJISIOMIUNA TapameTp A 3a-
JaeT OTHOCUTEJIbHYIO 3HAUUMOCTh 3THUX ABYX MOJAX0J0B. Beskuii pas, korjaa yaa-
€TCSl YMEHBILIUTh OLIMOKY, YIpaBistomui napaMetrp ymenbmaerca B A (10) pas,
YCHIIMBAs TEM CaMbIM POJIb JIMHEWHBIX MPEATOI0KEHUN U CTPEMJICHHSI IarHYTh
cpasy B Touky MuHuMyMa. Korma ommOKy yMEHBIIUTh HE YAAeTCs, YIPaBIISIO-
it mapamerp ysenuuusaercs B AT (10) pas, mpumaBas TeM caMbIM OoJIblee

3HAYEHHE TPAJAUEHTHOMY CIIyCKY U YMEHbIIIAsl BEJIMUMHY 1l1ara.

4.4 METObI ONITUMMU3ALIMU BTOPOI'O MOPSJIKA

Metoapl BTOPOTO TOpSAIKA MPUMEHSIOTCS I ABAXKIbl HEMPEPHIBHO IU-
(dhepeHrpyeMbIx (YHKIUNA, MPOU3BOJAHBIC KOTOPHIX BBIYUCIISIOTCS JOCTATOYHO
npocTo. TOYHOCTh U CKOPOCTh CXOAUMOCTH METOJIOB BTOPOTO MOPSJKA BBIIIE,
YeM Y METOJOB IEPBOro MOPSAJKA, MCHOJB3YIOIMIMX TOJBKO MEPBYIO MPOU3BOI-

HYI0 (TpaJIUEHTHBIE METO/bI).
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441 Metoa HoroToHa

Mero HproTOHA PUMEHSETCS ISl ONITUMH3AIINHI BBITYKIIBIX (DYHKITHIA.
HoBast Touka HaxXoIUTCS M3 BBIPAKEHUSA Xk+1 = Xk + VkPk. [lpuuem vy = 1,
P = -H'(x)VF(Xy), rae H — marpuna [ecce. Torna UTepanHOHHAs IPOLELYPA

IIPUMET CIEeTYIOMIHI B
Xie1 = X — HH () VF(X).

Ecmu wmatpuna T'ecce ¢ynkumum f(X) monoxwurensHOo ompeneneHa (T. e.
QyHKIHMS BBIMYKIIAsi), TO MOCICIOBATEIBHOCTh TOYCK {Xyx} CTPEMHUTCS K TOUKE
muHUMYMa X*. Ecnu QyHKIUS Takke SBISETCS KBaJAPATUYHOM, TO METOJ| CXO-
JHTCS 32 OJTHY UTEPAIIMIO HE3aBUCHMO OT BhIOOpa HAYaIbHOM TOUKU Xg U CTele-
HU OBpaXHOCTH (yHKIMU. Ecnu QyHKIMS He SBISETCS BBIMYKIOH, TO METO[
HbroToHa rapaHTHpPyeT MOHOTOHHOE yObIBaHUE (DYHKIIMU OT UTEPALMH K UTepa-
i, CXOAMMOCTh METOJZIa B 9TOM Clly4yae 3aBHCUT OT yJAJICHHOCTH HAYaIbHON
TOYKH Xo OT TOYKH dKCTpeMyMa. Ecii HadanbpHas TOYKa BBIOMPACTCS CIHMIIIKOM

JaJICKO OT 3KCTpEMyMa, TO MCTOJ MOKCT PACXOAUTHCA.

4.4.2 Meton Horworona-Pagcona

OddexTuBHOCTh MeTOIa HBIOTOHA MOKHO MOBBICUTH C MOMOIIBIO PETYJIH-

poBKH mara. Torja uTepanroHHas mporeaypa OyaeT UMETh BUIL:
_ -1
Xie1 = Xic = YicH ™ (Xi) V(X))

[IIar yx BEIOMpAETCS U3 YCIOBUS MHHMMYyMa (YHKIIUU B HAIpaBJICHUHU CITyC-
Ka C IOMOIIBK OJHOMEPHOW ONTHUMHU3ALINH.
AJITOpUTM METOAA
3amanue Xy, k =0, Berancinenne VI(Xy);
Beruncienne H(xy) 1 H(X);

Brruncnenue nanpasienus Py;

e

Haxoxaenue oqHUM U3 METOAOB OJHOMEPHOW ONTHUMHU3AIMU IIara Y BIIOIb
P;

5. Beruncnenue Xgsy U VI(Xie1);
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6. IlpoBepka ycinoBus okoH4YaHus oucka. [louck npekpamaercs eciu
1) Vi< Ymin
2) IVF (%)) < Vi
3) Ipu JOCTHKEHHH MaKCUMAIILHOTO YHciIa uteparuii: k > kmax
[Tpu BBHINOJTHEHUU OHOTO M3 YCIOBUN OCYIIECTBIISIETCS MEPEXO0]] Ha ATall 8.
B npoTuBHOM ciiyyae — mepexo/1 Ha JTan 7;

7. Tlomaraem k = k + 1. [lepexox Ha 3Tan 2;
8. X* = Xysp, T* = f(X*).

CI10HOCTh METOOB BTOPOTO MOPSAKA 3aKJIFOYAETCS B HAXOXKIACHUU MaT-
punel ['ecce mist pyukmum f(x), T. K. 2IeMEHTaMU MaTPHIIbI SIBIISIIOTCSI BTOPBIE
yacTHble Tpou3BoiHbIe GyHKIMU f(X). [Ipu pacuerax Ha 9BM 15t BeIUUCIEHUS
ITPOU3BOIHBIX UCITOIB3YIOT Pa3HOCTHOE UCYUCIIEHUE.

