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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Àêòóàëüíiñòü òåìè. Âèâ÷åííÿ ìàòðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷-
íèõ êðàéîâèõ çàäà÷ ïîâ'ÿçàíå ç ÷èñëåííèìè çàñòîñóâàííÿìè òàêèõ çàäà÷
ó òåîði¨ íåëiíiéíèõ êîëèâàíü, ó ìåõàíiöi, áiîëîãi¨, ðàäiîòåõíiöi, òåîði¨ êå-
ðóâàííÿ, òåîði¨ ñòiéêîñòi ðóõó. Â îñòàííi ðîêè çíà÷íà óâàãà ïðèäiëÿ¹òüñÿ
äîñëiäæåííþ êðàéîâèõ çàäà÷, ëiíiéíà ÷àñòèíà ÿêèõ íå ¹ îáîðîòíèì îïå-
ðàòîðîì, i, çîêðåìà, òîìó âèïàäêó, êîëè ÷èñëî êðàéîâèõ óìîâ íå çáiãà¹òü-
ñÿ ç ðîçìiðíiñòþ ðîçâ'ÿçêó. Çàóâàæèìî, ùî ó íàóêîâié ëiòåðàòóði öåé êëàñ
êðàéîâèõ çàäà÷ äiñòàâ íàçâó íåòåðîâèõ. Äîñëiäæåííþ ðiçíèõ àñïåêòiâ òåî-
ði¨ ëiíiéíèõ i ñëàáêîíåëiíiéíèõ íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ñèñòåì iç çàïiçíåííÿì àðãóìåíòó, ç iì-
ïóëüñíîþ äi¹þ, iíòåãðî-äèôåðåíöiàëüíèõ ñèñòåì, ìàòðè÷íèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü ç äîïîìîãîþ àïàðàòó óçàãàëüíåíî-îáåðíåíèõ îïåðàòîðiâ ïðèñâÿ-
÷åíi ðîáîòè À.Ì.Ñàìîéëåíêà, Î.À. Áîé÷óêà, Â.Ï.Æóðàâëüîâà, Ñ.Ì.×óéêà,
Ñ.À.Êðèâîøå¨, Ë.I. Êàðàíäæóëîâà òà iíøèõ àâòîðiâ.

Ëiíiéíi òà íåëiíiéíi ìàòðè÷íi àëãåáðà¨÷íi ðiâíÿííÿ øèðîêî âèêîðèñòîâó-
þòüñÿ ïðè ðîçâ'ÿçàííi äèôåðåíöiàëüíèõ ðiâíÿíü Ðiêêàòi òà Áåðíóëëi, â òåî-
ði¨ ñòiéêîñòi ðóõó, ó òåîði¨ îïòèìàëüíîãî êåðóâàííÿ, âàðiàöiéíîìó ÷èñëåííi,
à òàêîæ ó çàäà÷àõ íà âiäíîâëåííÿ òà ïîêðàùåííÿ çîáðàæåíü. Àêòóàëüíè-
ìè ïðîáëåìàìè ïðè ðîçâ'ÿçàííi ëiíiéíèõ òà íåëiíiéíèõ ìàòðè÷íèõ ðiâíÿíü
¹ âèçíà÷åííÿ óìîâ ðîçâ'ÿçíîñòi òà ïîáóäîâà ñõåì çíàõîäæåííÿ ðîçâ'ÿçêiâ, à
òàêîæ, íàáëèæåíèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü. Àêòóàëüíèìè ïðîáëåìàìè ïðè
ðîçâ'ÿçàííi ëiíiéíèõ òà íåëiíiéíèõ ìàòðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
êðàéîâèõ çàäà÷ ¹ âèçíà÷åííÿ óìîâ ðîçâ'ÿçíîñòi òà ïîáóäîâà ñõåì çíàõîäæåí-
íÿ ðîçâ'ÿçêiâ, à òàêîæ, íàáëèæåíèõ ðîçâ'ÿçêiâ òàêèõ çàäà÷.
Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Ðîáîòà çäiéñíþâàëàñü çãiäíî ç ïëàíîì íàóêîâî¨ ðîáîòè ÄÂÍÇ ¾Äîíáàñü-
êèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò¿, ïëàíîì äîñëiäæåíü ñïiëüíî¨ iç
ÄÂÍÇ ¾Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò¿ ìiæâiäîì÷î¨ ëà-
áîðàòîði¨ ¾Êðàéîâi çàäà÷i òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü¿ Iíñòèòóòó ìà-
òåìàòèêè ÍÀÍ Óêðà¨íè òà ïîâ'ÿçàíà ç òåìàòè÷íèì ïëàíîì ôóíäàìåí-
òàëüíî¨ íàóêîâî¨ ðîáîòè ¾Êîíñòðóêòèâíi ìåòîäè àíàëiçó ìàòðè÷íèõ êðàé-
îâèõ çàäà÷ äëÿ ñèñòåì äèôåðåíöiàëüíèõ, ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ
òà äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü i òåîði¨ íàáëèæåíü¿ (ðå¹ñòðàöié-
íèé �0118U003390), ÿêà ôiíàíñó¹òüñÿ ç êîøòiâ äåðæàâíîãî áþäæåòó é âè-
êîíó¹òüñÿ â ÄÂÍÇ ¾Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò¿.
Ìåòà é çàäà÷i äîñëiäæåííÿ. Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè ¹ âèçíà-
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÷åííÿ êîíñòðóêòèâíèõ óìîâ iñíóâàííÿ òà ïîáóäîâà àëãîðèòìiâ çíàõîäæåí-
íÿ ðîçâ'ÿçêiâ ìàòðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷, äëÿ
ÿêèõ âiäïîâiäíèé îïåðàòîð íå ìà¹ îáåðíåíîãî.

Çàâäàííÿìè äîñëiäæåííÿ ¹:
� äëÿ ìàòðè÷íèõ ðiâíÿíü Ëÿïóíîâà òà Ñèëüâåñòðà ïîáóäóâàòè ñõåìó ðå-

ãóëÿðèçàöi¨;
� äëÿ íàáëèæåíîãî ðîçâ'ÿçàííÿ ìàòðè÷íîãî ðiâíÿííÿ Ðiêêàòi ïîáóäóâàòè

iòåðàöiéíó ñõåìó çà êëàñè÷íîþ ñõåìîþ ìåòîäó íàéìåíøèõ êâàäðàòiâ, à òàêîæ
çíàéòè óìîâè ¨¨ çáiæíîñòi äî øóêàíîãî ðîçâ'ÿçêó;

� çíàéòè óìîâè ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïå-
ðàòîðà Ãðiíà ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i ç iì-
ïóëüñíèì âïëèâîì;

� äëÿ ëiíiéíèõ íåòåðîâèõ êðàéîâèõ çàäà÷ îòðèìàòè äîñòàòíi óìîâè ðåãó-
ëÿðèçàöi¨ çà ðàõóíîê, ÿê âèðîäæåíîãî, òàê i íåâèðîäæåíîãî iìïóëüñíîãî çáó-
ðåííÿ, à òàêîæ çà äîïîìîãîþ iìïóëüñíîãî âïëèâó òèïó ¾interface conditions¿;

� ó âèïàäêó íåðîçâ'ÿçíîñòi ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàé-
îâî¨ çàäà÷i çíàéòè óìîâè iñíóâàííÿ, à òàêîæ êîíñòðóêöiþ íàéêðàùîãî (ó
ñåíñi íàéìåíøèõ êâàäðàòiâ) ïñåâäîðîçâ'ÿçêó ìàòðè÷íî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i.
Îá'¹êò äîñëiäæåííÿ. Îá'¹êòîì äîñëiäæåííÿ äèñåðòàöiéíî¨ ðîáîòè ¹

ìàòðè÷íi äèôåðåíöiàëüíî-àëãåáðà¨÷íi êðàéîâi çàäà÷i.
Ïðåäìåò äîñëiäæåííÿ. Ïðåäìåòîì äîñëiäæåííÿ äèñåðòàöiéíî¨ ðîáî-