[Tocne BeIUMCIICHUS 3JIEMEHTOB MaTpuIlbl ['ecce HaXoaaT 0OpaTHYI0 MaTpu-
uy — H™. Marpuua H™ nassiBaeTcst obpammuoul IO OTHOIIEHUIO K Matpulie H, ec-
JIU UX TPOU3BEJCHUE PABHO eOUHUYHOU MATPUIIE: HH™ = E. Besikas HEBBIPOXK-

nenHast matpuiia H (T. €. ¢ OTIUYHBIM OT HYJIS ONpeeuTeIeM H |) umeer 06-

a1 .
atHylo Matpuiy. IIpu sTom |H Y= . Brruucnenue obpaTHoii MaTpuis! I'ecce
paTHy pumy. 1ip Y Y

[H]
TAKKE MPOU3BOJAUTCS YUCICHHBIMU METOJAMMU.

N3-3a HakomsieHus OMMOKK BBIYUCIIEHUS MaTpUIlbl ['ecce u ee oOpaiieHus
Ha HEKOTOPOM UTepanuu Marpuiia ['ecce MOXKET OKa3aTbCsl OTPULIATENBLHO OMpe-
JICJICHHOM WJIU €€ Heb3s OyJeT 00patuTh. B 3TOM cityyae HEOOX0AUMO TPUHSTH,
gyto H(xx) = E, T. €. B 3ToM ciiydae ureparusi OyJaeT BBIIOIHATHCS 110 METOMY
HAUCKOPEUIIIETO CITyCKA.

[IpenmymiecTBO METO/Ia B TOM, YTO JIJIsI MOJIYYEHHS! OJUHAKOBOW TOUYHOCTH
TpeOyeTcsl Ha MOPSIOK MEHBIIIE UTEpalluii, 4eM B IpaJUeHTHbIX MeToax. OmaHa-
KO 3TO JIOCTUTAETCS 3a CUET YBEJIIMUCHHS 00beMa BHIYMCICHUNM Ha KaKJI0M UTepa-
UM,

B 3amadax GoibINON pa3MEepHOCTH BBIMTPHIII B COKPAIICHUH YHCJIa UTEpa-
Ui He ompaBabkiBaeTcs. [loaTomy 1enecooOpa3Ho MPUMEHSITh KOMOWHAIIUIO Tpa-
JTMEeHTHOTro MeToaa u Metojia Hetotrona-Padcona. B Hauasne nporecca ontumusa-

OrH, KOorga TO4YKa Xy HaXxOOUTCA OdaJICKO OT obnactn 9KCTpEMyMa, IMPHUMCHSAIOT
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Fpa,Z[I/ICHTHI:Jﬁ MCTOA, a 3aTC€M, IIPpU YMCHBIICHUN CXOAUMOCTH, IICPEXOIAT HA MC-

toa HrroTona-Padcona.

4.4.3 KBa3UHBIOTOHOBCKHE METOIbI

OTH METOABI IO CKOPOCTU CXOJUMOCTH OJIM3KM K METOAAM 2-TO MOPSAKa, HO
He TpeOyIOT BRIYUCIIEHUs MaTpHIlbl ['ecce u ee oOpaieHusi, TO €CTh CTPOro roBO-
psl OTHOCSTCS K MeToJaM 1-ro nopsiaka. tepanimonHast mpoueaypa 3a1aeTcsl Bbl-

PaKCHUCM:
Xk+1 = Xk — ’YkA(Xk)Vf(Xk),

rine A(Xx) — MaTpuIa n-ro mopsiaKa, KOTopasi Ha3bIBACTCS MEeMPUKOIL.

MeTtpuka ciyKuT Ul annpokcuMannu reccuana. CHavyana annpoKCHUMAaIus
CJIeyeT JIMHUM HauCKOPEHUIIIEro CIycKa, a 1Mo Mepe MPUOIMKEHUS K MUHUMYMY
UCTIOJIb3yeTCsl Oosiee TOUHas OlleHKa reccuana. Ha kBagpaTHYHBIX TOBEPXHOCTSIX
ATO TapaHTUPYET CXOJMMOCTh K UCTUHHOMY OOpaTHOMY IeCCHaHy 3a n IIaros.
JUist HekBapaTUUHbIX (YHKIMA B Ipenesie MaTpuia A CTaHOBUTCA PaBHOM 00-
paTHOMY reccuany. MeTo/ibl OMCcKa BJO0JIb HAMPABJICHUHN, O0YCIOBICHHBIX 3TOU
(dbopMyII0ii, TaK)Ke HA3bIBAIOTCS MEeMOOaMu ¢ NePemMeHHOU MempuKoul, TOCKOIbKY

MaTpHIa A M3MEHSETCS Ha KaKIOH MTEPALMH 110 (POPMYIIE:
A(Xis1) = A(Xi) + AA(X),

rae AA(Xyx) — MaTpuIia MOMpaBoK.