òè ¹ íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ ìàòðè÷íèõ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ ó êðèòè÷íèõ âèïàäêàõ.
Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi ñóòò¹âî âèêîðèñòîâó¹òüñÿ àïàðàò

ïñåâäîîáåðíåííÿ (çà Ìóðîì-Ïåíðîóçîì) ìàòðèöü, êîíñòðóêöi¨ óçàãàëüíå-
íèõ îïåðàòîðiâ Ãðiíà, ïîáóäîâàíi â ðîáîòàõ À.Ì.Ñàìîéëåíêà òà Î.À.Áîé-
÷óêà i ìåòîä íàéìåíøèõ êâàäðàòiâ, ðîçâèíåíèé äëÿ ëiíiéíèõ êðàéîâèõ
çàäà÷ ó ðîáîòàõ Ì.Ì.Êðèëîâà, Ì.Ì.Áîãîëþáîâà, Ì.Ï.Êðàâ÷óêà. Ïðè
ðîçâ'ÿçàííi ïðîáëåì ðåãóëÿðèçàöi¨ íåêîðåêòíî ïîñòàâëåíèõ ëiíiéíèõ ìàò-
ðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ ñóòò¹âî âèêîðèñòî-
âó¹òüñÿ ìåòîä óçàãàëüíåíèõ îïåðàòîðiâ Ãðiíà, ïîáóäîâàíèé ó ðîáîòàõ
À.Ì.Ñàìîéëåíêà òà Î.À.Áîé÷óêà, à òàêîæ òåõíiêà ðåãóëÿðèçàöi¨ íåêîðåêòíî
ïîñòàâëåíèõ êðàéîâèõ çàäà÷, ðîçâèíóòà ó ðîáîòàõ Ñ.Ã.Êðåéíà, À.Ì. Òèõî-
íîâà, Â.ß. Àðñåíiíà òà øêîëîþ ïðîôåñîðà Ì.Â.Àçáåëåâà. Ðiçíèì àñïåêòàì
òåîði¨ êðàéîâèõ çàäà÷ ïðèñâÿ÷åíi ðîáîòè À.Ì.Ñàìîéëåíêà, Ì.Î.Ïåðåñòþêà,
�.Î. Ãðåáåíiêîâà, Þ.Î.Ðÿáîâà, Î.À.Áîé÷óêà, Ì.É.Ðîíòî òà áàãàòüîõ iíøèõ
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â÷åíèõ. Ñåðåä iíîçåìíèõ â÷åíèõ òåîði¨ êðàéîâèõ çàäà÷ ïðèñâÿ÷åíi ðîáî-
òè òàêèõ íàóêîâöiâ ÿê G.D.Birkho�, G.A.Bliss, D.Bainov, R.Conti, J. Hale,
W.T.Reid, O.Veivoda, S. Schwabik, T.Vogel, D.Wexler òà ií., çîêðåìà, òåîði¨
êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü: S.L. Campbell,
Þ.Å. Áîÿðèíöåâà, Â.Ô. ×èñòÿêîâà.
Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Îñíîâíi ðåçóëüòàòè, ÿêi

âèçíà÷àþòü íàóêîâó íîâèçíó é âèíîñÿòüñÿ íà çàõèñò, íàñòóïíi:

1) äëÿ ìàòðè÷íèõ ðiâíÿíü Ëÿïóíîâà òà Ñèëüâåñòðà ïîáóäîâàíî ñõåìó ðå-
ãóëÿðèçàöi¨, ÿêà ñóòò¹âî âiäðiçíÿ¹òüñÿ âiä êëàñè÷íîãî ìåòîäó ðåãóëÿ-
ðèçàöi¨ Òèõîíîâà. Äëÿ íàáëèæåíîãî ðîçâ'ÿçàííÿ ìàòðè÷íîãî ðiâíÿííÿ
Ðiêêàòi ïîáóäîâàíî iòåðàöiéíó ñõåìó çà êëàñè÷íîþ ñõåìîþ ìåòîäó íàé-
ìåíøèõ êâàäðàòiâ, à òàêîæ çíàéäåíi óìîâè ¨¨ çáiæíîñòi äî øóêàíîãî
ðîçâ'ÿçêó.

2) çíàéäåíi óìîâè ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiÿ óçàãàëüíåíîãî îïåðà-
òîðà Ãðiíà ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i
ç iìïóëüñíèì âïëèâîì, ÿêi óçàãàëüíþþòü òðàäèöiéíi ðåçóëüòàòè, ÿê
äëÿ ìàòðè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, òàê i äëÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ ðiâíÿíü. Äëÿ ëiíiéíèõ íåòåðîâèõ êðàéîâèõ çàäà÷ îòðèìàíi
äîñòàòíi óìîâè ðåãóëÿðèçàöi¨ çà ðàõóíîê, ÿê âèðîäæåíîãî, òàê i íåâè-
ðîäæåíîãî iìïóëüñíîãî çáóðåííÿ, à òàêîæ çà äîïîìîãîþ iìïóëüñíîãî
âïëèâó òèïó �interface conditions�.

3) ó âèïàäêó íåðîçâ'ÿçíîñòi ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàé-
îâî¨ çàäà÷i çíàéäåíi óìîâè iñíóâàííÿ, à òàêîæ êîíñòðóêöiÿ íàéêðàùî-
ãî (ó ñåíñi íàéìåíøèõ êâàäðàòiâ) ïñåâäîðîçâ'ÿçêó ìàòðè÷íî¨ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i, ÿêi óçàãàëüíþþòü òðàäèöiéíi ðå-
çóëüòàòè, ÿê äëÿ ìàòðè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, òàê i äëÿ
äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Äèñåðòàöiéíà ðîáî-
òà ìà¹ òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè âèêîðè-
ñòàíi â ïîäàëüøèõ äîñëiäæåííÿõ ó ÿêiñíié òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü,
åëåêòðîíiöi, ìåõàíiöi òà òåîði¨ ñòiéêîñòi ðóõó. Ðåçóëüòàòè ðîáîòè óñïiøíî
âèêîðèñòîâóþòüñÿ â íàâ÷àëüíîìó ïðîöåñi â ÄÂÍÇ ¾Äîíáàñüêèé äåðæàâíèé
ïåäàãîãi÷íèé óíiâåðñèòåò¿.
Ïóáëiêàöi¨. Çà òåìîþ äèñåðòàöi¨ ó ôàõîâèõ âèäàííÿõ Óêðà¨íè îïóáëi-

êîâàíî 7 ñòàòåé àâòîðà [1, 2, 3, 4, 5, 6, 7]; ñòàòòi [2, 3] ïåðåâèäàíî àíãëiéñü-
êîþ ìîâîþ òà âiäîáðàæåíî ó íàóêîìåòðè÷íèõ áàçàõ Scopus, Web of Science,
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MathSciNet, Zentralblatt MATH, i 9 òåç äîïîâiäåé íà ìiæíàðîäíèõ íàóêîâèõ
êîíôåðåíöiÿõ.
Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè

çäîáóâà÷ îòðèìàëà ñàìîñòiéíî. Ç 16 íàóêîâèõ ïóáëiêàöié çà òåìîþ äèñåðòà-
öi¨ ðîáîòó [4] ïiäãîòîâëåíî áåç ñïiâàâòîðiâ. Ó ñïiëüíèõ ðîáîòàõ iç íàóêîâèì
êåðiâíèêîì Ñ.Ì.×óéêîì àâòîðó äèñåðòàöi¨ íàëåæàòü îñíîâíi ðåçóëüòàòè, ÿêi
ïîëÿãàþòü ó çíàõîäæåííi íåîáõiäíèõ i äîñòàòíiõ óìîâ iñíóâàííÿ ðîçâ'ÿçêiâ òà
ðåãóëÿðèçàöi¨ ìàòðè÷íèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
ðiâíÿíü. Ó ñïiëüíèõ ðîáîòàõ iç Î.Â.×óéêî [6, 7] ñïiâàâòîðó íàëåæèòü ó÷àñòü
ó ïîñòàíîâöi çàäà÷, êîíñóëüòàöi¨ ç âèáîðó ìåòîäîëîãi¨ äîñëiäæåííÿ. Ó ñïiëü-
íié ðîáîòi iç Î.Ñ.×óéêîì [5] ñïiâàâòîðó íàëåæèòü ó÷àñòü ó ïîñòàíîâöi çàäà÷.
Ó ñïiëüíèõ ðîáîòàõ iç Î.Â.Í¹ñì¹ëîâîþ [1, 2] ñïiâàâòîðó íàëåæèòü ó÷àñòü ó
ïîñòàíîâöi çàäà÷, îáãîâîðåííÿ îòðèìàíèõ ðåçóëüòàòiâ òà âèñíîâêiâ.
Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ äî-

ïîâiäàëèñü òà îáãîâîðþâàëèñü íà:

1. Ìiæíàðîäíié ìàòåìàòè÷íié ëiòíié øêîëi ¾Àëãåáðà, òîïîëîãiÿ, àíàëiç¿
(ì. Îäåñà, 1�14 ñåðïíÿ 2016 ð.);

2. International conference on Di�erential Equations, dedicated to the 110-th
anniversary of Ya. B. Lopatynsky (Lviv, Ukraine, 20�24 September, 2016);

3. Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ¾Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi
ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ¿ (ì. ×åðíiâöi, 28�30 âåðåñíÿ 2016 ð.);

4. Ñïiëüíèõ çàñiäàííÿõ ñåìiíàðó IÏÌÌ ÍÀÍ Óêðà¨íè òà êàôåäðè ìàòå-
ìàòèêè òà iíôîðìàòèêè ÄÂÍÇ ¾Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé
óíiâåðñèòåò¿ (4 òðàâíÿ 2017 ð., 10 ñåðïíÿ 2017 ð., 1 ãðóäíÿ 2017 ð., 5 áå-
ðåçíÿ 2018 ð. òà 4 ñi÷íÿ 2019 ð.);

5. Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ¾Dynamical Systems Modelling and
Stability Investigation¿ (ì. Êè¨â, 24�26 òðàâíÿ 2017 ð.);

6. Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ¾Òåîðiÿ íàáëèæåííÿ ôóíêöié òà ¨¨
çàñòîñóâàííÿ¿ (ì. Ñëîâ'ÿíñüê, 28 òðàâíÿ�3 ÷åðâíÿ 2017 ð.);

7. Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ìîëîäèõ ìàòåìàòèêiâ, ïðèñâÿ÷åíié
100-ði÷÷þ ç äíÿ íàðîäæåííÿ àêàäåìiêà ÍÀÍ Óêðà¨íè Þ.Î. Ìèòðî-
ïîëüñüêîãî (ì. Êè¨â 7�10 ÷åðâíÿ 2017 ð.);

8. Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ïàì'ÿòi Â.À.Ïëîòíiêîâà (ì. Îäåñà,
11�16 ÷åðâíÿ 2018 ð.);
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9. The Seventh International Workshop ¾Constructive methods for non-linear
boundary value problems¿ (Miskolc, Hungary, 5�8 July, 2018);

10. Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ¾Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà
¨¨ çàñòîñóâàííÿ â ïðèðîäíè÷èõ íàóêàõ é iíôîðìàöiéíèõ òåõíîëîãiÿõ¿
(×åðíiâöi, 17�19 âåðåñíÿ 2018 ð.);

11. 3-rd International Scienti�c Conference ¾Di�erential equations and control
theory¿ (Kharkiv, 25�27 September, 2018);

12. Çàñiäàííi ñåìiíàðó âiääiëó äèôåðåíöiàëüíèõ ðiâíÿíü Iíñòèòóòó ìàòåìà-
òèêè ÍÀÍ Óêðà¨íè 8 êâiòíÿ 2019 ð. (êåðiâíèê ñåìiíàðó àêàäåìiê ÍÀÍ
Óêðà¨íè À. Ì. Ñàìîéëåíêî);

13. Çàñiäàííi ñåìiíàðó êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè Õàðêiâñüêîãî íà-
öiîíàëüíîãî óíiâåðñèòåòó iìåíi Â.Í. Êàðàçiíà 12 ÷åðâíÿ 2019 ð. (êåðiâ-
íèê ñåìiíàðó äîêòîð ôiç.-ìàò. íàóê, ïðîôåñîð Â. I. Êîðîáîâ).

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó,
òðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë, ÿêèé ìiñòèòü 160
íàéìåíóâàíü, òà äâîõ äîäàòêiâ. Ïîâíèé îáñÿã ðîáîòè � 166 ñòîðiíîê. Ðîçäië 1,
ïðèñâÿ÷åíèé îãëÿäó ëiòåðàòóðè, çàéìà¹ 23 ñòîðiíêè.

Àâòîð âèñëîâëþ¹ ùèðó ïîäÿêó íàóêîâîìó êåðiâíèêó � äîêòîðó ôiç.-ìàò.
íàóê, ïðîôåñîðó Ñ.Ì.×óéêó çà ïîñòiéíó óâàãó äî ðîáîòè òà îáãîâîðåííÿ
îäåðæàíèõ ðåçóëüòàòiâ, à òàêîæ âäÿ÷íà àêàäåìiêó ÍÀÍ Óêðà¨íè, äîêòî-
ðó ôiç.-ìàò. íàóê, ïðîôåñîðó À.Ì.Ñàìîéëåíêó i ÷ëåíó-êîðåñïîíäåíòó ÍÀÍ
Óêðà¨íè, äîêòîðó ôiç.-ìàò. íàóê, ïðîôåñîðó Î.À. Áîé÷óêó çà óâàãó äî ðîáî-
òè.
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ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè, ñôîðìóëüîâàíî ìåòó äîñëiä-
æåííÿ, ïîäàíî êîðîòêèé àíàëiç ñó÷àñíîãî ñòàíó ïðîáëåì, ÿêi äîñëiäæóþòüñÿ
â äèñåðòàöi¨, à òàêîæ íàâåäåíî çàãàëüíèé îïèñ îòðèìàíèõ ðåçóëüòàòiâ.

Ïåðøèé ðîçäië ïðèñâÿ÷åíî îãëÿäó íàóêîâèõ ïðàöü iç òåîði¨ ëiíiéíèõ ìàò-
ðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ ó êðèòè÷íèõ âèïàä-
êàõ, à òàêîæ íàâåäåíî íåîáõiäíi âiäîìîñòi ç òåîði¨ ìàòðè÷íèõ ðiâíÿíü Ëÿ-
ïóíîâà òà Ñèëüâåñòðà. Ïðîàíàëiçîâàíî ñó÷àñíèé ñòàí i âñòàíîâëåíî ïåð-
ñïåêòèâíiñòü äîñëiäæåííÿ ìàòðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàé-
îâèõ çàäà÷. Âñòàíîâëåíî, ùî óìîâè iñíóâàííÿ òà ôîðìóëè äëÿ ïîáóäîâè
ðîçâ'ÿçêiâ ìàòðè÷íèõ ðiâíÿíü Ëÿïóíîâà òà Ñèëüâåñòðà ìîæóòü áóòè çàñòî-
ñîâàíi ïðè ïîáóäîâi ñõåì ðåãóëÿðèçàöi¨ öèõ ðiâíÿíü, ÿêi ñóòò¹âî âiäðiçíÿ-
òèìóòüñÿ âiä êëàñè÷íîãî ìåòîäó ðåãóëÿðèçàöi¨ Òèõîíîâà. Âñòàíîâëåíî, ùî
óìîâè iñíóâàííÿ òà ôîðìóëè äëÿ ïîáóäîâè ðîçâ'ÿçêiâ ìàòðè÷íèõ ðiâíÿíü Ëÿ-
ïóíîâà òà Ñèëüâåñòðà ìîæóòü áóòè çàñòîñîâàíi ïðè äîñëiäæåííi ìàòðè÷íèõ
äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷, à òàêîæ îòðèìàíi äîñòàòíiõ
óìîâ ðåãóëÿðèçàöi¨ çà ðàõóíîê, ÿê âèðîäæåíîãî, òàê i íåâèðîäæåíîãî iì-
ïóëüñíîãî çáóðåííÿ, íåòåðîâèõ êðàéîâèõ çàäà÷.