B kauectBe A(Xg) BBIOMpaeTCs JIt00asi CAMMETPHYHAS MOJOXKHUTEIBHO OTpe-
neneHHas MaTtpuiia (00bIYHO enuHuYHas matpuna E).

Martpwuiia monpaBoK pacCYMTHIBACTCS IO PA3TMIHBIM METOIaM.

ITyctb Axy = Xke1 — Xk Agk = VI(Xir1) — VI(Xi); A = A(X).

Metoa asunona-Pueruepa-llayrmma (DI

A, (A%, )T B (AAg)(AAg,)'
(Ag)" Ag, (Agy )" A Ag,

AA(Xy ) =
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Merton JIDII — momHas onTUMU3AIMOHHAs TIPOIEAypa, OUYeHb d(PheKTuB-
Hasg MpU ONTUMHU3AIMUA OOJBITMHCTBA (DYHKIIMA HE3aBHUCHMO OT TOTrO, KBajapa-

THUYHBI OHU WJIM HCT.

Metona bpoitnena-dneruepa-Ionsadapoa-Illenno (BFGS)

B (Ag,)" AAg, } AX, (Axy )T _AX (Agi )" A + AdAg, (Ax, )"
(A% )T Agy | (A% )T Agy (A%,)T Ag,

AA(X ) = {E

K yucny rinaBHBIX MPEMMYILECTB 3TOTO METOJA CIEAYET OTHECTH HE BCErna
00s13aTebHYI0 HEOOXOIMMOCTh BO3BpaTa K HAadaJbHOM WTEpalMy alroputMa u
OTHOCHUTEJIBHO CJIa0YI0 3aBUCUMOCTb OT TOYHOCTH BBIYMCIICHUI IIPU NPOBEIECHUU

OJHOMCPHOTO ITOHCKA.

Meton bpoiinena

AA(X,) = (A% — AAG, (A%, — AkAgk)T
‘ (A% — AAG,)T Ag,

Metona [Tupcona Ne 2

(A% — AkAgk)(AXk)T
A= )T 8,

Metona IIupcona Ne 3

(Ax, — AkAgk)(AkAgk)T
(Agk)T AcAgy

AA(Xy ) =

[IpoextusBHb MeToa HeroTona-Padcona

(AkAgk)(AkAgk)T
(Agk)T AAgy

AA(X, ) =

Merton 3ayreHnaiika (MeTo I IIPOEKIIHIA)
AA(X) = Addgi[Agk' A Ag] ™ AgiAx

AJ'IFODI/ITM KBa3MHBIOTOHOBCKHNX MCTOJ0B

1. 3aganue Xy, k = 0. Onpenenenne VI(Xy), A(Xx) = E;

2. Ompenencuue HanpapieHus ciycka: Py = - A(X) VI(Xy);
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3. Bbluncienue OJHUM M3 METOJOB OJHOMEPHOM ONTHUMH3AIMU Ilara Yx B
HanpaBJeHUU Py;

4. TlepemelieHne B HOBYIO TOUKY: Xi+1 = Xk + YkPx. Onpeneneuue VI(Xyiq);
Brruucnenue Axyg u Agy;
[TpoBepka ycnoBuii okoHuanus moucka. [Ipu Axy < € wmn VI(Xy.1) < Vmin
i K > Kpay iepexos Ha 9tar 10;

7. Bprancnenue monpaBok AA(Xy);

8. IlpeobpazoBanue marpuibl A(Xy) B A(Xk+1);

9. k =Kk +1, nmepexon Ha 3tam 2;

10.X* = Xyeq, F* = F(X*)

Ha npakTuke aaropuTM MOXET pacXOJUThCA M3-32 HAKOIUIEHHS OIIMOOK
BbluncieHn. [loaTomy pekomeHayeTcss 4epe3 Kakaple N uTepauuid IPUCBOUTH
A(Xy) = E, T. e. mepe3anycTuTh ajroOpuTM.

MeTtoapl mepeMeHHON METPUKH, KaK U METOJIbl 2-TO MOPsIJIKa, LIeJIecoodpas-

HO IIPUMCHATDb B OKPCCTHOCTHU SKCTpEMYyMaA.

5 MHOI'OMEPHASA YCJIOBHASA OITUMU3ALUA

5.1 METOJA MHOXUTEJIEN JIATPAHKA

Pemenue 3amay MaTeMaTH4ECKOTO MPOrPAMMUPOBAHUS 3HAYUTEIBLHO OoJiee
TPYJOEMKO IO CPaBHEHHIO C 3ajadyaMu Oe3yciioBHOM ontumusarnuu. Orpa-
HUYCHUS THUIA PABEHCTB WJIM HEPABEHCTB TPEOYIOT MX ydeTa Ha KaKJIOM Ilare
ontuMuzanuu. OgHUM U3 HAIMIpaBJICHU B METOAAaX PEIICHUs 3aady MaTeMaThuye-
CKOTO MPOrpaMMHUPOBAHMUS SABJISIETCS CBEACHUE UX K IMOCIENOBATEIBHOCTH 3a/1a4
0e3ycioBHOM MuUHMMU3aIMU. K 3TOMy HampaBlIeHUIO OTHOCHUTCS, B YAaCTHOCTH,
Memoo mHoxcumeneu Jlazpamoica.