Ó äðóãîìó ðîçäiëi äîñëiäæåíî çàäà÷ó ïðî çíàõîäæåííÿ óìîâ iñíóâàííÿ òà
ïîáóäîâó ðîçâ'ÿçiâ ìàòðè÷íîãî ðiâíÿííÿ Ñèëüâåñòðà

k∑
i=1

Qi C Ri = B, Qi ∈ Rα×β, Ri ∈ Rγ×δ, B ∈ Rα×δ. (1)

Âèçíà÷èìî îïåðàòîð M[A] : Rm×n → Rm·n, ÿê îïåðàòîð, ÿêèé ñòàâèòü ó
âiäïîâiäíiñòü ìàòðèöi A ∈ Rm×n âåêòîð B := M[A] ∈ Rm·n, óòâîðåíèé ç n
ñòîâïöiâ ìàòðèöi A, à òàêîæ îáåðíåíèé îïåðàòîð. Ïîçíà÷èìî ìàòðèöi

Ξj :=
k∑
i=1

QiΘjRi ∈ Rα×δ, j = 1, 2, ... , β · γ.

Âèçíà÷èìî òàêîæ ìàòðèöi[
Em
n

]
j

:=
[
Em

1

]
j
⊗ In ∈ Rn×m·n,

[
Em

1

]
j

:=
{
δij

}m
i=1
∈ R1×m;

òóò δij � ñèìâîë Êðîíåêêåðà. Ïðèïóñòèìî, ùî óìîâà ðîçâ'ÿçíîñòi ìàòðè÷-
íîãî ðiâíÿííÿ Ñèëüâåñòðà (1) íå âèêîíó¹òüñÿ äëÿ äîâiëüíî¨ íåîäíîðiäíîñòi:

PQ∗M[B] 6= 0; Q :=

αβ∑
j=1

{[
Eαβ

1

]
j
⊗M[Ξj]

}
∈ Rα·δ×β·γ.
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Òóò PQ : Rβ·γ×β·γ → N(Q), PQ∗ : Rα·δ×α·δ → N(Q∗) � îðòîïðîåêòîðè
ìàòðèöü Q òà Q∗. Ïîñòàâèìî íàñòóïíó çàäà÷ó: ÷è iñíóþòü ìàòðèöi E ∈ Rα×β

òà F ∈ Rγ×δ, äëÿ ÿêèõ çáóðåííÿ ìàòðè÷íîãî ðiâíÿííÿ Ñèëüâåñòðà

k∑
i=1

Qi C Ri + ε ECF = B (2)

ðîçâ'ÿçíå äëÿ äîâiëüíî¨ íåîäíîðiäíîñòi. Ïðèïóñòèìî ìàòðèöþ E ∈ Rα×β íåâi-
äîìîþ, à ìàòðèöþ F ∈ Rγ×δ � ôiêñîâàíîþ. Ðîçâ'ÿçîê çáóðåíîãî ìàòðè÷íîãî
ðiâíÿííÿ Ñèëüâåñòðà (2) øóêàòèìåìî ó âèãëÿäi ñóìè

C =

β·γ∑
j=1

Θjxj, xj ∈ R1;

òóò Θj � áàçèñ ïðîñòîðó Rβ×γ. Ïîçíà÷èìî (α× δ) � ìàòðèöi

Ω1,i := ΞiΘ1F , Ω2,i := ΞiΘ2F , ... , Ωβγ,i := ΞiΘβγF

òà ñòàëó (αβδγ × αβ) � ìàòðèöþ

Q :=
{
M
[
M(Ω1,1), ... , M(Ω1,βγ)

]
, ... , M

[
M(Ωαβ,1), ... , M(Ωαβ,βγ)

]}
.

Ìàòðèöÿ Q ∈ Rα·δ×β·γ ìîæå áóòè çîáðàæåíà ó âèãëÿäi

Q = Φ · Jr ·Ψ, Jr :=

(
Ir O

O O

)
, rank Q := r;

òóò Φ ∈ Rα·δ×α·δ òà Ψ ∈ Rβ·γ×β·γ � íåâèðîäæåíi ìàòðèöi. Ìàòðè÷íå ðiâíÿííÿ
Ñèëüâåñòðà (1) ìîæíà ðåãóëÿðèçóâàòè çà óìîâè [7]

rank
(
Jr + ΠJr

)
= αδ ≤ βγ, ΠJr := Φ−1 · M−1

[
PPQ∗

%
c%

]
·Ψ−1. (3)

Òåîðåìà 2.1.1. Ìàòðè÷íå ðiâíÿííÿ Ñèëüâåñòðà (1) ó êðèòè÷íîìó âè-
ïàäêó (PQ∗ 6= 0) íå ðîçâ'ÿçíå äëÿ äîâiëüíî¨ íåîäíîðiäíîñòi B, îäíàê çà óìîâè
α > 1, β > 1, γ > 1, δ > 1, ó âèïàäêó (3) äëÿ ôiêñîâàíî¨ ìàòðèöi ïîâíîãî
ðàíãó F ðîçâ'ÿçîê çáóðåíîãî ìàòðè÷íîãî ðiâíÿííÿ Ñèëüâåñòðà (2) âèçíà÷à¹
ìàòðèöÿ C(F , cµ) = Y [F ] + Z[cµ] òà âåêòîð

y(F , cν) = y(F) + y(cν), y(F) := Q+M[Q1], y(cν) := PQν
cν,

äå

Y
[
F
]

:=

β·γ∑
j=1

Θjxj(F), Z
[
cµ

]
:=

β·γ∑
j=1

Θjxj(cµ);
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òóò

x(F) := (Q+Q1)
+M[B], x(cµ) := P(Q+Q1)µcµ, cµ ∈ Rµ.

Ïðèïóñòèìî äàëi íåêîðåêòíî ïîñòàâëåíîþ çàäà÷ó ïðî çíàõîäæåííÿ
ðîçâ'ÿçêiâ Z(t) ∈ C1

α×β[a; b] := Rα×β ⊗ C1[a; b] ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i

Z ′(t) = AZ(t)+Z(t)B+F (t), A ∈ Rα×α, B ∈ Rβ×β, LZ(·) = A ∈ Rδ×γ, (4)

à ñàìå: ïðèïóñòèìî, ùî ìàòðè÷íà êðàéîâà çàäà÷à (4) íå ìà¹ ðîçâ'ÿçêiâ äëÿ
äîâiëüíèõ íåîäíîðiäíîñòåé F (t) ∈ Cα×β[a, b]. Òóò LZ(·) : C1

α×β[a; b]→ Rδ×γ

� ëiíiéíèé îáìåæåíèé ìàòðè÷íèé ôóíêöiîíàë. Íàìè äîñëiäæåíî óìîâè ðå-
ãóëÿðèçàöi¨ ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (4) çà äîïîìîãîþ ìàëîãî 0 < ε � 1
çáóðåííÿ ĽZ(·, ε) êðàéîâî¨ óìîâè (4):

ĽZ(·, ε) := LZ(·, ε) + εUZ(a, ε)V = A, U ∈ Rδ×α, V ∈ Rβ×γ. (5)

Âçàãàëi êàæó÷è, ïðèïóñêà¹ìî α 6= β 6= γ 6= δ.ßê âiäîìî, çàãàëüíèé ðîçâ'ÿçîê
çàäà÷i Êîøi Z ′(t) = AZ(t) + Z(t)B + F (t), Z(a) = Θ ìà¹ çîáðàæåííÿ

Z(t,Θ) = W (t,Θ) +K[F (s)](t), W (t,Θ) := U(t) ·Θ · V (t), Θ ∈ Rα×β,

äå U(t) òà V (t) � íîðìàëüíi ôóíäàìåíòàëüíi ìàòðèöi:

U ′(t) = AU(t), U(a) = Iα, V ′(t) = BV (t), V (a) = Iβ,

K[F (s)](t) :=

∫ t

a

U(t)U−1(s)F (s)V (t)V −1(s) ds

� îïåðàòîð Ãðiíà çàäà÷i Êîøi äëÿ ìàòðè÷íîãî ðiâíÿííÿ (4). Ïîçíà÷èìî
Ξ(j) ∈ Rα×β � ïðèðîäíèé áàçèñ ïðîñòîðó Rα×β. Îñêiëüêè, çà ïðèïóùåí-
íÿì, ìàòðè÷íà êðàéîâà çàäà÷à (4) íå ìà¹ ðîçâ'ÿçêiâ Z(t) ∈ C1

α×β[a; b] äëÿ
äîâiëüíèõ íåîäíîðiäíîñòåé, äëÿ öi¹¨ çàäà÷i ìà¹ ìiñöå êðèòè÷íèé âèïàäîê, à
ñàìå, ìà¹ ìiñöå íåðiâíiñòü PQ∗ 6= 0; òóò PQ∗ � îðòîïðîåêòîð:

Rγ·δ×γ·δ → PQ∗ : N(Q∗), Q := [M[Q(1)] M[Q(2)] ...M[Q(α·β)] ] ∈ Rδ·γ×α·β,

äå
Q(j) := LU(·)Ξ(j)V (·) ∈ Rδ×γ, j = 1, 2, ... , α · β.

ßê âiäîìî, êîæíà (m×n)− ìàòðèöÿQ ó ïåâíîìó áàçèñi ìîæå áóòè çîáðàæåíà
ó âèãëÿäi

Q = M · J ·N, J :=

(
Iρ O
O O

)
, rank Q := ρ; (6)
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òóò M ∈ Rm×m òà N ∈ Rn×n � íåâèðîäæåíi ìàòðèöi. Çáóðåííÿ ìàòðèöi
Q øóêàòèìåìî ó âèãëÿäi Q := Q + εR ∈ Rγ·δ×α·β, 0 < ε � 1. Íåðiâíiñòü
PQ∗ 6= 0 ðiâíîçíà÷íà ðiâíÿííþ [6]

[Q+ εR] · [Q+ εR]+ = Iγ·δ, (7)

ðîçâ'ÿçíîìó ëèøå çà óìîâè γδ ≤ αβ. Ïîçíà÷èìî Λj, j = 1, 2, ... , β · γ �
ïðèðîäíèé áàçèñ ïðîñòîðó Rβ×γ, òà ìàòðèöi

Πi := {M[U Ξ(i)Λ1], ...,M[U Ξ(i)Λβγ] },D :=


Π1MΛ1 · · · Π1MΛβγ

Π2MΛ1 · · · Π2MΛβγ
... ... ...

ΠαβMΛ1 · · · ΠαβMΛβγ

 .

Òåîðåìà 2.5.1. Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (4) íå ìà¹ ðîçâ'ÿçêiâ
Z(t) ∈ C1

α×β[a; b] äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé F (t) ∈ Cα×β[a, b], A ∈ Rδ×γ.

Çà óìîâè γδ ≤ αβ òà çà âèìîã

PD∗M[MΠJN ] = 0, Q+(ε)M{A− ĽK[F (s)](·, ε)} ∈ Cαβ[0, ε0]

çà äîïîìîãîþ ìàëîãî çáóðåííÿ êðàéîâî¨ óìîâè (5) ìàòðè÷íà êðàéîâà çàäà÷à
(4), (5) îòðèìó¹ ðîçâ'ÿçêè âèãëÿäó

Z(t, ε) = W (t, cr) +G[F (s);A](t, ε), W (t, cr) :=M−1[X(t)PQr
(ε)cr], cr ∈ Rr

ó ïðîñòîði Z(t, ε) : Z(·, ε) ∈ C1
α×β[a; b], Z(t, ·) ∈ Cα×β[0, ε0]. Òóò

G[F (s);A](t, ε) := K[F (s)](t) +M−1
{
Q+(ε)M

{
A− ĽK[F (s)](·, ε)

}}
� óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i ïðî ðåãóëÿðèçàöiþ ìàòðè÷íî¨ êðàé-
îâî¨ çàäà÷i (4), (5).

Ó òðåòüîìó ðîçäiëi äîñëiäæåíî çàäà÷ó ïðî çíàõîäæåííÿ óìîâ iñíóâàííÿ
òà ïîáóäîâó ðîçâ'ÿçiâ

Z(t) ∈ C1
α×β{[a, b] \ {τi}I} := C1{[a, b] \ {τi}I} ⊗ Rα×β

ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i

AZ ′(t) = BZ(t) + F (t), t 6= τi, i = 1, 2, . . . , p, LZ(·) = A, A ∈ Rµ×ν. (8)

Òóò
AZ ′(t) : C1

α×β{[a, b] \ {τi}I} → Cγ×δ{[a, b] \ {τi}I}, τ0 := a
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� ìàòðè÷íèé äèôåðåíöiàëüíî-àëãåáðà¨÷íèé îïåðàòîð, ÿêèé çà âèçíà÷åííÿì
äëÿ áóäü-ÿêèõ ñêàëÿðíèõ ôóíêöié ζ(t), ξ(t) ∈ C1{[a, b] \ {τi}I} òà ñòàëèõ
ìàòðèöü Ξ1,Ξ2 ∈ Rα×β çàáåçïå÷ó¹ ðiâíiñòü

A(ζ ′(t)Ξ1 + ξ′(t)Ξ2)(t) = ζ ′(t)A(Ξ1)(t) + ξ′(t)A(Ξ2)(t).

Àíàëîãi÷íî ìàòðè÷íèé îïåðàòîð

BZ(t) : C1
α×β{[a, b] \ {τi}I} → C1

γ×δ{[a, b] \ {τi}I}

áóäåìî äàëi íàçèâàòè àëãåáðà¨÷íèì, ÿêùî äëÿ áóäü-ÿêèõ

ζ(t), ξ(t) ∈ C1{[a, b] \ {τi}I}, Ξ1,Ξ2 ∈ Rα×β

ìà¹ ìiñöå ðiâíiñòü

B(ζ(t)Ξ1 + ξ(t)Ξ2)(t) = ζ(t)B(Ξ1)(t) + ξ(t)B(Ξ2)(t).

Òóò òàêîæ F (t) ∈ Cγ×δ{[a, b] \ {τi}I} � íåïåðåðâíà äëÿ t 6= τi ìàòðèöÿ òà
LZ(·) � ëiíiéíèé îáìåæåíèé ìàòðè÷íèé ôóíêöiîíàë:

LZ(·) :=

p∑
i=0

LiZ(·) : C1
α×β{[a, b] \ {τi}I} → Rµ×ν, i = 1, 2, . . . , p,

äå

LiZ(·) : C1
α×β[τi, τi+1[→ Rµ×ν, i = 0, . . . , p− 1,LpZ(·) : C1

α×β[τp, b]→ Rµ×ν

� ëiíiéíi îáìåæåíi ìàòðè÷íi ôóíêöiîíàëè. Âçàãàëi êàæó÷è, ïðèïóñêà¹ìî
α, β, γ, δ, µ, ν ∈ N � äîâiëüíi íàòóðàëüíi ÷èñëà. Ìàòðè÷íà äèôåðåíöiàëüíî-
àëãåáðà¨÷íà êðàéîâà çàäà÷à (8) ç iìïóëüñíèì âïëèâîì óçàãàëüíþ¹ íåòåðîâi
êðàéîâi çàäà÷i äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, â òîìó ÷èñëi,
ç iìïóëüñíèì âïëèâîì. Ïîçíà÷èìî Ξ(j) ∈ Rα×β � ïðèðîäíèé áàçèñ ïðîñòîðó
Rα×β. Ëiíiéíèé äèôåðåíöiàëüíî-àëãåáðà¨÷íèé ìàòðè÷íèé îïåðàòîðAZ ′(t) çà
âèçíà÷åííÿì çîáðàæó¹òüñÿ ó âèãëÿäi

AZ ′(t) =

αβ∑
j=1

A Ξ(j)(t)z′j(t).

Ïðè öüîìó

M
[
AZ ′(t)

]
= Ω(t) · z′(t), Ω(t) :=

[
Ωj(t)

]α·β
j=1
∈ C1

γ·δ×α·β{[a, b] \ {τi}I},
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äå
Ωj(t) =M

[
A Ξ(j)(t)

]
, j = 1, 2, ... , α · β.

Àíàëîãi÷íî

M
[
BZ(t)

]
= Θ(t) · z(t), Θ(t) :=

[
Θj(t)

]α·β
j=1
∈ C1

γ·δ×α·β{[a, b] \ {τi}I},

äå
Θj(t) =M

[
B Ξ(j)(t)

]
, j = 1, 2, ... , α · β.

Òàêèì ÷èíîì, çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî
ìàòðè÷íîãî ðiâíÿííÿ (8) ïðèâåäåíî äî çàäà÷i ïðî çíàõîäæåííÿ ðîçâ'ÿçêiâ
òðàäèöiéíîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ

Ω(t) · z′(t) = Θ(t) · z(t) + F(t), F(t) :=M[F (t)]. (9)

Çà óìîâè

PΩ∗(t)Θ(t) = 0, PΩ∗(t)F(t) = 0, Ω+(t)Θ(t) ∈ Cα·β×α·β{[a, b] \ {τi}I}, (10)

ó âèïàäêó
Ω+(t)F(t), PΩ%(t)ϕ(t) ∈ Cα·β×%{[a, b] \ {τi}I} (11)

ñèñòåìà (9) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

z′(t) = Ω+(t)Θ(t)z + F(t, ϕ(t)), F(t, ϕ(t)) := Ω+(t)F(t) + PΩ%(t)ϕ(t).

Ïîçíà÷èìî X0(t) íîðìàëüíó ôóíäàìåíòàëüíó ìàòðèöþ

X ′0(t) = Ω+(t)Θ(t)X0(t), X0(a) = Iαβ, t ∈ [a; τ1[

îäåðæàíî¨ òðàäèöiéíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Ôóí-
äàìåíòàëüíó ìàòðèöþ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ çàäà÷i

z′ = Ω+(t)Θ(t)z, t 6= τi, `z(·) :=MLZ(·) = 0

øóêà¹ìî ó âèãëÿäi

X(t) =


X0(t)U0, U0 ∈ Rα·β×α·β, t ∈ [a; τ1[,
.............. ................. ............. ,

X0(t)Up, Up ∈ Rα·β×α·β, t ∈ [τp; b],
U :=

 U0

...

Up

 . (12)

Ïîçíà÷èìî

PQ : Rα·β(p+1) → N(Q), Q :=
[
`0X0(·) `1X0(·) . . . `pX0(·)

]
∈ Rµ·ν×α·β(p+1)
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� ìàòðèöþ-îðòîïðîåêòîð. Çà óìîâè PQ = 0 îäíîðiäíà ÷àñòèíà çàäà÷i (8)
ìà¹ òiëüêè íóëüîâèé ðîçâ'ÿçîê; ÿêùî æ PQ 6= 0, òî îäíîðiäíà ÷àñòèíà çàäà÷i
(8) ìà¹ ðîçâ'ÿçîê âèãëÿäó z(t, c) = X(t)c, äå U = PQC. Ïðèïóñòèìî, ùî

PQ =

 P
(0)
Q

.....

P
(p)
Q

 , C = Ĩ · C(0) ∈ Rα·β(p+1)×α·β, Ĩ =

 Iα·β
.....
Iα·β

 ,
äå P (0)

Q , P
(1)
Q , . . . , P

(p)
Q � (α ·β×α ·β(p+1))-âèìiðíi áëîêè îðòîïðîåêòîðà PQ,

C(0) � äîâiëüíà ñòàëà (α · β × α · β)-ìàòðèöÿ, Ĩ � ñòàëà (α · β(p+ 1)× α · β)
� âèìiðíà ìàòðèöÿ. Ó íîâèõ ïîçíà÷åííÿõ

U =

 P
(0)
Q ĨC(0)

...............

P
(p)
Q ĨC(0)

 , U0 = P
(0)
Q ĨC(0), U1 = P

(1)
Q ĨC(0), . . . , Up = P

(p)
Q ĨC(0).

Òàêèì ÷èíîì, çà óìîâ (10), (11) òà PQ 6= 0, îäíîðiäíà ÷àñòèíà çàäà÷i (8) ìà¹
ðîçâ'ÿçîê

Z(t, c) = W (t, c) :=M−1
[
X(t)c

]
, c ∈ Rα·β,

ÿêèé âèçíà÷à¹òüñÿ ôóíäàìåíòàëüíîþ ìàòðèöåþ X(t). Çà óìîâ (10), (11)
ðîçâ'ÿçîê íåîäíîðiäíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ çàäà÷i (8) ç iìïóëüñíèì
âïëèâîì øóêà¹ìî, âèêîðèñòîâóþ÷è ðîçâ'ÿçîê íåîäíîðiäíî¨ êðàéîâî¨ çàäà÷i

z′(t) = Ω+(t)Θ(t)z + F(t, ϕ(t)), `z(·) :=MLZ(·) =MA

ó âèãëÿäi

G
[
F(s, ϕ(s));MA

]
(t) :=


X0(t)ξ0 +K

[
F(s, ϕ(s))

]
(t), t ∈ [a; τ1[,

.................................... , .............. ,

X0(t)ξp +K
[
F(s, ϕ(s))

]
(t), t ∈ [τp; b].

Òóò

K
[
F(s, ϕ(s))

]
(t) := X0(t)

∫ t

a

X−1
0 (s)F(s, ϕ(s))ds;

ðîçâ'ÿçîê ìàòðè÷íîãî äèôåðåíöiàëüíî àëãåáðà¨÷íîãî ðiâíÿííÿ (8)

Z(t, c) = W (t, c) +K
[
F(s, ϕ(s))

]
(t), W (t, c) :=M−1

[
X0(t)c

]
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âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i Êîøi Z(a) = 0 äëÿ äèôåðåíöi-
àëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (8)

K
[
F(s, ϕ(s))

]
(t) :=M−1

{
K
[
F(s, ϕ(s))

]
(t)
}
, t ∈ [a; τ1[.

Ïîçíà÷èìî PQ∗ : Rµ·ν → N(Q∗) � ìàòðèöþ-îðòîïðîåêòîð. Çãiäíî äî òðà-
äèöiéíî¨ êëàñèôiêàöi¨ êðàéîâèõ çàäà÷, âèïàäîê PQ∗ 6= 0 íàçèâàòèìåìî êðè-
òè÷íèì; ó öüîìó âèïàäêó óìîâè iñíóâàííÿ òà âèãëÿä çàãàëüíîãî ðîçâ'ÿçêó
çàäà÷i (8) âèçíà÷à¹ íàñòóïíà òåîðåìà [3].

Òåîðåìà 3.1.1. Çà óìîâ (10) òà (11) îäíîðiäíà ÷àñòèíà äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ çàäà÷i ç iìïóëüñíèì âïëèâîì (10) ìà¹ ðîçâ'ÿçîê

Z(t, c) = W (t, c) :=M−1
[
X(t)c

]
, c ∈ Rα·β,

ÿêèé çîáðàæó¹òüñÿ ôóíäàìåíòàëüíîþ ìàòðèöåþ

X(t) =


X0(t)P

(0)
Q ĨC(0), t ∈ [a, τ1],

....................... .............. ,

X0(t)P
(p)
Q ĨC(0), t ∈ [τp, b].