Meton MHOxwuTenen Jlarpan:xa NpuUMEHSIETCS I PEIIEHUsS HEJIMHEHWHBIX
3a7]a4 C OTPAHUYEHUSAMU, KOTOPBIE COJAEPKAT TOJbKO OTPAaHUYECHUS B BHUJIE pa-
BeHCTB. C OMOIIBI0 MeTO/1a MHOXKUTENeH JlarpaHka ycTaHaBIUBAIOTCS HEOOXO-
JTUMBIE YCIIOBHSI, TTO3BOJISIONINE UICHTU(UIIMPOBATH TOYKH ONITUMYyMa B 3a/a4ax

OIITUMH3alKU C OIPaHUYCHHUAMHN-PABCHCTBAMM. HpI/I 9TOM 3aJdada C OorpaHu4c-
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HUSIMU TIpeoOpasyeTcsi B IKBUBAJICHTHYIO 3a/1auy O€3yCJIOBHON ONTHMHU3AINHU, B
KOTOpOU (pUTypUpPYIOT HEKOTOphIE HEU3BECTHBIC MAapaMeTphl, Ha3bIBAEMbIC MHO-
aorcumenamu Jlacpanoica.

OO6mrast 3a1aya yCIOBHOM ONTHMH3AIMNA C OTPAHUYCHUSMU-PAaBEHCTBAMH B
Bune f(Xy, Xz, ..., Xp) = Min npu orpanudeHusx hy(Xy, Xo, ..., Xp) =0, Tme kK =1,
2, ..., K cBogutcss k 3agadye 0e3yCIIOBHOM MHHUMH3ALUU C HUCIOJIH30BAaHUEM

@yuxyuu Jlacpamsica, KOTOpas 3aMrUChIBACTCS B BUJIE

F(X X0ee s Xi A Ay oo s 4 ) = f(xl,xz,...,xn)+i/1khk,

rae Ax — MHOkuTenu Jlarpanxa.

Takum oOpa3om, 3agaya CBOAMTCS K OTBICKAHMIO MHHUMYyMa (QYHKIUH
F(X, A). KonruectBo orpanndenuii K 10/mKHO OBITh MEHBIIIE YHCIIa IEPEMEHHBIX
n (T. €. YUCIIO CBSI3EH MEPEMEHHBIX JOJDKHO OBITh MEHbLIE MX KojaudecTBa). He-
00XOJMMBIM yCJIOBHEM MHUHUMYMa QyHKIUU F(X, Ay) SBISETCS paBEHCTBO HYIIIO

€€ TPaIueHTa, YTO IPUBOAUT K CUCTEME YPABHEHUM

aF(XJ ; 7\,k) 0
8XJ-
rae j=1, 2, ..., N — HOMep MepeMeHHOM, coJieprkallei n ypaBaenui ¢ (n + K) me-

PEMEHHBIMH (N OMTUMU3UPYEMBIX MapameTpoB U K BcroMoraTeabHbIX MepEeMeH-
HBIX — MHOXKUTeNeH Jlarpanxa).
JIOIIOTHMB TIOJyYEHHYI0 CHUCTEMY YPAaBHEHUM CHUCTEMOM OrpaHUYCHUN-

PABEHCTB, IIOJIYYUM

8F(Xj,kk) 0
8Xj B
he(Xj) =0,

rne k=1, 2, ..., K— HOMep orpaHHYeHHS.

Ota cucrema coctout u3 (n + K) ypaBaenuit u cogepxur (n+K) nepemen-
HbIX. TakuMm 00pa3om, ee perieHre MO3BOJIIET HAUTH ONTUMAIbHbIE 3HAYCHUS N
ONTUMHU3UPYEMBIX napamMeTpoB M K 3HaueHuii MHOxuTenew Jlarpanxka B onru-

MaJIbHOU TOYKE.
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Ilpumep

[TycTth HEOOXOIUMO CKOHCTPYHpOBaTh Oak 3amaHHON eMmkoctu W mpu Mu-
HUMAJIbHOM pacxojie Marepuaia. Pacxoa Marepuana ONpeaemseTcs IUIOMaabio
OOKOBOIl TIOBEPXHOCTH, CYMMHUpPYeMOW ¢ Momaapio AHuma (ans Oaka 0Oe3

KPBIIIKH). DCKU3 Oaka MpUBEJEH Ha pucyHke 5.1.

h:X3

Pucynoxk 5.1 — Dckuz baka

®opmupys LENEBYI0 QYHKIHMIO, IPUXOJUM K CIEAYIOLIEN 3a1aue ONTHMU-
3aIUU:
{S = 2(X1X3 + X2X3) + X1Xo = min;

X1XoX3 = W.

Bropoe ypaBHeHHE peacTaBiseT COO0N OrpaHUYEHUE B BUAE PAaBEHCTBA.

CocraBuM (pynkuuio Jlarpanxka:

F(X, }\,1) = 2(X1X3 + X2X3) + XX + }Ll(X]_XZXg - W)

Heobxoaumbie ycinoBust MuHUMYyMa QyHkiuu Jlarpanxa:

OF(X;2q)
O0Xq
OF(X;2q)
OX,
OF(X;2q)
0X3
X1X5X3 = 0.

= X2 + 2X3 + }L1X2X3 = 0,

=2X1 + 2X5 + AX1X5 =0;

Pemenue »Toit cUCTEMEI Ta€T:

X1 =Xy = Y2W ; X3 = X;/2.
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5.2 YcaoBust KyHA-TAKKEPA

MHuoxurtenu Jlarpanxa MOXKHO MCIOJIB30BaTh IIPU IIOCTPOEHUU KPUTEPUEB
ONTHUMAJIBHOCTU IS 337a4 ONTUMHU3ALMU C OFPAHMYEHUSIMH B BUIE PABEHCTB.
KyH n Takkep 0000UMIM 3TOT NOAXO/ Ha Ciiydail oOuieil 3a/1a4yu HEJIMHEHMHOTrO

IMporpaMMupOBaHuA C OrPaHUYCHUAMHA KAK B BUAC PABCHCTB, TdAK U B BUIC HCPaA-

BEHCTB.

[Tycts HEOOXOAUMO MHUHMMHU3HPOBaTh GyHKIHIO (X1, Xo, ..., X,) IpH orpa-
HUYeHUIX Ni(X1, X2, ..., Xn) =0, rme K =1, 2, ..., K u gj(Xy, Xz, ..., Xn) = 0, r71e
i=1,2,...,J.

Kyn n Takkep mocTpomnu HEOOXOIWMBIE M JOCTATOYHBIC YCJIOBHS ONTH-
MaJLHOCTH JIUIS 33/1a4 HEJTMHEHHOTO TPOTPaMMHPOBAHUS, UCXOAS U3 MPEATIONO-
keHus o quddepennupyemoct pyHkuuii f, gj u hy.

OTU yCJIOBHUS ONTUMAJBLHOCTH, HM3BECTHBIE Kak ycinosus Kyna-Takkepa,
MOXHO C(OPMYIHPOBATH B BHJIC 3aa4d HAXOXKIACHUS PEIICHUS HEKOTOPOW CH-
CTEMbI HEJIMHEWHBIX YPaBHEHUN U HEPABEHCTB — 3a0auu Kyna-Taxkepa.

Haiitu BekTOpHI X, U U A, YAOBJIETBOPSIONINUE CIACTYIONIUM YCIOBUSIM:

3 K
VE(x) - _ZlujVQj(X) —kZlkahk(X) =0,
i= =

g;(x)=0;
hy =0;
ujg;(x)=0;
u; 20.

Pemass nmonydeHHy0 cHCTEMY ypaBHEHHI M HEPABEHCTB, HaXOJIUM KakK MC-
KOMBbIE MEPEMEHHBIE X, TaK U BCIIOMOTaTelIbHbIE MIEpeMEHHbIE — MHOXUTENN Jla-
rpamxka Uj 1 Ay.

5.3 METO/IbI IITPA®HBIX ®YHKIAN

Memoobl wmpaghnvix ¢hynkyuil TaKxKe CBOAAT 3aJlayy YCIOBHOW ONTHUMU3a-

UM K 3aja4e Oe3ycIoBHOM onTtumu3anuu. Vcnosib30BaHWE 3TUX METOAOB IMO3-
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BOJISIET YAEP’KUBATh TPACKTOPHUIO MOMCKA BHYTPH JAOMYyCTUMOM obnactu. B atux

METOJaX ONTUMM3UPYETCSI BCIIOMOTaTeabHasl LieneBast QyHKIUsA
F(x, 1) = () + o(x, 1),

rae f(x) — ucxoaHas neneBas QyHKIUS;
o(X, T) — wmpadghuas (Mam bapvepras) GyHKINS;

T — Koo puyuenm wmpadgha.

Mtpaduas pyHkmus ¢(X, T) BeIOMpaeTcs: TakuM o0pa3zom, yToOsl mpu T — 0
MHUHUMYM BCIIOMOTaTeIbHON (DYHKITUH COBIAIal ¢ MUHUMYMOM HCXOIHOH.

HItpaduas GyHKIMS T0HKHA YUUTHIBATH OIPAHUYCHUS, KOTOPBIC 3a1al0TCS
IPU MOCTAHOBKE 3a/1a41 ONTHMHU3AIUH.

Ecnu 3agans! orpanndenus B sune h(X) =0, tne k=1, 2, ..., K, u gj(x) = 0,

raej=1,2,...,J, To B kauecTBe HyHKIUU MITpada MOKHO BbIOpaTh, HAIIPUMED,

0(x,7) = 1{k§ h2(x) + _ilg,2<x)[1_sign(g ,—(x»]},
j=

=1

raoe t>0;

sign(g;j(x)) — cuenym-gpynxyus (Mau cuenanvras QyHKINSA).