Çà óìîâ (10) òà (11) ëiíiéíà íåîäíîðiäíà äèôåðåíöiàëüíî àëãåáðà¨÷íà çàäà÷à
ç iìïóëüñíèì âïëèâîì (10) ðîçâ'ÿçíà òîäi i òiëüêè òîäi, êîëè âèêîíàíî
óìîâó

PQ∗M
{
A− LK

[
F(s, ϕ(s))

]
(·)
}

= 0.

Â öüîìó âèïàäêó çàäà÷à (10) ìà¹ ðîçâ'ÿçîê

Z(t, c) = W (t, c) + G
[
F(s, ϕ(s));MA

]
(t), c ∈ Rα·β,

ÿêèé çîáðàæó¹òüñÿ óçàãàëüíåíèì îïåðàòîðîì Ãðiíà

G
[
F(s, ϕ(s));MA

]
(t) :=M−1

{
G
[
F(s, ϕ(s));MA

]
(t)
}
,

äå
col (ξ0, . . . , ξp) := Q+M

{
A− LK

[
F(s, ϕ(s))

]
(·)
}
.

Çíàéäåíi óìîâè ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiÿ óçàãàëüíåíîãî îïåðà-
òîðà Ãðiíà ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i ç iì-
ïóëüñíèì âïëèâîì (8) óçàãàëüíþþòü òðàäèöiéíi ðåçóëüòàòè, ÿê äëÿ ìàòðè÷-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, òàê i äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâ-
íÿíü. Ç iíøîãî áîêó, óìîâè ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiÿ óçàãàëüíåíîãî
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îïåðàòîðà Ãðiíà ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i ç
iìïóëüñíèì âïëèâîì (8) óçàãàëüíþþòü ðåçóëüòàòè äëÿ íåòåðîâèõ êðàéîâèõ
çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Ïðèïóñòèìî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ

Z(t) ∈ C1
α×β[a; b] := C1[a; b]⊗ Rα×β

ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i

AZ ′(t) = BZ(t) + F (t), LZ(·) = A, A ∈ Rµ×ν (13)

íåêîðåêòíî ïîñòàâëåíîþ, à ñàìå, ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè

PΩ∗(t)Θ(t) = 0, PΩ∗(t)F(t) = 0, Ω+(t)Θ(t) ∈ Cα·β×α·β[a, b], (14)

òà
Ω+(t)F(t), PΩ%(t)ϕ(t) ∈ Cα·β×%[a, b], F(t) :=M[F (t)], (15)

ïðè öüîìó çàäà÷à Êîøi Z(a) = A äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè
(13) îäíîçíà÷íî ðîçâ'ÿçíà äëÿ áóäü-ÿêîãî ïî÷àòêîâîãî çíà÷åííÿ A ∈ Rµ×ν.

Â òîé æå ÷àñ ïðèïóñòèìî, ùî ìà¹ ìiñöå êðèòè÷íèé âèïàäîê (PQ∗ 6= 0) òà íå
âèêîíó¹òüñÿ óìîâà

PQ∗
d
M
{
A− LK

[
F(s, ϕ(s))

]
(·)
}

= 0 (16)

ðîçâ'ÿçíîñòi ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (13). Çà
óìîâ (14) òà (15) ñèñòåìà (9) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

z′(t) = Ω+(t)Θ(t)z + F(t, ϕ(t)), F(t, ϕ(t)) := Ω+(t)F(t) + PΩ%(t)ϕ(t).

Òóò PΩ∗(t) � ìàòðèöÿ-îðòîïðîåêòîð: PΩ∗(t) : Rγ·δ → N(Ω∗(t)), PΩ%(t)
� (α · β × %)− ìàòðèöÿ, óòâîðåíà ç % ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ (α ·
β × α · β)− ìàòðèöi-îðòîïðîåêòîðà PΩ(t) : Rα·β → N(Ω(t)). Ïðèïóñòè-
ìî ψ1(t), ψ2(t), ... , ψk(t), ... − ñèñòåìà ëiíiéíî-íåçàëåæíèõ íåïåðåðâíî-
äèôåðåíöiéîâíèõ αβ � âèìiðíèõ âåêòîð-ôóíêöié. Ïîçíà÷èìî (αβ × k) � âè-
ìiðíó ìàòðèöþ ψ(t) = [ψ1(t) ψ2(t) ... ψk(t)]. Íàáëèæåííÿ äî ðîçâ'ÿçêó
ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (13) øóêàòèìåìî ó
âèãëÿäi z(t) :=M[Z(t)] = ψ(t) · c, c ∈ Rk. Âèìàãàòèìåìî

F (c) :=
∣∣∣∣∣∣dz
dt
−Ω+(t)Θ(t)z− F(t, ϕ(t))

]∣∣∣∣∣∣2
L2[a,b]

+
∣∣∣∣∣∣M[LZ(·)−A

]∣∣∣∣∣∣2
Rλ·µ
→ min
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äëÿ ôiêñîâàíî¨ ìàòðèöi ψ(t); ïðè öüîìó

F (c) =
∣∣∣∣∣∣ψ′(t) · c− Ω+(t)Θ(t)ψ(t) · c− F(t, ϕ(t))

∣∣∣∣∣∣2
L2[a,b]

+

+
∣∣∣∣∣∣M[LM−1

[
ψ(·)c

]
−A

]∣∣∣∣∣∣2
Rλ·µ
→ min .

Ïîçíà÷èìî Ξ̌(j) ∈ Rα·β, j = 1, 2, ... , α · β � áàçèñ ïðîñòîðó Rα·β. Ôóíêöiÿ
F (c) çîáðàæóâàíà ó âèãëÿäi

F (c) =

∫ b

a

{
Φ(t)c− F(t, ϕ(t))

}∗{
Φ(t)c− F(t, ϕ(t))

}
dt+

+
{

Ψc−M
[
A
]}∗
·
{

Ψc−M
[
A
]}
, c :=

α·β∑
j=1

Ξ̌(j)cj ∈ Rk,

äå

Φ(t) :=
[

Φ1(t) Φ2(t) ... Φk(t)
]
,Φj(t) := ψ′(t) · Ξ̌(j) − Ω+(t)Θ(t)ψ(t) · Ξ̌(j),

M
{
LM−1

[
ψ(·)c

]}
= Ψc, Ψ :=

[
Ψ1 Ψ2 ...Ψk

]
,Ψj :=M

{
LM−1

[
ψ(·)Ξ̌(j)

]}
.

Äëÿ ôiêñîâàíî¨ ìàòðèöi ψ(t) ìiíiìóì ôóíêöi¨ F (c) iñíó¹, îñêiëüêè íåïåðå-
ðâíà íåâiä'¹ìíà ôóíêöiÿ äîñÿãà¹ ìiíiìóìó. Íåîáõiäíîþ óìîâîþ ìiíiìiçàöi¨
ôóíêöi¨ F (c) ¹ ðiâíÿííÿ[

Γ
(
ψ(·)

)
+ Γ

(
Lψ(·)

)]
· c =

∫ b

a

Φ∗(t)F(t, ϕ(t)) dt+ Ψ∗M
[
A
]
,

ðîçâ'ÿçíå âiäíîñíî âåêòîðà

c =
[
Γ
(
ψ(·)

)
+ Γ

(
Lψ(·)

)]+
{∫ b

a

Φ∗(t)F(t, ϕ(t)) dt+ Ψ∗M
[
A
]}

çà óìîâè

Pψ
{∫ b

a

Φ∗(t)F(t, ϕ(t)) dt+ Ψ∗M
[
A
]}

= 0, (17)

çîêðåìà, ó âèïàäêó íåâèðîäæåíîñòi ñóìè (k × k)− ìàòðèöü Ãðàìà [2]

Γ
(
ψ(·)

)
:=

∫ b

a

Φ∗(t)Φ(t)dt, Γ
(
Lψ(·)

)
:= Ψ∗Ψ.

Òóò

Pψ := P[Γ(ψ(·))+Γ(Lψ(·))]∗ : Rk → N
[
Γ
(
ψ(·)

)
+ Γ

(
Lψ(·)

)]∗
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� (k × k)− ìàòðèöÿ-îðòîïðîåêòîð.