1,gJ(X) 2 O,

sign(g;(x)) = {_1 0:(x) <0
1Y | .

[Ipu BbIIONTHEHUH OTrpaHuYeHHi mTpadHas QyHKIMS oOpamaeTcs B HYJIb.
Ecnu xe a3t ycnosus Hapymensl (T.e. hy(X) # 0, g;(X)<0 u sign(g;(x)) = -1), 1o

mrrpadHas GyHKIHS moyokuTebHa. OHa yBenuunBaeT neiaeByo GyHkiuo f(X)

TeM OOJIblIE, YeM 0OJIbIIIe HAPYIIAIOTCA OIPaHUYEHUS.

[Ipu manpix 3HaueHUAX mapameTpa T BHe oOmactu DX dynkmus F(x, 1)
CHWIIbHO Bo3pacTaeT. [loaTomy ee MUHUMYM MOKeT ObITH MO0 BHYTpU DX, nu6o

CHapyXu BOJIM3M rpaHul] oOiactd. B mepBoMm ciayyae MUHUMYMbI (yHKUIHN
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F(X, 1) u f(X) coBmanaioT, HOCKOILKY (X, T) paBHa HyJ0. Ecii MUHUMYM (DyHK-
un F(X, 1) naxoautcs BHe DX, To MunuMyM 1ieneBoii GpyHKimu f(X) exuT Ha
rpanuiie DX. MOXXHO TIpH 3TOM MOCTPOUTH MOCIEA0BATENBHOCTh T — 0 Takyro,
YTO COOTBETCTBYIOIIAS MTOCIE0BATEILHOCTE MUHUMYMOB (hyHKITMHU F(X, T) Oyaer
CTpeMHUTbCs K MUHUMYMY QyHKImn f(X).

Takum obOpa3zom, 3amada yYCIOBHOW ONTHUMM3AIMM JAJSl LIEJIEBOM (YHKIUU
f(X) cBomuTCs K MOCIEAOBATENLHOCTH 3a/1a4 O€3yCIOBHON ONTHMHU3ALUU IS
BcriomMorarensHoi (GyHKIMU F(X, T), pemieHrne KOTOPhIX MOXKET OBITh IPOBEICHO

C IIOMOIIBIO MCTOIOB CITYyCKaA.

Anzopumm memooa

1 3aganne HavaabHOUW TOYKH Xg),
2 3ananue kodpdunmenta mrpada (t=0,001...0,01);
3 HaxoxneHue olHUM U3 METO/IOB 0€3yCIIOBHOW ONTHUMM3ALUU MUHUMY-
Ma pyukuun F(x, 1);
4 TIpoBepka ycrmoBusi OKOHYaHHs moucka. [lorck mpekpamiaercs mpu BbI-
MOJTHEHUU OJHOTO U3 YCJIOBUMA:
1) X=Xl <ge=10%...10*
2) | f(xi) = fxien) | <8.8=107%...10%
3) | F(xi 1) — F(Xew Ter) | < 8.
[Ipy BBIMOJHEHWH OJHOIO M3 YCIOBHUM OCYIIECTBISAETCS NMEPEXO] HaA dTall 7.
B npotuBHOM ciiyyae — nepexo.1 Ha Jrar S.
5 Vwmensbiienue koddduimenta mrpada T B I pas3 (r =5...10);
6 Ilomaraem, uro k =k + 1. [lepexon Ha aTam 3.
7 OntumanbpHas TouKa X* = X1, F* = f(X*).
Henocratkom MeTona SIBASETCS CIOXHOCTh BCHOMOTATENbHOW (DYHKIIHMH
F(x, t), KoTOpass uMeeT OBpaXkHYIO CTPYKTYpy. [Ipnuém ¢ yMeHbIeHHEM T yBe-

JIMYUBACTCA CTCIICHDb OBPAXHOCTH.
5.4 METOJBI CJIYYAMHOTI'O IOUCKA
B ocHoBe Bcex METOI0B cnyqaﬁHoro IIOUCKa JICKUT BHCCCHUC JJICMCHTOB

CIIy4ailHOCTH B TMporeaypy (hopMUpOBaHHs MPOOHBIX TOUYEK, KOTOPHIE HCIOJIb-

SYIOTCA IJIA OIIPCACIICHUA HAIIPABJICHWA ITOUCKA.
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5.4.1 MeToa ciay4aiiHOT0 MOUCKA C NepecyeToM

[TycThb 3agaHbl NpSIMbIE OTPAHUYEHUS Xmini < Xj < Xmaxi» TAE 1= 1...N.

Htepannonnas npouenypa MuHUMU3amu GyHKuu f(X) 3amaercst BeIpake-

HUEM
S& (X, +7SE) < F(X
Xk+1=xk+{7/k§ (X +75¢) (Xy)
0; f (X +7S8) = F(X,),
rne S = (S, Sy, ..., Sn) — 6exmop macwimabHvx KOIPPUYUEHMOS;
E=(&, &, ..., &) — cryuaiinbiil 6ekmop ¢ PABHOMEPHBIM 3aKOHOM PacIpe/ie-

neHus B uHTepBae [-1, 1].

B xoopaunaTHOU (hopme npoueypa MUHUMHA3AIUU 33JJa€TCSl BBIPAKEHUEM

7Sigis F (X +7.88) < F(X,)

Hel = Sk {o; F(X, +7.58)> F(X,).

3nauenue S; onpezensercs no Gopmye

Xmaxi ™ Xmini

S =
max(x

maxi — Xmin i)
3navenue Sj HaxoauTcs B nuanasone (0, 1].
Ecnu xaxoit-nibo u3 KOMINOHEHTOB Xj BBIXOIUT 3a Mpeeibl 00J1aCTH MOUC-
Ka, TO 3TOMY KOMITOHEHTY IIPUCBAUBACTCS TPAHUYHOEC 3HAUYCHUE:!
X

maxi’Xi >Xmaxi

Xmini> Xi <X

mini? mini*

bnarogaps aToMy ycioBHiO 00ecrieunBaeTCs MOUCK BJOJL TpaHMIlbl 00J1a-
CTU JOMYCTUMBIX 3HAYCHUM MPU HAPYLIEHUM orpaHuyeHuil. Eciu npu onrtumu-
3auu Xy TOYKA MOJIHOCTHIO BBIXOJUT 3a T'PaHUIBI 00JIaCTH TOMCKA, T. €. X >
Xmax WA X < Xpin, TO MIAT CYUTAETCSA HEYAAUHBIM, U 3HAYCHUSI BCEX KOOPJMUHAT

TOYKH TOJIaraloTCcsl paBHBIMU TpaHWYHBIM. Ecin Ha Kakoi-mubo uTepamnuu jena-
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eTcs MoJpsa m HeyaayHbiX maroB (m = 10...20), To mar moucka yMEHbIIAOT:
Yir1 = 0y, THE 0 < a0 < 1.

Ecnu B npoiiecce noucka Ha Kakoi-1u00 UTEPALMK OKaXKETCsI, UTO JJI BCEX
m NpoOHBIX MIAaroB (QPyHKIMs HE yOBIBA€T, TO IIAar MOMCKA CHOBA YMEHbIIIAETCH.
[Tonck onTUMAaNBHON TOYKH MPOIOIKAETCS, TTOKA Yy < € = Ymin-

CxeMa ciyyallHOTO IIOMCKa C IEPECUETOM MPUBEACHA HA PUCYHKE 5.2.

Pucynoxk 5.2 — Cxema cuyuaiinoz2o noucka ¢ nepecuemom

5.4.2 MeTtoa cJIy4aifHOro Moucka 1mo HawjIy4iiei npode (MOUCK MO cTa-

THCTHYECKOMY I'DaAHEHTY)

B oTimMuue oT mpenpiayniero MeToja, METOJ CIy4ailHOro MOHMCKa IO
Haugy4uieil npo0e He nmepeMenaeTcsl B MEPBYIO K€ HANICHHYIO «yAaUYHYIO» TOY-

Ky, 4 HAXOAUT HCCKOJIBKO TOYCK U BBI6I/IpaCT N3 HUX HAWJTYUIIYIO.

Anzopumm memooa

1 W3 TOYKH X, BBINOJHAECTCS M CIy4YalHBIX MPOOHBIX IIAroB, T.€. HAXOIAT-

Cs1 BEKTOPBI

A;j - ’YKS%"

rnej=1...m,

Yy — IIar.

3aTeM BBIYHCIIAIOTCS 3HAYCHHUS (YHKIHUH JJI BCEX MPOOHBIX TOYEK, T. €.
fj(XK + AXJ');

2 U3 Bcex mpoO BwIOMpaeTcs Hawimydmas AX,, KOTOpas NPUBOIUT K

HauOO0JIbIIEMY YMEHBIICHUIO LIETIEBON (PYHKLINU:
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f(Xk +AX,) =minf;(x, +AX;).
j

Ecmm f(x¢ + Ax,,) < f(Xk), To mepexoxa Ha 3Tam 3, HHa4Ye — IEPEX0]] Ha ITal 5;

3
4
5
6

[TpousBoAUTCS CMEIIIEHHE B HOBYIO TOUKY Xy+1 = Xk T AXy;
[Tomaraem, 4to k = K + 1, mepexoj Ha 3Tamn 1;
YMEHBIICHUE MIAra Yy = 0y,

[TpoBepka ycinoBusi OKOHYaHUSI TOUCKA. ECIH Y1 > Ymin, TO IEPEXO]T HA

aran 1, nHaye — nepexon Ha dtan 7.

7

OnTumalibHas Touka X* = X1, F* = f(X*).

CxeMa ciydaifHOro TMoMCKa IO Hauiydined npoOe MpuBeleHa Ha PUCYH-

ke 5.3.

X2 4

Pucynox 5.3 — Cxema cayuatinoeo noucka no Haunyyuieii npooe

C yBenuueHureM uyucia Ipo0d m HampaBlieHWE Hauidydylieil npoObl mpuoIIu-

JKaCTCA K aHTUT'PAJUCHTHOMY.