Òåîðåìà 3.2.1. Äëÿ ôiêñîâàíîãî ÷èñëà k òà ôiêñîâàíî¨ (αβ × k)− âè-
ìiðíî¨ ìàòðèöi ψ(t) çà óìîâ (14), (15) òà (17) íàéêðàùèì ÷èíîì (ó ñåíñi
íàéìåíøèõ êâàäðàòiâ) ìiíiìiçó¹ íåâ'ÿçêó F (c) ïñåâäîðîçâ'ÿçêó

Z†(ψ(t)) =M−1
{
ψ(t) ·

[
Γ
(
ψ(·)

)
+ Γ

(
Lψ(·)

)]+

×

×
{∫ b

a

Φ∗(t)F(t, ϕ(t)) dt+ Ψ∗M
[
A
]}}

ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (13) ñåðåä ôóíêöié
âèãëÿäó

Z†(ψ(t)) =M−1
{
ψ(t) · c

}
.

Íàñëiäîê 3.2.1. Äëÿ ôiêñîâàíîãî ÷èñëà k òà ôiêñîâàíî¨ (αβ × k)− âè-
ìiðíî¨ ìàòðèöi ψ(t) çà óìîâ (14), (15) òà

det
[
Γ
(
ψ(·)

)
+ Γ

(
Lψ(·)

)]
6= 0

ïñåâäîðîçâ'ÿçîê Z†(ψ(t)) íàéêðàùèì ÷èíîì (ó ñåíñi íàéìåíøèõ êâàä-
ðàòiâ) ìiíiìiçó¹ íåâ'ÿçêó F (c) ïñåâäîðîçâ'ÿçêó Z†(ψ(t)) ìàòðè÷íî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (13) ñåðåä ôóíêöié âèãëÿäó

Z†(ψ(t)) =M−1
{
ψ(t) · c

}
.

Ó ÷àñòèííîìó âèïàäêó, êîëè `ψ(·) = 0, óìîâà (17):

Pψ
∫ b

a

Φ∗(t)F(t, ϕ(t)) dt = 0

òà âèãëÿä ïñåâäîðîçâ'ÿçêó çíà÷íî ñïðîùóþòüñÿ:

Z†(ψ(t)) = ψ(t) ·
[
Γ
(
ψ(·)

)]+
∫ b

a

Φ∗(t)F(t, ϕ(t)) dt.

Ó âèïàäêó ðîçâ'ÿçíîñòi ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (13) çà óìîâ (14), (15) òà
(17) äëÿ âiäïîâiäíîãî âèáîðó ìàòðèöi ψ(t) íàéêðàùèé (ó ñåíñi íàéìåíøèõ
êâàäðàòiâ) ïñåâäîðîçâ'ÿçîê Z†(ψ(t)) ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨
êðàéîâî¨ çàäà÷i (13) ¹ òî÷íèì ðîçâ'ÿçêîì. Äîâåäåíà òåîðåìà 3.2.1 òà íàñëiäîê
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3.2.1 óçàãàëüíþþòü âiäïîâiäíi òâåðäæåííÿ íà âèïàäîê ìàòðè÷íî¨ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (13).

Ó âèïàäêó íåðîçâ'ÿçíîñòi äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (9) âiä-
íîñíî ïîõiäíî¨ äëÿ âiäïîâiäíîãî âèáîðó ìàòðèöi ψ(t) çíàéäåíi óìîâè iñíóâàí-
íÿ, à òàêîæ êîíñòðóêöiÿ íàéêðàùîãî (ó ñåíñi íàéìåíøèõ êâàäðàòiâ) ïñåâäî-
ðîçâ'ÿçêó Z†(ψ(t)) äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (13).

ÂÈÑÍÎÂÊÈ
Ó äèñåðòàöiéíié ðîáîòi îòðèìàíî êîíñòðóêòèâíi óìîâè iñíóâàííÿ òà ïî-

áóäîâàíî àëãîðèòìè çíàõîäæåííÿ ðîçâ'ÿçêiâ ìàòðè÷íèõ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷, äëÿ ÿêèõ âiäïîâiäíèé îïåðàòîð íå ìà¹ îáåð-
íåíîãî, çîêðåìà:

1) äëÿ ìàòðè÷íèõ ðiâíÿíü Ëÿïóíîâà òà Ñèëüâåñòðà ïîáóäîâàíî ñõåìó ðå-
ãóëÿðèçàöi¨, ÿêà ñóòò¹âî âiäðiçíÿ¹òüñÿ âiä êëàñè÷íîãî ìåòîäó ðåãóëÿ-
ðèçàöi¨ Òèõîíîâà. Äëÿ íàáëèæåíîãî ðîçâ'ÿçàííÿ ìàòðè÷íîãî ðiâíÿííÿ
Ðiêêàòi ïîáóäîâàíî iòåðàöiéíó ñõåìó çà òåõíiêîþ íàéìåíøèõ êâàäðàòiâ,
à òàêîæ çíàéäåíi óìîâè ¨¨ çáiæíîñòi äî øóêàíîãî ðîçâ'ÿçêó;

2) çíàéäåíi óìîâè ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiÿ óçàãàëüíåíîãî îïåðà-
òîðà Ãðiíà ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i
ç iìïóëüñíèì âïëèâîì, ÿêi óçàãàëüíþþòü òðàäèöiéíi ðåçóëüòàòè, ÿê
äëÿ ìàòðè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, òàê i äëÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ ðiâíÿíü. Äëÿ ëiíiéíèõ íåòåðîâèõ êðàéîâèõ çàäà÷ îòðèìàíi
äîñòàòíi óìîâè ðåãóëÿðèçàöi¨ çà ðàõóíîê, ÿê âèðîäæåíîãî, òàê i íåâè-
ðîäæåíîãî iìïóëüñíîãî çáóðåííÿ, à òàêîæ çà äîïîìîãîþ iìïóëüñíîãî
âïëèâó òèïó �interface conditions�;

3) ó âèïàäêó íåðîçâ'ÿçíîñòi ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàé-
îâî¨ çàäà÷i (13) çíàéäåíi óìîâè iñíóâàííÿ, à òàêîæ êîíñòðóêöiÿ íàé-
êðàùîãî (ó ñåíñi íàéìåíøèõ êâàäðàòiâ) ïñåâäîðîçâ'ÿçêó ìàòðè÷íî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i, ÿêi óçàãàëüíþþòü òðàäè-
öiéíi ðåçóëüòàòè, ÿê äëÿ ìàòðè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, òàê i äëÿ
äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü.
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The thesis research is devoted to the study of the problem of �nding
constructive conditions for the existence and construction of solutions of matrix
di�erential-algebraic boundary value problems in the critical case. The matrix
record of an unknown generalizes the form of a matrix di�erential-algebraic
equation, as well as a boundary condition.

In the study of di�erential algebraic boundary value problems, the fact that
even the Cauchy problem for di�erential algebraic systems is a signi�cant obstacle
for the use of traditional methods of studying periodic and Noetherian boundary
value problems is investigated by S.Campbell, A.M. Samoilenko, M.O.Perestyuk,
Yu.E.Boyarintsev, V.F.Chistyakov and O.A.Boichuk, in general, does not solve
for arbitrary initial values.

With the help of the device of pseudo-inverse matrices in the dissertation,
the scheme of investigations of the problem of the existence and construction
of solutions of matrix di�erential-algebraic boundary value problems was
improved. An example of the Lyapunov, Sylvester and Riccati matrix equations
demonstrates the e�ciency of the solvability conditions and the solutions for
the construction of solutions. The scheme of regularization of the Lyapunov and
Sylvester matrix equations is constructed, which di�ers signi�cantly from the
classical Tikhonov regularization method. On the example of matrix periodic
and multipoint problems for di�erential algebraic equations, the e�ciency of the
obtained solvability conditions and the scheme of construction of solutions are
demonstrated.

Keywords: di�erential-algebraic boundary value problems, matrix equ-
ations, di�erential-algebraic equations, pseudo-inverse matrices, generalized
Green operator.
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