6 METO/bI NIOBAJIBHOM ONITUMU3AIIAU

HpaKTI/I‘ICCKI/I BCC€ MCTOABI OIITUMH3AIIUH HpI/ICHOCO6HeHBI JJI1 OTBICKaHUA

JIOKaJIbHOTO MUHUMYMa (pyHKuuU. J[J1s HaAeKHOM ONTUMH3ALMKU MOJIEEH, KOTO-

pbIC MOTYT UMCTh HCCKOJIBKO JIOKAJIbHBIX MUHUMYMOB, CJICAYCT BOCIIOJIb30BaATh-

Csqd HCCKOJBKMMH MCTOJaMM PCIICHHA 3aJla4H, yTOOBI HAHTH TJIO0ABLHBIM MHHH-

MYM.

Hanbonee mmpoko UCHOJIb3yeMbIN METOJ] COCTOUT B MPOBEACHUU psijia OIl-

TUMHU3AIUMOHHBIX paCuYC€TOB IIPHU PA3JIMYHBIX HAYaJIbHBIX YCJIIOBHAX. HHOFJI& 9TOT

METOJ HA3bIBAIOT MEMOOOM C HEeCKOJbKUMU HAYATbHbIMU moyKkamu. B 3ToM Me-

TOJIC HAYaJbHbIE TOYKH BBIOMPAIOTCS W3 OMPEEICHHOW PEemeTKH (MHOMXKECTBa
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TOYEK) WJIM TEHEePUPYIOTCS CIydaliHBIM 00pa3oM. B mepBom citydae pormyctumast
00J1acTh pa3OMBaeTCs Ha HEMEPECEKarIIMecs M0001acTH, W ONITUMH3AIUS BbI-
MOJIHSACTCS B KaXKIOW TaKoW MOA00JacTH 1O OTACIBHOCTH. Bo BTOpOoM cirydae
HaYyaJIbHBIC TOYKH BBIOMPAIOTCS CIIYIalHBIM 00pa3oM C paBHOMEPHBIM paclipe-
JICTICHUEM TI0JIs paccesiHus. B o0oux ciydasx B KauecTBE TJIO0ATBHOTO ONTHUMY-
Ma M3 BCEX HaWJICHHBIX JIOKAJIbHBIX MUHUMYMOB IMPUHUMAETCS JIOKAIBHBIA MH-
HUMYM C CaMbIM MHHHMAaJIbHBIM 3HAUCHHUEM IIeJICBON (DYHKIIHH.

B nepBom ciyuae pa3OneHHe Ha HElepeceKaroIuecs moa001acTH IPOU3BO-
JUTCST TIPOU3BOJILHO, TOATOMY HET YBEPEHHOCTH B TOM, UYTO B KaXKJI0W 1010012~
CTH MMEETCSI TOJIbKO OJIMH JIOKJIBHBIH MHHUMYM. BO BTOpOM cilydae HET yBe-
PEHHOCTH, YTO HayaJbHBIC TOYKH PACIPEICIICHBI TaK, YTO KaKaas U3 HUX HaXO-
JUTCS B OKPECTHOCTHU TOJIBKO OJIHOTO W3 JIOKAJIBHBIX MUHUMYMOB. C pocTOM
Yyucaa Pa3UYHBIX CTAPTOBBIX TOUYEK IOBBIIIACTCS BEPOATHOCTH TOTO, YTO HE
MPOIYIIICH HU OJWH JIOKAJIBHBIA MUHUMYM. JTO, OJHAKO, JOCTHUTACTCS IICHOU
CYIIIECTBEHHOTO YBEIUYCHHUS 00BEMOB ONITHMHU3AIIMOHHBIX PACUCTOB.

B npaktrueckux mccienoBaHUSIX TII00ATBHBIM MUHUMYM HAXOJHUTCS METO-
JIOM CITy9aifHOTO BhIOOpA CTApTOBBIX TOYEK, MPUYEM CHadalla CJIeAyeT IPearo-
JI0)KUTh, KaKOTO KOJMYECTBA HAayaJbHBIX TOYEK JOCTATOYHO, YTOOBI HAaBEpPHsKA
MOJIYIHUTh TJI00aNbHOE pemnieHue. HecMOoTpst Ha TPyTHOCThH MOBTOPHBIX PAcUeTOB,
ATOT METOJT CIIEAYET MCIOJb30BaTh B TEX CIydasx, KOrja MPeArnoaraeTcs Cyie-
CTBOBaHHE HECKOJIbKUX JIOKATbHBIX MUHUMYMOB.

B obmiem cinydae pedb UIET 0 HAXO0XKIASHUN KaK MOYKHO 0oJiee «TiTyOOKOTO»
MHUHUMYMa, MOCKOJIbKY €CIIM HET ampHOopHOH HHGOpPMAIUU O KOJWYECTBE JIO-
KaJIbHBIX MUHUMYMOB, O CTPYKType (DYHKIIMH U T.I., TO HEBO3MOXKHO JOKa3aTh,

qTo HaﬁﬂCHHBIﬁ MHWHUMYM SABJISACTCA T7100aJIbHBIM.
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